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POROSITY RESULTS
FOR SETS OF STRICT CONTRACTIONS
ON GEODESIC METRIC SPACES

CHRISTIAN BARGETZ — MICHAEL DYMOND — SIMEON REICH

ABSTRACT. We consider a large class of geodesic metric spaces, including
Banach spaces, hyperbolic spaces and geodesic CAT(k)-spaces, and investi-
gate the space of nonexpansive mappings on either a convex or a star-shaped
subset in these settings. We prove that the strict contractions form a neg-
ligible subset of this space in the sense that they form a o-porous subset.
For certain separable and complete metric spaces we show that a generic
nonexpansive mapping has Lipschitz constant one at typical points of its
domain. These results contain the case of nonexpansive self-mappings and
the case of nonexpansive set-valued mappings as particular cases.

1. Introduction

The question of existence of fixed points for nonexpansive mappings
f:C—C,

where C denotes a certain non-empty closed subset of a complete metric space
X, has been well studied. Recall that a mapping f is called nonexpansive if it
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satisfies, for all z,y € C, the inequality
p(f (@), f(y)) < plz,y),

where p denotes the metric on X. If X is a Fuclidean space and C' C X is
bounded, closed and convex, Brouwer’s fixed point theorem (Satz 4 in [5]) states
that every continuous mapping f: C' — C has a fixed point. The example

T:C—C, Tx:=(l,z1,22,...),

where C := {z € ¢y : 0 < z,, < 1}, shows that in infinite dimensions there are
noncompact C' and nonexpansive mappings f: C' — C without fixed points. In
1965, F.E. Browder showed in [6] that nonexpansive mappings on the closed unit
ball of the Hilbert space £ have a fixed point. Detailed discussions of the fixed
point property for nonexpansive mappings can be found, for example, in Sec-
tion 1.6 of [17] and in Chapter 4 of [16]. More recent results are presented, for
instance, in [23] and in the references cited therein.

Instead of characterizing the sets C' for which every nonexpansive self-mapping
has a fixed point, F.S. De Blasi and J. Myjak took a different approach in [9], [10].
They raised the question of whether the typical nonexpansive mapping has a fixed
point. To be more precise, let C' be a bounded, closed and convex subset of a Ba-
nach space X, and denote by

M:={f: C = C:|f(z) = fW)| < ||z —yl| for all z,y € C}

the space of nonexpansive mappings on C' equipped with the metric of uniform
convergence. In [9] they proved that there is a dense Gs-set M’ in M such that
each f € M’ has a unique fixed point which is the pointwise limit of the iterates
of f. They improved this result in [10], where they showed that there is a set
M, C M with a o-porous complement such that each f € M, has a unique fixed
point which is the uniform limit of the iterates of f. Put in different words, these
results state that a generic nonexpansive mapping f on a bounded, closed and
convex subset of a Banach space has a unique fixed point which is the uniform
limit of the iterates of f.

Since Banach’s fixed point theorem from 1922, see [1], states that every strict
contraction, that is, a mapping

f:C—C with p(f(2), f(y)) < Lp(z,y) and L <1,

has a unique fixed point which is the uniform limit of the iterates of f, the
question arises whether a generic nonexpansive mapping on a bounded, closed
and convex subset of a Banach space is, in fact, a strict contraction. Using
the Kirszbraun—Valentine extension theorem, De Blasi and Myjak answered this
natural question in the negative by showing in the aforementioned papers that
if X is a Hilbert space, then the set of strict contractions is o-porous. In the



POROSITY RESULTS FOR SETS OF STRICT CONTRACTIONS 91

recent article [2] the first two authors were able to show (by employing different
methods) that this also holds true for general Banach spaces X.

In [24], E. Rakotch proved a generalisation of Banach’s fixed point theorem,
where the Lipschitz constant can be replaced by a decreasing function. More
precisely, a mapping f: C' — C is called contractive in the sense of Rakotch if
there exists a decreasing function ¢/ : [0, diam(C)] — [0, 1] such that

¢/ (t) <1 fort>0 and p(f(z),f(y) < ¢’ (p(z,y))p(z,y)

for all z,y € C. Theorem 2 in [24] shows that every Rakotch contractive mapping
has a unique fixed point which is the limit of the sequence of iterates of f. It can
be shown that this fixed point is the uniform limit of the iterates of f.

In [27] the third author together with A.J. Zaslavski showed that there is
a subset M, C M such that M\ M, is o-porous and every f € M., is Rakotch
contractive. This result can be interpreted as an explanation of the results of De
Blasi and Myjak.

F. Strobin showed in [30] that in the case of an unbounded domain C' this
result is no longer true, but the original result of De Blasi and Myjak still holds.

In [28] the Banach space X has been replaced by a hyperbolic space, that
is, a complete metric space together with a family of metric lines such that the
resulting triangles are thin enough. In addition, in the unbounded case, a different
metric on M is introduced and used to show that typical nonexpansive mappings
are Rakotch contractive on bounded subsets.

Corresponding results, concerning the fixed point question and the prevalence
of contractive mappings, for nonexpansive set-valued mappings on star-shaped
subsets of Banach and hyperbolic spaces have been presented in [11] and [21].

The aim of the present paper is to show that in all the above cases the
set of strict contractions is small in the sense that it is a o-porous subset of
the space of all nonexpansive mappings. In the case where the underlying space
is separable, we further distinguish the nonexpansive mappings for which the
Lipschitz constant is, in a certain sense, universally equal to one. We prove that
even these mappings dominate the space of all nonexpansive mappings to the
extent that they form the complement of a o-porous subset. This extends [2,
Theorem 2.2] to more general settings.

The paper is structured as follows: In Section 2 we develop the necessary
background, before presenting our main results in Section 3. These statements
are all obtained from a construction, given in Section 4. Finally, in Section 5 we
discuss an application of our main results to set-valued nonexpansive mappings.
More precisely, we prove that for several important spaces of nonexpansive set-
valued mappings, the subset of strict contractions is o-porous.
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2. Preliminaries and notations

In this section we introduce the key concepts with which we work and estab-
lish various notations which appear throughout the paper.

2.1. Nonexpansive mappings. The central objects of study in this paper
are spaces of nonexpansive mappings. Let (X, px) and (Y, py ) be complete metric
spaces, and fix a point § € X. By

M =MX,Y):={f: X - Y :Lip(f) <1}

we denote the space of nonexpansive mappings from X to Y equipped with the
metric

(2.1) do(f,g) = sup{
The inequalities
py (f(2),9(x)) _ py(f(z), f(0)) + py(f(0), 9(0)) + py(9(6),9(x))

1+ px(z,0) — 1+ px(x,0)

. pﬂf(ei,i(g(; 293”((% O < o (£(6).9(0)) + 2.

which hold for all z € X, show that dy is well defined. We note that the space M
endowed with the metric dy is a complete metric space. Moreover, the topology

py (f(z),9(x)) .
T+ px (2, 0) .xeX}.

of M does not depend on the particular choice of the point 0: given 6; # 6, the
inequalities

L+ px(2,0) <1+ px(x,01) + px(01,0) < (1 + px(z,01))(1+ px(0,01)),

where z € X, imply that the metrics dp, and dp are Lipschitz equivalent. For
a detailed discussion of the metric dy, we refer the interested reader to [28].

2.2. Porosity. Our main results concern a special class of exceptional sets
in metric spaces, namely the class of o-porous sets, which were introduced in [12]
and [13]. We define now the notion of porosity, according to [32]. In the context
of a metric space, we write B(x,r) for the open ball with centre x and radius r,
and later B(x,7) for the closed ball.

DEFINITION 2.1. Given a metric space (M,d), a subset A C M is called
porous at a point x € A if there exist ¢g > 0 and a > 0 such that for all
e € (0,¢¢), there exists a point y € B(x,¢) such that B(y,ae) N A = (). The set
A is called porous if it is porous at all its points and A is called o-porous if it is
the countable union of porous sets.

Note that this definition of porosity differs from the one in some of the
aforementioned literature (e.g. [10]), where A is called porous if the constants g
and « are independent of the point x. Also, there the condition on y reads as
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B(y,ae) C (M\ A)NB(x,¢c). This condition is equivalent to the one above as can
be seen by choosing the point y for a smaller ¢ and adjusting « appropriately.

For o-porosity it also does not matter whether we assume that ¢y and « are
oo

independent of the point z: assume we have a decomposition A = A; and
i=1

every A; is porous. For every j, k € N, define

; 1 1
AVF = {x €A;eo(x) > =, az) > k:}
J
Then A= |J A" and each set A" is porous in the sense of [10]. For a de-
i,d,k=1
tailed discussion of the different concepts of porosity, we refer the reader to
L. Zajicek’s survey article [32]. For the history of porosity, we also refer to [7], [29].

2.3. Geodesic metric spaces. A metric space (X, px) is called geodesic
if for every pair x,y € X, there is an isometric embedding c: [0, px (z,y)] — X
satisfying ¢(0) = z and ¢(px(x,y)) = y. The image of such an embedding is
referred to as a metric segment in X with endpoints x and y, and denoted by
[, y]. Such metric segments may not be unique and so the notation [z,y] is in
general not well defined. Given A € [0, 1] and a choice of metric segment [z, y], we
denote by (1—X)z® Ay the unique point z € [z, y] satisfying px (z,z) = Apx (z,y)
and px(z,y) = (1 — N)px(z,y). In places where we wish to emphasise that this
point is defined according to the geodesic structure on the metric space X, we
will write (1 — A)x ©x Ay. An image of R by an isometric embedding is called
a metric line.

The most general setting in which the space of nonexpansive mappings on
a convex set has so far been studied is that of a hyperbolic space; see [26] and [28].

DEFINITION 2.2. Given a metric space (X, px) and a family F of metric
segments in X, we call the triple (X, px, F) hyperbolic if the following conditions
are satisfied:

(a) For each pair z,y € X, there exists a unique metric segment [x,y] € F
joining x and y.
(b) For all z,y,z,w € X and all ¢t € [0, 1],

(2.2) px((1 =t)z @ ty, (1 - hw @ tz) < (1 = t)px (2, w) +tpx (¥, 2).

(¢) The collection F is closed with respect to subsegments. More precisely,
for all z,y € X and u,v € [z, y] we have [u,v] C [z, y].

REMARK 2.3. (a) Note that our definition of hyperbolic spaces slightly differs
from the one in [26] since the original definition demands that every pair of points
z,y € X admits a unique metric line [ € F such that z,y € [. We note that in
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both variants of the definition the hyperbolic inequality (2.2) can be replaced
with the following inequality for midpoints:

Lol 1y
PX\gT¥ ¥t Woe) =
A detailed discussion of different notions of hyperbolicity and convexity can be
found in Remark 2.13 in [19, p. 98].

(b) The hyperbolic inequality (2.2) was introduced by Busemann in [8] and

is sometimes referred to as Busemann convezity, cf. [15, p. 743].

Nonexpansive mappings on convex and star-shaped subsets of Banach and
hyperbolic spaces have been investigated in [2], [31], [11] and [28]. We define
below notions of convexity and star-shapedness in more general settings:

DEFINITION 2.4. Let X be a metric space with metric px and let F be
a family of metric segments in X.

(a) We say that a subset C of X is px-star-shaped with respect to a point
xo € C if for every point « € C, there is a metric segment [z, xq] € F
such that [z, z¢] C C. Moreover, we write star(C') for the set of points
y € C with respect to which C' is px-star-shaped.

(b) We call a subset C of X px-convez if for each pair x,y € C there is
a metric segment [z,y] € F such that [z,y] C C.

Clearly, convexity is stronger than star-shapedness: A set C C X is px-
convex if and only if C is px-star-shaped with respect to y for every point
y € C, ie. star(C) = C. As a note of caution, we emphasise that the metric
segments occurring in Definition 2.4 need not be unique. Whenever we require
that a metric segment [x,y] be well defined, we will need to use condition (a)
of Definition 2.5 below. Finally, let us point out that the above definitions of
px-convex and px-star-shaped sets generalise the established notions in vector
spaces and coincide with the notions defined for hyperbolic spaces.

2.4. Weakly hyperbolic spaces. Whilst hyperbolic spaces form an im-
portant class of metric spaces, one can observe that even quite well-behaved
metric spaces are excluded from this class. For an example, consider the unit
sphere S? in R3. For non-antipodal points z,y € S?, there is a unique geodesic
on the sphere with endpoints z and y. However, antipodal points z, —2z € S?
admit infinitely many geodesics between them and there is no way to define the
metric segment [z, —z] so that the hyperbolic inequality (2.2) is satisfied. Even
if we relax the uniqueness condition on the family of metric segments, the sphere
still presents problems. Taking y = z in inequality (2.2), we get

px((1 =tz @ty (1 - thwdty) < (1 —1t)px(z, w).
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However, if we take y € S? to be the north pole, 2 and w to be two distinct
points lying on the same line of latitude in the southern hemisphere, we observe
that
ps2(1 =tz D ty, (1 — Hw d ty) > ps2(z, w).

for small ¢ € (0,1). In other words, it is easy to find triangles on the sphere which
become ‘fatter’ as one moves away from their base towards their peak.

Thus, we propose to weaken the hyperbolic condition, in order to capture
a larger class of metric spaces, including the sphere S? and all geodesic CAT (k)
spaces.

DEFINITION 2.5. Given a metric space (X, px) and a family F of metric
segments in X, we say that the triple (X, px,F) is of temperate curvature if the
following conditions are satisfied:

(a) There exists a constant Dy > 0 such that for any z,y € X with
px(z,y) < Dx, there is at most one metric segment [z,y] € F with
endpoints x and y. In the case where the metric segments in the family
F are unique, we set Dx = oo.

(b) For all z,y € X with px(z,y) < Dx and every o > 0, there exists
a positive number dx = dx(x,y, o) such that

(2.3) px((I=t)z@ty, (1 —thw O ty) < (1+0)px(z,w)

whenever z,w € B(z,0x), [2,y], [w,y] € F and t € [0,dx).

A triple (X, px,F) of temperate curvature is called weakly hyperbolic if, in ad-
dition, the following conditions are satisfied:

(c) F is closed with respect to subsegments, that is, for all metric segments
[z,y] € F and all points z,w € [z, y] there is a metric segment [z, w] € F
with [z, w] C [z, y].

(d) For all z,y € X there exists a metric segment [z,y] € F.

(e) For all x € X and r € (0, Dx/2), the ball B(z,r) is a px-convex subset
of X.

When referring to either a space of temperate curvature or to a weakly hyperbolic
space (X, px,F), we often suppress the metric px and the family of metric
segments F.

Condition (a) weakens the assumption that every pair of points is connected
by a unique metric segment. We note that the sphere S? satisfies condition (a)
with Dg2 = 7. Condition (b) is a significant weakening of the hyperbolic inequal-
ity (2.2) and allows us to form ‘thin-ish’ triangles in the space X. Let us imagine
that we wish to form a triangle T' with vertices y, z,w in X. We fix first the
‘peak’ y of the triangle T' and then consider an arbitrary location x € X with
px(z,y) < Dx. Condition (b) allows us to choose a small neighborhood of the
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point x so that placing the remaining two vertices z,w in this neighborhood, we
produce a triangle in which the sides [z, y] and [w, y] do not bulge out too much
as one moves a little away from the base of the triangle [z, w] towards the peak y.
It is clear that all hyperbolic spaces are weakly hyperbolic. We now demon-
strate that the class of weakly hyperbolic spaces is significantly larger than that
of hyperbolic spaces. More precisely, we show that all geodesic CAT (k) spaces are
weakly hyperbolic. Let us first recall the definition of CAT (k) spaces, from [4].

DEFINITION 2.6. (a) We define a family of model spaces (M), where k € R,
as follows:
(al) For k > 0 we let M, denote the metric space given by the sphere S? with
its standard path length metric, scaled by a factor of 1/y/k.
(a2) We define M as the Euclidean space R2.
(a3) For k < 0 we write M, for the hyperbolic space H? (see [4, Defini-
tion 2.10]) with metric scaled by a factor of 1//—k.

We write d,, for the metric on M,.

(b) Let k € R and (X, px) be a metric space. Given three points x1,x2, x3 €
X and metric segments of the form [z1, z2], [x2, 3], [z3, 1] C X we call the union
[x1, 23] U292, z3] U [z3, 21] a geodesic triangle with vertices a1, xq, 3. A geodesic
triangle with vertices T1, %2, T3 in M, is said to be a comparison triangle for
a geodesic triangle with vertices 1, z2, z3 in X if d,(%;,%;) = px(x;,x;). A point
T € [T;,T,] is called a comparison point for x € [x;,x;] if d(T,ZTk) = px(z, Tk)
for k =1, 7.

(c) Let (X, px) be a metric space. If kK < 0, then (X, px) is called a CAT (k)
space if it is geodesic and every geodesic triangle T in X has a comparison
triangle T in M, such that

whenever 7,7 € T are comparison points for ,y € T. If x > 0, then we define a
constant D,, = diam M,, = 7/+/k and we say that (X, px) is a CAT(k) space if
for every pair of points x,y € X with px(z,y) < D, there is a metric segment
joining & and y and every geodesic triangle T' C X with perimeter smaller that
2D, that is, px(z,y) + px(y,2) + px(2,2) < 2D,;, where z, y, z denote the
vertices of T, has a comparison triangle T in M, such that (2.4) is satisfied.

Thus, CAT (k) spaces can be thought of as metric spaces for which every suf-
ficiently small geodesic triangle is ‘thinner’ in all directions than a corresponding
triangle in the model space M,,. The classes of CAT(k) spaces are increasing in
the sense that whenever X is a CAT(k) space, it is also a CAT(x’) space for all
k' > k; see [4, Theorem 1.12].

In the proof of the next proposition, the most difficult task is to establish that
every CAT(k) space satisfies condition (b) of Definition 2.5 and, in particular,
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to verify inequality (2.3). A related inequality for geodesic triangles with side
lengths smaller than /2 in CAT(1) spaces is shown in Lemma 3.3 of [22].

PROPOSITION 2.7. Fuvery geodesic CAT (k) space is weakly hyperbolic.

ProOF. Let (X,px) be a CAT(x) space and F be the collection of all
geodesics in X. We show that the triple (X, px, F) is a weakly hyperbolic space.
We may assume that x > 0. It is already clear that the family F satisfies con-
ditions (c) and (d) of Definition 2.5. For a proof that X satisfies conditions (a)
and (e) with Dx = D, we refer the reader to [4, Proposition 1.4]. We now
verify that X satisfies condition (b). As a first step, we show that it is suffi-
cient to verify that the sphere S? with metric p = ps2 scaled by 1//k satisfies
this condition. Suppose that the model spaces satisfy condition (b) of Defini-
tion 2.5. Let (X, px) be a CAT (k) space and let z,y € X with px(z,y) < Ds.
Then we choose Z,5 € M, with d.(Z,7) = px(z,y). Given ¢ > 0, we choose
d=0x(z,y,0) € (0,0,(T,y,0)/4), where 0. (T, 7, o) is given by condition (b) for
M, sufficiently small so that px(z,y) + 26 < D,. Let z,w € B(z,§). Then by
the triangle inequality, we have

px (y,w) + px (w, 2) + px(z,y) < 2(px(x,y) + 20) < 2D.

Therefore we can choose a comparison triangle in M,, with vertices ¥, z,w for
the geodesic triangle with vertices y, z, w in X. Since di(u,y’) = px(u,y) for
u € {z,w} and z,w € B(z,J), we have

|dﬁ(ﬂay/) - pX(-’I;,y)| <90

for u € {z,w}. It follows that there is a great circle passing through z and 7’
and a point ' on this great circle with

de(T',7') = px(z,y) and d.(T',z) <.

Since the metric d,;, on M, is invariant under isometries of the sphere, we
may assume now that ' = 7 and ¥ = Z. Then we have z,w € B(Z,40) C
B(%,6.(T,y,0)). Therefore, by condition (b) for M,, we get

de(1-t)zaty,l-twety) < (1+0)dp(Z,w) = (1 +0)px(z,w)
for all t € [0,0,(F,7,0)). Consequently, by (2.4),
px((1=t)zdty, (1 -twoty) < d((1-t)zoty, (1 -tHHwety) < (1+0)px(z, w)

for all t € [0,0) C (0,06,(%,7,0)).

From this point on we will assume that x = 1, since multiplying the metric p
on the sphere by a factor of 1/4/k does not affect any of the calculations which
follow.

Let 2,y € S? with p(x,y) < D, = 7 and fix ¢ > 0. Note that 2 and y cannot
be antipodal. We consider two cases, namely p(z,y) > 0 and p(x,y) = 0. We
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start with the case p(z,y) > 0 and let 6 = d(x,y,0) € (0,7/8) be some positive
constant to be determined later in the proof. For now we just prescribe that ¢
be small enough so that

I(JZ, %5) = [(1 - 5)(p(x,y) - 5)v p(xay) + 6] g (Oaﬂ-)'
We define constants mgin = mgin(2,y,d) and Mg, = Mgn(z,y,0) by

Msin = min{sin : 6 € I(x,y,d)},
Myin = max{sin6 : 0 € I(x,y,9)},

and define constants m.qs, Mcos analogously with sin replaced by cos. Note that
Msin, Msin — Sinp(% y) and  Meos, Meos — €Os P(xa y)

as §d — 0.

For points z € B(z,d) we write |z| = p(z,y). We note that ||z| — |z|| <
p(z,x) < ¢ and hence |z| € I(z,y,d) C (0,7) for all z € B(x,d). For points z, w €
B(x,0), we let ©(z,w) denote the angle at the vertex y of the spherical triangle
with vertices z,w,y. In what follows we use the spherical law of cosines [18,
Proposition 2.4.1] and the equivalent law of haversines:

cosc = cosacosb + sinasinbcos C, hav ¢ = hav(a — b) 4+ sinasinbhav C,

where hav § := sin®(6/2), which relate the side lengths a, b, ¢ of a spherical tri-
angle to the angle C' at the vertex opposite to the side of length c.

Let z,w € B(x,d). Applying the spherical law of cosines to the spherical
triangle with vertices z, w and y, we deduce that

1> cos O(s,w) — £8P w) —cos 2] cosfu] _ cos20 — max{MZ, md,,)

sin |z| sin |w| - M2

sin

provided we choose ¢ small enough so that cos2§ — max{MZ2_,m2,} > 0. In
the above we use the facts that cos is decreasing on the interval (0,7/2) and
p(z,w) < 26. The last expression is independent of z,w € B(x,d) and converges

to 1. It follows that
(2.5) sup{O(z,w) : z,w € B(x,8)} — 0 asd— 07.

For ¢t € [1 — 4,1] and z,w € B(z,d), we consider the spherical triangle with
vertices z; :=tz ® (1 — t)y, wy := tw & (1 — t)y, and y. This triangle has sides of
length t|z|, t|w| and p(z¢, w), and angle ©(z, w) at the vertex y. Without loss of
generality, we assume |z| > |w| and note that the inequalities ||u] — |z|| < § for
all u € B(z,0) and 1 — § <t <1 together with the definition of I(x,y,d) imply
that t|z|,t|w| € I(z,y,0). In addition note that ||z| — |w|| < 26 < 7/4 by the
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triangle inequality and hence |z| —|w| € [0, 7/4). Using the law of haversines, we
obtain
hav p(z;,w)  hav(t(]z| — |w|)) + sint|z| sin t|w| hav O (z, w)

havp(z,w)  hav(|z| — |w|) + sin|z| sin |w| hav ©(z, w)
hav(#(|z| — |wl)) — hav(|z] — [w])
hav(|z| — |w]) + sin |z|sin |w| hav ©(z, w)

<1+

(sint|z| sint|w| — sin |z| sin |w|) hav ©(z, w)

hav(|z| — |w]) + sin |z| sin |w| hav O(z, w)
<1+ Mg, ; mgin.
Mgin

To deduce the above inequalities we use the fact that hav is monotonically in-

creasing and non-negative on the interval [0,7/2) in combination with the con-

straints on 4, |z|, |w| and ¢ as discussed above. Observe that the last expression

converges to 1 as § — 07 and is independent of the choices of z,w € B(x,d) and

t € [1—4,1]. Given 1 > 0 to be determined later in the proof, it follows that we
can choose § sufficiently small depending only on the points x,y so that

hav p(z¢, wy)

(2.6) <1+mn forallte[l—4,1]and all z,w € B(z,0).

hav p(z, w)
Next, observe that

hav p(z¢, wy) = hav(t(|z] — |wl|)) + sint|z| sin t|w| hav ©(z, w)
< hav(26) + M2, hav(sup{O(z,w) : z,w € B(x,5)})

since ¢(|z|—|w|) < 2§ < 7/2 and hav is increasing on [0, 7/2). The last expression

is independent of the choices of z,w € B(x, ) and ¢t € [1—4, 1] and, using (2.5), we

see that it converges to 0 as § — 07. Thus, using that hav p(z;, w;) — 0 implies

p(zt,wt) — 0 and the Taylor expansion of hav x at @ = 0, we can prescribe that

0 > 0 be sufficiently small so that the following inequalities hold:

p(ze, we)?
4

for all z,w € B(x,0) and all t € [1 — 4, 1],

2
@ —+ np(z7w)2 for all Z,w € B(I?(;)

Combining inequalities (2.6), (2.7) and (2.8), we deduce that

s (n)(/4 )
Pt <

(2.7) hav p(z, we) > — np(ze, wy)?

(2.8) hav p(z,w) <

p(z,w)?* for all z,w € B(z,d) and all ¢t € [1-4, 1].

If we prescribe that 1 be chosen sufficiently small so that the constant before
p(z,w)? in the above inequality is at most (1 + )2, then we obtain the desired
result.

If p(z,y) = 0, we choose 0 = dx(x,y,0) € (0,7/4). Given z,w € B(z,d) and
te (0,1) welet z; :=tz® (1 —t)z, wy ;= twd (1 — t)z and O be the angle at the



100 CH. BARGETZ — M. DYMOND — S. REICH

vertex x of the spherical triangle with vertices z,w, z. For u € S? we also write
|u| for the distance p(u,x). Then, for all ¢ € [0, 1], the law of haversines gives

hav p(z¢, we) = hav(t(|z| — |wl|)) + sin(¢|z|) sin(t|w|) hav 6

< hav(]z| — |w]) 4 sin |z| sin |w| hav § = hav p(z, w).

In the above we used that hav is symmetric, non-negative and that hav and sin
are increasing on the interval [0, 7/2). Using again that hav is increasing on the
interval [0,7/2), we conclude that p(z;,w;) < p(z,w) for all ¢ € [0,1]. This is
a stronger version of the inequality in Definition 2.5 (b). O

Given a subset E C X of a metric space X and r > 0, we use the notations
B(E,r):={zr€ X :d(z,E)<r} and B(E,r):={r€ X :d(z,E) <r}.

Note that if X is a weakly hyperbolic space and F C X is a non-empty subset,
the set B(E,r)\ B(E,r) has empty interior. Indeed, any z € B(E,r) \ B(E,r)
satisfies

dist(z, F) := inf{px(z,u) :u € E} =r.

Given 0 < € < 7 we choose zg € E such that r < px(x,x9) < r + ¢/2. Then
every point of the form

<1 B 6>w e .
px (,x0) px(x, xo)

lies in B(x,e) N B(E,r). This shows that B(E,r) \ B(E,r) has empty interior.
Note that the above argument also shows that for a px-star-shaped set C' C X
and any 7 > 0, B(star(C),r) \ B(star(C),r) has empty interior in C.

In addition, we get that in weakly hyperbolic spaces the closure of an open
ball is the corresponding closed ball, that is, we have B(z,r) = B(z,r) for all
z € X and all 7 > 0. The inclusion B(z,7) C B(x,r) follows from the continuity
of the metric whereas the opposite inclusion can be deduced analogously to the

above argument using the fact that [z, 2]\ {z} C B(z,r) for any z € B(x,r).

2.5. (> spaces. We make frequent use of two special properties of £
spaces. Firstly, we exploit the fact that any metric space can be isometrical-
ly embedded into £, () for some set . Thus, we often identify metric spaces
with subsets of some /., space. Note that given two metric spaces X and Y
which are isometrically embedded into £, (£21) and £ (Q22), respectively, we can
embed both X and Y isometrically into o (€1 W Qs), where Q0 W Qs stands for
the disjoint union of Q; and Qs since £ (€2;), i = 1,2, embeds isometrically
into £oo (21 Ws). Secondly, we make use of the fact that any Lipschitz mapping
defined on a subset of a metric space M and taking values in some ¢, (£2), can
be extended to a Lipschitz mapping F': M — £ (£2) with the same Lipschitz
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constant. A detailed discussion of these special properties of /., spaces can be
found in [3, Chapter 1].

3. Main results

In this section we present our main results. In fact we show that all of our
main results can be derived from a single theorem, Theorem 3.2, which is proved
in the next section. Before stating this result, we establish our general hypotheses.

HypPOTHESES 3.1. Let (X, px) be a complete, weakly hyperbolic space, (Y, py)
be a complete space of temperate curvature and Cxy C X, Cy C Y be non-empty,
closed, non-singleton and px- and py-star-shaped subsets of X and Y, respec-
tively. Suppose that the set Cy satisfies Cy C B(star(Cy ), Dy). Let conv(Cx)
denote a px-convex subset of X containing C'x and choose a set (2 so that
XY C4o(). Let 6 € X and M(Cx,Cy) denote the space of nonexpansive
mappings from Cx to Cy, equipped with the metric dy. Let N(Cx,Cy) de-
note the subset of M(Cx,Cy) formed by the strict contractions. Given a map-
ping f € M(Cx,Cy), we let E(f) denote the set of all 1-Lipschitz extensions
F: conv(Cx) — oo () of f.

We note that the condition Cy C B(star(Cy ), Dy) is satisfied in particular
in each of the following cases:

o Cy is py-convex,
e Y is a space of temperate curvature with Dy = oco. This class of spaces
includes all hyperbolic spaces and CAT (k) spaces with x < 0.

In what follows, given a set U and a Lipschitz mapping f, we write f|y for the
restriction of f to the subset of its domain contained in U.

THEOREM 3.2. Let U be an open subset of X with UNCx # O and U C
B(star(Cx), Dx). Then the set

Q(U) = {f € M(Cx,Cy): inf | Lip(Flu) < 1}
is o-porous in M(Cx,Cy).

As a corollary of the above theorem, we obtain the o-porosity of the set

N(Cx,Cy) in the space M(Cx,Cy):
THEOREM 3.3. The set N(Cx,Cy) is a o-porous subset of M(Cx,Cy).

PROOF. Any strict contraction f: Cx — Cy can be extended to a strict
contraction F': conv(Cx) — £y (). Therefore N(Cx,Cy) C Q(U), where U
may be chosen arbitrarily satisfying the conditions of Theorem 3.2. (]
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Whilst Theorem 3.3 tells us that nearly all mappings in M (Cx, Cy ) have the
maximal permitted Lipschitz constant one, we note that a large Lipschitz con-
stant can be achieved through sporadic behavior. It is easy to find examples of
mappings with a large Lipschitz constant that, when restricted to a large subset
of their domain, behave like strict contractions or even constant mappings. Thus,
we now consider the question of the size of the set of mappings in M(Cx, Cy) for
which a large set of points in C'x in some sense witnesses the maximal Lipschitz
constant. The paper [2] proves that, for a non-empty, non-singleton, closed, con-
vex and bounded subset C' of a separable Banach space X, there is a o-porous
subset of the space M(C,C), outside of which all mappings f admit a residual
subset of C' on which the quantity

{py(f(y), f(z))
pX(:L'7y)

is uniformly one. We use the term residual here in the sense of the Baire Cate-

Lip(f, ) := limsup

cy € B(x,r)\ {x}}
r—0+
gory Theorem. The proof of this result makes essential use of the fact that the
Lipschitz constant of a mapping on a convex set C' can be expressed as the supre-
mum of Lip(f,z) over all points € C. We verify this property for Lipschitz
mappings on convex subsets of X:

LEMMA 3.4. Let C be a non-empty, non-singleton, px-convex subset of X.
Given a Lipschitz mapping f: C =Y and a number 0 < L < Lip(f), there exist
points ug,u; € C such that

> L.

1-—1 t
(3.1) lim inf py (f(( Juo @ tuy), f(uo))
t—0+ tpx (uo, u1)
In the case where C C [wg, xg] for some wo, o € X, then such points ug,u; € C
can be found with u; = xg.

ProOOF. Let L’ € (L,Lip(f)) and choose points v, w € C such that
py (f(w), f(v))

/
o (0, 10) > L.
In the case where C' C [wq, x|, we identify the metric segment [wy,xo] with a
closed interval in R and additionally prescribe that v < w < zg.

Let [v,w] be a metric segment in X with endpoints v and w. We identify

[v, w] with a closed interval in R. Assume that

(3.2) i i P S0 = Duo & tw), £(uo))
. t—0+ th(Uo,’w)

<L

for all ug € [v,w), where [ug, w] C [v,w]. We define a collection of metric seg-
ments U by
py(f(é“)yé(??)) - L’},

u:{mmcwww e
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which is, by assumption (3.2), a Vitali cover of (v, w). By Vitali’s covering the-
orem, there exist pairwise disjoint intervals [¢;,7;] € U such that

A (w0 g[sm) 0,

where A\' denotes the one-dimensional Lebesgue measure. We will prove that
py (f(w), f(v))
px (v, w)

contradicting the choice of v,w € C. From this contradiction we conclude that

<L,

assumption (3.2) is false. Consequently, there exists ug € [v,w) such that (3.1)
is satisfied with 43 = w. In the case C C [wp,xg] we have uy < w < z and
therefore (3.1) is also satisfied with u; = xg.

To complete the proof, we establish the contradiction described above. For
€ > 0, choose N large enough so that

N
3 (@ Uleon) < A0,

Without loss of generality, we may assume that & <1 < & < ... <&y < nn,

that is, the above intervals are in ascending order. From this, we deduce that

pr(fw), f0) _ 1

px(v,w) 7 px(v,w

) (,,Y< F@), FE)+ D pr (7). S )

N-1
3 o7, ) + (). S(w) )
N
Ll(ZPX(fz‘ﬂ?z‘))

1
i
+ Lip(f) (px(v,&) + NX_:I,OX(%&‘H) + PX(WNJ@))
1

S -
px(U,

i=1

= ox(o,w) (L' px(v,w) +epx (v,w)) = L' +¢.

Letting ¢ — 0T, we arrive at the desired contradiction.
For px-star-shaped domains, the conclusion of Lemma 3.4 is, in general, not

valid and so the global Lipschitz constant may not be approximated by Lip(f, ).
We demonstrate this with an example:

EXAMPLE 3.5. Let e = (1,0) € R? and u € S! with |le — ul| = 1/3. We set
A=10,e], B=1[0,u], X = AU B and define
(0,0) for z € B,

f: X —X, z = (21,22) —
(max{z; —1/3,0},0)/2 for z € A.
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Then Lip(f, x) is bounded above by 1/2 for all x € X but || f(e) — f(u)]| =1/3 =
|le — ul|| shows that the global Lipschitz constant of f is at least 1.

Thus, for px-star-shaped domains, we consider a weaker control of the Lip-
schitz constant at a point. Namely, for f € M(Cx,Cy) and z € Cx, we define
the quantity

flg(f,x) = SHP{W ty € C’X\{x}},

which satisfies Lip(f,z) < ﬂg(f,z). Given a mapping f € M(Cx,Cy), we

~

define sets R(f), R(f) € Cx by
R(f):={z € Cx : Lip(f,z) =1},  R(f):= {z € Cx : Lip(f,z) = 1}.

We note that R(f) C R(f). Under suitable additional assumptions we show that
for nearly all mappings f € M(Cx,Cy), either the set R(f) or the set ﬁ(f) is
a residual subset of C'x. For a given f € M(Cx,Cy), we point out that the sets
R(f) and R(f) are both G subsets of Cx. To see this, note that

(3.3) R(f)= () {zeCx:Lip(f,2)>q}
q€QN(0,1)
and
(3.4) R(f)= (] {zeCx:Lip(f,z,r)>q},
q,7€QN(0,1)

where for x € Cx and r > 0, we define

Lip(f,z,r) := sup{w cy € Cx N B(x,r)\ {x}}

Note that we have Lip(f,x) = lim+ Lip(f,z,r). It is readily verified that each
r—0

of the sets participating in the above intersections is open in Cx.
In the case where the set Cx is separable and px-convex we obtain the
following generalisation of [2, Theorem 2.2]:

THEOREM 3.6. Suppose Cx is separable and px-convex. Then there exists
a o-porous set N C M(Cx, Cy) such that for every f € M(Cx,Cy)\N, the set

R(f) ={z € Cx : Lip(f,z) = 1}
is a residual subset of Cx.
PRrROOF. For each open set U C X of diameter smaller than Dx and non-
empty intersection with Cx, we apply Theorem 3.2 with conv(Cx) = Cx. Note
that conv(Cx) = Cx implies in particular that U C B(star(Cx), Dx) holds.

With these settings we have £(f) = {f} for all f € M(Cx,Cy) and Theorem 3.2
asserts that the set

Q(U) ={f € M(Cx,Cy) : Lip(flv) < 1}
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is a o-porous subset of M(Cx,Cy).
Fix a countable dense subset A of C'xy and define the set N by

N = G QUy),

where (U;)$2, is an enumeration of all sets of the form B(x,r) where z € A and
reQn(0,Dx/2). It is clear that A is a o-porous subset of M(Cyx,Cy).

Let f € M(Cx,Cy) \./\7 To complete the proof, we need to verify that the
set R(f) is a residual subset of Cx. It suffices to show that each of the open
subsets of C'x occurring in the intersection in (3.4) is a dense subset of Cx. To
this end, fix an open subset U of X such that UNCx # 0. Given ¢, € QN (0, 1),
we need to show that the set

T, = {z € Cx : Lip(f,,7) > ¢}

has non-empty intersection with U. Choose j > 1 so that U; C U. Since f ¢
Q(Uj), we have Lip(f|y,) = 1. Using condition (2.5) of Definition 2.5 on the
weakly hyperbolic space X, we see that Cx NUj is px-convex, as an intersection
of two px-convex sets. Therefore, we may apply Lemma 3.4 with C = Cx NU;
and deduce that there exists a point ug € Cx NU; with Lip(f,uo) > ¢. We can
do this since the set Cx N U; is non-singleton as open balls contain nontrivial
metric segments. Hence Lip(f, ug,r) > ¢ and ug € U N1, # 0. O

For the remainder of this section we work towards proving a version of The-
orem 3.6 for px-star-shaped subsets of weakly hyperbolic spaces. Namely, we
establish the following result:

THEOREM 3.7. Suppose that Cx is separable and Cx C B(star(Cx), Dx).
Then there exists a o-porous set N C M(Cx,Cy) such that the set

R(f) = {z € Cx : Lip(f,z) = 1} for f € M(Cx,Cy)\ N
is a residual subset of Cx.

REMARK 3.8. Note that for contractive mappings in the sense of Rakotch the
sets R(f) and R(f) coincide. Indeed, if f is contractive in the sense of Rakotch,
there exists a decreasing function ¢: (0,00) — [0, 1) such that py (f(z), f(y)) <

e(px(z,y)) px (z,y) for all distinct points z,y € Cx. In other words

py (f(z), f(y))

< (0.1) < p(px(z,y))

for x # y, which shows that the expression on the left-hand side can only ap-
proach one when y approaches . With minor modifications, the proof of [25,
Theorem 4] shows that, if X and Y are hyperbolic spaces and Cx C X and
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Cy C Y are non-empty, non-singleton, bounded, closed and px- and py-star-
shaped subsets, respectively, there is a o-porous subset N' C M(Cx,Cy) such
that all mappings in its complement are contractive in the sense of Rakotch.

In view of the above remark, we can get the following corollary to Theo-
rem 3.7, which is a strengthening of Theorems 3.6 and 3.7 restricted to the case
where X and Y are hyperbolic spaces and Cx,Cy are bounded. In particular,
although we have seen that Lipschitz mappings on a star-shaped set C' may not
satisfy Lip(f) = sup,cc Lip(f,x), the following corollary indicates that typical
nonexpansive mappings retain this property.

COROLLARY 3.9. Suppose X and Y are complete hyperbolic spaces, Cx 1is
separable and bounded and Cy is bounded. Then there exists a o-porous set N' C
M(Cx,Cy) such that for every f € M(Cx,Cy)\ N, the set

R(f) ={z € Cx : Lip(f,z) = 1}
is a residual subset of Cx.

For the proof of Theorem 3.7, we require an extension lemma for Lipschitz
mappings.

LEMMA 3.10. Let (Z,d) and (W, p) be metric spaces, E C Z and § be a set
such that W C £ (). Let f: E — W be a 1-Lipschitz mapping, ug € E, r > 0,
q€(0,1), ¢ € (¢q,1) and suppose that for every v € E N B(ug,r), we have

Lip(f,z) < q.

Then there exist a 1-Lipschitz extension F: Z — (5 (Q) of f and a number
5 € (0,7) such that Lip(F|p(u,,s)) < ¢

PRrROOF. Using W C 05, (92), we view f as a mapping from E to £ (). Given
w€ Q,aset S C Z and amapping h: S — £ (), we let hy,: S — R be defined
by hy(z) = h(x)(w) for all x € S. In what follows we will frequently use the
identities

(3.5) Lip(h) = sup{Lip(hy) : w € Q}, fi\p(h, x) = sup {fi;(hw, x):weE Q},

which are easily derived from the definitions of the Lipschitz constants and the
{o norm. We define the mapping F': Z — {5 (§) componentwise by

Fu(y) = inf {fu(2) + Lip(fu, 2)d(z,y) : 2 € B}, y€Z weQ.

This mapping is a modification of the standard Lipschitz extension of f, as
defined in [3, Chapter 1]. Let us verify that this mapping fulfills all the desired
conditions. Firstly, we show that F' is an extension of f. Fix w € Q. Letting
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y € E we observe from the definition that F,(y) < f.(y). Moreover, given € > 0,
we can choose z € F such that

(3.6) Fu(y) 2 ful2) + Lip(fu, 2)d(z,y) —e.
This leads to the observation
Fu(y) 2 fu(2) + Lip(fu, 2)d(z,y) —
> fuy) = Lip(fu, 2)d(z,y) + Lip(fur 2)d(z,y) = = fuly) — <.
We conclude that F,(y) = f.(y), as required.
We now show that F' is 1-Lipschitz. Let w € Q and y1,y2 € Z. Given € > 0,

we can choose 2o € F so that (3.6) be satisfied with y = y» and z = 2. From
this we deduce

Fu(y1) — Fu(y2) < (fulz2) + Lip(fu, 22)d(22,51))
— (fulz2) + Lip(fu, 22)d(22, y2) — €)
Sfi;(fwy 22)d(y1,y2) +€ < d(y1,y2) + €,

where the final inequality uses Lip(f,) < Lip(f) < 1. Similarly, we can show
that F,(y2) — Fu(y1) < d(y1,y2) + €. We have shown that Lip(F,) < 1 for all
w € Q. Thus, by (3.5) we get that Lip(F') < 1. It only remains to verify that F is
locally a strict contraction around ug. For this we will need the following claim.

CrAIM There exists N > 1 such that for every y € B(ug,r/N), every z € E
and every w € (), at least one of the following statements holds:

(2) fu(2) + Tib(fur 2)d(2,) > fo(to) + Lib(fo, wo)d(wo, )
(b) Tip(fu2) < ¢

PROOF. We choose N large enough so that (n+1)/(n—1) < ¢'/q for all
n > N.Weset s =r/N and fix y € B(ug, s) and w € Q. If z € EN B(ug, r), then

L

statement (b) already holds, because Lip(f,, z) < m(f, z) < ¢ < ¢, and there
is nothing to prove. Therefore, we proceed by fixing a point z € E'\ B(ug, ) and
supposing that z fails to satisfy the inequality of (a). In other words, we have

(3.7) ful2) + Lip(fu, 2)d(2,y) < fu(uo) + Lip(fu, uo)d(uo, y).

We complete the proof by showing that statement (b) holds for z. The left-hand
side of (3.7) can be bounded from below by the expression

fuluo) — qd(z,uo) + Lip(fu, 2)(d(2, uo) — d(uo, y))
> fu(uo) — qd(z,uo) + Lip(fu, 2)(d(2, ug) — 5).

Moreover, we can bound the right-hand side of (3.7) from above by f,, (uo) + gs.
We conclude from this that

fu(to) — qd(z,u0) + Lip(fu, 2)(d(2,u0) — 5) < fu(uo) + gs.



108 CH. BARGETZ — M. DYMOND — S. REICH

Rearranging this inequality, we obtain

— q(d(z,up) + ) n+1
L w> < =4q- ;
(/e 2) d(z,ug) — s n—1
where n := d(z,ug)/s > r/s = N and d(z,up) —s > r —s > 0 since z & B(ug,r).
The last expression is bounded from above by ¢'. O

The proof of Lemma 3.10 is now completed by proving the following claim:

CLAIM. Let N be given by the statement of the previous claim. Then
Lip(F|B(u0,r/N)) < q/‘

PRrROOF. Fix y1,y2 € B(ug,r/N) and w € Q. Given £ > 0, we can choose
29 € F such that (3.6) is satisfied with y = y2, 2 = 25 and

fu(z2) + Lip(fu, 22)d(22,42) < fur(uo) + Lip( Lo, uo)d(uo, y2).-
Then, by the first claim we have Lip(f.,, z2) < ¢’. We conclude that
Fu(y1) — Fu(y) < (fu(22) + Lip(fu, 22)d(22,51))
— (fulz2) + LiD(fu, 22)d(22, y2) =€)
<Tip(fu, 22)d(y1,y2) + & < ¢'d(y1,y2) +e.

Similarly, we can show that F,(y2)—F,(y1) < ¢'d(y1,y2)+¢€. The above argument
establishes that Lip(fu|B(uo.r/n)) < ¢ for every w € Q. The conclusion of the
claim follows. O

This completes the proof of Lemma 3.10. O

PrOOF OF THEOREM 3.7. Fix a countable dense subset A of Cx and let
(U;)22, be an enumeration of all sets of the form B(x,r), where z € A and
r € Qn(0,1) with B(z,r) C B(star(Cx), Dx). By Theorem 3.2, each set Q(U;)
is o-porous.

Suppose that f € M(Cx, Cy) is such that R(f) is not residual. We complete
the proof by showing that f € N := Uiz, Q).

From the assumption that ]/%( f) is not residual, we deduce that for some
q € QnN(0,1), the open subset of Cx

T, = {z € Cx : Lip(f,2) > q},

which occurs in the intersection in (3.3), is not dense in C'x. Choose an open
subset U of X such UNCx # () and UNT, = . Then we have le(f,x) < q for
all z € Cx NU. Using the inclusion Cx C B(star(Cx), Dx) and the fact that
the set B(star(Cx), Dx) \ B(star(Cx), Dx) has empty interior in C'x, we can
find up € UNCx N B(star(Cx), Dx) and then choose r > 0 such that B(ug,r) C
U n B(star(Cx), Dx). Applying Lemma 3.10 with E = Cx, Z = conv(Cx) and
W = Cy, we can find an extension F': conv(Cx) — £ (£2) and an open ball
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B(ug,s) € B(ug,r) such that Lip(F|g(y,,s)) < 1. Choosing now i > 1 such that
U; C B(uog, s), we have Lip(F|y,) < 1 and f € Q(U;). O

REMARK 3.11. In the case where at least one of the sets C'x and Cy is bound-
ed, a more natural metric on M(Cx,Cy) is the metric of uniform convergence.
More generally, we consider the space

Mp(Cx,Cy) :={f: Cx — Cy : Lip(f) <1 and f is bounded}

of bounded mappings, that is, mappings where f(Cx) C Cy is bounded, and
equip it with the metric

do(f, 9) = sup{d(f(z),g(x)) : v € Cx}
of uniform convergence.
If the set Cx is bounded, then (M(Cx,Cy),dg) and (Mp(Cx,Cy),ds)
coincide as topological spaces. The inequalities
py (f(x), 9(x)) py (f(x), 9(x))
1+ px(x,0) 1+ px(x,6)

show that in this case the metrics dy and d,, are even Lipschitz equivalent.

< py (f(2), 9(x)) < (1 + diam(Cx))

With a small modification of the proof of Theorem 3.2 we can also show that
under the same assumptions, the set

Qs(U) = {f € Mp(Cx.Cy): inf Lin(Fly) <1}

is a o-porous subset of Mp(Cx,Cy). Since Theorem 3.2 is the basis for the
other porosity results in this section, we may deduce that the set Np(Cx,Cy)
of bounded strict contractions is a o-porous subset of M pg(Cx,Cy) and that, in
the separable setting, typical bounded nonexpansive mappings attain the max-
imal Lipschitz constant 1 at typical points of their domain. In other words, all
theorems in this section remain valid, if we replace M(Cx, Cy) by Mp(Cx,Cy)
and N(Cx, Cy) by NB(C)(, Cy).

Let us conclude this remark by commenting on the necessary modification
of the proofs in Section 4. Since Lemma 4.2 actually implies that the perturbed
mapping is e-close to the original one not only with respect to dg but also with
respect to ds, we only have to notice that starting with a bounded mapping
also the perturbed mapping we obtain is bounded and that in Mg (Cx,Cy) the
inclusion Boo(f, ae) C By(f, ae) holds for all f € Mp(Cx,Cy) and all o, e > 0,
in order to get the results for bounded mappings.

4. Proof of Theorem 3.2

In the present section we prove Theorem 3.2. Let X, Y, Cx, Cy, conv(Cx),
0,0, M(Cx,Cy), N(Cx,Cy) and E(f) satisfy Hypotheses 3.1. For the reader’s
convenience, we repeat the statement of Theorem 3.2:
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THEOREM. Let U be an open subset of X with UNCx # () and U C
B(star(Cx), Dx). Then the set

QW) = {f € M(Ox.Cy): int Lip(Flu) <1}

is o-porous in M(Cx,Cy).

Let U C X satisfy the hypotheses of Theorem 3.2. From this point onwards
we only work inside metric segments in the space X of the form [z, y], where x, y €
X with px (z,y) < Dx. Such metric segments are well defined because X satisfies
condition (a) of Definition 2.5. In particular, for z,y C X with px(z,y) < Dx
and A € [0, 1], the point (1 — X))z ® Ay € X is well defined. We adopt a similar
approach when working with metric segments in the space Y. In what follows
we often identify a metric segment [x,y] with a real interval. In particular, we
endow metric segments with the natural ordering they inherit when viewed as
real intervals.

Let G denote the collection of all metric segments of the form [wg,w;] € CxN
U for which there exists a point z¢ € star(Cx) such that wy € B(zg, Dx) and
wy € [wo, o] with wy < wy < . Since U C B(star(Cx), Dx) and U N Cx # 0,
the collection G is not empty. In the case where C'x is convex, we note that every
metric segment in C'x NU contains a metric subsegment which belongs to G. For
numbers a < b € (0,1) and p > 2, we define a collection of subsets Qf ,(U) of
Q(U) by

ap(U) = {f €QWU):a< gégLip(flr) <b, nf Lip(Fly) <1— ]13}

The significance of the above decomposition of Q(U) is revealed in the following
lemma.

LEMMA 4.1. Ifa,b € (0,1) and p > 2 satisfy the condition

a

4.1 b—a< ——,

(1) CT e -1
then the set Q (U) is porous in M(Cx, Cy).

Let us begin working towards a proof of Lemma 4.1. The basic idea of the
proof is to take a mapping f € ng(U) and to peturb it slightly to produce
a nearby mapping g € M(Cx, Cy), the distance of which from the set Q% ,(U)
is a relatively large proportion of its distance from f. In order to control the
Lipschitz constant of the mapping we construct, we first extend f to a mapping
F: conv(Cx) — €oo(€2) witnessing the fact that f € Q7 ;(U) and then transform
F to a mapping G: conv(Cx) — £ () satisfying G(Cx) C Cy. The desired
mapping g € M(Cx,Cy) can then be defined as the restriction of G to Cx.

The star-shaped nature of the sets C'x and Cy presents two natural means
of manipulating the mapping F: conv(Cx) — £ () in such a way that the
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condition F(Cx) C Cy is preserved. One approach is to apply a mapping of the
form z — (1 — A(x))z & A(z)xo with z¢ € star(Cx) to the set conv(Cx) before
applying the mapping F'. Alternatively, one can first apply the mapping F' and
then apply a mapping of the form y — (1 — A(y))y ® A(y)yo, with yo € star(Cy).
The latter approach is slightly more difficult than the former because the convex
combination (1 — A)F(z) @ Ay is not defined for all z € conv(Cx). In the
present section we use both the aforementioned transformations and the next
lemma captures their required properties. Given a real valued mapping A on X
we denote by ||A||eco := sup{|A(z)|: € X} its supremum norm.

LEMMA 4.2. Let Z € {X,Y}, 0 € (0,1), up € Cx and zo € Cz. Let
m: conv(Cx) — Lo () be a nonexpansive mapping such that 71(Cx) C Cyz and
0 < pz(m(ug),20) < Dz. Then there is a number ro > 0 such that the following
statement holds: Let r,e € (0,79), A\: X — [0,1] be a Lipschitz mapping such
that A\(z) =0 for all x € X \ B(ug,7),

Mo <€/2pz(m(uo),20) and Lip(X) < o/pz(m(uo), 20),
and suppose that w(conv(Cx) N B(uo,7)) € B(z0, D7) and that every point x €
Cx N B(ug,r) admits a unique metric segment [w(x),z0] C Cz. Let 5 be the
mapping into Lo () defined in the case Z = X by
B(x) := (1 = Az))n(z) ® A(x)zg for all x € conv(Cx),
and in the case Z =Y by

(I =Xa)m(z) ®y M=x)zo if x € Cx N B(ug,T),
7(z) if x € conv(Cx) \ B(uog,r).

Then B satisfies the following conditions:
(a) B(Cx) € Cg;
(b) pz(B(x),m(x)) <e for all x € Cx;
(c) Lip(8) < max{1, (1 + o) Lip(7|p(uo,r)) + 20}

PROOF. We define

ro = min {pz(w(u0)7zo), 52(7T(UO),Z(), 0')7pz(7T(’LL0), Zo)éz(ﬁ(uO), 20, U)} .

Let r,e € (0,79) and A: X — [0, 1] be given by the hypotheses of Lemma 4.2.
We now verify statements (a)—(c).

Statement (a) is immediate from the definition of 3, the condition that
[m(x),20] C Cyz for all x € Cx N B(ug,r) and the fact that 7(Cx) C Cyz. For
statement (4.2) we make the following observation: If x € conv(Cx) \ B(uo,r),
then f(z) = m(z). Otherwise, we have

pz(B(x),m(x)) < AMx)pz(m(2), 20) < M (z(7(u0), 20) +7) <&,
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using 7 < pz(n(uo), 20) and [|Nlao < /202 (m (), z0).
To prove (c), we fix points z,y in the intersection of the domain of § with
B(ugp,r) and observe that

(42)  pz(B(x),6(y))
<pz((1 = Aa))7m(z) ® M(x)20, (1 = M())7(y) © A(x)20)
+pz((1 = XM@))7(y) & Mz)20, (1 = AMy))7(y) ® A(y)20)
<(L+0)pz(m(z),7(y) + A(y) — A(@)|pz(7(y), 20)
< (14 o) Lip(7|p(u,r ) px (%)
+ Lip(A)(r + pz(m(uo), 20)) px (z,y)
<((1+ o) Lip(|B(ug,r) + 20)px (x,y).

In deriving the above inequalities we used the definition of ry and the constraints
on r,e and A to deduce that

0 < A(x) < dz(m(uo), 20,0)

and
pz(m(z),m(uo)), pz(m(y), m(uo)) < éz(m(uo), z0,0).

These conditions allow us to apply condition (b) of Definition 2.5 to obtain
the second inequality in the sequence above. Note that the above inequalities
remain true for x € 9B(ug,r) when, for z € £, (), we interpret the expression
(1 = X(z))z @ A(x)z as z since in that case

AMz) =0 and Lip(7|p(u,,r) = L1p(7T|B (0,1 )

Having established (4.2) and noting that 8 coincides with the nonexpansive
mapping 7 outside of B(ug,r), we only need to verify the Lipschitz bound for
the quantity pz(x,y) for points z,y in the domain of 8 with x € B(ug,r) and
y ¢ B(ug,r). Such points admit a metric segment [z,y] in conv(Cx) and an
application of the Intermediate Value Theorem provides a point 2’ € [z, y] with
px(2',up) =7, so that 2’ € dB(ug,r). Using the Lipschitz bound derived above
for points u,v in the domain of 8 with u € dB(ug,r) and v € B(ug,r), we may
now deduce that

pz(B(x), B(y)) < pz(B(x), B(a") + pz(B(='), B(y))
< ((L+ o) Lip(7] Buo.r)) + 20)px (z,2) + px (', y)
< max{L, (1 + o) Lip(7| p(u,,)) + 20) }(px (z,2") + px (', 1))
= max{1, (1 + o) Lip(7| 5 (ug,r)) + 20) }px (2, y).

This completes the proof of (¢) and of Lemma 4.2 itself. O
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Fix a mapping f € QZ,)(U) and choose a metric segment I' = [wg, w1] € G
such that a < Lip(f|r) < b and an extension F': conv(Cx) — £ (2) of f such
that Lip(F|y) < 1 —1/p. Choose z € star(Cx) such that wy € B(xg, Dx) and
[wo, w1] C [wo,xo] with wg < wy < xg. The mapping F coincides with f on

the segment I'. Therefore we have a < Lip(F|r) < b. Applying Lemma 3.4 with
C = (wo,w1) C [wo, o], we find a point ug € (wo, wy) such that

lim inf py (F((1 — t)up & txzo), F(uo))
t—0+ tpx (ug, xo)

> a.

Choose o € (0,1) such that (1 — 1/p)(1 + 30) < 1. Let ry be given by the
conclusion of Lemma 4.2 applied to Z = X, o, ug, 20 = g and

T = ideonv(cy): €OnV(Cx) — Loo ().

Let r € (0,79) be small enough so that B(ug,3r) € U N B(xg, Dx). Using
up < wy < g, we may choose gg € (0, min{or/2, px (ug,zo)/2,1}) small enough
so that

d py (F((1 = t)ug @ txg), F(up))

4.3) (1 -t t =T
(4.3) ( Juo & two € [wo, wil an tpx (uo, o)

>a

for all ¢ € (0,2e0/px (uo, zo)). Fixing € € (0,€¢), we introduce the mappings

b X 0.1 1—gdist (x,B(uo,;)> if x € B(ug,r),
: - b ) Jj = r

0 it « € B(ug,r),
. 5
p: R = R, t»—>m1n{|t|,}.
o
These mappings satisfy
. 2 . €
Lipy ==, [[¥lle=1 Lipp=1 and [ollo=—.

Since the metric segment [ug, z¢] is isometric to a closed real interval, it is an
absolute 1-Lipschitz retract by Proposition 1.4 in [3, p. 3]. Let R: X — [ug, zo] be
a 1-Lipschitz retraction and c: [0, px (uo, zo)] — [uo, Zo] be a metric embedding
with ¢(0) = ug. We define

q¢: Cx — [0,px(ug,x9)], & ¢ (R(x)).
Since q is the composition of 1-Lipschitz mappings, it is also a 1-Lipschitz map-
ping. Finally, we also define the mapping
o

A X —[0,1,  z— mw(w)w(q(x))-
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This mapping satisfies A(z) = 0 whenever z € X\ B(ug,7), || A]|co < €/2px (w0, zo)
and

Lip() < =% (Lip(@)[lloe + Lip@)llplloc) = (a T 26)

2px (uo, o) 2px (uo, o) r
1 o

- < 20 =

~ 2px (uo, o) ( ~ 2px (uo, o) px (uo, o)

because € < or/2. We observe now that the conditions of Lemma 4.2 are satisfied

IN

o+ o)

for Z = X, 0, ug, 20 = w0, ™ = ideonv(cx), 7€ € (0,70) and A. Finally also note
that

(4.4) Auo) =0

since ug € [ug, zo] implies R(ug) = uo, ¢(ug) = 0 and hence p(ug) = 0 . Applying

Lemma 4.2, we conclude that the mapping : conv(Cx) — conv(Cx), defined by
Blx) := (1 = A=)z & A(z)zo,

satisfies 8(Cx) C Cx, px(B(x),x) < e for all x € Cx and Lip(f) < 1+ 3.

LEMMA 4.3. The mapping G: conv(Cx) — £ (), defined by x — F(B(x)),
satisfies the following conditions:
(a) G(Cx) C Cy;
(b) py(F(x),G(x)) < e for all x € Cx;
(¢) Lip(G) < 1;
(d) for s =-¢e/px(ug,x0), we have (1 — s)ug ® sxo € I' and
Py (G((1 = 8)uo & s2o), G(uo)) _ a<1 N J>.
spx (ug, o) 4

PROOF. The inclusion f(Cx) C Cx together with the fact that F is an
extension of the mapping f: Cx — Cy implies condition (a). Condition (b)
follows immediately from the fact that px(8(x),z) < e for all z € Cx. Let us
now verify condition (c): Since G coincides with F outside of B(ug,r) and is
defined on a px-convex set, an argument similar to the one at the end of the
proof of Lemma 4.2 shows that it suffices to prove Lip(G|p(y,,ry) < 1. If we
show ((B(ug,r)) C U, this inequality follows from Lip(5) < 1+ 30, Lip(F|y) <
(1 -1/p) and (1 + 30)(1 —1/p) < 1. In order to show the required inclusion,
we use px(B(x),z) < e and ¢ < r to get that B(B(ug,r)) C B(ug,r +¢) C
B(ug,3r) CU.

Next we turn our attention to (d). The choice of g and s = ¢/px (ug, xo) <
2e0/px (1o, xo) imply that (1 — s)ug @ szo € I'. For t € (0,1), we define

() == (1 = )[(1 — s)ug ® sxo] ® txo.

Using condition (c¢) of Definition 2.5 in the weakly hyperbolic space X, we note
that y(t) lies on the metric segment [ug, zo] in between (1 — s)ug @ sxo and xo.
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Therefore we can compute px ((t),uo) as the sum
px ((t),u0) = px (¥(t), (1 — s)uo & swo) + px (1 — s)uo & 50, uo))
= t(1 = s)px (uo, x0) + spx (uo, xo) = (t + s(1 —1))px (uo, o).
It follows that
(4.5) v(t) = (1 — a(t))uo ® a(t)rg, where a(t) :=t+ s(1 —1).
Using the definitions of the mappings ¢, ¢ and 1 together with
px (uo, (1 — s)up & sxo) = spx (ug, xo) =€ <efo <r/2
we obtain ¢(q((1 — s)ug ® sxg)) =&, ¥((1 — s)ug @ sxp) = 1 and subsequently,
AM(1 = s)ug @ sxg) = oe/2px (ug, xo) = 08/2.

We conclude that G((1—s)ug@szg) = v(0s/2). From (4.5) we see that a(os/2) <
2s < 2g0/px (up, o). Therefore we can apply (4.3) to deduce

py (G((1 — s)ug @ sxg), G(up))
spx (ug, o)

(1 o(5)Jmza(F ) ) Fiuw) o F)
a(";>px(uo,xo) 5

sa(Z41-Z) >a(142
2 2 1)

Above we used (4.4) to get G(ug) = F(B(ug)) = F(up) in the first line and the
condition s < g9/px (up, xo) < 1/2 to get the final inequality. O

We are now ready to prove Lemma 4.1.

PRrOOF OF LEMMA 4.1. Fix f € QF (U) and let T' € G, F': conv(Cx) —
lso(2), ug € T', 0 € (0,1) satisfying (14 30)(1 —1/p) <1 and g9 > 0 be defined
according to the above construction. The precise value of o will be determined at
the end of this proof. Given ¢ € (0,&q), let the mapping G: conv(Cx) — o (Q2)
be given by the statement of Lemma 4.3. Define g: C'x — Cy to be the restriction
of G to the set Cx. From Lemma 4.3 it is clear that ¢ € M(Cx,Cy) with
do(g, f) < e. We complete the proof by showing that

ao

bo (g’ 32(1 + px (uo,0)) 5) nQg,U)=0.
Let h € By(g,a0e/(32(1 + px(ug,0)))). Then

1+ px(x,0) ac ao

py(g(x),h(x)) < m 3*25 < EE
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for z € Cx N B(uop, 1) and, in particular,

ao

py (g((1 — s)ug @ szo), h((1 — s)ug ® sxo)) < 16°¢
for s = ¢/px (ug, xo) because € < g9 < 1. Therefore, using Lemma 4.3, part (d),
and the fact that g coincides with G on the segment [ug, (1 — $)ug ® szo] C T C

Cx, we deduce that
py (h((1 — s)uo & s19), h(uo))

SPX(UO,Q?O)
5 Py (9((d = s)uo @ s20),9(w)) _, a0 €
- spx (uo, 7o) 16 spx (uo, o)

sa(1+2) - Y =a(142
4 8 8)

We conclude from the above inequalities that Lip(h|p) > b, when we choose
o = 16(b — a)/a. Condition (4.1) ensures that such a choice of o satisfies (1 +
30)(1 —1/p) < 1, as required. This establishes i ¢ Q% ;(U) and completes the
proof. O

The sets QY ,(U) do not quite cover the whole of the set Q(U). In the next
lemma, we verify that the elusive mappings in Q(U) form a porous subset of

M(Cx,Cy).
LEMMA 4.4. The set
0u(0) = {1 € QW) s supLin(sir) =0, inf Lin(Fl) < 1]
reg Fe&(f)
is porous in M(Cx,Cy).
PROOF. Fix a mapping f € Qu(U) and choose an extension
F: conv(Cx) — £ ()

of f with Lip(F|y) < 1. Choose zg € star(Cx) such that U N B(zg, Dx) # 0
and set U’ = U N B(zo, Dx) \ {xo}. We make the following claim:

CrAmM. There exist ug € Cx NU’, yo € Cy \ {f(wo)} and r > 0 such that
F(conv(Cx) N B(ug,r)) € B(yo, Dy) and for every x € Cx N B(ug,r), there is
a unique metric segment [f(x),y0] C Cy .

ProOOF. We distinguish between two cases. First assume that f(z) € star(Cy)
for all z € CxNU’. Then we choose ug € CxNU’ arbitrarily and let r > 0 be small
enough so that B(ug,r) C U’ and F(conv(Cx) N B(ug,r)) € B(f(uo), Dy /2).
Let yo € Cy N B(f(uo), Dy /2) \ {f(uo)} be arbitrary. The assertion of the claim
is now clear.

In the remaining case we choose ug € Cx NU’ such that f(ug) ¢ star(Cy) and
use the fact that Cy C B(star(Cy ), Dy) to choose yo € star(Cy )NB(f(uo), Dy ).
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Letting r > 0 be sufficiently small so that F'(conv(Cx )N B(ug,r)) € B(yo, Dy ),
we verify the claim. O

Let ug € CxNU’, yo € Cy \{f(up)} and r > 0 be given by the claim. Choose
o € (0,1) small enough so that

(14 0)Lip(F|v) + 20 < 1.

By making r smaller if necessary we may assume that B(ug,r) C U’ and r €
(0,70), where 79 > 0 is given by the conclusion of Lemma 4.2 with Z =Y, o,
ug, 20 = Yo and ™ = F. Set 9 = r. Given € € (0,&0), we define a mapping

A: X —[0,1] by
AMz) = v (F(ao) o) max{e — px(x,up),0}, z€X.

Then, A(z) = 0 for all X \ B(uo,7), [[Allec < €/2py (f(uo),y0) and Lip(A) <

o/py (f(uo),y0). Thus, the conditions of Lemma 4.2 are satisfied for Z =Y, o,
ug, 20 = yo ® = F, r,e € (0,r9) and . Therefore, Lemma 4.2 asserts that the
mapping G defined by

(1=Xax))F(x) ® A(x)yo if z € Cx N Blug,r),
F(x) if x € conv(Cx) \ B(uog, 1),

satisfies G(Cx) C Cy, py(G(x),F(x)) < ¢ for all z € Cx and Lip(G) < 1.
Clearly, the restriction g of the mapping G to the set C'x can be viewed as an
element of M(Cx,Cy) satisfying do(g, f) < e.

Since B(ug,r) C U’ = U N B(xg, Dx) \ {z0} and zy € star(Cx), we have
that [ug, o] C Cx. Identifying the metric segment [ug, 2] with a real interval,
we have ug < up + € < ug + r < xg. Hence [ug, up + €] € G. Using A(ug +¢) =0
and the fact that f is constant on the segment [ug, ug + €], we get

py (g(uo +€), g(uo))
o€

o€& g€
=y (f (u0). (1 - 2py<f<uo>,yo>>f (w0) & g (o) w0) y) %
For all h € M(Cx,Cy) with

oe
do(h,g) < )
o(h.9) 6(1 + px (ug,8) + €0)

we have py (h(z), g(x)) < 0¢/6 for x = ug, ug+e which, when combined with the
above equation, implies that A is non-constant on the metric segment [ug, ug + €]
in G. Hence

oe
Bl g, NQwU)=10
(g 6(1+0X(U0,9)+€0)> ol¥)
and the proof is complete. O
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REMARK 4.5. (a) The proof of Lemma 4.4 is the only place in the proof
of Theorem 3.2, or indeed any of the results of Section 3, where we use the
hypothesis that Cy is py-star-shaped and satisfies Cy C B(star(Cy ), Dy ).

(b) In the special case where Cx is px-convex, the set Qo(U) becomes simply
the set of all mappings f € Q(U) which are constant on the set Cx NU. The
conclusion of Lemma 4.4 is then valid under much weaker assumptions on the
set Cy. For example, it suffices to assume that Cy is a metric space in which
every point belongs to some non-trivial geodesic. Thus, if we restrict our attention
to the case where Cx is px-convex, the results of Section 3 can be generalised
accordingly.

PROOF OF THEOREM 3.2. For each f € Q(U) \ Qy(U), we have

. . . 2
(supLin(fle), inf Lip(Fl)) € (0.1
The family of all rectangles of the form (a,b) x (0,1 — 1/p), where p € N with
p>2and 0 < a < b < 1satisfy (4.1), is an open cover of (0,1)2. Therefore, since
(0,1)? is a Lindeldf space, this family admits a countable subcover ((a;,b;) x
(0,1 —1/p;))$2,. Hence we may write

QU) = Q¥ ,,(U) U Qo(U).

i=1

Applying now Lemmata 4.4 and 4.1, we arrive at the asserted result. O

5. An application to set-valued mappings

The goal of this section is to examine properties of spaces of non-empty,
closed and bounded subsets of hyperbolic spaces in order to show that these
spaces can be chosen as the range of the nonexpansive mappings in the theorems
which were established in the previous sections.

Let (X,p) be a complete hyperbolic space and C C X be a non-empty,
non-singleton, closed and p-star-shaped set. We consider the space

B(C) :={A C C: A is non-empty, closed and bounded}
equipped with the Pompeiu-Hausdorff metric
h(A, B) := max{sup{dist(a, B) : a € A}, sup{dist(b, A) : b € B}},

where dist(z, A) := inf{p(z,a) : a € A}. The space B(C) is a complete metric
space by [20, §33, IV]. In addition to the hyperspace of all bounded and closed
sets, we also consider the subspaces K(C) of compact subsets and CB(C) of
p-convex, bounded and closed sets.

In the case where X is a Banach space, the following lemma is a consequence
of Proposition 4.6 in [31].
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LEMMA 5.1. There is a family F of metric segments in B(C') such that the
triple (B(C), h, F) is a space of temperate curvature with Dgcy = 0o and B(C')
is a h-star-shaped subset of this space.

Proor. For A € B(C), A # {c}, we define

(5.1) AN ={1-Na®AIc:aec A} and (1 -NA®Nc}:= A0,
and set F:={{(1=NA@Xc}:A€0,1]}: A e B(C), c € star(C)}.

In order to show that F is a well-defined collection of metric segments in
B(C), we have to show that (1 — \)A @ A} € B(C) for every A € B(C),
A # {c}, and that the sets [A4, {c}] :={(1 = AN)A® X} € B(C): XA € [0,1]} are
metric segments. In order to show uniqueness of the metric segments in F, note
that we only have to consider the case of two singletons {c} where ¢ € star(C),
since for every other set A the pair (A, {c}) appears only once in the definition
of F. Uniqueness of segments of the form [{c1}, {ca}], where ¢1,¢co € star(C)
follows from the fact that X is hyperbolic.

For a,b € A, the inequality

p((L=XNad e, 1 —XN)bD Ac) < (1 —N)p(a,b) < (1 —X)diam(A),

which follows from the fact that X is a hyperbolic space, implies that (1—\)A®
M} is a bounded set. Since it is, by definition, also non-empty and closed, we
get that it is contained in B(C). In addition, note that for all u € [0, 1] and all
a € A, the point (1 — p)a® pc lies on the metric segment [a, ¢], which is contained
in C because C' is p-star-shaped with respect to c. Therefore (1—pu)A®pu{c} C C
for all 11 € [0,1].

Note that from h(B,B) = 0 for arbitrary bounded sets B C C, we may
deduce

(1= NA®Mc} E) = h(AYY E)

for every bounded set E C C. Now let A € B(C), ¢ € star(C), A\, € [0,1] and
assume without loss of generality that A > p. Then

R((1 =X A® Mc}{c}) =sup{p((1 = N)a® Ac,c) : a € A}
= (1 =N sup{p(c,a) :a € A} = (1 — N)h(A,{c}).

Moreover, we have

h((1 — p)A® p{c},{c})
<A1 =A@ p{c}, (1= NAS Mc}) +h((1 = NAS Mct, {c}),

which is equivalent to

M =NASMe}, (1 - p)A® pfch) = (A= p)h(A,{c}).
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On the other hand, we also have
dist ((1 = A)a @ Ae,(1 — p)A @ p{c})
=inf{p((1 = N)a® Ac,(1 — pu)b® pc) : b € A}
< (A =mpla,c) < (A= p)h(A,{c})
and analogously, dist((1—p)a®pc, (1-N)A®dA{c}) < (A—p)h(A, {c}). Therefore

h((1—=XNA® Mc}, (1 —p)A® p{c}) = |A— p|h(A,{c}). The above facts show
that for all A € B(C), A # {c}, the mapping
A A
0,h({c}, A)] — B(C), )\»—>(1— )A@ c
0 pileh = BE) WA (e ) O R e
is a metric embedding and therefore [A, {c}] is a metric segment in B(C).
We now show that (B(C), h,F) is of temperate curvature. That this triple

satisfies condition (a) of Definition 2.5 with Dy = oo is already clear. It

only remains to verify condition (b) of Definition 2.5. We will prove something
stronger. Namely, that metric segments in F even satisfy the hyperbolic ine-
quality (2.2), or equivalently

(5.2) hM(1=MNAGAE,(1-NB®AE) < (1-XMNh(A,B)

for all A, B, E € B(C) with [4, E], [B, E] € F. Note that all segments in F have
a set of the form {c}, where ¢ € star(C), as one of their endpoints. Therefore
we only need to verify (5.2) for the case E = {c} with ¢ € star(C) and the case
A={c1}, B={ca} with ¢1, ¢y € star(C).

Given A,B € B(C) and ¢ € star(C), let « € A and b € B. Since X is
a hyperbolic space, we have

p(1=XNb® Ae, (1 — XN)ad Ac) < (1 —X)p(a,b)

and hence

dist((1—NbBAc, (1N ABMc}) < (1—X)inf{p(a,b) : a € A} = (1—X) dist(b, A)

for all elements of (1 — X\)B @ M c}. Since the situation is completely analogous
if we swap the roles of (1 — A\)A @ A{c} and (1 — \)B @ M{c}, we may conclude
that

M —=XAdXMch,(1-NBa XMc}) < (1—-XNh(A,B).

This verifies inequality (5.2) for the case E = {c}.
To prove the inequality in the remaining case, we take c1,co € star(C),
E € B(C) and observe that

p((1 = Ner @ Aa, (1 — ez @ ') < (1= Npl(er, e2) + Ap(a a'),
for all a,a’ € E, by (2.2). From this we may deduce
dist((1 — A)ep @ Aa, (1 = N {e} @AE) < (1= N)p(er,e2) = (1 — Nh({er}, {e2})
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for all @ € E, and therefore, since the situation is completely symmetric with
respect to ¢; and co,

B((1 = Nt} @ AE, (1 - \){ea} @ AB) < (1— Mh({er}h {ea)).
Finally, note that by the construction of F, we get
star(B(C)) = {{c} : ¢ € star(C)}
and hence B(C) is a h-star-shaped subset of (B(C), h,F). O

REMARK 5.2. Note that the above construction does not work if we replace
the set {c} by a non-singleton as can be seen by the following example. We
consider the metric space C := [—1,1]? equipped with the standard metric and
set A:={(-1,-1),(-1,1)} and B :={(1,-1),(1,1)}. We get h(A, B) =2 and

1 1
Therefore h(A/2 + B/2,A) = /2 # h(A, B)/2. More generally, Example 4.7
in [31] shows that even in the case of Banach spaces the hyperspace of bounded
and closed subsets cannot be a hyperbolic space in the sense of Reich—Shafrir.

As a consequence of Lemma 5.1 and Theorems 3.3, 3.6 and 3.7, we can infer
the following corollary regarding set-valued nonexpansive mappings.

COROLLARY 5.3. Let X be a complete hyperbolic space and C C X be a non-

empty, non-singleton, closed, p-star-shaped subset. Then the following statements
hold:

(a) The set N(C,B(C)) := {f: C — B(C) : Lip(f) < 1}, is a o-porous
subsets of the space M(C,B(C)) :={f: C — B(C) : Lip(f) < 1} of all
nonezpansive B(C')-valued mappings equipped with the metric dy.

(b) If C is separable, there exists a o-porous set N' C M(C, B(C)) such that
for all f € M(C,B(C))\ N, the set R(f) = {z € C : Lip(f,z) = 1} is
a residual subset of C.

(¢) IfC is separable and p-conves, there exists a o-porous set NC M(C, B(C))
such that for all f € M(C,B(C))\ N, the set

R(f) ={z € C: Lip(f,z) =1}
s a residual subset of C.

REMARK 5.4. Results analogous to Corollary 5.3 are valid for all hyperspaces
X (C') with the property that (1 —X)A® Mc} € X(C), where (1 —AN)A® X{c} is
defined in (5.1), for all ¢ € star(C), A € [0,1] and A € X(C). In the case of £(C)
this follows from the fact that for all ¢ € star(C) and all A € [0, 1], the mapping

C—C, a—(1-XNad
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is continuous. In [21] spaces with this property are called “admissible” and,
besides B(C) and K(C), the following examples are given in [21, Remark 2.5,
p. 1417]: the space of singletons, the space of bounded, closed and p-convex sets,
and the space of compact and p-convex sets.

REMARK 5.5. In addition to the above corollary, we can also show that the
set of bounded strict contractions is a o-porous subset of the space of all bounded
nonexpansive B(C)- and K(C)-valued mappings if we equip these spaces with

the metric of uniform convergence.

REMARK 5.6. Note that if X is a Banach space, we do not need to take the
closure in the definition of the set (1 — A\)A & A{c} in (5.1) since the sum of
a closed set and a compact set is closed. In addition, if we define

(5.3) (1-NA®MB:={(1-Na+ X b:acA, be B}.

for bounded, closed and convex sets A and B and X € [0, 1] we get analogously to
above a well-defined mapping from [0, h(A, B)] to the space of bounded, closed
and convex sets which satisfies the hyperbolicity inequality. That the above map-
ping is an isometry follows from this inequality and from
(1— \JA@AB = %((pum@w) HB.

for bounded, closed and convex sets A and B and 0 < p < A < 1, which
can be shown by interchanging the occurring convex combinations. This implies
that the space of bounded, closed and convex subsets of a closed and convex
subset of a Banach space is h-convex. In particular, the hyperspace of bounded,
closed and convex subsets of a bounded and closed subset of a Banach space is
a hyperbolic space. We remark in passing that convexity, in a more general sense,
of hyperspaces of compact sets is studied in detail in [14]. For the star-shapedness
and hyperbolicity properties of these hyperspaces on subsets of Banach spaces,
we refer the interested reader to [31].

Acknowledgments. The authors wish to thank an anonymous referee for
reading the paper very carefully, and for many useful and interesting suggestions
which made the article significantly more reader friendly.

REFERENCES

[1] S. BANACH, Sur les opérations dans les ensembles abstraits et leur application aux
équations intégrales, Fund. Math. 3 (1922), 133-181.

[2] C. BARGETZ AND M. DYMOND, o-porosity of the set of strict contractions in a space of
non-expansive mappings, Israel J. Math. 214 (2016), 235-244.

[3] Y. BENYAMINI AND J. LINDENSTRAUSS, Geometric Nonlinear Functional Analysis, Amer-
ican Mathematical Society, Providence, RI, 2000.

[4] M.R. BRIDSON AND A. HAEFLIGER, Metric Spaces of Non-positive Curvature, Grundlehren
der Mathematischen Wissenschaften, vol. 319, Springer, Berlin, 1999.



[5]
[6]

7]
(8]
[9]
(10]

(11]

(12]
(13]

(14]
(15]

(16]

(17]

(18]
19]

20]

[21]
[22]
[23]
[24]

(25]

[26]

27]

POROSITY RESULTS FOR SETS OF STRICT CONTRACTIONS 123

L.E. BROUWER, Uber Abbildung von Mannigfaltigkeiten, Math. Ann. 71 (1911), 97-115.
F.E. BROWDER, Fized-point theorems for noncompact mappings in Hilbert space, Proc.
Nat. Acad. Sci. U.S.A. 53 (1965), 1272-1276.

P.S. BULLEN, Denjoy’s index and porosity, Real Anal. Exchange 10 (1984/85), 85-144.
H. BUSEMANN, Spaces with non-positive curvature, Acta Math. 80 (1948), 259-310.

F.S. DE BLASI AND J. MYJAK, Sur la convergence des approximations successives pour
les contractions non linéaires dans un espace de Banach, C.R. Acad. Sci. Paris Sér. A-B
283 (1976), A185-A187.

, Sur la porosité de l’ensemble des contractions sans point fize, C.R. Acad. Sci.
Paris Sér. I Math. 308 (1989), 51-54.

F.S. pE Brasi, J. MYJAK, S. REICH AND A.J. ZASLAVSKI, Generic existence and approxi-

mation of fixed points for nonexpansive set-valued maps, Set-Valued Var. Anal. 17 (2009),
97-112.

A. DENJOY, Legons sur le Calcul des Coefficients d’une Série Trigonométrique. Tome I1.
Meétrique et Topologie d’Ensembles Parfaits et de Fonctions, Gauthier—Villars, Paris, 1941.
E.P. DOLZENKO, Boundary properties of arbitrary functions, Izv. Akad. Nauk SSSR Ser.
Mat. 31 (1967), 3—14 (in Russian).

R. DupA, On conver metric spaces V, Fund. Math. 68 (1970), 87-106.

R. ESPINOLA AND A. NICOLAE, Continuous selections of Lipschitz extensions in metric
spaces, Rev. Mat. Complut. 28 (2015), 741-759.

K. GOEBEL AND W.A. KIRK, Topics in Metric Fized Point Theory, Cambridge Studies
in Advanced Mathematics, vol. 8, Cambridge University Press, Cambridge, 1990.

K. GOEBEL AND S. REICH, Uniform Convexity, Hyperbolic Geometry, and Nonexpansive
Mappings, Monographs and Textbooks in Pure and Applied Mathematicsq, vol. 83, Marcel
Dekker, New York, 1984.

G.A. JENNINGS, Modern Geometry with Applications, Universitext, Springer, New York,
1994.

U. KOHLENBACH, Some logical metatheorems with applications in functional analysis,
Trans. Amer. Math. Soc. 357 (2005), 89-128.

K. KuraTOWSKI, Topology, Vol. I, new edition, revised and augmented; French transl.:
J. Jaworowski, Academic Press, New York—London; Panstwowe Wydawnictwo Naukowe,
‘Warsaw, 1966.

L.-H. PENG AND X.-F. Luo, Contractive set-valued maps in hyperbolic spaces, J. Nonlinear
Convex Anal. 16 (2015), 1415-1424.

B. PIATEK, Halpern iteration in CAT(k) spaces, Acta Math. Sin. (Engl. Ser.) 27 (2011),
635—646.

, The fixed point property and unbounded sets in spaces of negative curvature,
Israel J. Math. 209 (2015), 323-334.

E. RAKOTCH, A note on contractive mappings, Proc. Amer. Math. Soc. 13 (1962), 459—
465.

S. REICH, Genericity and porosity in monlinear analysis and optimization, ESI Preprint
1756. Proceedings of CMS’05 (Computer Methods and Systems), Krakéw 2005, 2005,
9-15.

S. REICH AND I. SHAFRIR, Nonexpansive iterations in hyperbolic spaces, Nonlinear Anal.
15 (1990), 537-558.

S. REICH AND A.J. ZASLAVSKI, The set of noncontractive mappings is o-porous in the
space of all nonexpansive mappings, C.R. Acad. Sci. Paris Sér. I Math. 333 (2001), 539—
544.




124 CH. BARGETZ — M. DYMOND — S. REICH

[28] , Two porosity theorems for nonexpansive mappings in hyperbolic spaces, J. Math.
Anal. Appl. 433 (2016), 1220-1229.

[29] D.L. RENFRO, Porosity, nowhere dense sets and a theorem of Denjoy, Real Anal. Exchange
21 (1995/96), 572-581.

[30] F. STROBIN, Some porous and meager sets of continuous mappings, J. Nonlinear Convex
Anal. 13 (2012), 351-361.

, o-porous sets of gemeralized nonexpansive mappings, Fixed Point Theory 15

(2014), 217-232.

[32] L. ZAJICEK, On o-porous sets in abstract spaces, Abstr. Appl. Anal. 2005 (2005), 509-534.

(31]

Manuscript received June 10, 2016
accepted February 5, 2017

CHRISTIAN BARGETZ

Department of Mathematics

The Technion — Israel Institute of Technology
32000 Haifa, ISRAEL

and

Department of Mathematics

University of Innsbruck

Technikerstrafle 13

6020 Innsbruck, AUSTRIA

E-mail address: christian.bargetzQuibk.ac.at

MICHAEL DYMOND
Department of Mathematics
University of Innsbruck
Technikerstrale 13

6020 Innsbruck, AUSTRIA

E-mail address: michael.dymond@uibk.ac.at

SIMEON REICH

Department of Mathematics

The Technion — Israel Institute of Technology
32000 Haifa, ISRAEL

E-mail address: sreich@math.technion.ac.il

TMNA : VOLUME 50 — 2017 — N© 1



