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FRACTIONAL ORDER SEMILINEAR VOLTERRA
INTEGRODIFFERENTIAL EQUATIONS
IN BANACH SPACES

KEXUE L1

ABSTRACT. Sufficient conditions are established for the existence results of
fractional order semilinear Volterra integrodifferential equations in Banach
spaces. Results are obtained by using the theory of fractional cosine families
and fractional powers of operators.

1. Introduction

The integrodifferential equations in Banach spaces have attracted much in-
terest. Priiss [20] considered the solvability behavior on the real line of linear
integrodifferential equations in a general Banach space and gave several applica-
tions to integral partial differential equations. Grimmer [5] established general
conditions to ensure the existence of a resolvent operator for an integrodifferential
equation in Banach spaces. Fitzgibbon [4] studied the existence, continuation,
and behavior of solutions to an abstract semilinear Volterra integrodifferential
equation. Keyantuo and Lizama [8] characterized existence and uniqueness of
solutions for a linear integrodifferential equation in Holder spaces. Londen [12]
proved an existence result on a nonlinear Volterra integrodifferential equation in
real reflexive Banach spaces by using the theory of maximal monotone opera-
tors. Priiss [22] studied linear Volterra integrodifferential equations in Banach
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spaces in case the main part of the equation generates an analytic Cp-semigroup.
Travis and Webb [23] studied the existence of solutions to semilinear second or-
der Volterra integrodifferential equations in Banach spaces by using the theory of
strongly continuous cosine families. Mainini and Mola [14] considered in an ab-
stract setting, an instance of the Coleman—Gurtin model for heat conduction with
memory. Engler [3] constructed global weak solution of scalar second-order quasi-
linear hyperbolic integrodifferential equations with singular kernels. Priiss [21]
studied the existence, positivity, regularity, compactness and integrability of
the resolvent for a class of Volterra equations of scalar type. Herndndez [6]
studied the existence of strict and classical solutions for a class of abstract non-
autonomous Volterra integrodifferential equations in Banach spaces. Lang and
Chang [10] investigated the local existence and uniqueness of solutions to inte-
grodifferential equations with infinite delay. Jawahdou [7] studied the existence
of mild solutions for initial value problems for semilinear Volterra integrodiffer-
ential equations in Banach spaces.

In recent years, fractional differential equations have received increasing at-
tention due to its applications in physics, chemistry, materials, engineering, bi-
ology, finance, we refer to [19], [13], [15]. Fractional order derivatives have the
memory property and can describe many phenomena that integer order deriva-
tives cannot characterize.

Consider the following fractional semilinear differential equation:

CD&u(t) = Au(t) for t > 0,

(1.1)
u(0) = z,u®(0)=0 fork=1,...,m—1,

where o > 0, m is the smallest integer greater than or equal to o, © D is the
a-order Caputo fractional derivative operator, A: D(A) C X — X is a closed
densely defined linear operator on a Banach space X.

Bazhlekova [1] introduced the notion of solution operator for (1.1) as follows.

DEFINITION 1.1. A family {Cq(t)}+>0 C B(X) is called a solution operator
for (1.1) if the following conditions are satisfied:

(a) Cu(t) is strongly continuous for ¢ > 0 and C,(0) = I (the identity
operator on X);

(b) Cu(t)D(A) C D(A) and AC,(t)¢ = C,(t) AL for all € € D(A), t > 0;

(c) Cq(t)¢ is a solution of z(t) = & + fg’ 9ot — 8)Ax(s) ds for all £ € D(A),
t > 0, we refer to equality (2.3) concerning the definition of g, ().

A is called the infinitesimal generator of C,(t). Note that in some literature
the solution operator also is called the fractional resolvent family or fractional
resolvent operator function, see [2], [11]. As a matter of fact, the solution oper-
ator Ca(t) is a cosine family, in this paper, for o € (1, 2], the solution operator
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C,(t) is called strongly continuous a-order fractional cosine family, or a-order
cosine family, for short.

Chen and Li [2] developed a purely algebraic notion, called the a-resolvent
operator function: A family {S,(¢)};>0 of bounded linear operators of a Banach
space X is called an a-resolvent operator function if the following conditions are
satisfied:

(a) S, () is strongly continuous for ¢ >0 and S, (0) =1 (the identity operator),

(b) Sa(t)Sa(s) = Sa(8)Sa(t) for all t,s > 0, and

(c) there holds for all ¢, s > 0 that

Sa(8) I Salt) — J3Sa(8)Salt) = J7Sa(t) — J¢'Sa(s),

where J;* is the a-order Riemann-Liouville fractional integral operator.

It has been proved in [2] that a family {S,(¢)}:>0 is an a-resolvent operator
function if and only if it is a solution operator (or an a-times resolvent family,
see [11]) for problem (1.1).

Peng and Li [18] developed a novel operator theory for problem (1.1) with
the order a € (0,1).

DEFINITION 1.2 ([18]). Let 0 < aw < 1. A one-parameter family {7}, (¢) }:+>0 of
bounded linear operators of X is called a strongly continuous fractional semigroup
of order « (or a-order fractional semigroup, for short) if it possesses the following
two properties:

(a) for every z € X, the mapping ¢ — T'(¢)z is continuous over [0, co);
(b) To(0) =1, and for all ¢,s > 0,

e To(r)dr b To(r)dr * Tu(r)dr
(1.2) /0 (t—l—s—T)a_/o(t—i—s—T _/Om

_ To(72)
a// t+s—T1—TQ)HO‘dTlde7

where the integrals are understood in the sense of strong operator topo-
logy.

For a € (0,1), it is proved that a family of bounded linear operators is
a solution operator for (1.1) if and only if it is a fractional semigroup. Moreover,
it is shown that problem (1.1) is well-posed if and only if its coefficient operator
generates an a-order semigroup.

Keyantuo [9] investigated a general framework for connections between ordi-
nary non-homogeneous equations in Banach spaces and fractional Cauchy prob-
lems. When the underlying operator generates a strongly continuous semigroup,
using a subordination argument, the fractional evolution equation is well-posed.
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In this paper we are concerned with the fractional order semilinear Volterra
integrodifferential equation

CDYu(t) = Au(t) + /t h(t,s,u(s))ds + f(t) forte Ry,
(1.3) 0

u(0) ==z, ' (0)=y,

where Ry = [0,00), a € (1,2], D is the a-order Caputo fractional derivative
operator, A is the infinitesimal generator of a strongly continuous fractional
cosine family {Cy(¢)}:>0 on a Banach space X, h is a nonlinear unbounded
operator from Ry x Ry x X to X, f is a function from R} to X and z,y € X.

The paper is organized as follows. In Section 2, we give the basic notations
and preliminary facts. In Section 3, we give the sufficient conditions for the
existence of equation (1.3). At last, an example is presented to illustrate the

main results.

2. Preliminaries

Let X be a Banach space with norm ||-||. By B(X) we denote the space of all
bounded linear operators on X. Let 1 < p < co. By LP([0,T]; X) we denote the
space of X-valued Bochner integrable functions f: [0,7] — X with the norm

T 1/p
(2.1) 1l oz, = ( / IIf(t)Ilpdt) |

By C([0,T]; X), resp. C([0,T]; X), we denote the spaces of functions f: [0,7] —
X, which are continuous, resp. continuously differentiable. C([0,7]; X) and
C1([0,T]; X) are Banach spaces endowed with the norms

1
(2.2) Iflc = swp If®lx.  [fller = sup D IFP@)x.
te[0,T] te[0,T] .o

Let I be the identity operator on X. If A is a linear operator on X, then
R(\,A) = (M — A)~! denotes the resolvent operator of A. For the sake of
simplicity, we use the following notation for a > 0:

tocfl
(2.3) ga(t) = ()’

where I'(a) is the gamma function. If a = 0, we set go(t) = d(t), the delta

t>0,

distribution.

DEFINITION 2.1. The Riemann—Liouville fractional integral of order ac > 0
as defined

(2.4) Jiu(t) = /01 ga(t — s)u(s) ds,

where u(t) € L*([0,T]; X).
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The set of the Riemann-Liouville fractional integral operators {J2}.>0 is
a semigroup, i.e. Jt"‘JtB = Jf‘ﬂi for all o, 8 > 0.

DEFINITION 2.2. The Riemann—Liouville fractional derivative of order o €
(1,2] as defined

« d2 —
(2.5) Deu(t) = ﬁjf u(t),

where u(t) € L*([0,T]; X), D{u(t) € L'([0,T]; X).

DEFINITION 2.3. The Caputo fractional derivative of order o € (1,2] as
defined

(2.6) “Diu(t) = D (u(t) — u(0) — ' (0)t),
where u(t) € L1([0,T]; X) N CL([0,T]; X), D&u(t) € L*([0,T7]; X).

The Laplace transform for the Riemann—Liouville fractional integral is given
by

1
(27) LU u(t)) = 1500,
where @(\) is the Laplace of u given by
(2.8) () = / e Mut)dt, Red>w.
0

The Laplace transform for Caputo derivative is given by
(2.9) L{CDXu(t)} = Xa(\) — w(0) " — o/ (0)A*~2.

DEFINITION 2.4. The fractional sine family S, : Ry — B(X) associated with
C, is defined by

t
(2.10) S (t) = / Cu(s) ds.
0
REMARK 2.5. For x € X, define
S, (t
S0y = L Mz
dt ‘=0

From Definitions 2.4 and 1.1, it is clear that S'(0) = I (the identity operator
on X).

DEFINITION 2.6. The fractional Riemann—Liouville family P, : Ry — B(X)
associated with C, is defined by

(2.11) Po(t) = JP1OL(1).
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DEFINITION 2.7. The «-order cosine family C,(t) is called exponentially
bounded if there are constants M > 1 and w > 0 such that
(2.12) [Ca(®)]l < Me**, t>0.
An operator A is said to belong to C*(M,w) if problem (1.1) has an a-order
cosine family C,,(t) satisfying (2.12).
3. Existence of solutions

For o € (1,2), we assume A € C*(M,w) and let C,(t) be the corresponding
a-order cosine family. We have (see [1], (2.5) and (2.6))

(3.1) {AY:Re A > w} C p(4),

and

(3.2) NTIR(AY, A)E = /00 e MCL(t)Edt, Rel>w, £ € X.
0

By (2.11) and (3.2), we have
(3.3) R\, A)¢ :/ e MP,(H)¢Edt, Rel>w, €€ X.
0

For a fractional cosine family C,(t), we define E = {z € X : Cy(t)x is continu-
ously differentiable on R }. By the identity A*R(A*, A) — I = AR(\*, A), (3.2)
and (3.3), we have that P,(t)E C D(A), t € Ry, and

(3.4) %Ca(t)x — APJ()r, z€E, t€R,.

By (2.10) and (3.2), we have
(3.5) AN TZR(AY, A)E = / e MS, (H)Edt, Rel>w, £ € X.
0

LEMMA 3.1. Let A be the infinitesimal generator of an a-order cosine family
Co(t) and S, (t) be the corresponding a-order sine family. Then:

(a) For all z € D(A) and t > 0,
Sa(t)z € D(A) and ASa(t)z = Sa(t)Az.
(b) For all z € D(A) and t > 0,
So(t)z =tz + J* S, (t) Az

PRrROOF. (a) Fix some p* € p(A), for A > max{w,0} and =z € X,
> — At a—2 o _ ya—2 «@ a—2 o

| e SalOn RO A de = AR ROC, A RO, A
0

— WO 2R(u®, AN RO, A)e = / e MO R(u®, A)Sa (b dt.
0
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From the uniqueness theorem of the Laplace transform, it follows that
R(p®, A)Sa(t) = Sa(t)R(u*, A).
This implies (a).
(b) For x € D(A), A > w >0,

/ Ne Mz dt =2 = A*R(\*, A)z — R(\Y, A) Az
0

= / Ne MG, (t)a dt — / Ne M JaS, (1) Az dt.
0 0
Hence, (b) follows from the uniqueness theorem of Laplace transform. O

Since A € C*(M,w) for a € (1,2), then from Theorem 3.3 in [1], it follows
that A generates an analytic semigroup T'(t) of angle (« — 1)7/2. We suppose
that 0 € p(A), then for 5 € (0,1), we can define the fractional powers operator
(—A)~# as follows:

(—a)~ = 300 /oo rB(rl - A)Vdr.
0

77
DEFINITION 3.2. Let A be the infinitesimal generator of an analytic semi-
group T'(t). For every B > 0 we define (—A)? = ((—=A4)=#)~!. For B = 0,
(—A)Y = 1.
We collect some basic properties of fractional powers (—A)” in the following
lemma.
LEMMA 3.3 ([17]). Assume (—A)? is defined by Definition 3.1, then:
(a) (—=A)? is a closed operator with domain D((—A)?) = R((—A)~?) (the
range of (—A)~P).
(b) For 8>+ >0, D((-A)?) C D((=A4)").
(c) D((—=A)P) is dense in X for every B > 0.
(d) If B,7 are real, then (—A)P+7z = (—A)P(—A)x for every x € D((—A)")
where n = max (8,7, 8+ 7).
By (¢), (d) of Lemma 3.3, we see that for 8 € (0,1),
(3.6) (=4)7 = (=471 (=4).

We note that D((—A)”) is a Banach space equipped with the norm ||z|s =
[(—A)Pz||, z € D((—A)P). By X5 we denote this Banach space.

LEMMA 3.4. Let A be the infinitesimal generator of an a-order cosine family
Cu(t) on X. By P,(t) we denote the corresponding Riemann—Liouville family.
If k: Ry — X is continuously differentiable and v(t) = fg P,(t — s)k(s)ds, then
v(t) € D(A) fort >0, and

(3.7) Au(t) = /Ot Clat — SYK (1) ds + Cu(H)R(0) — k(t).
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PROOF. Since k: Ry — X is continuously differentiable, we have

(3.8)  v(t) /OtPa(ts)k:(s)ds/OtPa(ts)(/Os k'(T)dT+k(0)> ds

:/Ot /OtTPa(s)k'(T) dsdT+/OtPa(t—s)k(0) ds.

From (2.11), (b) of Proposition 3.3 in [2], it follows that for all z € X, ¢ > 0,
t t
/ P,(s)xds € D(A) and A/ (8)xds = Cy(t)x — .
0 0

Then v(t) € D(A),
(3.9) Av(t) = / (Cot = T)K' (1) — K' (7)) dT + Co(t)k(0) — k(0)
/C’ t— )k’ (s) ds + Cyo(t)k(0) — k(t). O

LEMMA 3.5. Let A be the infinitesimal generator of an a-order cosine family
Cu(t) on X. Let f: Ry — X be continuously differentiable, x,y € D(A), and
let

P = Colt)e +Salthy+ [ Palt=s)(s)ds. te 0T,
then ¢(t) € D(A) and ¢ satisfies
CDfo(t) = Ap(t) + f(t) fort €Ry,
e(0) =z, ¢'(0)=y.

PrOOF. From (3.4) and Lemma 3.3, it follows that ¢(t) € D(A). It is clear
that ¢(0) = x. Since f: Ry — X is continuously differentiable, it is easy to
show that ¢’(0) = y. By (2.6), Remark 2.5 and Lemma 3.1, we have

CDY(t) =CDYC, () 4+ C DS, (t)y + CD?(/Ot Py (t —s)f(s) ds)
= AC,(t)x + D (Sa(t)y — Sa(0)y — tS;,(0)y)

o f ra-asam)

= ACa (1) + DF (Salt)y — ty) + S T2 (Pat) » £(1)

(QQ—a(t) * ga—l(t) * Oa(t) * f(t))

d2
=AC,(t)x + Dy IS, ()Ay+dt2
2

d
(L Calt) 1 (1))

d
+ 2 (Calt) + F(1))

=AC,(t)x + Sa(t) Ay + —

=AC,(t)x + AS,(t)y
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By Lemma 3.4, we have

G0+ 50) = A [ Pot=s)(5) s+ 10

Therefore, the proof is complete. O

We make the following assumptions on the functions h and f:

(A1) h: Ry xRy x D — X is continuous, where D is an open subset of Xg,
g €10,1).

(A2) hi: Ry xRy x D — X is continuous, where h; denotes the derivative
of h with respect to its first variable.

(As) f: Ry — X is continuously differentiable.

THEOREM 3.6. Let o € (1,2). Assume that A € C*(M,w) and let Cy(t),
Suo(t) and P,(t) denote the corresponding a-order cosine family, a-order sine
family and a-order Riemann-Liouwville family, respectively. Assume that A™!
is compact. Let x € D, B € (0,1) and let (—A)’~ly € E. If (A1)—(A3) are
satisfied, then there exists T > 0 and a continuous function u: [0,T] — Xg such
that, fort e [0,T),

(3.10) w(t) = Coa(t)x + Sal(t)y
+ /0 P,(t— s)/o h(s,r,u(r))drds + /0 P,(t—s)f(s)ds.

If, in addition, x € D(A) and y € E, then the Caputo derivative ©Dfu of the
solution w of (3.10) is continuous, u € D(A), and u satisfies

CDXu(t) = Au(t) +/O h(t,s,u(s))ds + f(t) forte[0,T],
u(0) ==z, 4 (0)=y.

(3.11)

ProOOF. For § > 0, let Ns(z) = {z1 € X5 : ||z — z1]|g < 6}. Let

(1) = Ca(t)z + Salt)y + / Pu(t — )f(s) ds.

We can choose § > 0 and T' > 0 such that Ns(z) C D and for r,s € [0,T] and
x1 € Ns(z),

(3'12) ||h(T,S,.T1)|| <1l+ M(J},T), ||h1(7“,8,1’1)|| <1+ N(.’E,T);
for t € [0,T7,

(3.13) lp(t) = zlls < 6/2;
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for t € [0,T] and z1, 72,73 € Ns(x),

(3.14) H(—A)B_1<—/OtCa(t—s)<h(s,s,x1)—&—/Oshl(s,nxg)dr) ds

where M(z,T) = sup |h(r,s,z)|| and N(z,T) = sup |hi(r,s,2)|. In
r,s€[0,T) r,s€[0,T
fact, since h: Ry xR x D — X is continuous, given € > 0, there exists § > 0 such

that for x; € Ns(x) and r, s € [0,T], we have ||h(s,r,x1)—h(s,r,2)|| < e. Letting
€ (0,1), we obtain ||h(r,s,z1)|| < 1+ M(z,T). Similarly, ||hi(r,s,z1)]] <
1+ N(z,T).
It is easy to show that (—A)PC,(t)x = Co(t)(—A)Pz for x € Xj. Note that
t € [0,T] and C,(t) is strongly continuous for ¢ > 0, then

(3.15) I(=4)7 (Ca(t)z — )| = | (Calt) — I)(=A) x|
<[Ca(t) = Illlzllp = Cla, T)[|2]s,

where C(o, T) = sup ||Cy(t) —I||. Since 5 € (0,1), then there exists a positive
t€[0,T]

constant My > 0 such that ||(—A)?~1|| < My (see Lemma 6.3 in [17]).
Since (—A)?~1y € E, we have

310) AP Su(0ul = =47 5a = | (-4 Gaon]
<P o

C’a(t)yH < MoM'(a, T, y),
where

d
M/(OL,T,y): sup 7Ca(t)y
t€[0,T) dt

fearcn f s

\( >/ Palt — )f(s) ds

By Lemma 3.4, we have

(3.17) H(—A)B/Otpa(t—s) )ds

< (=471l

=[I(=4)°|

\/c (t—)f >ds+0<>f<>f<t>H
= AP (MM ETT + M)
< My(MyMe*TT + My),
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where M7 = sup |[f'(s)||, Mp = sup ||Cq(t)f(0) — f(t)]. Since
s€[0,T] s€[0,T]

(3.18) lo(t) = zllp = I(=4)° (¢(t) — 2)|
<=4 (Ca(t)z — 2)]| + [I(=4)Sa()y]
—A)P t —s)f(s)ds]|].
+ear [ re-sre
Put (3.15)—(3.17) into (3.18) to get

(3.19) let) —zlls < Cla, T)l|zllg + MoM' (e, T, y)
+ Mo(MyMe“'T + Me*" My + Mry).

For t € [0,T] and x1, z2, x5 € Ns(z), we have

(3.20) H(—A)B_1<—/Ot0a(t—s) (h(s,s,x1)+/os hl(s,r,xg)dr) ds

¢
—|—/ h(t,s,x3) ds) ’
0

< Mo{TMe*"(1+ M (2, T)+T(1+ N(z,T)) + T(1 + M(z,T))}.

From (3.19) and (3.20), it can be seen that we can choose 6 > 0 and T > 0
such that (3.13) and (3.14) hold, provided that § and T satisfy the following
inequalities:

(3.21) Cla,T)||z|lg + MoM'(ar, T, y)

+ Mo(MpMe*"'T + Me“" My + Mr) < g
and
(322) Mo{TMe*"(1+ M (2, T)+T(1+ N(z, 1))+ T(1+ M(z,T))} < g.
Let C := C([0,T); X) equipped with the norm ||¢||c = sup ||é(t)||g. Let F
be the closed convex bounded subset of C([0,T7]; Xg), deﬁ;ee[gﬁ)]y

1)
r={sccilo-vlo <3}

From [|¢(t) — z||g < |l¢ — ¢llc + [lo(t) — z||g < 4, it follows that ¢(t) € D for
¢(t) € F, t €[0,T]. Set the mapping Q on F by

t s
(QO)(t) = p(t) + / Pt — s) / W(s,r, ¢(r)) drds, te[0,T].
0 0
STEP 1. We show that Q maps F' into F'. Since

& [ htsrotrr = [ i ote)) e+ (s 5.60)
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by (3.4), (3.6), (3.9), (3.14), we have
1(Q)(#) = ¢®)lls = I(=A)’(Qe) () — w(®))l]

H <_ (APa(t—s)/Os h(s,r,¢(r))drds)>”
:H(—A) - {—/0 C’a(t—s)(/os hl(s,r,¢(r))dr+h(s,s,¢(s))) ds

+f t nt.ssoteas| | < 3

< —.
2

It is easy to show that Q¢: [0,T] — Xp is continuous in ¢ on [0, T]. We see that

@ maps F into F.

STEP 2. We show that @ is continuous. By (A1), (As), for every € > 0, there
exists some § > 0 such that for ¢1,¢2 € F, ||¢1 — ¢2|lc < 6, s € [0,T],

sup ||h(8,7‘, ¢1(T)) - h(S,T, ¢2(T))H <g,
r€[0,T]
sup ||h1(S,T, (;51(7“)) - hl(S,T, ¢2(T))H <e.
rel0,T]
Then

[(Qe1)(t) — (Qe2)(1)lls
= H(A)"1 {(A) /Ot Pat —s) /O h(s. .61 () dr ds

—(—4) /Ot P,(t—s) /O h(s,r, ¢o(r)) dr ds]

:H(_A)ﬁ1{—/tCa(t—8)</Sh1(8a7’a¢1(r))d

/ B (5,7, () dr + h(s, 5, 61(5)) — h(s, s, ba(s ))) ds
+ [tso - [ <h<t,s,¢2<s>>>ds}

t s ¢
—A)B_IH[/ Me“’(t_s)</ Edr+€) d8+/ 5d5]~
0 0 0

This implies that @ is continuous.

STEP 3. We show that the set {Q¢ : ¢ € F'} is equicontinuous. For ¢ € F,
0<t<t <T, we have

Qo) () — (Qe) ()l
<[(Calt) = Calt))(=A) x| + [A(Pa(t) = Pa(t)(—=A)" 1y
-1

e [ cs-s{sensne o)
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/ Calt' — s( (.5, (s /hi(s,r,¢(r)> dr) ds}
Ao (e e
|- “(/0 s [ e

+1(= = CatDFO) +I(=A)7(f (1) = F)I.

Since Cy(t), P, (t) are strongly continuous, it follows that

1(Ca(t) = CaltN(=A) 2| + [|A(Pa(t) = Pa(t')(=A)""1yll = 0
as |t —t'| = 0, and

I(=A)7"(Ca(t) = Cal)F O + (=) (f(t) = fFEN] = 0

as |t —t'| — 0. By Lemma 2.1 in [23], since A~! is compact, then for 0 < 3 < 1,

(—A)#~1 is compact. The compactness of (—A)?~! the strong continuity of
Cu(t), Py(t), together with (3.12) imply that

| [ ( (<s,s,¢<s>> [ st oo ar ) as
/Ct ) (15, 5, 9(s /hlsw())dr)ds]

/O(Ca(t—s) Co(t' = 5))(—A)°~ 1( (s,8,6(s))+ /Ohl(s,r,gb(r))dr)ds

/ " eut— (h<s, () + [ b (s, 6(r) dr) s

as |t —t’| — 0. On the other hand, by (3.12),

R So—
< (- ’“|(//h1rs¢ )dr ds /t Bt 5, 0(5))

as |t —t'| = 0, and

e (] Cult— ) (5) ds / "t - 9e) i)

< |<—A>B—1||( [ €ate=s) -t ~sprisas

+ " Calt = 975

as |t — t'| = 0. Therefore, {Q¢ : ¢ € F} is equicontinuous.

<

+ (=477 =0

ds>—>0

ds>—>0
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STEP 4. We show that for any given ¢ € [0,7], the set {Q¢ : ¢ € F} is
precompact in Xg. Since A~! is compact, then for v € (8,1], (=A)™7: X — Xg
is compact, we only need to prove that {(—A)"((Q¢)(t) — ¢(t)) : ¢ € F} is
bounded v € («, 1]. In fact, we have

1(=4) (@6 - o)t )H
H Calt = 5) (h(svs006)) + [ o) ar )

+(—A)H/O h(t, s, 6(s)) ds

From (3.12), the boundedness is obtained. Therefore, it follows from the Arzela—

Ascoli theorem, @ is compact. By the Schauder fixed point theorem, @ has
a fixed point in F', which is a solution of (3.10). If x € D(A), y € E, then by
Lemma 3.4, the solution of (3.10) is a solution of (3.11). O

4. An example

Consider the fractional semilinear Volterra integrodifferential equation of or-
der a € (1, 2]

CDY2(t, x) = Az(t, x) —l—/o p(t, s, z(s,x)) ds + 0(t, x)

(41) fOI‘tERJ,_, IG(O,T(),
z(t,0) = z(t,m) for t € Ry,
z2(0,z) = o(x), 2z(0,z)=p(x) forx e (0,m),

where ©D¢ is the a-order Caputo fractional derivative operator. Let X =
L?[0,7] and define A: X — X by Aw = w” with the domain D(A) = {w €
X :w,w’ are absolutely continuous, w” € X, w(0) = w(n) = 0}. Thus

o0
Aw = — ZnQ(w,wn)wn, w € D(A),
n=1
where w,,(s) = \/WSin ns, n = 1,2,..., is the orthonormal set of eigenvalues
of A. It is easy to see that A is the infinitesimal generator of a strongly continuous
cosine family C(t), t € R, on X given by
oo
Ctyw = Z cos nt(w, wp)wy, w € X.
n=1
From the subordinate principle (see Theorem 3.1 in [1]), it follows that A is the
infinitesimal generator of a-order cosine family C,,(¢) such that C,(0) = I, and

Cut) = / rasa(s)C(s)ds, >0,
0
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where 1.0/5(s) = £~/ (st=*/?), and

- (=2)"

= 0 1.
(%) nz:;) nl(—yn+1—7)’ R
If we take 5 = 1/2, then
(=AY 20w = Zn(w,wn)wn, w e D((—A)Y?).
n=1
The operator (—A)~1/2 is given by
= 1
—A) TP =) —(w,wy)wy, X.
(—A) ™ w ;n(w,w)w, w e

It is easy to show that (—A)~/2 is compact. By Lemma 2.1 in [23], A~! is
compact. Let p: Ry x Ry x Ry — R be continuous and continuously dif-
ferentiable with respect to its first variable. Let 6: Ry x Ry — R be con-
tinuous and continuously differentiable with respect to its first variable. Let
h: Ry xRy x Xy — X be defined by (h(t, s, w))(x) = p(t,s, w(x)), w € X/,
x € [0,7], and let f: Ry — X be defined by (f(t))(z) = 0(¢t,x), = € [0,n].
Then we can rewrite (4.1) as (3.11). If w € D((—A)"/?), then w is absolutely
continuous, v’ € X, w(0) = w(w) = 0, and [Jw|;/2 = ||w’| (see Chapter 6 in
[16]). Let t1,s1 € [0,T], w1 € Xy,5. For every € > 0, there exists a § > 0 such
that if ¢,s € [0,T], z € [0,7], v € R, and [t; —t] < 4, |s1—s| < &, |wi(z) —v| < 4,
then [p(t1,s1,w1(x)) — p(t,s,v)] < e. Let w € Xy9, and [[wy — w12 < §//7.
Then

jun (2) — w(@)] < ‘ / (W) — ! () dr

xr
< [ i) - w)ldr < VAl - ol = VA - wlye
0
Hence, for |t; —t| < 6, [s1 — 8| < 0, |wi(x) —v| < 4, we have

|h(t1, s1,w) — h(t, s,w)|| = / lp(t1, s1,wr () — p(t7s7w(x))\2dx < we?,
0

Therefore h is continuous. By a similar method, the conditions (A3) and (As)
are satisfied. By Theorem 3.6, the integrodifferential equation (4.1) has a local
solution.
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