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MULTIPLE SOLUTIONS TO THE BAHRI-CORON PROBLEM
IN A BOUNDED DOMAIN
WITHOUT A THIN NEIGHBORHOOD OF A MANIFOLD

MONIcA CLAPP — JUAN CARLOS FERNANDEZ

ABSTRACT. We show that the critical problem
—Au=[u¥N -2y inQ, u=0 on 0,
has at least
max{cat(©,0 \ B,M),cupl(0,0\ B,M) +1} > 2

pairs of nontrivial solutions in every domain 2 obtained by deleting from
a given bounded smooth domain ©® C RY a thin enough tubular neighbor-
hood B, M of a closed smooth submanifold M of © of dimension < N — 2,
where “cat” is the Lusternik—Schnirelmann category and “cupl” is the cup-
length of the pair.

1. Introduction

Let © be a bounded smooth domain in RY, N > 3, and let M be a compact
smooth submanifold of RY, without boundary, contained in ©. Consider the
problem
—Au = |[ul* "2u in O,

u=0 on 00,,

(1.1)
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where 2* := 2N /(N — 2) is the critical Sobolev exponent and
0, :={zx €O dist(z, M) >r}, r>0.

Our aim is to establish multiplicity of solutions for r small.

If M is a point and r is small enough, Coron showed in [9] that this problem
has at least one positive solution. The existence of at least two solutions was
established by Clapp and Weth in [8]. More recently, Ge, Musso and Pistoia [14]
proved that the number of sign changing solutions becomes arbitrarily large as r
goes to zero. Their solutions are bubble-towers, i.e. they look like superpositions
of standard bubbles with alternating signs concentrating at the point M. Under
additional assumptions, positive and sign changing solutions which look like
a sum of standard bubbles one of which concentrates at the point M and the
others at some points in © \ M were constructed in [6]. There are also various
results on the existence and shape of solutions to this problem when M is a finite
set of points and r is small enough, see e.g. [16], [17], [18], [19].

In contrast to this, if M has positive dimension only few results are known.
Hirano and Shioji established the existence of two solutions in an annular do-
main with a thin straight tunnel in [15]. Some multiplicity results were recently
obtained by Clapp, Grossi and Pistoia in [5] when both © and M are invariant
under the action of some group of symmetries. They also showed that, without
any symmetry assumption, this problem has at least cat(©, ©,.) positive solutions
for small enough r, where cat(©, ©,.) is the Lusternik-Schnirelmann category of
the pair (©,0,.).

Here we show that for some domains there is an additional solution. We write
cupl(©, ©,.) for the cup-length of the pair (©,0,). The definitions of category
and cup-length are given in appendix A. We prove the following result.

THEOREM 1.1. Assume that dim M < N — 2. Then there exists ro > 0 such
that, if Q is @ bounded smooth domain in RN which satisfies

MNQ=0 and ©,CQCO,
for some r € (0,79), then problem

—Au=|ul*2u inQ,

1.2
(1.2) u=20 on 082,

has at least max{cat(©, ©,), cupl(0,0,) + 1} > 2 pairs of nontrivial solutions.

It is well known that cat(©,0,) > cupl(©,©,) (see Lemma A.3). So The-
orem 1.1 improves Corollary 1.2 in [5] when cat(©,©,) = cupl(©,©,). There
are some interesting situations in which this occurs. For example, the following

ones.
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EXAMPLE 1.2. If M is contractible in O, then cat(©,©,) = cupl(0,0,) =1
for r small enough.

EXAMPLE 1.3. If © is a tubular neighborhood of M and cat(M) = cupl(M),
then cat(©, 0,.) = cupl(©, 0,.) = cupl(M) for r small enough.

Examples of manifolds M such that cat(M) = cupl(M) are those having the
homotopy type of a sphere S*. of a real RP*, a complex CP* or a quaternionic
HP* projective space, or of a product of such spaces.

Note that both cat(©,0,.) and cupl(©,0,.) depend on the embedding of M
into ©. For example, if M is the circle C := {(x1,22,0) € R3 : 27 + 23 = 1} and
O is the torus {z € R3 : dist(z,C) < 1/2}, then O is a tubular neighborhood of
M and Example 1.3 gives

cat(0,0,) = cupl(©, 0,) = cupl(S*) = 2

for r € (0,1/2). On the other hand, if M is the circle {(z1,0,23) € R3 :
(r1 — 1)? + 2% = 1/4}, then Example 1.2 gives cat(©,0,) = cupl(0,0,) = 1
for r € (0,1/4). Theorem 1.1 asserts the existence of three solutions in the first
case, and two solutions in the second one.

As we shall show in Proposition 4.1, at least cat(©, ©,.) > 1 solutions are pos-
itive. Our methods do not allow us to conclude whether the additional solution
is sign changing or not.

We wish to stress the fact that multiplicity results for problem (1.2) are
only available for some particular types of domains. A remarkable result ob-
tained by Bahri and Coron [1] establishes the existence of at least one positive
solution to (1.2) in every domain 2 having nontrivial reduced homology with
Z/2-coeflicients. One expects to have multiple solutions in every domain of this
type, but the proof of this fact remains open. Classical variational methods
cannot be applied to establish multiplicity due to the lack of compactness of
the associated energy functional. Under suitable symmetry assumptions com-
pactness is restored: if {2 is invariant under the action of a group G of linear
isometries of RV and every G-orbit in ) is infinite, problem (1.2) is known to
have infinitely many G-invariant solutions [3]. Recently, Clapp and Faya [4] con-
sidered domains having finite G-orbits and gave conditions for the existence of
a prescribed number of solutions. In a non-symmetric setting, the Lyapunov—
Schmidt reduction method has been successfully applied to obtain multiplicity
results for problem (1.1) when M is a point or a finite set (see [14] and the
references therein), but this method becomes very hard to apply when M has
positive dimension.

Our proof of Theorem 1.1 uses variational methods and some tools from alge-
braic topology which include the fixed point transfer introduced by Dold in [10].
Key elements of our variational approach are a refinement of the deformation
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lemma which was proved in [8] and a lower bound for the energy of sign changing
solutions to the limit problem in RY obtained by Weth in [23]. These results
are stated in Section 2. Section 3 is devoted to the construction of two auxiliary
maps which play an important role in the proof of Theorem 1.1. The proof of
this theorem is given in Section 4. Finally, in Appendix A we recall the definition
and properties of the Lusternik—Schnirelmann category and the cup-length, and
prove the statements of Examples 1.2 and 1.3.

2. Preliminaries and notation

Let Q be a bounded smooth domain in RY. We consider the Sobolev space

H}(Q) with the norm
1/2
Jull == ( / wz) .
Q

We write |ul, for the LP-norm of u, 1 < p < oo.
The solutions to problem (1.2) are the critical points of the energy functional
J: H(2) — R given by

1 1 .
J(w) == =|jul|® — =|ul3..
() o= 5l — 5l
The nontrivial solutions are the critical points of the restriction of J to the
Nehari manifold

Ni={ue Hy(Q) :u#0, [lu]® = |uf3:},

which is a C2-manifold, radially diffeomorphic to the unit sphere in Hg (€2).

Recall that J is said to satisfy the Palais—Smale condition (PS). on N at the
level ¢ € R if every sequence (uy) in N such that J(ug) — ¢ and Vi J (ug) —
0 contains a convergent subsequence. Here V,J denotes the gradient of the
restriction of J to N, i.e. VaJ(u) is the orthogonal projection of VJ(u) onto
the tangent space to A at u.

We write C}(Q2) for the Banach space of C!-functions on € which vanish on
02, endowed with the norm

[uller == [u]oo + [Vuloo-

For d € R we write N4 := {u € N': J(u) < d}. The following refinement of the
deformation lemma was proved in [8, Lemma 1].

LEMMA 2.1. Assume that J has no critical values in the interval [b,d] and
that it satisfies (PS). for every b < ¢ < d. Then there exists a continuous map
n:[0,1] x N4 — N4 with the following properties:

(a) (0,u) =u and n(l,u) € N for every u € N, and n(t,v) = v for

every v € NP, t € [0,1].
(b) If u e NN CH(Q), then n(t,u) € CL(Q) for every t € [0,1].
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(c) If BC NYNCL(Q) is b(ﬁmded in CA(Q), then B := {n(t,u):u € B, t €
[0,1]} is bounded in C}(€2).
(d) Ifu e N4NCL(Q) and u > 0, then n(t,u) > 0 for every t € [0,1].

Next, we consider the limit problem
(2.1) —Au=|uf* 2u, ue DYERY),

and write |Ju|| := (g~ [Vul?)'/? for the norm in D?(RY). The energy func-
tional Jo : D2 (RY) — R associated to (2.1) is given by

1 1 .
Joo ) i= 5 lull? = 5 lul

and the Nehari manifold is

Noo = f{u€ DV2RY) :u #0, [[ul® = [ul3}.

As usual we consider H{ () as a Hilbert subspace of DV2(RY) via trivial ex-

tensions. Then J is the restriction of J, to Hi(Q2) and N' = Ny N H(Q). The
radial projection p: D*2(R¥)\ {0} — N, onto the Nehari manifold is given by

HuHQ (N—-2)/4
plo) = (1 .

Set ¢ 1= ji\Iflf Jso- The standard bubbles

A(N-2)/2

N-2)/4
Uny(z) = [N(N — 2)]( )/ A2 + |z —y2) (V=272

e (0,00), yeRY,

are the only positive solutions to problem (2.1). They satisfy J(Ux,y) = ¢oo. It
is a well known fact that

inf J = inf Joo = Ceo,
N Noo

independently of 2, and that c. is not attained by J on N if Q is bounded, see
e.g. [22], [24].
We consider the barycenter map 8: H(Q) \ {0} — RY, given by

/RN zlu(z)|? da
/RN (@) dz

The following fact will be used below.

Blu) :=

LEMMA 2.2. Let X be a closed subset of RN such that QN X = (. Then

cx =mf{J(u):ueN, Bu) € X} > .
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PROOF. Arguing by contradiction, assume there exist ur € N with 8(uy) €
X and J(up) — coo. Using Ekeland’s variational principle [12], [24], we may
assume that (ug) is a (PS)
theorem [21], [24], there exist y, € € and Ay > 0 such that, after passing to a

co. Sequence. Then, by Struwe’s global compactness
subsequence,

lug — Ung el = 0 as k — oc.
It follows that |5(ux) — yx| — 0 as k — oo and, hence, that dist(5(ux), ) — 0
as k — oo. This is a contradiction. O

We shall also use the following result, which was proved by Weth in [23].

THEOREM 2.3. There exists an €9 > 0 such that Joo(u) > 2co + 3g¢ for
every sign changing solution u of problem (2.1).

3. Two auxiliary maps

Let © be a bounded smooth domain in RY and let M be a compact smooth
submanifold of ©, without boundary, such that dim M < N — 2. We write

d(z) := dist(z, M).

For a > 0 we set B,M := {x € RY : d(x) < a}, and write B, M for its closure
and S, M for its boundary in RV.

We fix R > 0 such that BrM is a tubular neighborhood of M in RY and
BrM C ©. Then, the following statement holds true.

LEMMA 3.1. For any given a € (0, R) and € > 0 there exists ag € (0,a) such
that, for every & > 0, there is a continuous function hs: RN — DV2(RN) with
the following properties:

(a) hs(y) € Noo NCE(RN) and hs(y) > 0 for all y € RY,

(b) The C'-norm of hs(y) is uniformly bounded on RN, i.e.

sup{|hs(y)|oc + [V(hs(y))|os : y € RV} < 00

Joo(hs(y)) < coo +€ for ally € RY,
Joo(hs(y)) < coo + 0 for ally € RN\ B,M.
supp(hs(y)) C BassM \ By, M for ally € B, M,

c)

)

) (

) supp(hs(y)) C Bs(y) for ally € RN \ ByM,
) B(hs(

) B(hs(

d

~ o~

@

f

—~

B(hs(y)) =y for ally € RN\ B, M,

B(hs(y)) € BoM for all y € B,M, and there is a continuous map
9:[0,1] x BaM — Bo,M such that 9(0,y) = y, 9(1,y) = B(hs(y)) for
ally € BoM, and 9(t,z) = z for all z € S, M.

—~~ —~

g
h

PROOF. Let y € C2°(RY) be a radial function such that y(x) = 1if || < a/8,
x(x) € (0,1]if |z| < a/4 and x(z) = 0if |z| > a/4. Fix p > 0 so that the function

w = P(XU;L’O)
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satisfies Joo(w) < €oo + min{d,e/2}, were U, o is the standard bubble and p is
the radial projection onto N,,. For A > 0 and y € R we define

wyy(7) = /\(ZN)/Z%U(T7 ; y)

Then wy 5 € Noo NCE(RY), Joo(why) = Joo(w) < oo +min{d, e/2}, supp(wy,y)
C Biaya(y) and B(wy ) = y.

Set 7 := min{d, a/4} > 0 and choose a nonincreasing function A € C*[0, o0)
such that A(t) =1ift < a/2, A(t) =4y/aift > a and A(t) < 4(a+v—1t)/a for
all t < a. Define h: RN — Ny NCZ(RY) as

h(y) = waa(w).p-
Note that h(y) = wy,y if d(y) < a/2, supp(h(y)) C B, (y) if d(y) > a and

supp(h(y)) C Ba—a(y)+~(y) C BaysM for all y € B, M.

Fix a; € (0,a/4). Since dim M < N—2, the 2-capacity of M in RY is zero, see
[13, 4.7 Theorem 3]. Hence, for k > 1/ay, there are functions ¢, € C2°(RY) such
that ¢y (x) =1 if d(x) < 1/k, Yi(x) =0 if d(x) > a1, and ||¢g]] — 0 as k — oo.
Then, [1 —x]h(y) = h(y) # 0 if d(y) > a/2 and [1 — Yxlh(y) = [1 — Yrlwr,y #0
if d(y) < a/2, because w1y > 0 in By 4(y) and By j4(y) \ Ba, M # 0. Therefore,
the function hy: RY — N N C2(RY) given by

hi(y) = p([L = ¢xlh(y))

is well defined. Tt satisfies that supp(hx(y)) C §a+5M\Bl/kM for ally € B, M.

Moreover, since

100 = efony = w1 = wny B = [ fon, Vi = .V,
R

< 4/ w1
]RN

as k — oo, the set

K={wiy:y GPG/QM}U {1 —plwiy:y GEG/QM, k>1/a1}

2Vl + [0e P [V y | < Ol + [¢el3) = 0

is compact in D2(R™) and the functions J., o p and § o p are uniformly con-
tinuous on K. This implies that there exists kg > 1/a; such that

T (hi) = T (hw))| < 5 and  |B(x(v)) —u| < 3

for all k > kg and all y € RY. Set

7 1
hs(y) == hio(y) and ag :=

kio.
Then, supp(hs(y)) € BarsM \ Ba, M for all y € B,M and, since Joo (h(y)) <
Coo + €/2, we have that

Joo(hs(y)) < coo +€ forally € RY,
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Clearly, hs(y) satisfies (a) and (b) and, since hs(y) = h(y) if d(y) > a/2, it also
satisfies properties (d), (f) and (g). The map 9(¢t,y) := (1 — t)y + t8(hs(y)) is
well defined and has the properties stated in (h). O

Since BrM is a tubular neighborhood of M in RY_ for every 2 € BrM there
is a unique point ¢(xz) € M such that

(3.1) d(z) = [z — q(2)|.

The map q: BpM — M is well defined and smooth. It is convenient sometimes
to write the elements of BrRM as

3.2) [t = q(O) + %(g —q(¢)) with ¢ € SpM and t € [0, R].

Define & := {u € N : u",u™ € N}, where ut := max{u,0} and v~ :=
min{u, 0}. We prove the following statement.

LEMMA 3.2. Given € € (0,cs) there exist bg,b1,ba € (0, R) such that, if
is a bounded smooth domain in RN which satisfies

MnNnQ=0 and (©\B.M)CQCO,

for some r € (0,by), and ceo < co < €1 < Coo + € are such that J has no critical
values in (c1, coo +¢€|, then there exists a continuous map G : By, M x By, M — &
with the following properties:

(a) J(G(z,9)) < 2co0 + 2¢ for all (z,y) € By, M x By, M,

(b) J(G(z,y)) < co+cy for all (z,y) € (Sp, M x By, M) U (By, M x Sy, M),
(c) J(G(z,y)") < co and B(G(z,y)t) =z for all (z,y) € (Sp, M x By, M),
(d) J(G(z,y)") < co and B(G(x,y)7) =y for all (x,y) € (By, M x Sy, M).

ProOOF. Fix a; € (0, R). For a := a; and the given ¢, let a1 9 € (0,a1) be
as in Lemma 3.1. Now fix az € (0,a10) and, for a := as and the same ¢, let
az,0 € (0,az2) be as in Lemma 3.1. Set by := a2 and r € (0,bg). Let

1 .
§:= Zmln{R—ah aio — ag,az — by, bo — 7, 2€, ¢g — Coo, Coo +€—C1}

and choose a function h§ : RY — DUV2(RY) with the properties stated in

Lemma 3.1 for a;, € and a;. Since
supp(hg(2)) C (Ba,+6M \ Ba, M) C (BRM \ Ba, ,M) for all & € Bo, M,
we have that
hs (Bo,M) C N NCH(Q) ifr e (0,by), i=1,2,
)

In addition, h%(z) > 0 and J(hi(z)) < ceo + ¢ for all @ € By, M; J(hi(y)) <
Coo + 0, supp(h§(y)) C Bs(y) and B(hi(y)) = y for all y € S,, M; and the set
{h%(z) : x € B,, M} is bounded in C}(9).
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Since J satisfies (PS). at every ¢ € (oo, 2¢o0) and J has no critical values in
(c1, Coo + €], Lemma 2.1 yields a deformation

n: [0,1] x NCeTe 5 NCoote

such that 1(0,u) = u and n(1,u) € NF0 for every u € N¢=*<; n(t,v) = v for
every v € N9 ¢ € [0,1]; and n(t, hi(z)) > 0 for every x € B,, M. Moreover,
the sets
Ki = {nt,hs(x)) : 2 € By, M, t€[0,1]}, i=1,2,

are compact in H}(Q) and, by statement (c) in Lemma 2.1, they are bounded
in the Cl-norm.

Fix a radial function ¢ € C*(RY) such that ¢(x) = 1 if |z| > 2 and ¢(x) =
0 if || < 1. Then, there is a v € (0,6/2) such that the function ¢, (y) :=
o((y — ) /) satisfies

dou#0 and |J(p(¢ru)) — J(u)| <8, forall (z,u) € RY x (K1 UKy),

see [8, Lemma 2]. Note that ¢,u =0 in B, (z) for every u € K1 UK, z € RV,

Next, we choose A\; € C*[0,00) nonincreasing and such that A\;(¢) = 1 if
t < a; and \;(t) =7/d if t > a; + 6. Using the notation introduced in (3.2), we
define G;: By, 126M — N as follows:

Gille.t o= § 1310 i1 € 0., C € Sp.
[

(R(06aD) sy feonciycay (1 € [ai,ai+ 28], C € SaM,

where uy . (y) := A2~/ 2y((y — 2)/A). Then, J(G;(y)) < coo + 6 and B(G;(y))
=yifa; <d(y) < a; + 26, and supp(Gi(y)) C B4 (y) if a; + 6 < d(y) < a; + 26.

We define G: By, 425 M X B, +25sM — € in the following way: for z € By, 125,
[ES §a2+25M, let

Gi(z) — Ga(y) ifd(z) <a;+46,d(y) <az+9,

p{%n(w’Gl(@)] — Ga(y)
if d(z) < ay 46, ag + 0 < d(y),

Gr(a) = p|on( 5 ol
it ay+6 < d(z), d(y) < as + 5,

G1(x) — Ga(y) if a; + 6 <d(z), ag + 6 < d(y).

Note that in all four cases, the first summand and the second summand in the
definition of G(z,y) have disjoint supports. Therefore, the first summand is
G(z,y)* and the second one is G(x,y)”. Since both summands belong to N we
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conclude that G(z,y) € £. Moreover,
J(G(2,y)) = J(G(z,9)") + J(G(x,y) ).

Setting b; := a; + 24, one can easily check that G has the desired properties. [

4. Proof of Theorem 1.1

As before, we fix R small enough so that BgM is a tubular neighborhood of
M contained in ©. Fix g € (0,dist(BgrM, 90)) small enough so that B,(90) is
a tubular neighborhood of 90, and set ©~ := O\ B,(90) and OF := OUB,(J0).
Define

d* = inf{Joo(u) 1 u € Noo N HY(O), Blu) & O}
By Lemma 2.2 we have that d* > co.

Choose g € (0, co0/3) as in Theorem 2.3 and such that ¢ + €9 < d*. For
€ := 3e0/2 fix bg,b1,b2 € (0, R) as in Lemma 3.2, and for a := by and ¢ := ¢¢ fix
ap € (0,a) as in Lemma 3.1.

Set 7o := min{ag, by} and let Q be a bounded smooth domain in RY which
satisfies

MnNnQ=0 and (©\B,M)CQCO
for some r € (0,79). Set ry := dist(Q, M)/2 and define
¢ :=inf{J(u) :u €N, B(u) € B, M}.
By Lemma 2.2 we have that ¢* > c¢,.. Now fix a regular value ¢y of J such that
Coo < €o < min{c*, e + €0}
Note that
B(u) € ©F for all u € N¢ with ¢ € (0,d*),
B(u) € 7\ B,,M for all u € N.
Let H* be Cech cohomology with Z/2-coefficients and define
c1 :=inf{e € [co,d*) : B*: H*(©, 0T\ B,, M) — H* (N, N)
is a monomorphism}.
For these data all statements below hold true.
PROPOSITION 4.1. ¢y < ¢1 < ¢oo + €0, and problem (1.2) has at least
cat(0,0\ B,M) > 1
positive solutions with energy in [co, Coo + €0], and at least
cupl(©,0\ B, M) >1

positive solutions with energy in [co, c1]. Moreover, ¢ is a critical value of J.
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PROOF. Since ¢y € (Coo,2¢0) and (PS), holds true for every ¢ € (¢x0, 2¢s0),
there exist a > 0 and a deformation of A/°*< into N'® which keeps N fixed.
Hence H* (N0 A¢) = (. On the other hand, the inclusion i: (B,, M, S,, M)
— (01,017 \ B,, M) induces an isomorphism in cohomology

i*: H* (O, 07\ B, M) =2 H*(B,,M,S, M)

by excision. HY=™(B,, M, S,, M) contains a nontrivial element: the Thom class
of the disk bundle ¢: B,,M — M, where m := dim M. Therefore, HN-™(0%,
©1 \ B,, M) # 0. This implies that ¢; > ¢o + a > cy. Note that it also implies
that

(4.1) cupl(©,0 \ B, M) = cupl(©6T,0"\ B, M) > 1.
Set § := min{cy — Coo,0}. Then, Lemma 3.1 yields a map hs: RY —

DY2(RY) with supp(hs(z)) C O\ By, M C Q for all x € ©~, which restricts to
a map of pairs

(4.2) hs: (07,07 \ ByM) — (N =T N)
such that the composition
(07,07 \ ByM) 25 (W=t oy 2 9+, 0%\ B, M)
is homotopic to the inclusion ¢: (07,07 \ B,M) — (6%,0T \ B, M). Since
F=hioB*: H*(OT,0T\ B, M) = H*(©,0 \ B.M)
is an isomorphism, we have that
B H(OT,07\ B, M) — H*(NC=te0 N€0)

is a monomorphism. Hence, ¢; < ¢oo + €p.

If ¢ € (co,2¢s0), the number of pairs +u of critical points of J on N with
critical values in [cg, c] is at least cat(/\? © N €0), where N¢ is the quotient space
of N¢ obtained by identifying u with —u (see [2], [7]). Note that 8(u) = B(—u).
Hence, there is a map §3: (N¢,N°) — (©+,0+ \ B,, M) such that Bor = 8,
where k: (N, N) — (N, N®) is the quotient map.

Set ¢ := coo+£0 and let hs be the map given in (4.2). Since go,'iOh(; = Bohgs is
homotopic to ¢, and each of the inclusions (07,0~ \ B,M) — (0,0 \ B, M) —
(01,01 \ B, M) is a homotopy equivalence of pairs, using Lemma A.4 we
conclude that

cat(Ne=1e0 ') > cat(©,0 \ B, M).

Hence, problem (1.2) has at least cat(©,0 \ B,M) pairs of solutions +u with
J(u) € [co,Coo + €0]- Moreover, Lemma A.3 and inequality (4.1) allow us to
conclude that

cat(©,0 \ B, M) > cupl(©,0 \ B, M) > 1.
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Now set ¢ := ¢1. Since *: H*(©T,07 \ B,, M) — H*(N° ,N) is a mono-
morphism, 8*: H*(01,07 \ B,, M) — H*(N,N) is also a monomorphism.
Lemmas A.3 to A.5 imply that

cat(]\~/C1,/\70°) > cupl(/\~/'cl7/\~/'00) > cupl(©@1,0"7 \ B,, M) = cupl(©,0 \ B, M).

Hence, problem (1.2) has at least cupl(©,0 \ B.M) > 1 pairs of solutions +u
with J(u) € [co, c1].

Note that ¢; must be a critical value. Otherwise, for & > 0 small enough, we
would be able to deform N1+ into A1 =% keeping N0 fixed. Since 8*: H*(OT,
Ot \ B, M) — H*(NT* N) is a monomorphism, this would imply that
B*: H*(OT, 07\ B,y M) — H*(N~* N) is also a monomorphism, contra-
dicting the definition of ¢;.

Finally, recall that every critical point u of J with J(u) € (oo, 2¢s) does
not change sign. Otherwise, we would have that u™ # 0 and u~ # 0 and,
hence, that u* € N, because |[u™||? — [u*[3. = J'(u)u* = 0. But then J(u) =
J(uT) + J(u™) > 2¢o0, which is a contradiction. O

To conclude the proof of Theorem 1.1 we shall show next that J has a critical
value in (c1, 2¢oo + 3€0]. We need the following two lemmas.

LEMMA 4.2. The connecting homomorphism
5 AN O\ By, M) = HH(OF, 0%\ B, M)

of the reduced cohomology exact sequence of the pair (0T, 01 \ B, M) is an
epimorphism.

PROOF. Since the sequence
1L\ B, M) 2w (et 0\ B, M) L 1 (1)

is exact, we need only to show that the homomorphism j*, induced by the
inclusion, is trivial. The diagram

H* (RN, RN\ B,, M) —— H*(RN)
H(OF,0F\ B, M) —— #H*(0)
J
induced by inclusions, commutes. The left vertical arrow is an isomorphism by
excision. Since H*(R™) = 0, we conclude that j* = 0. (]

The next lemma is a consequence of Struwe’s global compactness theorem
[21], [24] and Theorem 2.3.

LEMMA 4.3. If J does not have a critical value in (¢1,2¢ ), then J satisfies
(PS),. for every c € (¢oo + €1,2¢o + 3€0).
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PROOF. See [8, Lemma 6]. O
PROPOSITION 4.4. J has a critical value in (c1,2¢o0 + 3€0].

PROOF. Arguing by contradiction, assume that J does not have a critical
value in (c1,2¢s + 3¢0]. By Lemma 3.2 there is a continuous map G: By, M X
By, M — &£ such that

J(G(z,y)) < 2¢o0 +3e9  for all (z,y) € By, M x By, M,
y)

J(G(I, ) <cy+c for all (IIJ, ) (SblM X §52M) U (EblM X SbQM),
G g)) <co and B(Glay)) = o forall (z,9) € (S, M x By, M),
J(G(z,y)7) < and B(G(x,y)" )=y forall (x,y) € (By, M x Sp, M),

where by, by were chosen at the beginning of this section. By Lemma 4.3 there

is a continuous map
n: [O7 1} x N2C00+360 _>N2000+360
such that (0, u) = u and n(1,u) € N0F for every u € N2¢=+3%0 and n(t,v) =
v for every v € Noter ¢ € [0,1].
For t € [0,1] we define g;: By, M x By, M x [—1,1] — N2¢=+3%0 Ly
ge(@,y, A) = n(t, p(1+ NGz, )" + (1= N)G(z,)7)),
where p is the radial projection onto /. Then,
ge(,y,A) = p(L+ NG(z, )" + (1= NG(z,y)7)
for all (x,y) € O(By, M x By, M x [—1,1]). Consider the sets
E i ={uef:pPu")e M},
K :={z € By,M x By, M x [-1,1] : g1(z) € E*}.
Since K is compact and
co+e1 > J(91(2) = J(g1(2)") + J(91(2)7) > J(91(2)") + co forallz € K,
we have that
d:= max J(g1(z)") < 1.
We claim that 3: (N9, N%) — (6,01 \ B,, M) induces a monomorphism
(4.3) B*: H (0,01 \ B M) — H* (N4, N).
This contradicts the definition of ¢;, and proves the proposition by contradiction.
The rest of the argument is devoted to the proof of this claim. Let yo: HJ ()
— R be given by
Jul3.

Yo(u) = ¢ flull?
-1 if u = 0.

—1 ifu#0,
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Then y is continuous, and o (u) = 0 if and only if u € N.
Define v: N — R as y(u) := y0(ut) — yo(u™). Note that

yu)=-1 iff u<0, yuw)=1 iff w>0, yu)=0 iff wecl.

Denote by z := (z,y,\) € By, M x By, M x [—1,1] and, for each t € [0, 1], define
ﬁtt EblM X Esz X [—1, 1] — RV by

[1=(9:(2))1B(9:(2) ") + 7(9:(2))y  if gi(z)~ # O,

gt zZ) ==
(2) Y if g:(z)~ =0.

This function is continuous and depends continuously on t.
Next, consider the map 6;: By, M x By, M x [~1,1] — RY x R defined by

(Bt(z>7 ’Y(gt(z))) ift e [07 1]a

0i(z) := —ty, \) + (1 +1)fo(z) ift € [~1,0)].

We write 0;(z) = (0+.1(z),0:2(z)) € RY x R. Tt is easy to check that 6, has the
following properties (cf. [8, Lemma 7]):

(a) If 0:(z) € M x {0} then g:(z) € £* for all ¢t € [0, 1].

(b) If A € {—1,1} then 6, 2(z) = A for all t € [-1,1].

(c) If y € Sp, M then 6, 1(z) =y for all ¢t € [-1,1].

(d) If (y,A) € 0 (By,M x [1,1]) then 6,(z) ¢ M x {0} for all t € [—1,1].

Performing a translation, if necessary, we may assume that 0 € M. Now, for
each t € [~1,1], we define the map f;: By, M x By, M x [-1,1] = RY x R by

ft(xayvA) = (SC, (y7>‘) - gt(x»%)‘))'

This is a map over By, M, i.e. po f; = p where p: By, M x RN xR — B, M is
the projection. Its set of fixed points,

Fix(ft) = {(x,y, )‘) € §b1M X Eb2]\4 X [_171] : ft(x?yv)‘) = (x7y7)‘)}7

is the set of zeroes of 6;. Thus, by property (d), Fix(f;) C By, M x By, M x
(—1,1) and, since Fix(f;) is compact, the restriction p: Fix(f;) — By, M of the
projection is a proper map. Hence, f; is compactly fixed in the sense of Dold [10],
and there exist transfer homomorphisms

tr,: H*(Fix(fy), Fix(fi) N p~ ' (Sp, M)) — H*(Bp, M, Sp, M),
b, H*(Fix<ft) ﬂp_l(SbIM)) - H*(Sb1M>7

for each t € [—1,1]. The definition and properties of the fixed point transfer
were introduced in [10]. A brief account may be found in [8].
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Observe that the map g, : (Fix(f1), Fix(f1) N p~1(Sp, M)) — (N, N) is
well defined, and consider the diagram

H—1 (O \ B, M) > H*(OF, 0\ B, M)
B* B*
H L N) - s M (N, N0)
(4.4) (97)" (g9)"

H N (Fix(fi) 0 p~H (S, M) —— H*(Fix(fr), Fix(f1) 0 p~ (Se, M)

ty try

H*il(sblM) IH*(EIHM; SblM)

5*

Due to the naturality property of the transfer, this diagram commutes.
Note that f_; = sop, where s: Sy, M — Sy, M x By, M x [—1,1] is the zero
section s(x) := (x,0,0). So the units property of the transfer [10, (3.11)] gives

tr o, =" H* (s(Sp, M)) = H" (S, M),
and the homotopy property [10, (3.13)] yields
tr, op* =ty , 0p* =s op" =id: H*(Sp, M) — H*(Sp, M).
Note also that

Blg1(2)") = B(G(z,y)") = = = p(2)
for all z = (z,y,\) € Fix(f1) Np~1(Sy, M). Therefore,

(4.5) "=t 0(g))" 0BT H(OF\ By, M) — H* (S, M),

where i: (By, M, Sy, M) — (©1,01\ B,, M) is the inclusion. The commutativity
of the diagram (4.4) and equality (4.5) yield

ty, 0(gf) o B*0d* =6* oty o(gf) 0B* =6 0i* =i*o0d*.
Since ¢6* is an epimorphism (see Lemma 4.2), we conclude that
ty, o(gf) 0B =i*: H*(©F,07 \ B,,M) = H*(By, M, Sy, M).

But i*: H*(©1,0% \ B,,M) — H*(By, M, Sy, M) is an isomorphism. Hence,
B*: H* (01,07 \ B,,M) — H*(N? N) is a monomorphism, and claim (4.3)
is proved. O

PrROOF OF THEOREM 1.1. It follows immediately from Propositions 4.1
and 4.4. (]
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Appendix A. Category and cup-length

A pair consisting of a topological space X and a subset A of X is denoted by
(X, A). A map of pairs f: (X, A) — (Y, B) is a continuous function f: X - Y
such that f(a) € B for every a € A. Two maps of pairs fo, f1: (X, A) — (Y, B)
are homotopic if there exists a map of pairs F': ([0,1] x X, [0,1] x A) — (Y, B)
such that F'(0,2) = fo(x) and F(1,z) = fi(z) for every x € X.

DEFINITION A.l. The Lusternik—Schnirelmann category of the pair (X, A)
is the smallest number k =: cat(X, A) such that there exists an open cover
Uy, U1, .., Uy of X with the following properties:

(LS1) A C Uy and there exists a homotopy F : ([0,1] x Uy, [0,1] x A) — (X, A)
such that F'(0,2) =« and F(1,z) € A for every = € Uy,
(LS2) Uj is contractible in X for every j=1,...,k.

If no such cover exists we set cat(X, A) := co.

If A =0 we write cat(X) instead of cat(X,0).

Let #* be Cech cohomology with Z/2-coefficients. We write #H* for reduced
Cech cohomology. The cup-product endows H*(X,A) with a (graded right)
H*(X)-module structure

o HY(X,A) x HI(X) = HTI (X, A),
see e.g. [11].

DEFINITION A.2. The cup-length of (X, A) is the smallest number & € NU{0}
such that

Cov oo =0 forall & € H*(X,A), forall (1,...,C € H*(X).
We denote it by cupl(X, A). If no such number exists we define cupl(X, A) := oc.

We write cupl(X) instead of cupl(X, 0). Note that cupl(X, A) > 1 if an only
if (X, A) # 0.

The category and the cup-length are related as follows.
LEMMA A.3. cat(X, A) > cupl(X, A).
PROOF. See [7, Proposition 4.3]. O

LEMMA A4, If f: (X,A) — (Y,B) and h: (Y,B) — (X, A) are maps of
pairs whose composition ho f: (X, A) — (X, A) is homotopic to the identity of
the pair (X, A) then

cat(X,A) < cat(Y,B) and cupl(X,A) < cupl(Y, B).

PROOF. The proof is straightforward. (]
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PROOF OF EXAMPLE 1.2. Let R > 0 be such that BgM is a tubular neigh-
borhood of M contained in ©. Since M is contractible in ©, so is BgRM. For
every r € (0, R) we have that © = ©,UBrM. Thus cat(0,0,.) < 1. Lemma A.3
and Proposition 4.1 yield 1 < cupl(0,0,.) < cat(©,0,) < 1. O

ProoF OF EXAMPLE 1.3. If © = BrM is a tubular neighborhood of M
and r € (0,R) then, for s € (r, R), the inclusion (BsM,S;M) — (0,0,) is
a homotopy equivalence of pairs. The Thom isomorphism theorem asserts that

: HY(M) = HNTTH(BM, S M), @(w) =T v " (w),
is an isomorphism, where 7 € HYN""(B;M,S;M) is the Thom class of the
disk bundle ¢: B{M — M, see e.g. [20]. Hence, cupl(M) = cupl(BsM, SsM).
Clearly, cat(BsM,SsM) < cat(BsM) = cat(M). Since we are assuming that
cat(M) = cupl(M), using Lemmas A.3 and A.4 we obtain
cat(0,0,) = cat(B,M, SsM) = cat(M) = cupl(M)
= cupl(BsM, SsM) = cupl(©,0,) < cat(0,0,),
which proves our claim. O
LEMMA A.5. If the map of pairs f: (X, A) — (Y, B) induces a monomor-
phism f*: H*(Y,B) - H*(X, A), then
cupl(Y, B) < cupl(X, A).
PROOF. Let & € H*(Y, B), C1,...,¢ € H*(Y) be such that & < (1 — ... <

¢r # 0. Then, since f*: H*(Y,B) — H*(X,A) is a monomorphism, we have
that

0# f (o~ G G)=f"(&) = fH(G) ..~ fH(G)
This proves our claim. U
If © is a bounded smooth domain in RY, M is an m-dimensional compact
smooth manifold without boundary, and B, M is a tubular neighborhood of M
contained in O, then the inclusion i: (B, M, S, M) — (6,0 \ B,.M) induces an
isomorphism in cohomology

i 10,0\ B,M) = H*(B,M,S,M)

by excision. Let 7 € HNY=™(B,. M, S, M) be the Thom class of the disk bundle
q: B-M — M and let 7 € HN=™(©,0 \ B,M) be such that i*(7) = 7. The
cup-lenght of (6,0 \ B.M) can be computed in terms of 7, as follows.

PROPOSITION A.6. cupl(©, 0\ B, M) is the smallest number k € N such that

(A1) Folive...v =0 foral(y,...,C € H(O).
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PROOF. Let k € N be such that (A.1) holds true, and let &, € H*(©,0\B,. M)
and (1,...,(x € 7-7*(@) By the Thom isomorphism theorem, i*(&y) = 7 -«
q¢*(w) = i*(T) « ¢*(w) for some w € H*(M). Since T~ (3 ~ ...~ ( = 0 we
obtain that

TG v G) =T (W) i (G ()
=¢"(w) = i"(7) = i (G~ - )
=" (W) v i"(TvG~...vG)=0

and, since i*: H*(0,0 \ B,M) — H*(B,M,S,.M) is an isomorphism, we con-
clude that &, « {1 ~ ...~ {, = 0. Hence cupl(0,0 \ B, M) < k. The opposite
inequality is trivial. O

REFERENCES

[1] A. BaHRI AND J.M. CORON, On a nonlinear elliptic equation involving the critical Sobolev
exponent: The effect of the topology of the domain., Comm. Pure Appl. Math. 41 (1988),
253-294.

[2] T. BARTSCH, Topological Methods for Variational Problems with Symmetries, Lecture
Notes in Math. 1560, Springer—Verlag, Berlin—-Heidelberg, 1993.

[3] M. Crapp, A global compactness result for elliptic problems with critical nonlinearity on

symmetric domains, in Nonlinear Equations: Methods, Models and Applications, 117-

126, Progr. Nonlinear Differential Equations Appl. 54 Birkh&user, Boston, 2003.

M. CLAPP AND J. FAYA, Multiple solutions to the Bahri—-Coron problem in some domains

with nontrivial topology, Proc. Amer. Math. Soc. 141 (2013), 4339-4344.

[5] M. CLapPp, M. GROsSI AND A. PIsTOIA, Multiple solutions to the Bahri—Coron problem

[4

i domains with a shrinking hole of positive dimension, Complex Var. Elliptic Equ. 57
(2012), 1147-1162.
M. Crapp, M. Musso AND A. PISTOIA, Multipeak solutions to the Bahri—Coron problem
in domains with a shrinking hole, J. Funct. Anal. 256 (2009), 275-306.
M. CrLapP AND D. PUPPE, Critical point theory with symmetries, J. Reine Angew. Math.
418 (1991), 1-29.
[8] M. CLapPp AND T. WETH, Two solutions of the Bahri—Coron problem in punctured do-
mains via the fixed point transfer, Commun. Contemp. Math. 10 (2008), 81-101.
[9] J.M. CoRON, Topologie et cas limite des injections de Sobolev, C.R. Acad. Sci. Paris
Seér. 1 299 (1984), 209-212.
[10] A. DoLD, The fized point transfer of fibre-preserving maps, Math. Z. 148 (1976), 215-244.
11)

6

7

, Lectures on algebraic topology, Second ed. Grundlehren Math. Wiss. 200,
Springer—Verlag, Berlin—New York, 1980.

[12] I. EKELAND, On the variational principle, J. Math. Anal. Appl. 47 (1974), 324-353.

[13] L.C. EvaNs AND R.F. GARIEPY, Measure theory and fine properties of functions, Stud.
Adv. Math., CRC Press, Boca Raton, FL, 1992.

[14] Y. GE, M. Musso AND A. PISTOIA, Sign changing tower of bubbles for an elliptic problem
at the critical exponent in pierced non-symmetric domains, Comm. Partial Differential
Equations 35 (2010), 1419-1457.

[15] N. HIRANO AND N. SHI0JI, Ezistence of two solutions for the Bahri—Coron problem in an
annular domain with a thin hole, J. Funct. Anal. 261 (2011), 3612-3632.



(16]
(17]
(18]
(19]

20]
21]

(22]

23]

24]

SOLUTIONS TO THE BAHRI-CORON PROBLEM 1137

R. LEWANDOWSKI, Little holes and convergence of solutions of —Au = uN+2)/(N=2)
Nonlinear Anal. 14 (1990), 873-888.

G. L1, S. YAN AND J. YANG, An elliptic problem with critical growth in domains with
shrinking holes, J. Differential Equations 198 (2004), 275-300.

M. Musso AND A. PIsToOIA, Sign changing solutions to a Bahri—Coron problem in pierced
domains, Discr. Contin. Dyn. Syst. 21 (2008), 295-306.

O. REY, Sur un probléme wvariationnel non compact: L’effect de petits trous dans le
domain, C.R. Acad. Sci. Paris 308 (1986), 349-352.

E. SPANIER, Algebraic Topology, Springer—Verlag, New York, Inc., 1966.

M. STRUWE, A global compactness result for elliptic boundary value problems involving
limiting nonlinearities, Math. Z. 187 (1984), 511-517.

, Variational Methods: Applications to Nonlinear Partial Differential Equa-

tions and Hamiltonian Systems, Ergebnisse der Mathematik und ihre Grenzgebiete 34,
Springer—Verlag, Berlin, 2010.

T. WETH, Energy bounds for entire nodal solutions of autonomous superlinear equations,
Calc. Var. Partial Differential Equations 27 (2006), 421-437.

M. WILLEM, Minimazx Theorems, Progr. Nonlinear Differential Equations Appl. 24,
Birkhauser Boston Inc., Boston MA, 1996.

Manuscript received March 4, 2014

accepted May 12, 2014

MONICA CLAPP AND JUAN CARLOS FERNANDEZ
Instituto de Matemaéticas

Universidad Nacional Auténoma de México
Circuito Exterior CU

04510 México DF, MEXICO

E-mail address: monica.clapp@im.unam.mx, jefmor@im.unam.mx

TMNA : VOLUME 46 — 2015 — N©2



