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PERIODIC SOLUTIONS
FOR SECOND ORDER SINGULAR DIFFERENTIAL SYSTEMS
WITH PARAMETERS

FANGLEI WANG — JIFENG CHU — STEFAN SIEGMUND

ABSTRACT. In this paper we consider the existence of periodic solutions of
one-parameter and two-parameter families of second order singular differ-
ential equations.

1. Introduction

We say that a vector valued function f: R x D — RN, D C RV is singular
if for a non-empty subset 2 C D and any g € )
lim ||f(¢t,z)|| = co, uniformly in ¢ € R.

Tr—T0o

Equivalently, we say that the differential equation
(1.1) Z+a(t)r = f(t,x) + e(t)

is singular if the nonlinear term f is singular, where a,e € C(R,RY) are T-pe-
riodic functions, f: R x D — R¥ is continuous for some D C RY and periodic
in t with period T.
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During the last two decades, the existence of nontrivial periodic solutions of
(1.1) has been studied by many researchers in the nonsingular case as well as
in the singular case. See [2], [11], [12], [15], [16], [18], [23] for the scalar case
and [3], [4], [6], [7], [17] for the higher dimensional case. Usually, the proof is
based on either the method of upper and lower solutions [1], [10], [15], fixed
point theorems [6], [7], [16]-[18], alternative principle of Leray—Schauder [3], [11]
or topological degree theory [23], [26].

On the other hand, second-order nonlinear differential equations or systems
with parameters have also been studied by some researchers. See, for example
[8], [13], [19]-]22], [25] and the references therein. Based on a fixed point theorem
in cones, under different combinations of superlinearity and sublinearity of the
function f, Graef, Kong and Wang in [8] studied the existence, multiplicity, and
nonexistence results for positive solutions of the following scalar nonsingular
periodic boundary value problem

§—p*y+ () f(y) =0,
y(O) = y(27r)7 y(O) = y(27r)7

for different parameter values A € R™ = (0, 00). Later, Wang in [21] extended the

(1.2)

similar idea to the singular periodic systems. For systems with two parameters,
one nice result was proved in [22] by Wu and Wang. They studied the existence
of periodic solutions of the following system with two parameters

i+ aq (t)u = Aby (¢) f1(u, v),

(1.3)
¥+ ag(t)v = pba(t) fo(u,v),

where (A, 1) € (R*)? and a;, b;, f;, i = 1,2, satisfy some additional conditions
(see [22, conditions (H;)—(Hs)]). By employing fixed point index theory, they
show that there exist three nonempty subsets of (RT)%: T', A;, Ay such that
(RT)2 =T UA; UA; and (1.3) has at least two positive periodic solutions for
(A, 1) € Ay, one positive periodic solution for (A, 1) € T and no positive periodic
solutions for (A, u) € Ag. Note that the results in [22] can only be applied to
the nonsingular case. Yang in [24] established the existence results for 2m-order
differential systems with two parameters.

Motivated by these recent developments, in this paper, we investigate the
existence and multiplicity of T-periodic solutions of the following special case of
system (1.3),

(1.4) i+ a1(t)r = Mfr(z,y),
J+axt)y = pfa(z,y),

where A\, u € RT. However, we consider (1.4) in the singular case, which is the
main difference between our results and those in the literature.
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In this paper, we always assume that the following condition is satisfied:

(H1) The function a; is continuous, positive, T-periodic and the linear equa-
tion & + a;(t)z = 0 has a positive Green’s function G;(t, s), i.e.

Gi(t,s) >0 forall (t,s) € [0,T] x [0,T], i =1,2.

When (H1) holds, it is obvious that [16, Section 2] (z,y) is a T-periodic solution
of (1.4) if and only if

T
£(t) = A / G (t, 5) fu(x(s), y(s)) ds,
(1.5) 0

y(t) = p / Galt, ) fol(5), y(s)) ds.

Torres in [16] has found sufficient conditions for (H1) to be satisfied. In fact,
if a;(t) = k2, then (H1) holds if k € (0,7/T). If a;(t) is not a constant, then
(H1) is valid if the LP norm of a,(t) is bounded from above by a constant, which
depends on p and T (see [16]). When (H1) is satisfied, for i = 1,2, we denote
(1.6) m; = min Gt s), M, = max G;(t,s), & =m;/M;.

0<s,t<T 0<s,t<T
Obviously, M; > m; >0 and 0 < §; < 1.

The paper is organized as follows. In Section 2, under (H1) and two addi-
tional conditions (see (H2) and (H3) in next section), we establish the existence
and multiplicity results of (1.4) in the case A = u. The proof is based on a vector
version of Krasnosel’skii’s fixed point theorem (Lemma 2.1). Note that we only
assume that f; is singular along the z-axis and f5 is singular along the y-axis
(see condition (H3) in next section). However, in the literature, it was assumed
that both f; and fo are singular at the origin (see [3], [4], [6], [7], [17] and the
references therein). Therefore, we can deal with systems which are not covered
in the literature (see Example 2.2).

Finally, in Section 3, we establish the existence results for the system (1.4)

when (1.4) presents a repulsive singularity at the origin, which means that
(1.7 (m,y%l—>rn(070) filz,y) =400, i=1,2.
We show that there exists a bounded and continuous curve I' separating (RT)?
into two disjoint subsets ©; and O2 such that (1.4) has at least two positive
periodic solutions for (A, u) € ©1, one positive periodic solution for (A, u) € T,
and no positive periodic solution for (A, i) € ©5. The proof is based on a well-
known fixed point theorem in cones (Lemma 3.1), together with the method of
upper and lower solutions. Compared with the results in [22], we deal with the
singular case.
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2. Existence results of (1.4) with A = pu

For the convenience to state the results, we rewrite (1.4) with A = u as the
following system

T + al(t)m = )\fl(x7y)7

(2.1)
y+ a2<t)y = )‘fQ(xvy)

In this section, we establish the existence results of (2.1) under (H1) and the
following two conditions:

(H2) f1(z,y) is nondecreasing in z, nonincreasing in y, and f2(z,y) is nonin-
creasing in x, nondecreasing in y for z,y > 0;

(H3) f1: {(x,y) € R?:y >0} - RT and fo: {(z,y) € R: 2 >0} — RT are
continuous and

lim fi(z,y) =400, forall z € R,
y—0t

lim fo(z,y) = +oo, forally € R.
z—0t

The proof is based on the following vector version of Krasnosel’skii’s fixed
point theorem, which was proved by Precup [14]. First we recall some notations.
Let (X,|-]) be a normed vector space and K;, Ky C X be two cones. We use
the symbol < and < to denote the partial order relations and the strict order
relations induced by K;, i = 1,2, in X and K = K; x K, in X2. In particular,
in X2, the symbol < (<) will have the following meaning: u < (<) v (u,v € X?)
if u; < (%) vi, 1 =1,2.

LEMMA 2.1. [14, Theorem 2.1] Let (X,|-|) be a normed vector space, K,
Ky C X be two cones, K = K1 x Ko, r,R € Rf_ with 0 < r; < R; fori=1,2,
K, p:={u=(u,u2) € K :7 < || <R, i =1,2} and A = (A1, A42) be
a compact map. Assume that for each i € {1,2}, one of the following conditions
is satisfied in K, g,

(a) A;(w) = w; if |ui| =7i, and A;(u) 2 u; if Ju| = R,
(b) As(u) Xy if [ui| = ri, and A;(u) = u; if |us| = R;.
Then A has a fized point u in K with r; < |u;| < R;.

To apply Lemma 2.1, let us denote E the Banach space C[0,T] x C[0,T] and
define the cone as K = K x K5 with

Ky =A{z(t) € Cl0,T] - w(t) = bilzfoc}, Ko = {y(t) € C[0,T]: y(t) = d2[yloo

where 01,02 are given as in (1.6) and |- | is the usual max-norm in C[0,T]. For
O0<r;<R;,i=1,2, let

K. r = {(z(t),y(t)) € K :r1 <|7|oc < R1, 72 < |yloo < R}
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Define the operator A = (A, As): K — E, where

T
Al(xay)(t) = >\/ Gi(ta S)fz(l'(S),y(S)) ds, 0<t<T,1=12.
0
Because of (1.5), we know that (z,y) is a T-periodic solution of (2.1) if and only
if A(z,y) = (z,y).

LEMMA 2.2. Assume that (H1) and (H2) hold. Then for 0 < r; < R,
i =1,2, the operator A: K, r — K is completely continuous.

PROOF. We refer the reader to [21, Lemma 3.2] for details of this standard
proof. O

THEOREM 2.3. Assume that (H1)—(H3) hold. Suppose further that
(fsub) SETJPOO f1(s,028)/s =0, SE{POO f2(d1s,8)/s = 0.
Then (2.1) has at least one positive T-periodic solution for any A > 0.
PRrROOF. Since (H2) holds, then for any A > 0, there exists a 7 > 0 such that
filz,y) > Ty, folz,y) >Tz, for0<ax <,

where T is chosen such that TAT max{mida,mad1} > 1. We choose 11 = ry = 7.
Let x € Ky with |z|e = 7, then

T T
Az, )(t) = A / G (t, 5)fa (2(5), y(s)) ds > Ama / f1(x(s), y(s)) ds

T
> )\mll"/ y(8)ds > Am1TToar > r > x(t),
0

namely, Ai(x,y)(t) > z(t), if |x|ec = 7. In the similar way, if y € Ky with
[Y|loo = 7, then Aa(x,y)(t) = y(t). R

On the other hand, using the condition (fs,), there exists a constant R > 0
such that

fi(s,02s) <es, fa(d1s,s) <es, fors> 1%

where ¢ satisfies e AT max{M;, M2} < min{dq, d2}.
We choose Ry = Ry = max{R/min{6y,0,},2r + 1} = R. Let = € K; with
|z|oo = R, then

Ay, y)(t) =\ / Gi(t, ) 1 (2(5), y(s)) ds

T T
g)\/ Gt 5) 1 (R, 6o R) ds < )\Ml/ cRds < 6, R < a(t),
0 0

namely, A;(z,y)(t) < z(t), if |z|cc = R. Similarly, if y € Ky with |yl = R,
then As(z,y)(t) = y(t).
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Now it follows from Lemma 2.1 that A has a fixed point (z,y) € K, g.
Therefore, for any A > 0, (2.1) has at least one positive T-periodic solution
(z,y) with r <|2z|eec < R, ¥ < |y|loo < R. O

THEOREM 2.4. Assume that (H1)—(H3) hold. Suppose further that:
(fsup) SEI_POO f1(018,8)/s = o0, SETOO fa(s,028)/s = +o0.

Then (2.1) has at least two positive T-periodic solutions for any X > 0 sufficiently
small.

PROOF. Let us fix a positive constant R > r. If |00 = R, then we have
T T
A ) = [ G A0 ds <3 [ Gilt )i (RbaR) ds
0 0
~ o~ 1
< )\Mlel(R, 52R) < 551R <6R< l‘(t),

for sufficiently small A, namely, A (z,y)(t) < z(t), if |#|oc = R. In the similar
way, if |y|eo = R, then A (z,y)(t) < y(t). Therefore, it follows from Lemma 2.1
that the operator A has a fixed point (x,y) € Kn 7 for sufficiently small A\, which
means that (2.1) has a positive T-periodic solution (z,y) with r < |z|s < R,
r < |yl < R.

On the other hand, using the condition (fs,p), there exists a R > 2R such
that

f1(618,8) > As,  fa(s,d28) > As, for s > R,

where A satisfies ANT max{mq,ma} > 1.

For convenience, choose Ry = Ry = R. If |z|o = R, then we have

T T
Ay, 9)(t) = A / G (t, ) (x(s), y(s)) ds > Amy / f1(51R, R) ds

T
> )\ml/ ARds > Am1ATR > R > x(t),
0

namely, A (x,y)(t) = x(t), if |2|coc = R. In the similar way, if |y|.c = R, we have
Now it follows from Lemma 2.1 that A has another fixed point (z,y) € Kz p,

and therefore (2.1) has another positive periodic solution (z,7) with R < |z|s <
R, R < |yl < R. O

ExAMPLE 2.5. Consider the following system:

v

i+ ar(t)r =My
&+ ay(t)x (y +1+y

y'y

(2.2)
i+ az(t)y = ,\<xﬂ + <

1+=x
with a1, aq satisfying (H1) and «, 8,7,v > 0. Then
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(a) if v, v < 2, then (2.2) has at least one positive T-periodic solution for all
A>0.

(b) if v,v > 2, then (2.2) has at least two positive T-periodic solutions for
each 0 < A < Ay, here )\ is some positive constant.

PROOF. Let us take

e A
Rl =y T ) =

Since a, 8,7,v > 0, (H2) and (H3) are satisfied. By easy computations, one may
readily verify that (fu,) is satisfied if v, v < 2; and (fsup) is satisfied if v, v > 2.

Now the results follow from Theorems 2.3 and 2.4. O

3. Existence results for (1.4)

In this section, we establish the existence results for (1.4) under condi-
tion (H1) and the following three additional conditions:
(H4) fi(z,y): (R*)?2 — R* is continuous and (1.7) holds, i = 1,2.
(H5) fi(z,y) is superlinear growth at +oo, which means that,

o= Ly oo,
el +y[=+oo |2] + [yl
(H6) There exists a R > 0 such that
2

57 e sup fiz,y) <R,

(z,9):0R<z+y<R
where 6 = {01, 02} and p is given as in (3) below.
It follows from (H4) and (H5) that there exist constants p; > 0 and r; > 0
such that
filz,y) 2 pr1(z+y), for0<z+y<ry,
filz,y) > pa(x +y), forx+y>ro.

In addition, since f;(z,y)/(z + y) is continuous on {(z,y) : r1 <z +y < ra}, its
minimum exists and we denote

p3 = Imin min .
i=1,2 (z,y):r1<z+y<ra T+ Y

Let p = min{p; : 4 = 1,2,3} > 0. Thus we have
filz,y) 2 p(x +y), forall (z,y) > (0,0).

The proof of the main result in this section is based on the method of upper
and lower solutions, together with the following well-known fixed point theorem.

LEMMA 3.1 ([9]). Let E be a Banach space, and K C E be a cone in E.
Assume that Qp, Qo are open subsets of E with 0 € Qy,Q; C Qa, and let A: KN
(Q2\ Q1) — K be a completely continuous operator such that either
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(a) |Aul] < ||ull, w € K N0y and ||Au|| > ||lul|, v € K NOQs; or
(b) [JAu|| > |lull, w € KNOQ and || Au|| < |jul|, v € K N INs.
Then A has a fived point in K N (Qy \ Q).

To apply Lemma 3.1, we define the operator
Axu(@)(t) = (Ax(z, y) (1), Au(z,y)(1))

Ax(z,9)(t) = A / Gi(t, 5) 1 (x(s), y(s)) ds,

T
Aula)(®) = [ Galt, ) fala(s),y(s) ds.
0
We also use E to denote the Banach space C[0,T] x C[0,T] with the norm

(vl = [2|oo + [Yloo-
Define a cone K C E as

K ={(z(t),y(t)) € B : x(t), y(t) > 0 and z(t) + y(t) > 5] (z,y)|}-

From a standard process, it is easy to prove that Ay ,: K\ {ﬁ} — K is com-
pletely continuous.

Now we give the definitions of upper and lower solutions. The method of
upper and lower solutions is one of the most fruitful techniques in nonlinear
analysis. We refer the reader to [5] for details.

DEFINITION 3.2. Let a;(t), B:(t) € C*([0,T],R), i = 1,2. A function «(t) =
(a1(t), aa(t)) is a lower solution of (1.4) if «(t) satisfies

a1+ ai(t)ar < Mi(a, az),
dy + ag(t)as < pfa(ar, az).
A function B(t) = (51(t), f2(t)) is a upper solution of (1.4) if 5(¢) satisfies

B+ a1(t)Br > Af1(B1, B2),
B+ ax(t)B2 > ufa(B1, Ba).
LEMMA 3.3 ([5]). Let a(t) and (t) be lower and upper solutions of (1.4) such
that a(t) < B(t), for t € [0,T]. Then (1.4) has a solution (x(t),y(t)) satisfying
alt) < (z(t),y(t)) < B(1).

Before stating the main result of this section, we first prove several lemmas.

LEMMA 3.4. Assume that (H1), (H4), (H5) hold and X is a compact subset
of (RT)2. Then there exists a constant Cs. > 0 such that for all (\,pu) € &
and all possible positive T-periodic solutions (x,y) of (1.4) at (A, u), one has

Iz, )l < Cs.
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PROOF. On the contrary, suppose that there exists a sequence {(zx, yx)}72
of positive T-periodic solutions of (1.4) at {(Ag, r)} 3, such that {(Ag, pr) 5,
C X forall k € N and |[(xg, yx)|| — oo.

Since ¥ is compact, the sequence {(Ag, pg)}22; C X has a convergent sub-
sequence which we denote without loss of generality still by {(Ax, k) }ie, C X
such that

lim A\p = A%, lim pg = p*.
k— o0 k—o0
We assume that A* > 0 holds. Hence for k sufficiently large, we have \* >

A*/2 > 0.
Since f1,00 = +00, there exists a constant R > 0 such that

fi(z,y) > La(z+vy), forallz+y>R,

where Ly satisfies A*m1L)d/2 > 1. Furthermore, we have

T
max |z ()] > 2 (t) = A /0 G1(t, s) fr(zi(s), yu(s)) ds

te[0,T]
*

A
> my A L6l (zr, yr) || > 7m1LA5H(Ik7yk)|| > |[(@r, yi) |

for all k£ sufficiently large. This yields a contradiction. When p* > 0, the
argument is the same using the fact fo oo = +00. O

LEMMA 3.5. Assume that (H1), (H4), (H5) hold and (1.4) has a positive
T-periodic solution at (\,7i). Then (1.4) has a positive T-periodic solution at

(A1) € (R¥)? for all (A, p) < (A, 0)-

PROOF. Suppose that (Z,7) is the fixed point of Ax,ﬁ' Then, for any (A, u) <
(\, i), we have

T T
f(t) :XA Gl(tvs)fl(f(s)vy(s))ds Z >\/0 Gl(ta S)fl(f(s)vy(s)) dS,

y(ﬂ :ﬂ/o GQ(tas)f2(§(S)?y(s)>ds > M/O GQ(?&,S)fg(f(S),?(S))dS

Therefore, (Z(t),7(t)) and (0,0) are the upper and lower solutions of Ay ,,, re-
spectively. Furthermore, we can find a function (z,y) satisfying (0,0) < (z,y) <
(Z,7), which corresponds to the positive T-periodic solution of (1.4) at (A, u)
with 0 < A<\, 0 < pu <7 O

LEMMA 3.6. Assume that (H1), (H4), (H5) hold. Then there exists a (\*, u*)
> (0,0) such that (1.4) has a positive T-periodic solution for all (A, ) < (A*, u*).

PRrOOF. Let B(t) = (51(t), f2(t)) be the unique T-periodic solution of
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Let F; = rr[lg% fi(B(t)). Tt follows from (H4) that F; > 0. Choosing (A*, u*) =
telo,

(1/Fy1,1/Fy), then we have
Bi(t) + a1 (t)B1 = A" fu(B(1) =1 = N f1(B(t)) > 0,
Ba(t) + az(t)Ba — p* fa(B(1)) =1 — " fa(B(1)) = 0,
which implies that B(¢) is an upper solution of (1.4) at (A*, u*). On the other
hand, (0,0) ia a lower solution of (1.4). Thus (1.4) has a positive T-periodic

solution at (A*, u*). Now Lemma 3.5 implies the conclusion of Lemma 3.6. O

Define a set S by
S ={(\ u) € (RT)?: (1.4) has a positive T-periodic solution at (\, u)}.
It follows from Lemma 3.6 that S # @) and (S, <) is a partially ordered set.

LEMMA 3.7. Assume (H1), (H4) and (H5) hold. Then (S, <) is bounded from

above.

ProoF. By (H4) and (H5), there exists a p > 0 such that f;i(z,y) > p(x+y),
for all z,y > 0. Let (A, ) € S and (z(t),y(t)) be a positive T-periodic solution
of (1.4) at (A, ). Then we get

T
z(t) = A/O Gi(t, s)f1(z(s),y(s)) ds = A Tpd | (z,y)]|.

Since z(t) < |%|oo, |Z|oo # 0, we obtain Am;Tpd < 1, that is A < 1/(m;Tpd). In
a similar way, we have pu < 1/(moTpd). Therefore S is bounded above by

- 1 1
ANp) = —mm,——— |- O
(. 7) (mlTpd’ mng5>
Next we present three lemmas and omit their proofs because the proofs are
similar as in [19, Lemma 4.6-4.8].

LEMMA 3.8. Assume that (H1), (H4) and (H5) hold. Then every chain in S
has a unique supremum in S.

LEMMA 3.9. Assume that (H1), (H4) and (H5) hold. Then there exists A €
[\, such that (1.4) has a positive solution at (X,0) for all 0 < X < X, no
solution at (A, 0) for all X\ > X. Similarly, there exists i € [p*, ) such that (1.4)
has a positive solution at (0, ) for all 0 < p < [, no solution at (0, ) for all
w> [

LEMMA 3.10. Assume that (H1), (H4) and (H5) hold. Then there exists
a continuous curve I' separating (]R‘*‘)2 into two disjoint subsets ©1 and Oy such
that ©1 is bounded and O is unbounded, (1.4) has at least one solution for
(A, ) € ©,UT and no solution for (A\,pu) € ©2. The function p = p(A) is
nonincreasing, that is, if \ < X' < X, then p(\) > u(X).
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Now we are in a position to state the main result of this section.

THEOREM 3.11. Assume that (H1), (H4), (H5), (H6) hold. Then there exists
a bounded and continuous curve T' separating (R*)? into two disjoint subsets
©1 and O such that (1.4) has at least two positive T-periodic solutions for
(\, ) € ©1, one positive T-periodic solution for (A\,u) € T, and no positive
T-periodic solution for (A\,u) € Oa. Moreover, let Ty ULy be the parametric
representation of I', where I'y : p = p(A) > 0 and Ty : uw = p(X) = 0. Then on
T, the function u(\) is continuous and nonincreasing in RY, that is, if \1 < A,
then (A1) > p(A2).

PROOF. From the above lemmas, we only need to establish the existence of
the second positive T-periodic solution of the problem (1.4) for (A, u) € ©1. Let
(A, ) € ©1, then from Lemma 3.7 and 3.10, it is clear to see that A < 1/(m;T'pd),
p < 1/(moTpé). Set Qi = {(z,y) € E : ||(z,y)|| < R}, where R is given by
(H6). Then, for any (x,y) € 0Qx N K, we have

Ax(z.y)(t) =\ / Gi(t, 5) 1 (x(s), y(s)) ds
1

m1T pd
1 1—- 1
mlTpaMthbl(R) < gB =35l vl
T
A (z,y)(t) =p i Ga(t, s) fa(x(s), y(s)) ds
1 T
— / Gt ) fala(s), y(s)) ds
1 1—- 1
szpaMgTéz(R) < gB =5l vl

where ®;(R) is defined as ®;(R) = max{ fi(z,y) : 0R < x +y < R}. So, for any
(z,y) € 907 N K, we have [[Ax . (z,y)l| < [l(z,y)]-

On the one hand, since lim fi(x,y) = +o0, there exists a constant r
(z,y)—(0,0)F

with 0 < r < R such that fi(x,y) > n;(x +y), for 0 < 2 +y < r, where n; > 0
satisfies mAdT'my1 > 1/2; noudT'mo > 1/2. Then, for any (z,y) € 992, N K, we
have

T
Ax(z.y)(t) = A / G (1, 5) o ((5), y(s)) ds

T
1
ZAml/ m(@(s) +y(s)) ds = dmumdT||(z, y)ll > 5ll(z, ),
0
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T
Az, )(t) = p / Ga(t, 5) fa(x(5). y(s)) ds
0

T 1
Zumz/o n2(2(s) +y(s)) ds 2 pmamdT (2, y)|| > Sl y)ll-

Therefore, for any (z,y) € 9Q, N K, we have | Axu(z,y) > ||(z,y)]. On the
other hand, it follows from (H5) that there exists a R > 0 such that

filz,y) > Vi(x +y), forallz+y>R,

where ¥; satisfies 91 \dm1T > 1/2 and YopudmoT > 1/2.
Let R = max{Cs,6 'R, R} + 1, where Cx, is given by Lemma 3.5 with
> =0y UT. Then, for any (z,y) € 0Qr N K, we have

T
An(@,y)(t) = A / G (t, 5) i (a(s), y(s)) ds
T 1
> / 91(a(s) +y(s)) ds > Xm0 0T (e, )| > 5,9,
0
T

Ay, 9)(t) =g / Ga(t, 5) fa(ax(s), y(s)) ds

0

T 1
> s [ 0a(a(s) + 9(3)) ds = pmath ST e.) | > o)

So, for any (z,y) € Qg N K, we have lAx u(x, 9|l > ||(z,y)||. Therefore,
it follows from Lemma 3.1 that A, has two fixed points (x1(¢),y:1(¢)) and
(z2(t),y2(t)) for A € ©1, moreover (z1(t),y1(t)) € Qx \ Q and (z2(t),y2(t)) €
ﬁR \ Qﬁ U

ExaMPLE 3.12. Consider the following system

E+ar(t)e = A[(xfy)m + (ki(z +y) + 1)ﬂl],
(3.1)
j+ax(t)y = u[(xf;)o@ + (ko(z +y) + 1)52].

Assume that a1, a9 satisfy (H1) and «;, 7,4, > 0, 8; > 1, i = 1,2. Then the
results of Theorem 3.11 hold for (3.1) if 7;, k; are small enough and 3; are large
enough, i =1, 2.

PROOF. Let us take

T

— 4 (ki(z+y)+ D, =12
CEEnC (ki )+1)

Since a;, 7, ki > 0,8; > 1,i = 1,2, one may readily verify that (H4) and (H5)
are satisfied.
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Take p = min{xi,k2}. Now, for some constant R > 0, condition (H6)
becomes
2 ; - _
sup _fi(z,y) < P (T’ +r(R+ 1)"1‘) <R, i=12

(3.2) Ti
SR<z+y<R (6; )i

2
pd?
Note that, if we chose #;, i = 1,2 small enough and R large enough such that

ki < 1/(R+1) for i = 1,2, then (3.2) hold since 3; > 1, i = 1,2. Now we have
the result. O
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