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SET-VALUED PERTURBATION
FOR TIME DEPENDENT SUBDIFFERENTIAL OPERATOR

SOUMIA SAIDI — MUSTAPHA FATEH YAROU

ABSTRACT. In a separable Hilbert space, we consider an evolution inclusion
involving time-dependent subdifferential of a proper convex lower semicon-
tinuous function with a set-valued perturbation depending on both time
and state variable. We prove, under a compactness condition on the per-
turbation, that there exists at least one absolutely continuous solution.

1. Introduction

The present work deals with perturbations of evolution equations governed
by time dependent subdifferential operator of the form

—z(t) € Op(t,z(t)) + F(t,x(t)) for ae. t €1 := [Ty, T),

(Pr(...))
e z(Ty) = xo € dom p(Tp, -),

where for each ¢ € I, the (set-valued) operator dy(t, - ) is the subdifferential of
a time-dependent proper lower semicontinuous (Isc) convex function @(t, - ) of
a separable Hilbert space H into [0, +o00] and dom ¢(t, - ) denotes the effective
domain of the function ¢(t, - ). The set-valued mapping F': I x H = H takes
nonempty convex compact values. We are interested in the existence of a solution
when the perturbation F'( -, -) satisfies for some compact subset K of the closed
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unit ball B of H and some non-negative function 3(-) € L2(I), the linear growth
condition

F(t,z) c pt)(1 + ||=||)K, foralltel and x € H.

The existence and uniqueness results for the unperturbed problem

—z(t) € Op(t,x(t)) for a.e. t €,

(P)
z(Ty) = xo € dom (T, - ),

were established by Peralba [24], [25] with an assumption expressed in terms
of the conjugate function p*(¢, -) of the convex function (¢, -), that is, there
exists a Lipschitz function k: H — R, and an absolutely continuous function
a: I — R with a € L(I) such that, for all z € H and s,t € I,

¢ (t, ) < ¢"(s,2) + k(z)[a(t) — als)].

Other results have been obtained using hypothesis required on ¢ or the
Moreau envelope ¢y, see for instance [3], [21], [22], [28], [29], [31]. There are
also several works dealing with set-valued or single-valued perturbations of (P)
under, in general, some compactness assumptions concerning the sublevel sets of
o(t, -) (see, e.g. [2], [6], [9], [15], [23], [27], [30]). In the line of our previous paper
with single-valued Lipschitz perturbation [26], conditions on the Moreau enve-
lope pa(t, - ) or the Yosida approximation of Op(¢, - ) which cannot be translated
to the new operator generated by the perturbed problem, along with compact-
ness assumptions on the sublevel sets of (¢, -) are not appropriate. At the
opposite, as we will see below, Peralba’s assumption above on the function ¢* is
really suited for our study in the sense that it allows us, in the setting of Hilbert
space, through some ideas of Edmond and Thibault [18], [20] (see also [11]) to
prove existence of absolutely continuous solution for (Pp(..y) and to avoid any
compactness assumption.

For the autonomous case, that is, when ¢: H — R U {00} is a proper lsc
convex function independent of time, we cite Attouch and Damlamian [3], Cellina
and Staicu [15] and Castaing and Marcellin [11]; all these papers consider some
compactness assumptions concerning the sublevel sets of (¢, - ). This hypothesis
is also used in the nonautonomous case in Benabdellah and Faik [5] (see also [8]),
Benabdellah, Castaing and Salvatori [6], Otani [23] and Tolstonogov [27].

In the particular case of the so-called sweeping process, i.e., for ¢(t, - ) taken
as the indicator function of a closed moving set C(t), the fixed point technique
is quite efficient, under convexity assumptions of the values of both C(-) and
F(-,-). This is true under the additional usual assumption on F' requiring
separate measurability with respect to ¢ and upper semicontinuity (closed graph)
with respect to x. Results related to similar problems with nonconvex closed
moving sets C(t) in the finite dimensional setting for (Pp(..)), can be found on
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one hand in Castaing and Monteiro Marques [12] when C(t) is the complement of
an open set of H and on the other hand in Castaing, Salvadori and Thibault [13]
when the closed set C(t) is r-prox-regular. In the infinite dimensional setting,
recent existence theorems have been established in [19], [20], [7] and [10] when
in addition to the r-prox-regularity of the moving set C(t), a linear growth
compactness condition is assumed for the set-valued mapping F(-, - ).

The paper is organized as follows. After recalling some concepts in the second
section, and useful results of [24] and [25] in the third section concerning the
nonautonomous case (P), in Section 4, we establish the existence theorem for the
considered problem (Pp(. .)) for a globally upper hemicontinuous perturbation.
Finally, we extend this result in section 5, to the case when the perturbation F’
is just measurable in ¢ and upper semicontinuous in x.

2. Notation and preliminaries

Throughout the paper I := [Tp,T] (0 < Ty < T < +00) is an interval of R
and H is a real separable Hilbert space whose inner product is denoted by (-, -)
and the associated norm by || - ||.

We use the following definitions and notations. We denote by B the closed
unit ball of H. On the space Cy(I) of continuous maps z: I — H we con-
sider the norm of uniform convergence on I. By L% (I) for p € [1,+oo[ (resp.
p = +o0), we denote the space of measurable maps z: I — H such that
Sy llz(#)||? dt < 400 (resp. which are essentially bounded) endowed with the
usual norm ||z|[zz (1) = (f; lz=@))P dt)'/P 1 < p < 400 (resp. endowed with the
usual essential supremum norm || - ||). We recall that the topological dual of
Li (1) is LE(I).

Let ¢ be a lower semicontinuous (Isc) convex function from H into RU{+o0}
which is proper in the sense that its effective domain dom ¢ defined by

domy :={x € H : p(x) < +oo}
is nonempty and, as usual, its Fenchel conjugate is defined by

@*(v) == sup[(v, z) — p(z)].
reH

It is often useful to regularize ¢ via its Moreau envelope

. 1 2
oa(r) = ylgg o(y) + ﬁHI =yl

for A > 0. The family (¢,)x increases when A | 0 to the proper lsc convex
function ¢ and hence it epi-converges to ¢ (see e.g. [1]). This entails in particular
for any family (xx)x of H converging to x that

. < limi .
(2.1) pla) < liminf s (z)
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The Moreau envelope function ¢ is also known to have a Lipschitzian continuous
derivative V.
The subdifferential dp(z) of ¢ at x € dom g is

Op(x) ={ve H:ply) > v,y —z)+ ¢(z) for all y € dom ¢}

and its effective domain is Domdp = {x € H : dp(z) # 0}. It is well known
that if ¢ is a proper lsc convex function, then its subdifferential operator d¢p is
a maximal monotone operator. Any maximal monotone operator A satisfies the
closure property, that is, if x = hm 0 strongly in H and y = hm 0 Yy weakly
in H, where z,, € Dom A and vy, e A(wn) then, z € Dom A and Y 6 A( ). For
any subset S of H, o(S, -) represents the support function of S, that is, for all
yeH,

o(S,y) :=sup(y, ).
T€eS

A set-valued mapping F': F = H from a Hausdorff topological space E into H
is said to be upper semicontinuous (usc) if, for any open subset V' C H, the
set {x € E: F(x) C V} is open in E. The set-valued mapping F' is said to
be scalarly upper semicontinuous or upper hemicontinuous if, for any y € H,
the real-valued function x — o(F(x),y) is upper semicontinuous. We refer to
[4] and [14] for details concerning convex analysis and measurable set-valued
mappings. We will close this section of preliminaries by recalling the following
straightforward consequence of Gronwall’s lemma.

LEMMA 2.1 ([20]). Let (x,(-)) be a sequence of absolutely continuous maps
from I to H. Assume that lim x,(Ty) = 0 and, for any n,
n

d
dt

where a, () and B, () are non negative functions in Lk (I). Assume moreover
that the sequence (B,(-)) is bounded in L (I) and lim fg) an(t) dt =0. Then,
n

= (lza®I?) < Bu®llzn O] + an(t)  for ae. tel,

lim [, ()| = 0.

3. Single valued time-dependent perturbation
This section is devoted to the study of the perturbed problem

—&(t) € Op(t, x(t)) + h(t),

P
(Pn) x(Ty) = x¢ € dom (T, - ),

whose perturbation is a single-valued time-dependent map. Let us first recall
a result due to Peralba [24], [25].

THEOREM 3.1. Let ¢: [ x H — Ry U {400} be such that:
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(Hy) for eacht € I, the function x — @(t,x) is proper, lower semicontinuous,
and conver;

(Hs) there exist a p-Lipschitzean function k: H — Ry and an absolutely con-
tinuous function a: I — R, with a non-negative derivative a € L3(I),
such that

(3.1) @*(t,z) < ™ (s, 2) + k(z)|a(t) — a(s)]
for every (t,s,x) € I x I x H.

Let also xg € dom p(Ty, ) be fized. Then, the differential inclusion
P) —i(t) € Op(t,z(t)) for a.e. t €1,
x(Ty) = zo € dom (To, - ),

has a unique absolutely continuous solution z(-) on I. Moreover, for all tel,
x(t) € domp(t, -) and the function t — @(t,x(t)) is absolutely continuous on I.

Let us start with the following estimate which is a consequence of Proposi-
tions 3.3 and 3.4 in [26]

PRrROPOSITION 3.2.

(a) The unique absolutely continuous solution x(-) of (P) satisfies

. . .
(32) &z, < §Ha||L§ + [VT = Tok(0)||a] .2

2
.
+ ZH@IIQL]% + o(To, ) — (T, x(T))] /.

(b) If h € L%(I) and xo € domp(Ty, -), then the problem (Ph) admits
a unique absolutely continuous solution x(-) that satisfies

(3.3) /T (8|2 dt < 2b0/Ta2(t) dt—l—a/T Ih(£)]|2 dt + by.

To To To
with
bo = 5 (2(0) +3(0 + 1)%),
o =k*(0)+3(p+ 1) +4,
b1 =2((T — To) + ¢(To, 2(To)) — (T, x(T))].
PRrROOF. Assertion (a) corresponds to Proposition 3.3 in [26]. Concerning

assertion (b), we know by Proposition 3.4 of [26] that (P},) has a unique solution
satisfying

. 1 . .
(34) Nilley, < 5o+ Dlla+Ihlllcz + 1l + | VT — Tok(0)lla + [Alll 2

+1)7 .
g 1012, + (T ) — o(T, (D))

1/2
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where |h| is the function of I into R defined by |h|(t) := ||h(t)] for all ¢ € I.
Hence, observing that

VT = Tok(0)lla + [l L2y =2VT - To(: ||a+|h||\L2 )

<(T-Ty)+ 20 )||a+|h\||2
= 0 4 Lé([)’

we obtain

+1)

. (p .
2l 22, (1) < @+ |Rlllz2(ry + 1Bl 22, ()

(k*(0) + (p+1)?)
4

1/2
+[<T—To>+ -+ 1Bl o, + 9(To, <To>>—so<T,x<T>>}

and hence

. (p+1),.
612 < 2] a2+ Bllszen + Il

(k2(0) + (p+1)%)
4

+2[<TTO>+ a4 Bl r) + (Toy <To>>so<T,m<T>>}

We may also write
-2 21 - 2 2
12122, (1) < (p+ D7 a+ [AllZ2 ) + 41172 (1)

2 2
2T = Ty) + (T, a(@) - o(Tx(@)] + EQECED D iy e,

Setting
1
bo=5(K(0)+3(p+ 1)), b1 =2(T = To) +¢(To, 2(Ty)) — (T, x(T))),
one has
||$||2L2 1 < bolla+ |hH|i§(1) + 4||h|‘%§{(1) + b1

As [l |llZ gy < 2l2a0) + 21hl2; . putting o = 2(bo +2), we get

2(I)
||j7H%§1(1) < 2b0||d||1;]§(1) + UHhHQL’;‘I(z) + b1

Equivalently,

T T T
/ ||a':(t)||2dt§2bo/ dQ(t)dt—i-U/ B0 dt + by, 0
To To

To

4. Set-valued perturbation

We study here the perturbed problem (Pg(. .)) under an upper hemiconti-
nuity property for the set-valued perturbation F'. In the development, we will
use some ideas from [11], [19], [20].
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THEOREM 4.1. Let H be a real separable Hilbert space. Assume that p: I X
H — Ry U{+00} is an extended-real-valued function satisfying (Hy) and (Hz) of
Theorem 3.1. Let F: I x H = H be a set-valued mapping with nonempty convex
compact values such that:
(a) F(-, ) is globally scalarly upper semicontinuous on I x H;
(b) for some compact subset K C B and some non-negative function B(-) €
L&(I), for all (t,x) € I x H, one has the growth type condition
F(t,x) € B(t)(1 + =) K.
Then, for any x¢ € dom ¢(Ty, -) the following problem
1) —z(t) € Op(t,x(t)) + F(t,z(t)) forae tel,
1
l'(To) = Xy,

has at least one absolutely continuous solution. More precisely, there exists an
absolutely continuous map x(-): I — H and an integrable map y(-): I — H
such that ©(Tp) = xo, z(t) € domp(t,x(t)) for all t € I and, for almost all
tel, y(t) e Ft,z(t)) and —z(t) — y(t) € Op(t, z(t)), with

ly(OI < (B() + DA + [lz(@)]])-

Moreover, the following inequalities hold true

T T
(4.1) /T ) < oo /T QUL
and
T T
(4.2) /T GO <ot o /T (B 10 (o)) s,
where
T
(43) a = (K(0) +3(p + 1)%) / §2() di + 2T — Ty + p(To, w0) — (T, 2(T)),
(4.4) o=k (0)+3(p+1)*+4.

PROOF. We suppose, without loss of generality, that K is convex and con-
tains 0. If not so, we may replace K by ¢o(K U {0}) which is compact according
to Dunford and Schwartz ([17, Theorem V.2.6]). Since the function (1 + 3(-))?
is A-integrable on I = [Ty, T, for the real number

1
T —To)(k2(0) 1 3o+ )2 1 4)
there exists a finite subdivision Ty < T} < ... < T, = T such that for each
7 =1,...,k one has

T
(4.6) / (B(s) +1)*ds < m.

T]‘_l

(4.5) m = 0
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Let us start first by establishing a solution on the interval I := [Ty, T1] by
constructing a sequence of maps (z,(-)) in Cyx(I1) which has a subsequence
converging uniformly on I; to a solution of (Py).

(A) Construction of the sequence (z,(-)).

Define, for every n € N, a partition of I; := [Ty, T3] with

T —1Tp

ti =T+ (1 —1) (1<i<n+1),
and consider for i € {1,...,n}, 07" € [t}, ¢} ] such that
(4.7) B(6M) < inf  B(t) + 1.

bE |

k3

Then, fix any n € N. Put 27 (t7) = 2o and choose y" € F(d7,xo). Then, relying
on Proposition 3.2, denote by a7(-): [t7,t5] — H the absolutely continuous
solution on [}, t5] of the inclusion

—&(t) € Op(t,x(t)) +y? for ae. t € [t},t5],
z(t) = 27 (87) = wo € domp(ty, -).

Next, for each i € {2,...,n}, choose y* € F(67,x ,(¢)), and let

70 %¥1—1

oy (-): [ttt — H

K3
be the absolutely continuous solution of

—i(t) € Op(t,x(t)) +y* for ae. t €[t 7],
z(t) = 2, () € domep(t7, -).

3

Recall that, in view of Proposition 3.2, inequality (3.3) holds true in each subin-
terval [t}', 7, ] of Iy, that is, for any i € {1,...,n}, one has

i tia tia
(4.8) /t” |22 (¢)]|2dt < 2bg /tn a*(t)dt + U/tn ly?||12dt + c;.
with

bo = %(/#(0) +3(p+1)%),

o=k(0)+3(p+1)* +4,

¢ = 2[(tiy — 7)) + ot 2 (1)) — o(tilyr, =i (841))]-
Now, define z,,: [Ty, T1] — H by

xP(t) if t e [t} ¢} [ for some i € {1,...,n},

n

xp(t) =
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Such a map z,(-) is absolutely continuous on [Tp,T;]. Consider the maps
Hn, Ani [T‘(),Tl] — [T‘(],Tl] such that

tp if t e [t7, 7 [ for some i € {1,...,n},

0,(t) =
T ift=1T
and
An(t) = op if t € [t t7 [ for some i € {1,...,n},
5 oift=T

Next, define y,,: [Ty, T1] — H by

yi if t e [t} ¢, ] for some i € {1,...,n},

yn(t) =
yn it t=1T1.

Then, for each n € N, we have the following:
(1) yn(t) € F(An(t), zn(0n(1)) C B(AR(E)(L + [lzn(0n(t))[) K, for all £ €
[T(Jv Tl]v
(2) for all t € [T, Ta], lyn(®)l < BB+ [2n (D)),
(3) zn(To) = o,
(4) =&, (t) € Op(t, ,(t)) + yn(t) for almost every t € [Ty, T1], and hence

—in(t) € Dp(t, xn(t) + F(An(t), 2n(0,(1))) for ace. t € [Ty, Ti).

Further, we may write (4.8), as follows

T T T
(4.9) / i (1) dt < 250/ G2(t) dt + a/ lyn (817 dt + 5.
t t

n n n
t K3 i i

Taking (2) and (4.7) into account, it results that, for any i € {1,...,n},

ti ) 5
/t (1) dt

n
7

e 7
<ot [ @@drro [ A0 + 170+ @) dt 4o
t tn

ti

<oty [ @O+ o+ eGP [ 50+ 1 d e

n
t

tiy tita
< 2b0/ a*(t)dt +o(1+ max ||xn(t$)||)2/ (B(t) + 1) dt + ¢,
. 1<i<n+1

e

and, with this being true for any i € {1,...,n}, we obtain

T
To

n t:”_H , .
.7L d _2b P d 1 n\ " o0 2 1 2d ;’L
;/t [Zn(®)|I7 dt < 0/ a?(t) dt+o(1+|zn(-)]lso) /TO (B()+1)? di-+c
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where || - ||oo denotes the supremum norm over the interval [Ty, T1] and

dy =i = 2Ty — Ty + p(To, w0) — @(Th, 2 (T1))].

i=1
As —o(Ty,x,(T1)) <0, putting d = 2[Ty — To + ¢(To, xo)], we may write
T T T
/ |2 (8)]|% dt < 2b0/ a*(t)dt +20(1 4 ||z, ()|1%) / Y2t +d
To To To
and hence
T
(1.10) [ a2 e <0+ clan I
To
where
T T T1
b:2b0/ dz(t)dt—|—2a/ (B(t)+1)?dt+d and c:20/ (B(t) +1)*at.
To To To

Using the Cauchy—Schwartz inequality and (4.10), one has for all s € I

o) = aul? < (5= 70 [ (0P at) < (2= T+ el
and hence
[z ()12 < 2l|zol” + 2]|zn(s) = zoll* < 2l[zol* + 2(T1 — To) (b + cllzn(-)lI5)-
Consequently, for each n, we get
(1= 2(T1 = To)e)lon( )3 < 2(lloll® + (T — To)b).
According to (4.6), that is, 2(Th — Tp)c < 1, one has, for any ¢t and for any n,
(4.11) [2n()lloe < My

where

M = (2(”330”2 + (T — To)b))l/z.
1—-2(Ty — To)c
For each n € N and any ¢t € I := [Ty, Th], define z,(t) := f;o Yn(s) ds. Then,
the map z,(-) is absolutely continuous on [Ty, T1]. By virtue of (2), (4.7) and
(4.11), for To < r <t < Ty, we have

(4.12) lyn () < (M1 +1)(B(t) + 1)
and
(4.13) [20(t) = 20 (r)[| < (M1 + 1)/ (B(s) +1)ds

so that the family (z,)nen is equicontinuous in Cg(I7).
Furthermore, since K is convex with 0 € K, it follows from (1), (4.7) and
(4.11) that

VneN, Vte [T, Ty, ya(t) € (M, +1)(B(t) + K.
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Since K is closed and convex, this yields that for all n > 1 and ¢ € [Tp, T1]

(4.14) ) € {(M1 +1)/t (B(s)+1)ds}K

To
and once more, since K is convex with 0 € K, we deduce that for any ¢t € [Ty, T1]
the set {2, (¢), n € N} is included in the strongly compact set

{(M1 +1) /Tl (B(s)+1) ds} K.

To

(B) Uniform convergence of a subsequence of (z,,(-)) to some map uq(-).

Ascoli’s theorem ensures us that, up to a subsequence, (z,) converges uni-
formly on [T, T1] to some continuous mapping z( - ). Further, (4.10) and (4.11)
entail that

(4.15) sup [0 ()3, (1) < +00-

Now, making use of the monotonicity of dp(t, -) for all t € I;, we will show that
the corresponding subsequence (z,,) converges uniformly on I; to some solution
over I of the differential inclusion under consideration. For any n € N and any
t € [Ty, T1], define X,,(t) := @, (t) + 2,(t). The maps X,, are clearly absolutely
continuous and for any fixed p,q € N, and for almost all ¢ € [Ty, T3], one has

5%, (0) = Xy = (K (6) — X0, X (0) — (1)
= (X, (1) — Xy (8), 2p(0) = 24 0)) + (1) — X (1), 2(8) — 24(1).
By definition, one has
Xy (1) = —y(t) — yp(t) € Dip(t, (1),
Xy (t) =~ (1) — g(t) € Dp(t, 2,(1),

and the monotonicity property of dp(t, -) entails that

(Xp(t) = Xq(t), 2p(t) — 4(t)) <O0.

Therefore, one has

2dtllX (t) = XgOI* < 1Xp(1) = Xo ([l () = 24 (D]l

Now, we deduce from (4.15) that the sequence (i) is bounded in L% (I;), and
since via (4.12)

T

stMHWU)(MHJ)/(MQ+W®<+m
neN To

we conclude that
A= 516111% X5 ()lz2, 1,y < +oo.
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The uniform convergence of the sequence (z,) ensures us that

T
| et = 201t =0
To
when p, ¢ — oo. This, along with the fact that || X, (7o) — X,(To)|| = 0, entails

lim [|X(+) = Xg(+ )l = 0

pP,q— 00

Then, the uniform Cauchy’s criterion guarantees that the sequence (X, (-)) con-
verges uniformly on I to some map X(-) € Cy(I1). So, the sequence (z,) =
(X, — zn) converges uniformly on I; to some continuous map ui(-) € Cy(l1),
with u1(Tp) = z¢ according to (3). By (4.15) the sequence (i) is bounded in
L% (I1) and hence also in L% (I;). We may then extract a subsequence converg-
ing weakly in L% (1) to some map v(-). The equality

t

Zn(t) = 2, (T0) —|—/ In(s)ds foralltely
To

then yields
t
(4.16) u1(t) = u1(Tp) —|—/ v(s)ds forallte
To

and hence the map u; (- ) is absolutely continuous on I; with 4 (-) =v(-) on I.

(C) Let us prove that u;(-) is a solution of (P;) on I.
Recall that, for almost all ¢ € [T, Ty, for all n € N one has

—Xu(t) € p(t,za(t))  and  ya(t) € F(An(t), 2a(0n(t)))
where 1i_>m max{|A,(t) — t|; |0.(t) —t|} =0 and that by (4.12) one also has

T1

sup ()33, 1, < (M + 1)2/T (B(s) + 1)2ds < -+oo.
n 0

We may assume that the sequences (y,,) and (i,) converge weakly in L% ([T, T1])
to y! and 1y respectively (see (4.16)). Then, the corresponding subsequence
(X,,) converges weakly in L2 ([Tp,T1]) to y* + t1. Classically, following the
corresponding arguments of the proof of Theorem 1 in [20], one has

(4.17) —n(t) € Dp(t,ur () + ' (t

)
It remains to show that y!(t) € F(t,ui(t)) for almost every t € [Ty, T1]. By
construction, we have y,, (t) € F(A,(t), z,(0,(t))) for almost every ¢ € [Tp, T1].
As (An(t), 20 (0,(t))) converges to (t,uy(t)) for each t € [To,T1] and (y,) con-
verges weakly in L2 ([Ty,T1]) to y', and F is scalarly upper semicontinuous on

for a.e. t € [Tp, Th].

[To,T1] x H, invoking the closure theorem in [4, Theorem 1.4.1], we get the
required inclusion. Combining this with (4.17), we conclude that w;(-) is an



SET-VALUED PERTURBATION FOR TIME DEPENDENT SUBDIFFERENTIAL OPERATOR 459

absolutely continuous solution of —u1(t) € Op(t,u1(t)) + F(t,u1(t)) for almost
every t € [To, T1], u1(To) = 2o over I;. Summing (4.9) it follows that

n t n Ty n t n
S [ wora <y [Tenarey [T moPd sy e
i=1"7t i=1 "7t i=1"t i=1

and hence, for all n, we have

T T Th
(4.18) / H:’cn(t)||2dt§2bo/ az(t)dtJro/ lym ()] dt + c,.

To To To

Taking (4.7) and (1) into account we obtain

T
(4.19) / PROIE

To
T T
< 2b0/ a*(t) dt+a/ (B@) + 121 + ||z (0,(0))]))? dt + .
T, T,
As an estimate on the velocity, let us underline that, taking the superior limit
on n in (4.18) and using the preceding convergence results yield

T T: Ty
/ i (8)[[2 dt < 2b0/ a2(t) dt—i—a/ Iy (O)|2 dt + limsup .
To n

To To
Since x,, (t) — w1 (t), by the lower semicontinuity of (¢, -), we have

limsup e, = 2[Ty — Ty + ¢(To, z0) — limninf o(T1, z,(T71))]

n

<2[Ty — Ty + (T, xo) — (T, u1(T1))]-

Hence, we obtain

Ty Ty
(4.20 [ @< oo [yt

To To

where
T

ar = (K*(0) +3(p+ 1)2)/T a*(t) dt + 2[Ty — Ty + ¢(To, x0) — ©(T1,u (T1))].

Similarly, taking the superior limit on n in (4.19) and using the preceding con-
vergence results again yield

T1 Th
(4.21) / lan (8)]|* dt < aq + U/ (B(t) + 1)* (L + [lua (1)[1)* dt.

To To
The analysis above also yields a solution us(-) to the differential inclusion (P;)
on the interval Iy := [T, T»] with the initial condition us(71) = uq(71) and by
(4.20) and (4.21) the solution satisfies for

Ts

az = (k*(0)+3(p+1)%) /T a*(t) dt +2[T, — Ty + @(Ty, ur (T1)) — (T, uz(T))]
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and for some L2(I5)-selection 32(-) of F(-,uz(-)) we have the inequalities

T2 T2
/'wmmﬁﬁg%+a/ 12(0)]? dt

T T
and
Tg T2
[ a1 dt <z o [ 7800+ 120+ uate) )2 .
T1 Tl
Proceeding in a similar way we obtain ug(-) on [T5, T3], ..., ug(-) on [Tx—_1, Tk].

Putting () = u;(t) and y(t) = y/(t) if t € [Tj_1,T}], we see that z(-) is an
absolutely continuous solution of (P;) on the whole interval I = [Ty, T and the
estimations (4.1) and (4.2) of the theorem hold because

k T

a:=Y a; = (K(0)+3(p+1)*) / a®(t) dt+2[T =Ty + ¢(To, w0) — (T, x(T))].
=1 To

The proof of the theorem is then complete. O

As a consequence, we have the following properties

PROPOSITION 4.2. The absolutely continuous solution z(-) of (P1) satisfies

T

T
/ () [2dt < o+ o(1 +z>2/ (B(t) + 1) dt,
To To

and y(t) € (14+1)(B(t)+1)co(KU{0}), [ly(t)|| < (B(t)+1)(1+1) for almost every
t € I with 1 := ||zo|| + [£(T)]*/? and where &(-) is the increasing, continuous,
and non-negative function defined on [Ty, T by

S S

&(s) =b(s) +20(s — TO)/

To

b(1)(B(T) +1)*exp (QU/T 0(3(0) + 1)2d0> dr,

and, for each t € [Ty, T,

b(t) = (t — Tp) [a +20(1+ HmOH)Q/ (B(T) +1)? dT] )

To

The constants « and o are defined as in Theorem 4.1.

PrOOF. Owing to (4.2) and making use of the absolute continuity of x(-)
on [Ty, T], we may write, for Ty < s < T,

HM$xﬂ2§@ﬂﬁAﬂuv>%h

<@_zﬁ@+a/?Mﬂ+n%LHuvaM-

To
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Hence, for any s € [Ty, T,

S

la(s) — o2 < (5 — To) |+ 20(1 + laol))? /T (B(r) + 1)%dr

+ 20 / (B(T) + 1) z(7) — x| dT} .

To

Applying Gronwall’s inequality entails that given s € [T, T, one has

(4.22) lz(s) = oll* < £(s),
where
£(s) = b(s) + c(s) /T b(T)(B(1) + 1)* exp (/Ts(ﬁ(e) +1)%c(0) da) dr
with
b(t) = (t - Tv) [a +20(1 + [|zo])? /; (B(r) + 1)%] ,

c(t) = 20(t —Tp).

Clearly such functions b(-), ¢(-) and £(-) are increasing and continuous on
[To,T]. Indeed, as a straight consequence of (4.22) and the finiteness of T, one
has ||2(-)||ee < 1, where I := ||z + [£(T)]'/2. Consequently,

ly(®)] < (B(t) +1)(1+1) forae. tel. 0

5. Separately scalarly u.s.c. perturbation

In this section we weaken the assumption of Theorem 4.1 concerning the set-
valued map F'. Here, it is assumed to be separately scalarly upper semicontinuous
on H and to have measurable selection with respect to the first variable. The
development is for a large an adaptation of [19], [20]. In the remaining of the
paper, we will denote by «, o, and m the constants defined in Section 4, by (4.3),
(4.4) and (4.5), respectively.

To begin with, we suppose that the function () in the growth condition is
constant.

THEOREM 5.1. Under assumptions of Theorem 4.1 on @, let F: I x H = H
be a set-valued mapping with nonempty convex compact values such that

(a) for any x € H, F(-,x) has a A-measurable selection;

(b) for allt €I, F(t,-) is scalarly upper semicontinuous on H;

(¢c) for some compact subset K C B and some real number 8 > 0, for all
(t,x) € I x H, one has

F(t,z) C B(1+ ||z]) K.
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Then, for any xo € dom ¢(Tp, - ) the following problem

) —i(t) € dp(t,x(t)) + F(t,z(t)) forae. tel,
LL’(T()) = X,

has at least one absolutely continuous solution. More precisely, there exist an
absolutely continuous map z(-): I — H and an integrable map z(-): I — H
such that x(Ty) = xo, x(t) € dom p(t,x(t)) for allt € I and for almost allt € I,
2(t) € F(t,z(t)) and —i(t) — 2(t) € Op(t,z(t)) and

(5.1) z(t) € (B+ DA + [lz(#)]]) co(K U {0}).

Moreover, the following inequalities hold true

T T
(5.2) / lE@))2dt < ato / 1=(0)]1 e

To To
and
T T
(5.3) /T O de < o+ o(B +1) /T el i

Proor. We will reduce the problem to the previous case, via set-valued
versions of Scorza—Dragoni’s theorem and Dugundji’s extension theorem, and
construct a sequence of absolutely continuous maps (z,(-)). Next, it will be
proved that this sequence has a subsequence converging uniformly in Cy (1) to
a solution of (Pz).

We suppose without loss of generality, that K is convex and contains 0. If
not so, we may replace K by ¢o(K U {0}). Dividing, if necessary I into intervals
of a same suitable length, we may suppose also that,

(5.4) (B+1DXT —Tp) < m.

(A) Existence of the sequence (x,(+)).

Set for the real number
T
ao = (K2(0) +3(p+ 1)?) / a*(t) dt + 2[T — Ty + ¢(Ty, x0)),

To

(2|l + (T = To)lawo +20(8 + VAT = Ty))\ /*
M = ( 1= 4(T — To)20(F +1)2 ) ’

and fix a continuous function ¢: R™ — [0,1] such that

1 ifr S Mg,
(5.5) o(7) = _
0 ifr Z MQ + 1.
Let us consider the compact convex metric space Y: = §(2 + Ms)K, which is

a Borel subset of H, and let us define a set-valued map F:IxH=Y by
F(t,z) := o(||z[|) F'(t, ).
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Obviously, F (-,x) has a measurable selection for all x € H and, for each
t € [Ty, T], the graph of ﬁ(t, -) is closed in H x Y. Therefore, according to
the set-valued version of Scorza—Dragoni’s theorem from Castaing and Monteiro
Marques [12], there exists a set-valued map F: I x H = Y with convex compact
(possibly empty) values such that:

e for some A-negligible subset Ny C I, for all ¢t € I\ Ny and for all z € H,
(5.6) F(t,z) C F(t,z);

o there exists an increasing sequence (I,,)n>1 of compact subsets of I such
that, for each n > 1, A(I'\ I;) < 1/n and the restriction of F to I, x H,
denoted by F |1, xm, is (globally) upper semicontinuous with nonempty

convex compact values.

By the set-valued version of Dugundji’s extension theorem from Benabdellah
and Faik [5], for each n > 1, there exists some upper semicontinuous extension
ﬁn of F |1, xm to I x H that takes on nonempty convex compact values and
satisfies, like F ,

F,(t,x) C B(1+ ||z|)K for all (t,z) eI x H.

Since (8 + 1)*(T — Tp) < m, due to Theorem 4.1, for each n > 1, there exist an
absolutely continuous map z,(-): I — H and an integrable map z,(-): I — H
such that x,,(Tp) = zo, and for almost all t € I,

(5.7) 2n(t) € Fult, (1)),
(5-8) —&n(t) = zn(t) € Op(t, (1)),
(5.9) [zn@] < (My+1)(B+1) and  z,(t) € (M2 +1)(6+ 1K,
and
T
E10) [ a0l < ot o7 = To)(5+ 120+ M)
In view of (4.2), we may also write
T 2 o [1 2
(5.11) /To [&n ()7 dt < cn +0(B8+1) /TO (1 + [lzn(®)[)* dt,
with
an = (k*(0) +3(p+1)*) /T a*(t)dt +2[T — To + (To, x0) — @(T', 2n(T))].

(B) Uniform convergence of a subsequence of (x,(-)) to some map (z(-)).
In order to prove this, consider the map

Zo(t) = / " o(s)ds.
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As in the proof of Theorem 4.1, thanks to (5.9), via Arzela—Ascoli’s theorem, we
may suppose that the sequence (Z,(-)) converges uniformly in Cg(I) to some
map Z(-): I — H. Now, let us set

Xn(t) == zn(t) + Z,(1).

We aim at proving that (X, (-)) is a Cauchy sequence in (Cy(I),] - ||co). The
maps X, () are clearly absolutely continuous and for any fixed p, ¢ € N, and for
almost all ¢ € [Ty, T, one has

5 G IX®) = X7 = (X,(0) ~ X, 0, X,(0) — X, (1)
= <Xp(t) - Xq(t)a zp(t) — xq(t)) + <Xp(t) - Xq(t)v Zp(t) — Z4(1)).

By definition, one has
—Xp(t) = —ip(t) — 2(t) € Dp(t, 2, (1)),
—Xo(t) = —ig(t) = z(t) € Dp(t, 4(1)),
and the monotonicity property of dp(t, -) entails that
<Xp(t) - Xq(t)axp(t) —x4(t)) <0.

Therefore, one has
1d
2dt

Now, we deduce from (5.10) that the sequence (i) is bounded in L% (I) and

since via (5.9)

1X,(t) = X (D1 < I1Xp(t) = Xo (DI Z,(2) — Zy@)]I-

sup 1Za ()72, (1) < (T = To)(Mz +1)*(8 + 1) < 400,
n

we conclude that A := sup || X, (- Mz (1) < +oo. The uniform convergence of
neN

the sequence (Z,,) assures us that

/TT 12,(t) — Zy(t)]| dt — 0

when p, ¢ — co. This, along with the fact that || X,(Ty) — X4(T0)|| = 0, entails,
via Lemma 2.1,

lim {|X(+) = Xg(+)lloo = 0.

pP,q— 00
Then, the uniform Cauchy’s criterion guarantees that the sequence (X, (-)) con-
verges uniformly on I to some map X(-) € Cy(I). So, the sequence (z,) =
(X, — Z,) converges uniformly on I to some continuous map z(-) € Cy(I), with
z(Ty) = xo, that is,

(5.12) T,(-) — x(-) strongly in L% (I).
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By (5.10) the sequence (i) is bounded in L59(I) and hence also in L2 (I). We
may then, extract a subsequence converging weakly in L2, (I) to some map v( - ).

The equality
t

Zn(t) = xn(To) +/ In(s)ds foralltel
To

then yields,

(5.13) x(t) = z(To) + /Tt v(s)ds foralltel

and hence the map z(-) is absolutely continuous on I with &(-) = v(-) for
almost all ¢ € I and

(5.14) #n(-) — @(-) weakly in L% ().
Due to (5.9), we may also suppose that, for some map z(-) € L% /(I), one has
(5.15) Zn(+) = 2(+)  weakly in L% ().

(C) Now, we proceed to prove that z(-) is a solution of (Ps).

Taking (5.12), (5.14) and (5.15) into account, as in the proof of Theorem 4.1,
we have, via the closure property of the subdifferential operator dp(t, -), for
almost all ¢ € I the required inclusion, that is,

(5.16) &(t) + 2(t) € —0p(t,x(t)) for ae. tel.

It remains to prove that z(t) € F(t,x(t)) for almost every t € I. Due to (5.15),
by Mazur’s lemma, there exists a sequence (¢, (-)) in L}, (I) such that

(5.17) () €eco{zi(-):k>n} foralln>1

which converges strongly in LL(I) to z(-). Thus, extracting a subsequence, we
may suppose that (,(t) — z(t) for almost every ¢t € I. This, along with (5.17),
implies that, for some negligible subset Ny C I,

(5.18) 2(t) € (\o{zk(t) : k > n} forallt e\ Ny.

Taking (5.7) into account, we may also suppose that, for all n > 1 and for all
tel \ Ny,

(5.19) 2n(t) € Fyu(t, 2, (1))

Consider the A-negligible subset N := (I \ UIn) U No U N1. We are going to

prove that z(t) € F(t,x(¢t)) forallt € I\ N. Fix any 7 € I\ N. From (5.18) and
(5.19), it follows that, for any £ € H,

(5.20) (&, 2(7)) < limnsup o(Fn (1, x,(7)),&).



466 S. SAipr — M.F. YAROU

On the other hand, by definition of N, there exists an integer n(7) such that
T € Iy \ No and, (I,,) being increasing, one has 7 € I, for all n > n(7).
Consequently, for all n > n(7),

(5.21) E(7,20(7)) = F(1, (7)) C F(1, 2(7)),

the inclusion coming from (5.6). Note that, by (5.10), and taking (5.4) into
account, one has, for all n > 1 and for almost all t € I, ||z,(t)]] < Ma, and
hence, thanks to (5.5), for all n > 1,

~

(5.22) F(r,z,(7)) = F(71,2,(7)).

Therefore, due to (5.20)—(5.22) and the fact that F(r, -) is scalarly upper semi-

continuous, we have
(&, 2(m)) < o(F(r,2(7)), &)
This being true for any £ € H, and F(7,z(7)) being closed and convex, it results
that z(7) € F(r,x(7)). Since the latter is satisfied for any 7 € I'\ N, one has
z(t) € F(r,z(t)) fora.e. tel.

This, along with (5.16) and the fact that z(7Ty) = lim 2,,(Tp) = g, proves that
z(+) is a solution of (P2). Finally, taking the superior limit on n in (5.11), as in
the proof of Theorem 4.1, we get the required inequality. O

Actually, we have the following more general result. Here, the growth con-
dition involves an L (I) function instead of a constant.

THEOREM 5.2. Under assumptions of Theorem 4.1 on H and p, let F: I X
H = H be a set-valued mapping with nonempty convex compact values such that

(a) for any x € H, F(-,x) has a A-measurable selection;
(b) forallt eI, F(t,-) is scalarly upper semicontinuous on H;
(c) for some compact subset K C B and for some non-negative function
B(-) € Li(I), for all (t,x) € I x H, one has
F(t,x) € B+ =) K.
Then, for any x¢ € dom ¢(Ty, -) the following problem
(Ps) —i(t) € 0p(t,x(t)) + F(t,z(t)) forae. tel,
3
x(To) = T,

has at least one absolutely continuous solution. More precisely, there exist an
absolutely continuous map x(-): I — H and an integrable map 2(-): I — H
such that ©(Tp) = xo, z(t) € domp(t,x(t)) for all t € I, and for almost all
tel, z(t) € F(t,z(t)) and —&(t) — z(t) € dp(t, z(t)) and

z(t) € 2(8(8) + V)([l@)]| + 1) co(K U{0}).
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PrOOF. We suppose without loss of generality, that K is convex and con-
tains 0. If not so, we may replace K by ¢o(K U {0}). Suppose further,

T
1
(5.23) / (B(s)+1)ds < 5(T — Toy)Y2m1/2.
To
(A) Following an idea from Deimling [16], let us set T := fTT; (B(s)+ 1)ds
and let us define an absolutely continuous function 3 (+): [To, T) — [0,T) by

(5.24) B(t) = / (B(s) + 1) ds.

To

Thanks to the fact that 5(¢) + 1 > 0 for almost all ¢ € I, the absolutely con-

tinuous function B(-) is increasing and hence has a continuous inverse function

t
B -5 @ =t-s< [ (8()+ 1dr =50~ Bls) = -5
S
This yields that, for any £, 5 € [0, f], B’l(f) — Bﬁl(g) < t—3, which means that
B=1(-) is Lipschitz on [0, 7.
Now, consider the set-valued map F': [0,T] x H = H defined by

~ 1 ~
(5.25) F(t,r) = ————F(371(t),2).

BB=HH) +1
Clearly, like F, the set-valued map F satisfies the conditions (a) and (b) of
Theorem 5.1 and, by (c), for all (¢,z) € [0,T] x H,

~

(5.26) F(t,z) Cc (1+ ||z]) K.

Consider also the single valued map 3: [0,7] x H — [0, 400] defined by

~

@(Ll‘) = SD(B 1(t)71‘).

Obviously, ¢ satisfies assumptions (Hy) and (Hg). Therefore, from the previous
result, there exist an absolutely continuous map X (-): [0,7] — H and an inte-
grable map z(-): [0,7] — H such that X(0) = z( and, for almost all ¢ € [0, T],

2(t) € F(t, X (1));

(5.27) .
“X(1) € A5(t, X (1)) + 2(t).

By inequality (5.3), along with (5.26), one has

T T
(5.28) /0 ||X(t)\|2dt§a+4a/o (1+ [IX (0|2 dt.
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Then

[ IXOPd <o+ a0+ 1 XCOl)? [ ae
0 AO R
<o+ 4oL+ [X() T < atSa(1+ X)),

where || - ||so denotes the supremum norm over the interval [0, 7).
Using the Cauchy—Schwarz inequality, one has, for all s € [0, T,

1X(s) = X(0)]* < S(A X (@) dt) < T(a+8o(1+ [ X()IIZ)T)
IX (8)I* < 2laoll* + 21X (5) — o[

< 2f|o||* + 27 (4 80 (1 + | X () 12)T).
Then (1 — 16672)||X(-)||% < 2(||zo|? + T(a + 85T)). Therefore, taking (5.23)
into account, that is, 16672 < 1, one has || X (- )|lcc < M3, where

M = (2<|x02 +T(a+ 80f>>>”2

. 1 — 16072 '

Consequently, inclusion (5.1) of Theorem 5.1 yields (8 = 1), Z(¢) € 2(1 + M3)K.

(B) Let us prove that the absolutely continuous map z(-): [To,T] — H
defined, for any t € [Ty, T, by z(t) = X (5(¢)) is a solution of (P3).

(

Let us set Iy := {t € [Ty, T] : B(t) exists} and Ip := {Z € [0,T)] : X (%) exists
and (5.27) holds at £}. Consider the subsets Ny := [Ty, T]\I1 and Ny := [0, T]\ I,
which are A-negligible, and put

Ny :={t € [Ty, T] : B(t) € Ny} = B~ H(Ny).
As B\_l( -) is Lipschitz on [0, f], the set N» is also A-negligible. So, N := N;UN,
is A-negligible and, for any ¢ € [Ty, T] \ N,
(5.29) (1) = BOX (B(1)) = (B() + 1) X (B(t)).

The definitions of the negligible sets above, along with (5.25) and (5.27), entail
that, for all ¢t € [To,T] \ N,

5 1
Z(é’(tz) € B 1 A
—X(B(t) € 0p(t, (1)) + Z(B(t)).
Hence, defining z(-): [To,T] — H by z(t) := (B(t) + 1)2(23’\@))7 we obtain, by
(5.29), for any ¢ € [Ty, T] \ N, and
z(t) € F(t,x(t)),
—&(t) € Op(t, x(t)) + (1),
which ends the proof. O

F(t,x(t)),
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REMARK 5.3. Under conditions of Theorem 5.1 or Theorem 5.2, estimates

and inclusions in Proposition 4.2 hold true.
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