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RATIONAL POINTS ON
ELLIPTIC CURVES ¢2 = z° + a3 IN F,
WHERE p=1 (mod 6) IS PRIME

MUSA DEMIRCI, GOKHAN SOYDAN, ISMAIL NACI CANGUL

ABSTRACT. In this work, we consider the rational points
on elliptic curves over finite fields F,. We give results con-
cerning the number of points on the elliptic curve y? = 23 4a3
(mod p) where p is a prime congruent to 1 modulo 6. Also
some results are given on the sum of abscissae of these points.
We give the number of solutions to y? = z® + a® (mod p),
also given in [1, page 174], this time by means of the quadratic
residue character, in a different way, by using the cubic residue
character. Using the Weil conjecture, one can generalize the
results concerning the number of points in Fj, to Fpr.

1. Introduction. Let F be a field of characteristic not equal to 2
or 3. An elliptic curve E defined over F is given by an equation

(1) y?> =2° + Az + B € F[z]

where A, B € F so that 443 + 2782 £ 0 in F. The set of all solutions
(z,y) € F x F to this equation together with a point o, called the point
at infinity, is denoted by E(F) and called the set of F-rational points
on E. The value A(E) = —16(4A2 + 27B?) is called the discriminant
of the elliptic curve E. For more detailed information about elliptic
curves in general, see [4].

The E(F) forms an additive abelian group having identity o. Here
by definition, —P = (z, —y) for a point P = (z,y) on E.

It has always been interesting to look for the number of points over
a given field F. In [3], three algorithms to find the number of points
on an elliptic curve over a finite field are given.
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The Group E(F,) of points modulo p,p = 1 (mod 6). It is
interesting to solve polynomial congruences modulo p. Clearly, it is
much easier to find solutions in F, for small p than to find them in Q.
Because, in F,,, there is always a finite number of solutions.

Let a € Fy,, and let p be as stated earlier. Then the number of
solutions to z® = « is given by 1+ X3(c) + X%(«) for a cubic character
X3 (50 X3 : F¥ — {1,w,w?} where w is a nontrivial cubic root of unity).
Likewise, let X(a) = (a/p) denote the Legendre symbol which is equal
to 41 if a is a quadratic residue modulo p; —1 if not; and 0 if p | a, [4,
page 132]. The number of solutions to 2 = « is then 1 + X(a).

In this work, we consider the elliptic curve (1) in modulo p, for A =0
and B = a3, and denote it by E,. We try to obtain results concerning
the number of points on E, over F,, and also their orders.

Let us denote the set of F,-rational points on E, by E,(F,), and
let N, , be the cardinality of the set E,(Fp). It is known that the
number of solutions of y?> = u (mod p) is 1 + X(u), and so the number
of solutions to y? = 2® + a® (mod p), counting the point at infinity, is

Npa =1+ ) (1+Xx(z* +a?))
zeF,
=p+1+ ZX(x3+a3).
zcF,

It can easily be seen that an elliptic curve
(2) y? =2 +a®

can have at most 2p + 1 points in F,, i.e., the point at infinity along
with 2p pairs (z,y) with z,y € F,, satisfying the equation (2). This
is because, for each x € Fy,, there are at most two possible values of
y € F,, satisfying (2).

But not all elements of F, have a square root. In fact, only half of the
elements in F} = F,\{0} have square roots. Therefore the expected
number of points on E(F,) is about p + 1.

It is known, as a more precise formula, that the number of solutions
to (2) is
P14+ X(® +a).
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The following theorem of Hasse quantifies this result:

Theorem 1 (Hasse, 1922). An elliptic curve (2) has
p+1+456

solutions (x,y) modulo p, where |§] < 2,/p.

Equivalently, the number of solutions is bounded above by the number

(VP +1)2.

From now on, we will only consider the case where p is a prime
congruent to 1 modulo 6. We begin by some calculations regarding the
number of points on (2). First we have

Theorem 2. Let p =1 (mod 6) be a prime. The number of points
(x,y) on the curve y? = z3 + a® modulo p is given by

4+ Zp(w)

zeF,

where
2 ifx(z3+a3) =1
plz) = i3, 3
0 ifx(z®+a®)#1
Also the sum of such y is p.

Proof. For z = 0,1,2,... ,p—1 (mod p), find the values y* = 2%+ a*
(mod p). Let @, denote the set of quadratic residues modulo p. When
y*> € Qp, then there are two values of y € U,, the set of units in Fp,
which are zy and p — 9. When y = 0, there are three more points
which are = a, * = wa and z = w?a, where w? + w + 1 = 0. (Here
w € Fp sincep=1 (mod 6).) Finally, considering the point at infinity,
the result follows. o

We now consider the points on (2) lying on the y-axis.

Theorem 3. Letp =1 (mod 6) be prime. For x =0 (mod p), there
are two points on the curve y*> =z +a® (mod p), when a € Q,, while
when a ¢ Qp, there is no point with x =0 (mod p).
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Proof. For z =0 (mod p), we have y? = a® (mod p). First consider
y?* = a® (mod p). This congruence has a solution if and only if

3
)-6)-
p p
i.e., if and only if a is a quadratic residue modulo p. i
Let us now denote by K, the set of cubic residues modulo p. We

can now restate the result given just before Hasse’s theorem in terms
of cubic residues modulo p, instead of quadratic residues.

Theorem 4. Let p =1 (mod 6) be prime. Let t = y*> —a®. Then
the number of points on the curve y* = z°+a® (mod p) is given by the

sum
1+ f()
where
0 if t¢ K,
f)=<1 if plt,
3 z'fteK;,

and the sum is taken over all y € F,.

Proof. Let p | t. Then the equation z> =t (mod p) becomes z3 = 0

(mod p). Then the unique solution is x = 0 (mod p). Therefore
Fit) = 1.

Let secondly ¢t ¢ K,,. Then ¢ is not a cubic residue and the congruence
2® =t (mod p) has no solutions. If t € K, then z* = ¢ (mod p) has
three solutions since p =1 (mod 6) and (p — 1,3) = 3. O

We can also give a result about the sum of abscissae of the rational
points on the curve:

Theorem 5. Let p =1 (mod 6) be prime. The sum of abscissae of
the rational points on the curve y* = z3 + a® (mod p) is

Z (1+ Xp(:v?’ +a?)) - z.

z€F,
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Proof. Since

+1 if 22 =t (mod p) has a solution,
Xp(t)=<¢0 ifp]lt,
—1 ifz? =t (mod p) has no solutions,

we know that 1+ X,(t) = 0,1 or 2. When y =0 (mod p), 23 +a®> =0
(mod p) and hence as p | 0, X,,(z* 4+ a*®) = 0. For each such point (z,0)
on the curve, (1+0) - = z is added to the sum.

Let 23 + a3 = t. If (t/p) = +1, then for each such point (x,y) on the
curve, the point (z,—y) is also on the curve. Therefore for each such
t, (1+1)-z =2z is added to the sum.

Finally if (t/p) = —1, then the congruence z?> = ¢ (mod p) has no

solutions, and such points (z,y) contribute to the sum as much as
(14 (-1)).z=0. O

As we can see from the following result, the above sum is always
congruent to 0 modulo p:

Theorem 6. Let p = 1 (mod 6) be prime. Then the sum of the
integer solutions of > =t (mod p) is congruent to 0 modulo p.

Proof. The solutions of the congruence > =1 (mod p) are z = 1, w
and w? (mod p), where w = (=1 ++/37)/2 is the cubic root of unity.
In general, the solutions of ° =t (mod p) are © = x¢, zow and zow?
(mod p), where zg is a solution. This is because (zow)® = z3w® =
z3 =t (mod p) and similarly (zow?)? = z3uw® = z3(w3)? = 23 = ¢
(mod p). Therefore, the sum of these solutions is

zo + zow + Tow? = 20 + Tow + To(—1 — W) = 0.

If there is no solution, the sum can be thought of as 0. o

We can now prove the following:
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Theorem 7. Let p =1 (mod 6) be prime. Let 0 <z <p—1 be an
integer. Then for any 1 < a < p — 1, the sum (which is an integer)

p—1

jlp) = Z(l +x(23 + a®))z

z=0

is divisible by p. In particular,
p—1
s) = Y+ a')a
z=0

is divistble by p.

Proof. For every value of y, let y> — a®> = t. Then the sum of
the solutions of the congruence z* = t (mod p) is congruent to 0 by

Theorem 6.

For all values of y, this is valid and hence the sum of all these abscissae
is congruent to 0. ]

The hypothesis p =1 (mod 6) is essential in this Theorem 7, as the
following counterexample shows: take a = 1, p = 11. Then the first
sum is easily seen to be 56 and the second is easily seen to be 1, and
clearly neither of them is divisible by 11.

We now look at the points on the curve having the same ordinate:

Theorem 8. Let p =1 (mod 6) be prime. The sum of the abscissae
of the points (z,y) on the curve y*> = x> +a® (mod p), having the same
ordinate y, is congruent to zero modulo p.

Proof. Let y be given. Then the congruence

3 =9y? —a® (mod p)

becomes
3=t (mod p)

after a substitution ¢ = y? — a3. The result then follows by Theorem 6.
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Finally we consider the total number of points on a family of curves
y? = 23+ a® (mod p) for a = 0,1,...,p— 1 (modp) and p = 1
(mod 6) is prime. We find that, when (a,p) = 1, there are p + 1 — 2k
or p+ 1+ 2k points on a curve y? = 2° + a® (mod p), for a suitable
integer k. O

Theorem 9. Let p = 1 (mod 6) be prime, and let 1 < a < p— 1.
Let Ny o = #E(F,). Then

p—1
ZN,a:le,
a=1

Proof. Since 1 < a < p— 1, we have (a,p) = 1. Then the set of
elements a3z modulo p is the same as the set of 3 modulo p. Then

Z ZXa:v+a

z€F, z€F,

=x(a®) - Y x(@®+1).

z€F,
By the discussion at the beginning of Section 2, we get
Npa—p—1=x(a®) (Np1 —p—1).

Then by taking sum at both sides, we obtain

p—1
> (Npa—p Zx Npi—p—1),
a=1
Then
p—1 p—1 p—1
Y Npa= D 1) =(Npy—p—1)- > x(a)
a=1 a=1 a=1

=(Np1—p=1)->_x(a)
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using X(a®) = X(a) as both sides are 1 or —1. Finally, as there are as
many residues as nonresidues, we know that

ix(a) =0

and, by means of it, we conclude

p—1
ZN a = p2 -1,
a=1

as required. a

Conclusion 10. All the results concerning the number of points on
F, obtained here for prime p =1 (mod 6) can be generalized to F-,
for a natural number r > 1, using the following result:

Theorem 11 (Weil conjecture). The zeta-function is a rational
function of T having the form

1 —aT + qT?
Z(T;E/F,) = toal el
(1-T)(1 —qT)
where only the integer a depends on the particular elliptic curve E. The
value a is related to N = Ny as follows:

N=q+1—a.

In addition, the discriminant of the quadratic polynomial in the
numerator is negative, and so the quadratic has two conjugate roots
1/« and 1/8 with absolute value 1/,/g. Writing the numerator in the
form (1 —aT)(1—BT) and taking the derivatives of logarithms of both
sides, one can obtain the number of Fi--points on E, denoted by N,
as follows:

N.=¢"+1—-a"—-p8", r=1,2,....
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Example 12. Let us find the Fr-points on the elliptic curve

y? = 3 + 43. There are N; = 12 Fr-points on the elliptic curve:

(0,1), (0,6), (1,3), (1,4), (2,3), (2,4), (3,0),
(4,3), (4,4), (5,0), (6,0) and o.

Now, as r = 2, we have a = —4. Then from the quadratic equation
1+4T +7T% =0,

a = —-2—1+/3iand f = —2 + /3i and finally N, = 48. Similarly
N3 = 324 can be calculated.

REFERENCES

1. N. Koblitz, A course in number theory and cryptography, Springer-Verlag, New
York, 1994.

2. R.A. Mollin, An introduction to cryptography, Chapman & Hall/CRC, New
York, 2001.

3. R. Schoof, Counting points on elliptic curves over finite fields, J. Théorie
Nombres Bordeaux 7 (1995), 219-254.

4. J.H. Silverman, The arithmetic of elliptic curves, Springer-Verlag, New York,
1986.

5. J.H. Silverman and J. Tate, Rational points on elliptic curves, Springer-Verlag,
New York, 1992.

DEPARTMENT OF MATHEMATICS, ULUDAG UNIVERSITY, 16059 BURSA, TURKEY
Email address: mdemirci@uludag.edu.tr

DEPARTMENT OF MATHEMATICS, ULUDAG UNIVERSITY, 16059 BURSA, TURKEY
Email address: gsoydan@uludag.edu.tr

DEPARTMENT OF MATHEMATICS, ULUDAG UNIVERSITY, 16059 BURSA, TURKEY
Email address: cangul@uludag.edu.tr




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


