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CONGRUENCES FOR LUCAS «v~-NOMIAL
COEFFICIENTS MODULO p3

LING-LING SHI

ABSTRACT. In this paper we prove two congruences mod-
ulo p?,p? (where p > 3 is prime) for generalized coefficients,
Lucas u-nomial coefficients defined in terms of order recurrent
sequences with initial values 0 and 1.

1. Introduction. Let N = {0,1,2,...}, Z* = {1,2,3,...} and
Z* =7\ {0}. Fix A,B € Z. The Lucas sequence {u,}nen is defined
as follows:

(1) w=0, w; =1 and wup41 = Au, — Bu,—1 for neN.

(In the case A = 1 and B = —1, this yields the Fibonacci sequence
{F,}n>0.) Its companion sequence {v, }nen is given by

(2) ww=2, vy=A, and wv,41 = Av, — Bv,_1 for neN.
It is well known that

{(a”—ﬂ”)/(a—ﬁ) if A#0,

and v, =a” + 0",

" n(A/2)n ! if A =0,
where
A = A? — 4B, a:% and ﬂ:#.

It follows that
2um+n = UmUn + UpUm, V2n = UpUn

and
Vo = vfl —2B" for neN.
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For z,y € Z, let (z,y) denote the greatest common divisor of = and
y. Lucas in [1] showed that if (A, B) = 1, then (um,un) = |t
for m,n € N. It is known that u, # 0 for all n € ZT except that
A’=B=1.

‘We set

) =1Tw. 07 =T1F. [l=]lws and @] =] Ay
k=1 k=1 k=1 =l

for n € N, and regard an empty product as value 1. For n, k € N with
[n] # 0, we define the Lucas u-nomial coefficient [ ] and Fibonomial

coefficient [Z]F as follows:

{Z] _ { [n]/([k][n = k]) ifn >k,

0 otherwise.
m " { )P /()7 [0 — k)F) it n >k,
¥ 0 otherwise.

Or, more generally,

g

mF _ { ) /(K] [ = k)Y it n >,

{ [n];/([Kljln — k];) ifn >k,

0 otherwise.

0 otherwise,

where {u;;/u;j}tien is also a Lucas sequence, i.e., {u;(vi, BY)}i>0. In
the case A = 2 and B = 1, [Z] coincides with the usual binomial
coefficient (Z) because u, = n. When A = ¢+ 1 and B = ¢ where
q € Z and |q| > 1, [Z] is exactly the Gaussian g-nomial coefficient
(Z)q because u; = (¢’ —1)/(¢—1) for j € N. For generalized binomial
coefficients formed from an arbitrary sequence of positive integers, see
[7].

Let d > 1 and g > 0 be integers with d | uq. If (A, B) =1 and d{ u
for k=1,...,q9—1, then for any n € N we have

d| ug <= d| (Un,uq) = [Uun,q| == q¢= (n,q) <= q|n,
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this property is usually called the regular divisibility of {u,}nen. If
(d,ug) = 1 for all 0 < k < ¢, then we write ¢ = d* and call d a
primitive divisor of u, while ¢ is called the rank of apparition of d.
When (A,B) =1, ¢ =d*, n € N and ¢ { n, we have

(d7 un) = ((du uq)7un) = (d7 (un7U‘Q)) = (d7u(n7Q)) =1

When p is an odd prime not dividing B, p* exists because p | U, (2
p
as is well known where (—) denotes the Legendre symbol.

Here are two well-known properties concerning binomial coefficients
1, 4):

(1) For any prime p > 3, we have

()= (5) warm

(2) (Lucas’s theorem). For a,b,s,t € N with s, < p, we have

(720)=(3) ()

In 1995, Kimball and Webb [3, 6] proved the following congruences
for generalized binomial coefficients:

] = (i) moar

ar]” al”
— ~(a=b)br 2
[br] =¢ [b} (mod p*),

W] =(5)7 () o

where 7 is the period of the Fibonacci sequence modulo an odd prime
p, T is the rank of apparition of p (that is, F,. is the first nonzero F;
divisible by p), and t = 7/r is an integer. In [9] it is shown that
t € {1,2,4}. The number ¢ is defined as follows: e = 1 if 7 =r;e = —1
if 7 =2r; and €2 = —1 (mod p?) if 7 = 47, in this case p=1 (mod 4).
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They [4] also proved that for any prime p > 3 and any a > b > 0, if
r=p=+1, then

) o r = (F1)leo [Zr (mod p°).

r

In 1998, Wilson [10] proved that for any prime p # 2,5, we have

ar F a F (a—b)b
_ a—b)br
|:b’f':| = |:b:| FrJrl (mOd p)a

and

F F
ar + s _(a S (br+t)(a—b)+b(s—t)
] =) 1] (o),

In 2001, Hu and Sun [2] proved the following result which extends
Lucas’s theorem as well as a result of Wilson:

Suppose that (A,B) =1 and A # +1 or B # 1. Then uy # 0 for
kecZt. LetqeZT,a,bs,teNand0<s,t<gq. Then

ag+s| _[(a S (bg+t)(a—b)+b(s—t)
1] (D) 1]

where w, is the largest divisor of u, relatively prime to uq,... ,uq—1.

In this paper, we study two congruences modulo p?, p? (where p > 3 is
prime) for Lucas u-nomial coefficients. The main results are as follows:

Theorem 1. Suppose that (A,B) =1, and A # +1 or B # 1. Let
p > 3 be a prime not dividing B. If the rank r of apparition of p is
2
p+1orp—1 (and hence r =p — (A;#)), then for any a,b € N we
have

o]

(_1)(a—b)b3(a_b)b(;) [(g} (mod p?).

T

Remark 1. In the case A = —B = 1, this yields the theorem of
Kimball and Webb [4]. Here, from the fact that if (A, B) =1, pt BA
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and u, (ay = 0 (mod p), then p | ug,_(ay),, < (%) = 1. We can
know p =3 (mod 4) for B = —1 andr:p:tl:p—(%).

Theorem 2. Suppose that (A,B) =1 and A # +1 or B # 1. Let
p > 3 be a prime not dividing B. If r is the rank of apparition of p,
then for any a,b,s,t € N and 0 < s, t <1, we have

(5)
t—s

(_1)t_s_1B ( 2 )u(a—b)ru;js
-1

{Z:ij] =< x uﬁi}b)(hl)*b(hs) [Z:} {ﬂ (mod p?) if s<t,
_ S, ar| [s

at+bs—2bt a,s 2 .
up 4Sb,tsa—b,s—t {br] [t] (mod p?) if s>t

where Sy =1 — (kBuy) /up1 35—y (wj—1/u;).
If pt A, then [ ] in (5) can be replaced by (v, /2)@=br (7).

Remark 2. In the above two theorems, p > 3 can’t be replaced by
p > 3 because there exist counterexamples for p = 3.

Example 1. For p=3 (in thiscase r =2). f A =2, B=1, a =2,
b=1, then

)= ()= (3) =6 ma sG] -

Obviously, 6 # —2 (mod 33).

Example 2. For p=3 (in thiscase r =2). f A=2, B=1,a=2,
b=1,s=2,t=1, then

ar+s| (6Y) at-+bs—2bt Sa,s ar s _
] = (5) =0 e e [ [1] -

Obviously, 20 # 36 (mod 32).
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2. Several lemmas and propositions.

Lemma 1 [2]. Suppose that (A,B) =1 and A # +£1 or B# 1. Then
up #0 fork € ZT.

Lemma 2 [5]. Let p > 3 be prime and r the rank of apparition of p.
Then

%= (mod p).
ug
Moreover, if m=p=+1, then

%= (mod p?).
1

e
Il
>

Corollary 1.
1

1/ Vr 2 +'Uru$mn Tz_:
2 2 tmr Vg U

k=1

=0 (mod p?).

§|d
> | =

Lemma 3. Let p > 3 be prime and r the rank of apparition of p.
Then

r—1 2 r—1

2y
E <v—k> =(r-1)A- E v (mod p?).
=1 \UE 1 WkUr—k

Proof. Clearly,

(wrvr—1)? + (Ur—k0k)? + 20V kU g V% = (UkVr—k + Uk 0g)°
— (20,2 =0 (mod p?);

> () X () (22)

k=1

therefore,
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-1
. (Vkur—i)? + (Vp—gug)?

Pt (upur—)?
r—1
_ —2Up Uy — U — Uk
2 (g 1)?
r—1 VL
= —22 horok (mod p?)
kzlukurfk

That is,

r—1 e\ 2 r—1 S ,
Z(-) ST Uk (nod p2),
k1 \Uk o WkUr—Fk

AS 2044 (r—k) = VEVr—k + AUy, We have

At UkVr—k _ 20, .
Uk Ur—k Uk Ur—k
So
_i:lvkvrk_rl<A_ 20, >—(r—1)A—T1 20,
=1 Uk Ur—k =1 Uk Ur—k =1 UkUr—k
and hence
r—1 Uk 2 r—1 %)
(-) =(r-DA-) (mod p?). O
= \ux Ul

Lemma 4. Let p > 3 be prime and r the rank of apparition of p.
Then

r—1 r—3
Hk 1 umTJrk = (Umr> —(r—=1) A u?, (Umr> (mod p?).
Hk 1uk 2 8 2

Proof. From the identity 2uqyp = uqavp + upv,, we can obtain
Qmrik = UmrVk + UkUmyr. As p | up and uy | Uy, we have p | Uy,
and hence

(6)

2r! H Utk = (V)" + 00 P 2 4 000202, 5) H uy,  (mod p®),
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where

Dividing both sides of (6) by 2"~ [],_

Hk: 1 'U/mr-i-k

Hk 1“k

r—1
= ( Ymr
(%)

(7)

L.-L. SHI

Vi Uk

2.

UUp
I<i<k<r—1 'k

1
1 Uk, we get

r—2
> Umr21

’Umr

2

1
2
r—3

1 vy
+Z( > ) u?,. Yo (mod p*).
Note that
r—lv 2
k
st= (X o)
=1 'k
r—1 v 2 Vi
Y (B) e ¥
k=1 \ 'k 1<ich<r—1 diUk
r—1 v 2
= (—k> + 25,
k=1 Nk
and thus
1 r—1 - 2
) m=g(2-3 (%) ).
=1 \Uk

1 r—1 v 2
) =i, S () mod )
2 Uk
k=1
From Lemma 2, Lemma 3 and (9), we have

2
mr

o

u

A
2 (T_l) mr+umrz

Ur

Uk Uy —
klkrk
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and hence
r—1
2 o,

(r— 1)ufnr + v, 2L
Uy =1 UpUpr—k

A
’u,zm,zg = — E

Since 3" _) w,/(ugu,—x) = ¥1 and

1035

(mod p*).

r—1 r—1 r—1
Uk | Ur—k Vg Ur g + UpVp_k 2u,
22 = e —|— —) = = s
we have
A 2
wl Sy = = 5 (= ud, +v, 258y (mod pt),
T
and thus
r—1 r—1 r—3
[t _ () ™8 (1)
[Tz e 2 § M\ 2
1/v T2 vpu?
+ 5( 7;7”) <umr + U;;’Z:)E1 (mod pg)
So it follows from Corollary 1 that
r—1 r—1 r—3
mnr mnr A mnr
Mics o _ (B ) oo 22, () (noa )
szl Uk 2 8 2
This ends the proof. a
Lemma 5. Let k € Z*, 2| r. Then
Ver = (=1)F2BF/2 (mod p?).
Proof. As
20k = V(k—1)rVr + AUR_1)p U,
we have
V(k—1)rVr
= *ZDr 7 hod p?).

Vir = 5
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From p | u,, p{ u,/2 and u, = u, /90,9, it is easy to obtain p | v, /s.
Therefore,

v, =02, —2B"/? = —2B"? (mod p?).

Thus, the desired result follows by induction on k.

Lemma 6. If r=p=+1, pt B and [n] #0 for n € N, then

r

[(m+ r— 1] _ (_1)mBm<2> (mod p?).

r—1 B

Proof. We deal with the two cases separately.

Case 1. r = p+ 1. In this case, from Lemma 4 we clearly have,

Hk 1umr+k — Umr p_éuQ Umr P2 — Umr b
M lwe \ 2 g ‘mr\ 79 P=1\"

((—1)’”B(m’”)/2 +p2q)p = (_1)mpB(mrp)/2

r

- (—1)mBm(2) (mod p®).

Case 2. r = p — 1. In this case, from Lemma 4 we have

{(m +1)r - 1] _ T vt

_ r—1
r—1 b Uk

p—2 p—4
_ | Umr A 2 Umr
= < 2 ) - g Uy ( ) > (p - 2)

1 /v p—4
- —( 50) (Wt i) (mod 7).

4\ 2

Since v2,,. + Au2,, = 2v2,. — 4B™" we have

1/ v, p—4 9 v p=2 v p—4
== Aul,) =2( == - Bpmr| - .
(2 ) (2, + 2u2,,) =2 :
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It follows from Lemma 5 that

v’;”" = (=1)™B"/2 L p2¢. for some ¢ € Z.

Thus,

v p=k
( r;r) _ ((_1)mB(mr)/2 +p2q)p7k
= (_1)m(p7k)B(mr(p7k))/2 + (p o k)p2q(_Br/2)m(pfk:+1)'

Note that, for r = p — 1, pt B, we have

B/? = (%) (mod p).

Therefore,
(_1)m(p—k)3(mr(p—k))/2_kp2q (mod p3) if (%) =—1,
p—k
(“;) ={ (—1)me—k) glmr(p=k)/2
(= (p—k—1) }.y2 3 i B) =
(—1)m kp?q (mod p?) 1f(p)—1.

In particular, if k is even, then we always have
v p=k
(ﬂ) = (_1)m(p—k)B(m7"(p—k))/2 —kp?q  (mod p?),

and hence

2(/1)mr>p2 o Bm’l‘ <Uﬂ>p4
2
2((_1)m(p—2)B(mr(p—2))/2 — 2p%q)
— B ((=1)mp=) glmr(e=4)/2 _ 45,2y
(_1)mp23(mT(p—2))/2 —dp*q— (_1)mpB(mT(p—2))/2 + 4p?qB™"
(_1)mpB(mr(p—2))/2 + 4p2q(er _ 1)

[\

(~1)mB™(2) (mod p?),
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where we use Fermat’s little theorem in the last step. This ends the
proof. mi

Proposition 1. Let m,n e N. If r=p=+ 1, then

nr+r—1 (T’) nr+r—1
H Umr+k = 1 H Uk mOd p3)

k=nr+1 k=nr+1

Proof. By Lemma 6, we have

nr4+r—1 r—1
H Umr+k = H u(m-{-n)r—i—k = ( )m+nB(m+n H Uk mOd p )

k=nr+1 k=1
and

nr+r—1 r r—1

H uy = H Unptk = "Bn(2) H ug (mod p?)

k=nr+1 k=1

So

HZT-Z:Ji Umr+k ( 1)m+nB m+n)( ) Hk 1 Uk
nr4+r—1

k= nr+1uk (— ) ( )Hk 1 Uk

r

= (—1)’”Bm(2) (mod p*),

i.e.,
nr+r—1 r nr+r—1
— 3
H Umr+k = ( H Uk mOd p )
k=nr+1 k=nr+1

Lemma 7. Let k,q € Z™. Then for any j € N we have

m—1
k —1 i m
Ukg+j = Z ( '>us+1(_Buq)zuj—i (mod ug")

2
=0

for m=1,2.
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Proof. By Lemma 2 of Sun [8],
LI o
Ukgj = ) <Z ) (—Bug)*™ gy
=0

Note that —Bug—1 = ugt1 — Aug € Z. Clearly, upqs; = ub, u;
(mod ug). For m =2,

k
k k—i i
Ukgtj = § (z (g1 — Aug)™ " ug ujyi
0

1=

— k k—1
= (g1 — Aug)" uj + k(ugyr — Aug)™  ugujqa

k k—1 k—1

= ugpq Uy — kAug Ly ug g+ kug g U
k k—1

= Ugyq U+ kug g ug(ujin — Auy)

_ K k—1 2
= Ugyq Uj — kBu, g uguj—1 (mod ug). o

Lemma 8. Let k,n € N, and

kBu Uj_

Sk,n - 1— r j—1
Ur41 1 Uj

Then
n n
(trg1u; —kBuy uj_1) =y 1Sk H u; (mod p?).
Jj=1 j=1
Proof. 1t is easy to obtain by simple calculation. i

3. Proofs of the theorems.

Proof of Theorem 1. From Lemma 1, we have u;, # 0 for k € ZT. By
Proposition 1, we have

|:a7”:| UgrUgr—1 " u(afb)'rJrl

br UprUbr—1 ** * U1
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(a—1)r4r— 1 (a—b)r+r—1
_ UarU(g—1)r """ U(a—bt+1)r Hk (a— 1)r+1 Hk (a— br+1 Uk
- UprU(h_ R (b— l)r—i—r 1
br(b—1)r r k=(b—1)r41 U 0 ) gt
b—1 nr4+r—1
_]a H H U’(a b)r+k:
b
T n=0k=nr+1

b—1 ,
‘;Lg<<—1><a—b>3<a—b><2>>

(a—b)b ( 2) a )
= (—1)le=¥bp {b] (mod p?).
This ends the proof. O

Proof of Theorem 2. From Lemma 1, we have u;, # 0 for all k € ZT.
If a < b, then ar + s < (a+ 1)r < br +t and hence [(Z::] =0= [br]
Below we only need to consider a > b > 0. Observe that

ar S
{ar + s} . Hj:(a—b)r—i—l U Hj:l Uar+j

b t
br+t HjT:1 U Hj:l Ubr+j
t—s—1 .
Hj:i U(g—b)r—j if s < t,
b1 .
HS U byrt s if s >t

Case 1. 0 < s <t < r. By Lemma 2, Lemma 7 and the fact
P | Ua—p)yr, We get

{ar—i—s} _ {ar] " H; 1 Up g1y tﬁlu Ju
= " U(a—b)r * Tl '
br+t br HJ qubquy "
t—s
_ [ar (a—b)(t—1)—b(t—s) [S][t=s—1] o _( 2 )
= {br] U(a b)r UT+1 4#] ( 1) B

t—s

(_1>tfsle ( 2 >u(a—b)rut_—13

-1
X Ufncfﬁb)(t_l)_b(t_s) {ar] [z] (mod p?).

br
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Case 2. 0 <t < s <r. By Lemma 2, Lemma 7, Lemma 8 and the
fact p | u,., we get

{ar + s] _ {ar} ) H;:1 uf_'j_ll(urﬂuj —aBu,u;_1)
br+1 br | Ty wiit (ursauy — bBuyu;q)

s—t
’ H uiiﬁia(u”ﬂ“j —(a— b)BUTUjA)_l
Jj=1

{W} at+bs—2bt H;:1(ur+1uj — aBu,u;_1)

br | Tt [T (uryru; — bBuyu;j_y)
s—1
: H(urJrluj —(a— b)BUrUj—l)_l (mod p?).
j=1

So from Lemma 5, we have

ar—s| _ | ar | at+bs—2bt | U 415a,5]5] oyt g1
br +1t by | T+l —u£+15b7t[t] [s—1] rt17a-bs—t

_ S, ar| | s
— ,at+bs—2bt _ ~a,s 2
= Uy S5t [br} L} (mod p?).

Moreover, if p{ A, then

F1=(5)76) e

This concludes the proof. a
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