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PERTURBATIONS IN THE SPEISER CLASS

ION COICULESCU AND BARTLOMIEJ SKORULSKI

ABSTRACT. In this paper we study perturbations of maps
from a family of expanding entire functions from the Speiser
class. Maps in this family, which we denoted by H, have
the form fq(z) = Z?:Oaje(j—k)z where 0 < k < n and

a = (ag,...,an) € C*1! is a parameter. Using a known
result of Eremenko and Lyubich about structural stability of
such maps, perturbation theory (Kato-Rellich theorem) and
research of Urbanski and Zdunik on perturbations in the ex-
ponential family, we shall prove that the Hausdorff dimension
of the set of points in the Julia set having nonescaping orbits
depends analytically on the parameter a € C*+1,

1. Introduction. The long-term study of dynamical systems
directed many authors work toward the investigation of the dynamics
of families of mappings. The most popular examples of families of
transcendental entire functions of finite singular type include the one-
parameter exponential family {ae*}, the one-parameter sine family
{asinz}, with a € C or the generalized 2-parameter cosine family
{ae* + be~*} with (a,b) € C2.

In this paper we continue our study of the dynamics of maps in the
family H introduced in [4] and defined as follows. Let n and k be
positive integers, let a = (ag, ... ,a,) € C"*! be a vector and let P,,
fa be functions defined by the formulas

P,(z) =anz" 4+ -+ a1z +ap € Clz],
Pa(ez) - j—k)z
falz) = =5 =3 agel 7%,

=0

Then
H:{fa:0<k<degPaand6a>O}
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764 1. COICULESCU AND B. SKORULSKI

where
r (1 .
0o = 5 Inin {5, dist (Jfa,Pfa)}

and Jy, is the Julia set of f,. Recall that by

P = U fu (Crit (fa)

n>0

we denote the post-critical set of f, € H where Crit (f,) = {z : f.(2)
=0} and

dist (Jy,, Py,) = inf{|z1 — 22| : 21 € Jy,, 220 € Py, }.

The family H is a subclass of the class Ent, the class of transcen-
dental entire functions. Moreover, every function f, from H has only
finitely many asymptotic and critical values which are sometimes called
singular values. In other words, for f € Ent, w € C is a singular value
if w is a singularity of f~!, which means that f : f~1(V) — V is not
a regular covering map for any neighborhood V' of w. Therefore, if w
is a nonsingular value of f, then there exists a neighborhood V of w
where every branch of f~! is well defined and is a conformal map of V.
This fact is used extensively throughout the paper. The set of singular
values we denote by Sing (f~1).

The set
S={f € Ent:Sing(f") is a finite set}

is usually called the class of finite singular type entire functions or,
following Eremenko and Lyubich, the Speiser class, and has been
studied repeatedly for many years; the reader is referred only to [10,
12, 14]. Functions belonging to S have the property that their Fatou
set contains no wandering domain and no Baker domain.

For any f € H C S, denote by B an open disk containing Sing (1),
and let B¢ be the complement of B in C. Then any component T of
f~1(B°®) is simply connected and its closure contains infinity. The map
f:T — B°€is a universal covering, and T is called an exponential tract.
If f satisfies some conditions, it was shown that the set of points whose
orbits remain in 7T is a Cantor bouquet, see [10].
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1.1. An additional assumption. In view of the structural stability
theorem of Eremenko and Lybich, we additionally assume that, if
fa € H and if z is a periodic point of f, of period m, then |(f™)'(2)| # 0.
For the sake of generality, we ask also the question about the possibility
of proving the main result of this paper without this extra condition. Of
course, such maps are not structurally stable, but what we actually need
is an existence of quasiconformal conjugacy on some e-neighborhood of
the Julia set of them to all maps with close parameter. Then changing
the proofs a bit we could obtain the main result of this paper, that is,
the Hausdorff dimension depends analytically on the parameter for any
member of “old” H.

Observe that the assumption 0 < k < deg P, implies that any map
fa € H does not have a finite asymptotic value since P,(z)/z* converges
to infinity when z approaches 0 or co. If this condition is not satisfied,
then one of the limits is finite and it would be a finite asymptotic value
of f,. Even in this case, the main result of this paper can be established
using the proofs from this article with minor changes provided that the
maps do not have super-attracting points.

1.2. The quotient space. Let b = (by,...,b,) € C*""L. Since
the map f, € H is periodic with period 27i, we consider its natural
action on the quotient space P = C/~ (the cylinder) where z1 ~ 25
if, and only if, 27 — z0 = 2kmi for some k € Z. If 7 : C — P is the
natural projection, then, since the map 7o f, : C — P is constant on
equivalence classes of relation ~, it induces a conformal map

F,: P — P
The cylinder P is endowed with Euclidean metric which will be denoted
in what follows by the symbol |w — z| for all z,w € P. The Julia set of
Fy, is defined to be
Jr, = ﬂ—(‘]fb)'
Observe that
Fb(JFb) = JFb = Fbil(JFb)'

1.3. Let b = (bg,...,b,) € C""1. Note that the derivative flfs)(z),
s >0, of a map f € H has the expression

2 () = Dby — R)el

n
Jj=0
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for z € C. Also observe that the derivative with respect to the
parameter b € C"*t1 of this function has the form

(91,7 /9bo) (2) (hyse s
o (£ /0b1)(2) (1= k)relt=h)
a7 s o) | T | G- ke
(0f,7/0ba)(z) ] Lln— k) e
Hence,
8f 2 n - ..
(1.1) a_bb (2)] =3 e2tbr
§=0
and
a ! 2 n ] .
(12) %(z) = (] _ k)2e2(3 k)Rez7
§=0
where || - || means the norm on C"*! defined by the formula
||(CO7 s 7cn)H =
for (co,...,c,) € CPHL.

1.4. Remark. Let b € H and t > 1. By f and F' we respectively
denote f, and Fj,. Then, for every z € Jp, the lower and upper
topological pressure is defined by the formulas

1 1
P,(t) =liminf — log Y [(F")'(2)|"" = liminf — log P.(n,1),

—Zz

n—oo N n—oo N
zeF—"(2)
_ 1 1
P.(t) = limsup — log > @F"Y (2)]7" = limsup — log P.(n,t),
n— 00 zeF*n(z) n—o00

where P.(n,t) = > cponiy [(F™) ()" Tt can be proved that
these do not depend on the choice of z € Jp and that P(t) =
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P(t) = P(t). Moreover, the function P(t) for ¢t > 1 is finite, convex,
continuous, strictly decreasing and lim P(t) = —oco ast — oco. For more
explanations we refer the reader to our paper [4].

As we already said we study the set J§, consisting of those points of
Jy, that do not escape to infinity under positive iterates of f;. If

Lo(fo) = {2 €C: lim f'(z) =00}, then Jj, = Jp\Lu(fi)
and if
1o (Fy) = {z eP: lim Fr(z) = oo}, then J5 = Jp, \Ioo(Fp).

n—oo
In [4] an important relation was proved between the pressure function
P(t) and the set J, called Bowen’s formula, i.e., HD (Jf, ) is the unique
zero of the function t — P(t) for t > 1.

1.5. Results. Using the methods of Thermodynamic Formalism
(for more information about TF and its connection with dynamics, we
refer the reader to [21, 27]) we are able to prove that the Hausdorff
dimension of the subset of the Julia set of such maps, consisting of the
points for which the forward orbit does not escape to infinity, i.e., the
set

J;a = Jfa\IOO(fa)a

where Io(f,) = {# € C : lim,_« f"(2) = oo}, depends real-
analytically on the parameter a € C™*1.

In order to do that we first study quasiconformal conjugacies in
the family H and then we introduce well defined Perron-Frobenius
operators associated with some special maps. The classical theorem of
Hartogs will help us to prove the main tool of this paper (Theorem 3.10)
which will allow us to prove Proposition 4.10 which shows that these
Perron-Frobenius operators can be embedded into a family of operators
which depend holomorphically on the parameter a chosen from a
designed open set G C C"*+1,

Finally, using perturbation theory (Kato-Rellich theorem) and our
results from [4] where we proved mainly that HD (Jf ) = h is the
unique zero of the pressure function t — P(t) for t > 1 and a € C"*1,
we get (Theorem 4.17) that the function a — HD(J}) is real-analytic.
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2. Quasiconformal conjugacies in the family H. In this section
we present some analytic and geometric properties of the family H. We
follow the analysis from [25], which in turn follows the more elaborated
descriptions from [12, 18]. As in [12] every f € H C S is viewed as an
element of a finite dimensional complex analytic manifold My ='H C S.
In the referred paper [12], various analytical and geometrical results are
proved on M.

Since the domain of all functions from H is the noncompact complex
plane, the most natural topology of H is the topology of uniform
convergence on the compact subset of C. Observe that this topology
is equivalent to the Euclidean topology on C"*! when we identify a
parameter a with the function f,. Therefore, throughout this paper
we sometimes write @ € H with the meaning that f, € H. Moreover,
whenever we say b is close to a we mean that f, is close to f, as well.
We also say b is sufficiently close to a whenever we need b to be chosen
from a small open neighborhood of a € C"*!, compare [12].

A sense-preserving homeomorphism f of a domain G is called quasi-
conformal if its maximal dilatation Q(G) > 1 is finite. If Q(G) < Q <
00, then f will be called Q—quasiconformal, see [17, p. 16]. Following
the terminology used in the conformal case, we also call a quasiconfor-
mal homeomorphism a quasiconformal mapping.

After this short introduction and the description of the topological
structure of H, we can formulate a lemma which follows from [12], see
also [18].

2.1 Lemma. For a € H, f, is structurally stable, i.e., if b is
sufficiently close to a, then there exists a conjugating quasiconformal
homeomorphism hy, : C — C such that

foohy=hyo fa.

Moreover, the map b hy(2) is holomorphic for every z € C and the
mapping (b,z) — hp(z) is continuous. The quasiconformal constant
converges to 1 as b approaches a.

This is the moment when we need our extra condition since, if f, has a
super-attracting periodic point, then f, is not structurally stable. This
property of stability of the family H stated in the previous lemma is a
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crucial fact. But we need to have some kind of control over the changes
resulting from the action of the quasiconformal homeomorphism in a
neighborhood of a. This is stated in Proposition 2.4. To obtain this
result we need to provide some information about quasiconformal maps
and give some properties of functions from H.

Let K, a > 0. We say that a map h : C — C is (K, «)-Holder
continuous if

|h(z1) — h(22)| < K|z1 — 22|*

for all z1, z9 € C such that |z; — 22| < 1.

But what we are really interested in is the distortion of Euclidean
distances under normalized K-quasiconformal maps, and we use the
classical theorems of Koebe and Mori. For the proof of Koebe’s
theorems, the reader can see [11] and for the proof of Mori’s theorem,
see, for example, [17, p. 66].

Next we formulate two lemmas about functions from the family H,
and we generalize a useful result from [4]. The first one follows from
1.3 and brings essential information for understanding the dynamics of
our maps. We also refer the reader to [4].

2.2. Lemma. For a € 'H there exist positive numbers My, Ms, Ms;
and r such that for all b € B(a,r) and for all z € C with |Re z| > Ms,
the following inequalities hold.

(1) MyelRezla(x) < 1f1(2)] < MyelRezla(z),
(ii) MyelRezla(z) < |£1(2)] < MyelRe#la(2)
(iii) MyelRe=19() < |af] /0b(z)| < MpelRezla(2),

where

k if Rez <0
q(z) = .
n—k if Rez>0.

Another important observation is that we can maintain the bounds
from Lemma 2.2 when we apply the quasiconformal homeomorphism
hy to the points of Jy,. Note the parts (iii) and (iv) follow from the
equalities (1.2) and (1.1).
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2.3. Lemma. For a € 'H there exists My, My, Ms and r such that
for all b € B(a,r) and for all z € C with |Rez| > Ms, the following
inequalities hold.

(i) MyelRe=19G) < | f!(hy(2))| < MaeRezla(2),
(11) Mle\ReZM(Z) < |fé/(hb(z )| < M26|Rez\q(z),
(ifi) MyelRe=19() < |af! /ab(hy(2))| < MyelRezla(2)
(IV) Mle\RcZkI(Z) < |8fb/8b(hb(2))‘ < ]\426\13{0z|q(z)7

where

—

k if Rez <0
q(z) = .
n—k if Rez>0.

Consequently, we can also generalize Proposition 2.2 from [4], and we
obtain that for a fixed parameter a € H, a map f € H is expanding on
its Julia set uniformly over a small neighborhood B(a,r) C H; more
precisely, for every a € H there exist ¢ > 0, v > 1, r > 0 such that, for
all b € B(a,r),

(2.1) (/5 ()] > ™
for every z € Jy,.

We state now the principal result of this section.

2.4. Proposition. Fiz a € H. For b sufficiently close to a, we can
choose hy : C — C, the quasiconformal conjugacy homeomorphism,
such that the following three properties hold.

(i) sup.cy, {l(dhs/db)(2)[} is bounded.
(ii) hy : C — C is(K(Q),1/Q)-Holder continuous, where @Q is
quasiconformal constant of hy, and K : [1,00) — (0,00) is increasing.

(iii) For every z € C we have hy(z + 27mi) = hy(2) + 2mwi. This shows
that hy is well defined on the cylinder P.

Proof. Part (i). Let fq, f» be as above. Also consider Jy,, Jy, and
hy : C — C with |a — b| < ¢ for a small € > 0. We need to show that
dhy(2)

db

sup
z€Jy, ,b€EB(a,e)
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By the conjugacy relation we have that hy o f,(2) = fp 0 hp(z) for every
z € C. Therefore, for every n > 0, we have that

(2.2) ho(fi(2)) = f§! (ho(2))-
Let the function f7 : C® x C — C be defined by the formula

F(b,2) = fi(2)

for 5 > 0, and let z € J¢, be a periodic point with period n > 1, i.e,
[ (z) = z. Then by (2.2) we obtain that

T"(b, he(2)) = hp(2)

for every b € B(a,¢). Differentiating the above relation with respect to
the variable b, we get

dhb dhb
Since periodic points from the Julia set are not parabolic, this implies
that
dhy D (b (2)
db 1 — Dofn(b, hy(2))

From this and (2.1) it follows that, if the period n of z is large enough,
then

Dy f"(b, hy(2)) + Daf" (b, hy(2)) -

dhb ()] < [D1f" (b, ()] o [D1f" (b ha(2))]
T D2 f (b, hy(2))] =1 7 (D2 (b, he(2))|

Let w denote hy(z). Then, using the equality f*(w) = fp(fi' ' (w))
(which is equivalent to f(b,w) = f(b, f{* ' (w))) we can estimate D;
in terms of Dy as follows. First write
Dy 7 (b,w) = Dy (£(b, (b, w)))

= Dif(b, f*"H(b,w)) + Do f (b, [~ (b,w)) - Dy f""H (b, w).

(2.3)

Therefore, repeating these computations for n,n—1,...,1,0 and using
the chain rule, we obtain

Dy f™ (b, w) = ZDQf’“ (b, /"7 *(0,w)) - Dif (b, S5 (w)).
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With O-notation, for w = hy(z), it looks like this:

Dy f™(b,hp(2)) = a—(b, w)

n—1
= S ) T (i w)),

Then
len(bv hb(z)) _ (8f"/8b)(b,w)
Do f™ (b, h( (f3) (w)
o @£/00)(f7 7 (w) - (FF) (i F ()
2 (f3) (w)
(0.u/0b) ("~ (w))
(fyF) (w)

@f/OW)(f~ " w)) 1
= T ) T ()

Next we would like to show that

(0/00)(fy " (w))

() (=" (w))
is uniformly (with respect to b) bounded from above. It is worth
reminding that i *~!(w) € Jy, and both functions (9f,/0b)(-) and
f1(+) are periodic with period 2mi. Therefore, it is enough to prove that
there exists a constant C' such that
@R/ _

() (2)]

for b sufficiently close to a and for z € Jy, N {z € C : Imz € [0, 27]}.
To do this we split the set J;, N{z € C:Imz € [0,27]} into two sets,

a compact one {z € Jy, : x € [-Mjz, M3] x [0,2x]} and its complement.
By (2.1)

[ On/h)@)
“= p{ @)

I
~
~

k
(2.4) \

[l
= O

(]

1T
I
—= O

(2.5)

:b € Bla,e), x € Jy,,

x € [-Ms, M3] x [0,271']} < oo
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for € small enough. Moreover, by Lemma 2.2 (i) and (iii),

(@/00))| _ Ma
AT

if |Rex| > Mj3. Therefore (2.5) is proved with C' = max{C’, My/M }.

To finish the proof of part (i) note that, by (2.1), we can assume that
¢ > 0 satisfies the condition

! 1 1
.Z I(f1) (w)] = c(1—(1/v))

j=0

for all n and b € B(a,e). Then, putting (2.3), (2.4) and (2.5) together,
we get

z€Per db
beB(a,e)

Hence, since Per = J;, and since b — hy(z) is analytic, part (i) follows.

Part (ii). Obviously we want to use Mori’s theorem and the result
obtained before. Point (i) shows, in particular, that for small € > 0,

(2.6) sup |z — hy(z)| < 1.

Then let € > 0 be small. Fix z € J;, and consider the open disk D(z, 1)
of radius 1 with center at x. Then Gy, = hy(B(z,1)) is an open simply
connected set for every b € B(a,e). Let Ry : D(0,1) — Gj be the
conformal representation (Riemann map) of Gy, such that R(0) = hy(z).
Then the map

gy = R, " ohy: D(x,1) — D(0,1)

is a Q-quasiconformal homeomorphism between two disks of radius 1.

Now let X, be a path in Jr, which joins « and infinity. The existence
of such a path is a consequence of the fact that all Fatou components

are simply connected, see e.g., [18, p. 90]. Let x¥ C X, N D(x,1) be
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an arc inside B(z,1) joining « with a point on the boundary 0B(x, 1),
call it w. Then hy(x¥) is an arc joining hy(z) and hy(w) € OGy.

Note that there exists z € D(0,1) with |z| = 1/2and y € D(z,1)NJF,
such that Ry(z) = hy(y) € Jg, (or equivalently g(y) = z). From (2.6),
for |a — b| < e, it follows that

[Ro(2) — Ry (0)] = |ho(y) — ho()]
< o (y) =yl + ly — 2| + |z — ho ()]
= [l (y) = ha ()| + |y — @[ + & — iy (2)]

oh
§2asup{’a—bb’ 1z € Jfa,beB(a,E)}—i-l
<241

It follows that R,(D(0,1/2)) does not contain the ball D(hy(x),2e+1)
since Rp(D(0,1/2)) does not contain any ball centered at hy(x) with
radius greater than |Rp(z) — hy(z)|. Then, using Koebe’s distortion
theorem, we get

(2.7) IR, (0)] < 4(2 +1).

Next, applying Mori’s Theorem to the quasiconformal mapping g,
and to points z1, 22 € D(z,1), we get

lgs(21) — gp(22)] < 16|21 — 22|/<.

If additionally 21,22 € B(x,1/(32)%), then, using Koebe’s theorem
with K = K(1/2) for the function R; together with (2.7), we get

|hp(21) — ho(z2)| = [Ro(gn(21) — Ru(gn(22))]
< KIR'(0)]|gs(w) — gu(2)| < 4K (22 + 1)|w — 2|/ <.

From the above computations it follows that hy is (4K (2 + 1),1/
Q)-Hélder continuous on 1/(32)?-neighborhood of J;,. But note that
there exists 7, such that the /(32)?-neighborhood of J;, contains the
whole plane C. Therefore, considering the map g; (z) = g»(rz) instead
of g, (we have to increase the domain of g, to D(z, 7)), we can repeat
the computations to prove that h; is (K(Q),1/Q)-Hélder continuous
on C for some K(Q).
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Part (iii). Consider the map b — k,(b) = hp(z + 27i) — hp(2) € C.
Since b — hy(z) is continuous, the map k. is continuous as well. If
b € B(a,¢) for some small £, then as before we get from the conjugacy
relation that

(2.8)  folho(z + 2m0)) = hyo(fo(2 + 270)) = hyp(fo(2)) = fo(ho(2))-

Then, for every b € B(a, ¢), the set of possible values of k, is a discrete
subset of C (in particular has a finite intersection with the stripe
{z€ C:Imz €[0,2m)}). If hy(z+ 2mi) and hy(2) are regular points of
/b, then, for ¢ sufficiently close to b, h.(z + 27i) and h.(z) are regular
points of f. and, if k. (b) # 2w, then k,(c) # 2mi, and, if k,(b) = 2mi,
then k,(c) = 2mi. Since k,(a) = 2mi for z € C and since the set of
critical points of f, is discrete, k, is the constant function 27i. This
finishes the proof. O

3. The main tool. In this section we fix a € ‘H and we denote f,
F, and ¢, respectively by f, F and ¢. Let CB (Jp,C) be the Banach
space of all bounded continuous functions g : Jp — C with the norm
[| - llo- For a € (0,1] and for g € CB (Jp, C) we denote by v,(g) the
a-variation of the function g which is

inf{L >0:VY, yesp |z -yl <0 = |g9(z) —g(y)| < Llz —y|*}.

Let
19la = va(g) + llglloo,
and define
Ho = Ho(Jr) = {9 € CB(Jr,C) : [[glla < o0}
Then the set H, with the norm || - || is a Banach space and H, is a

dense subset of CB (JF, C).

3.1. Observe that it follows immediately from [4, Proposition 2.2]
L > 0and 0 < B < 1 exist such that, for every n > 0, every v € Jp
and every z € B(F"(v), )

(3.1) [(F, ™) ()] < Lg™,

where F ™ is a branch of F~" such that F, " (F"(v)) = v.
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3.2. We say a continuous function ¢ : Jp — C is dynamically Hélder
with an exponent a > 0 if there exists c4 > 0 such that

|60 (F" (1) — on(Fy " (2))] < colon (Fy " (2))lly — o[
for all n > 1, all z,y € Jp with |z —y| < J and all v € F~"(x), where

(3.2) $n(2) = G(2)$(F(2)) - S(F"7(2)).
We say that a continuous function ¢ : Jp — C is summable if
swp {0 oo Rl <o
2€Ir L per—1(z)
Next define
H, ={¢:Jrp — C: ¢ is a Holder continuous summable function}.

If the function ¢ € H, then the formula

Lyg(z)= Y ¢z)g()

zeF~1(z)

defines a bounded operator L4 : CB (Jr, C) — CB (Jp, C) called the
Perron-Frobenius operator associated with the function ¢.

Observe now that (see [25, Lemma 4.1]) if we let ¢ : Jp — C be a
summable dynamically Holder function with an exponent o > 0, then

L¢(Ha) C H,
and then, if ¢(Jr) C [0,00) and sup,, >, {[|£%(1)[|ec} < 00, there exists

a constant ¢; > 0 such that

n 1
(3.3) 1£59lla < 5llglla + crllglloo

for all n large enough and for every g € H,,.

3.3. We say (see also [25]) that a summable dynamically Holder
potential ¢ : Jp — (0,00) satisfies the Q-condition if

Qo = Slili{IIEZ(l)lloo} < o0,
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and we say that ¢ is rapidly decreasing if
lim L(1)(z)=0.

|Re z|—o0
As in [25, Lemma 4.2] we also observe that if we let ¢ : Jp — (0, 00) be
a rapidly decreasing summable dynamically Holder potential satisfying
the @—condition and, if B is a bounded subset of (Hg,|| - ||o), then
L4(B) is a pre-compact subset of the space (CB (Jr, C), || - |]oo)-

Combining all the above results we observe that the assumptions
of Tonescu-Tulcea and Marinescu’s ergodic theorem [15, Theorem 1.5]
are satisfied for Banach spaces H, and for the bounded operator
Ly : CB — CB. All this shows the following theorem, see [25,
Theorem 4.3].

3.4. Theorem. If ¢ : Jp — (0,00) is a rapidly decreasing summable
dynamically Hélder potential satisfying the Q-condition, then there exist
p € N numbers v1,...,7v € S1 = {z € C : |z| = 1}, finitely
dimensional bounded operators Q1,... ,Q, : Hy — H, and an operator
S : H, — H, such that, for alln > 1,

p
=D Qi+ 5",

i=1

Q7 =Qi, QicQ;=0, (i=j), QioS=80Q;=0

and

15"l < CE™
for some constant C' > 0 and some constant & € (0,1). In particular all
numbers 1, ... ,7vp are isolated eigenvalues of the operator Ly : Hy —

H,, and this operator is quasicompact.

3.5. Lemma. (i) The function ¢1(z) = —tlog|F.(2)| is 1-Hélder
(Lipshitz).

(i) The function ¢a(2) = |FL(2)|~t is 1-Hélder.

Proof. Observe that ¢o(2) = e?(*). To prove (i) we use Koebe’s
distortion theorem. Let |z — w| < ¢ and |z — w| = n2J. Then
(I—n?® _ [FG)I| _ 0+
(L+n)? — [Fp(w)] — (1 -n)?
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Therefore

|Fa(2)]

|F (w)]

< [t|(31log(1 +n) — 3log(1 — 1))

— tlog |Fy(2)] + tlog | Fy(w)|| = [¢] - |log

9
< [t o |2 — wl

since, for n € (0,1/2), log(14+n) < n and log(1 —n) < 2n. This finishes
the proof of part (i).

To get (ii), first observe that if Ret > 0

< 1
— ARet’
a

1F2()

where
(3.4) A, = min(1/2,inf{|f,(2)| : dist (z, Crit (fa)) > 0}).

Second, note that there exists M; > 0 such that, if |z| < 2|¢|log(1/A,),
then
le® — 1| < My|z|.

Therefore
[[Fa(2)7" = |Fa(w)| 7] = et o8 IFe — emtloxlFalull
— ‘e*tlog\Fé(w)H . ‘e*tloglFé(Z)lth log | Fy (w)| _ q
1 9
S W t % |Z — U)‘ [}

3.6. Let ¢ := ¢ be the function from the previous lemma. Since

Log(z)= D |F'(2)"g(2),

z€F~1(2)
the operator £ from [4] can be defined by the formula

ﬁt = a;1£¢t,
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where a; = e and P(t) is the topological pressure from Remark 1.4.
Moreover, in [4] (see also [25]) it was proved that, for ¢ > 1, there
exists a unique (a,t)-conformal measure and o = «;. Moreover, the
measure is a fixed point of the operator EA;‘ dual to Et. Next we shall
prove more properties of the operator Et =aq; 1/.3@.

3.7. Lemma. If Ret > 1, then ¢3(2) = e PWe(2) =
e POF,) (2)|7 is a rapidly decreasing summable dynamically Hélder
function satisfying the Q-condition. Therefore the operator Lg4, = Et
satisfies Theorem 3.4.

Proof. Since |[(F!)'(2)| = [Fy(2)| - [Fi (Fa(2))| - |Fo (F~*(2))], then
¢n(2) for the potential |(F,) (2)|~¢ is equal to |(F™)(z)|~¢. Therefore,

On(Fy " () = (B (B )™ = [, )]

Using the same argument as in the proof of Lemma 3.5, we have that

—n —n 9
(3.5) | = tlog |(£,")'(x)] + tlog |(F,) (w)l] < [t] 55 |y — =l.
Then
I(E™) (@) = 1(F™) W)

— |et10g\(FJ")/(y)\‘ . |et10g|(FJ")'($)|—t10g\(FJ")/(.U)l —1]

< |(E7™) () Myl — y|
for some constant M]. Observe that, from the estimation above and
Proposition 3.1 from [4], it follows that ¢5(z) is a rapidly decreasing

summable dynamically Holder function satisfying the (@Q-condition.
O

_3.8. Corollary. If t > 1, then 1 is an isolated simple eigenvalue of
L, : Hy — H, and the eigenspace of the eigenvalue 1 is generated by
the nowhere vanishing function i, € H,, such that

/wtdmtzl
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and
lim  ¢y(2) = 0.

|Re z|]—00

Moreover, if t > 1, then the measure p = puy = Wymy is F-invariant,
ergodic and equivalent to my. In particular, u(Jp) = 1.

Proof. We have first that
I£F(1)]la < Ch

for some C; > 0 and every n > 0. Therefore

CONN kilfm) - H@(%gfm)

<Cy
«

[e3

for every n > 1. Then it follows from subsection 3.3 that there exists a
strictly increasing sequence of positive integers {n;},;>1 such that the

Sequence
1 < .
{—Zﬁf(l)}
j>1

s
7 k=1

converges in CB (Jr, C) to a function ¢ : Jr — R. Then, since by
(3.6) ||9)¢]|a < C4, we get that i, € H,. Moreover, by [4, Proposition
7.1], my is a fixed point of the dual operator L£;. Therefore, for every
J=0,

/E{(l)dmt =1,
and consequently
1 n—1 .
j=0
Applying Lebesgue’s dominated convergence theorem together with the

fact that the function ¢ from the previous lemma has the Q-property,
we obtain the equality
/¢t dmt =1.
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Moreover, it follows then from [4, Proposition 7.1] that ¢, > 0
throughout Jp. Since ¢, = L4y and since L414(2) < L11(2)o0l|¥t]| 00
and
li L:1(z) =0,
|Re ,lzr|Ii>oo ¢ (Z)
it follows that
li =0.
e Vi (2)
The fact that 1 is an isolated eigenvalue of Et follows from Theorem 3.3.
The last statement of the corollary follows from above and [4, Propo-
sition 4.1].
Therefore, it remains to prove that the isolated eigenvalue 1 is simple,
i.e., the eigenspace of 1 is one-dimensional. Let ¢ = g1 + ig2 € H,,
where g1, g2 € H, are real-valued be such that

Li(g) =g

Since R N N
g1 +iga = g = Li(g1 +ig2) = Li(g1) +iLs(g2),

Li(g) = a1

for [ = 1,2. We shall prove that both g; are equal to A3y for some
A1 € R. So let us assume that g; # Ay for all A € R. Since

b1 9
B gelloo”
1 Sk gi 1 & Sk gi
0< — E(l— ):— ey - 2
”j,; ' gl loo "j; ' [glloo

Therefore, the function

Wt (g/llgllse)
T~ (a/llalloc) dm

is a well-defined nonzero nonnegative function which is a fixed point of

Lt and
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But this gives us that h = 1, since we know that m; is ergodic. Then
the required contradiction follows. u]

3.9. Next we observe that, following [25], if we let G be a domain
in C and {®, : Jr, — C}peg be a family of continuous summable
functions such that, for every z € Jp, the function G 3 b — Pp(2) € C
is holomorphic and such that the map G 3 b — Lg, € L(H,) is

(3.7) b— Lo, € L(H,)

is holomorphic on G.

This important remark on the analyticity of the Perron-Frobenius
operators allows us to formulate the next theorem. For a proof, the
reader can consult [25]. We only mention that the extension from
the one-dimensional case to the multi-dimensional case (what we really
need, since our parameter space is the n+ 1-dimensional complex space
C"*1) is possible due to the well-known Hartogs’ theorem.

3.10. Theorem (The main tool). Suppose that G is an open
connected subset of C", n > 1, and @ : Jp, — C, b € G, is a family
of mappings such that

(i) for every be G, &, € H,

(ii) for every b € G, ¥y is dynamically Hélder,
(i) G 3 b— @, € H, 1is continuous,

(iv) family {cs, }vec is bounded,

(v) the function b — ®p(z) € C, b € G is holomorphic for every
FAS JFa>

(vi) for every d € G there exists r > 0 and there exists ¢ € G such
that

o

Then the function b — Lg, € L(H,), b € G, is holomorphic.

:beB(d,r),zeC} < 00.

4. The main result. In this section we prove the main result of
this paper. For a parameter b € C"*! and a map f = f; € H, we show
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that the function b — HD (J},) is real-analytic. This ultimate goal is
established in Theorem 4.17. But first we need to prove that, for ¢ > 1,
the function a +— P,(t) is continuous on H. To obtain this we need the
following lemma. We separate it because we shall use it one more time
later.

4.1. Lemma. For every a € H and for every ¢ > 1, there exists
r > 0 such that, for b € B(a,r) and for z € Jy,,

fo(ho(2))
fa(2)

—1'<6.

Proof. First note that

(4.1)
fiha(2) 1‘ i) = £2(2)
fi(2) e
(=) — L) | | (=) = 12(2)
= 02) ‘* B

Next we split the proof into two cases.

Case 1. Assume that |Re z| < M5+ 1, where M3 is the constant from
Lemmas 2.2 and 2.3. Observe that there exists M5 < oo such that

sup { Z(] — k)2e2U—RRez . Rez| < My + 2} < M2
j=0
If b is close to a, then |Re hy(2)] < M3 + 2. Therefore, by (1.2), we get

fé(hb(Z)J)cé—(zJ)‘;(hb(Z)) ‘ L. { H%_J; (2)

5 :a—b<r}b—a

M,
6—;|b—a|.

IN

Observe also that there exists Mg < oo such that

sup{|f'(2)| : Rez| < M3 + 2} < M.
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Then
fa(ho(2)) — fa(z)
fa(2)

da
Since, by Proposition 2.4, |(9 hb/é‘b)( )| is bounded in a small neigh-
borhood of a, we have that (4.1) can be as small as we want.

Mg

|hp(2) — 2] <

Case 2. Assume that |Rez| > M5 + 1. Then, similarly to Case 1 but
using Lemma 2.3 instead of estimations by M5, Mg and §,, we get

' (h — fh(h M.
fb( b(z))/ fa( b('z))‘ §—2|b—a|,

fa(z) M,
and

h - f! M. 8h

a( b(z,)) fa(z) S 2 b ‘ |b— a|
fa(2)

Therefore, again, if b is close to a, then (4.1) can be as small as we
want for b sufficiently close to a. u]

4.2. Lemma. For all t > 1 the function a — P,(t), a € H, is
continuous.

Proof. Fix a € H and, for this a, » > 0 from Lemma 4.1. Next,
take any z € Jg, and n > 1 and # € F,"(z). First note that, by
Proposition 2.4 (iii), hy, which conjugates f, and f,, conjugates also
Fy and F,,. Moreover, we have hy(F,"(z)) = F, "(z) and for every
i€{0,1,...,n} and every x € F;"(z) we have hyo fi(z) = fohy(x).

Now we can write
[(F) (ho ()] (") (Mo ()] H | fo (i (ho(2)))]
|(F3)' ()] |(fa) ()] |fa (fa())]
|fb (ho(fa(2)))]
- H [fo(fa(@)l
Hence, by Lemma 4.1, for every v > 1, there exists 0 < r; < r such

that
LY Onta)l

S T Ery @)




PERTURBATIONS IN THE SPEISER CLASS 785

Since hy : F;™(2) — F, "(hy(2)) is a bijection, we obtain
1 - Zmer*“(hb(z)) |(F5) (@)~
v D ver iz (FY) (@)

Hence, taking the logarithm and dividing the last inequality by n, we
get

tn

<7

—tlogy < Py(t) — P,(t) < tlog~y
for all b € B(a,r1) and we are done. o
4.3. Let a € H. Let 71 > 0 be such a real number that, for every

b € B(a,r1), there exists a quasiconformal map h; conjugating f, and
fv, and let

(4.2) aza(rl):inf{% :bEB(a,rl)} > 0.

The existence of such an r; follows from Lemma 2.1 and Proposition 2.4.
Therefore, for b € B(a,r1) and ¢ > 1, we can define a function
¢¢y(b,t) : Jp, — R by the formula

¢z(b’ t) = |Fl;(hb(z))‘_t

4.4. Lemma. If Ret > 1, then the functions
¢a(2) = —tlog |[Fy(hy(2))| and . (b, 1) = |Fy(ho(2))| ™"

are a-Hélder, where « is the constant from (4.2).

Proof. Since, by Proposition 2.4 (ii), we know that hy, is (K(Q), (1/Q))-
Holder, the lemma follows from Lemma 3.5. O

4.5. Then by Eg)t we denote the Perron-Frobenius operator associ-
ated with ¢, (b,t) = |F/(hs(2))| 7", ie.,

Lo.9(z)= Y (b t)g(x)

z€F; 1 (2)

for g € CB (JF, C).
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4.6. Embedding of C"*! into C?"*3. We would like to apply
Theorem 3.10, but the direct extension of ¢, onto an open subset of
C"*! x C is not a holomorphic function of b and ¢t. For this reason we
shall embed C™*! into C2"*3 in some special way described below and
then extend ¢, .

Let b = (bo, b1, ... ,b,) € C"1. Write bj = b} +ib? for j = 0,1,... ,n
where 4 is the imaginary unit. Then e; : C"T! — C2"*2 is the
embedding defined by the following formula

el(b) = (bé,b%,bi,b%,. .- ,bi,bi),

and e : C"" x R — C?"*3 is the embedding defined as e(b,t) =
el(b),t).

4.7. Sketch of the extension. We shall extend the function

¢.oe ! :e(B(a,r) x (1,00)) = R,
where e~ ! is the left inverse of e and r; > 0 is the constant from
subsection 4.3. We cannot do this directly. But observe that

¢=(b,t) = [Fy(ho(2))| ™" = exp {—t (log [ (b)| + log | F(2)])} ,

where
_ Fp(hwe(2))

Then, if we have defined Log (a branch of exp~!) on some neighborhood
of ¥, (a), then

Re Log ¢z (b) = log [ (b)].
Therefore, if we can extend holomorphically Re Log 1), oef1 (where e’

is the left inverse of e;), we are done. However, since by Lemma 4.1
there exists ro > 0 such that, for b € B(a,r2) and for z € Jg,,

1

(43) v -1l < 5,

the holomorphic function

Log, : B(a,ry) — C
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is well defined, where Log is that branch of exp~! which satisfies the
condition Log1 = 0.

Before we start with the extension of ReLog, o el_l7 note that by
(4.3) there exists M7 < oo such that

(4.4) [Log ¢.(b)| < M7

for all b € B(a,r2) and z € Jp,.

4.8. Extension of ReLogiy, o el_l. The function Log,
Bgn+i(a,r3) — C is analytic. Then

(45) Logw.(b) = > cigin(2)(ag—bo)" ..., (an—bn)".
(405--+ yin)ENTHL
From Cauchy’s estimates and (4.4), it follows that
My

(4.6) |Ci0,..<,in (Z)| < Tot...+in
T2

Recall that b; = b; + ib?, a; = a} + ia? where j =0,... ,n and i is the
imaginary unit. Note that

el(b) = (b(l)vb(%vb%vbi b, b2)

»YnsrYn

Since (4.5) can be written as

S i an(2) [[ (0} — b)) +i(a3 = b2))",

(30 5-+- yin ) ENNFL j=0
we have

(4.7) ReLog, oey (V)
2n+1

= > G ianis (2) T (a1 = 0",

(ko,... skony1)€EN2n+1 1=0
where

(48) c;m,... JKon41 (2) =Re (CkoJrkl,m Jkon+kant1 (z)ik1+k3+m+k2n+l)

(Fo+ky\ (k2 + ks kopn + kont1
ko ko o kon ’



788 1. COICULESCU AND B. SKORULSKI

and a' = (aév"' 7al2n+1) = 61(0,), v o= (bé)a'~'abl2n+1) = el(b)'
Moreover,

|C;co,... JKont1 (Z)| < |Ck0+k17-~ ykon+kant1 (Z)‘2k0+kl+...+k2n+l

(49) 2 ko+ki+-+kont1
()
T2
Next, let a’ be as before, i.e., a’ = (a(, ... ,ab,,1) = e1(a), and let
b e Dczn+2 (a/,’l"g) = {b/ = ( 6, ey I2n+1) c C2n+2 .

max |a; — b <r3},
1=0,... 2n+1

where r3 = ro/4. Then

2n+1 1 ko+ki4-+kant1
(410)  [ehy o () TT 61— 00" < (3)
=0

Hence Re Log ), oef1 can be holomorphically extended to the functions
U, : Dgzntz2(e1(a), r3) — C defined by the

2n+1
(411) 0. (b) = > o o (2) T (ar = 8D
(koyeer skony1)EN2nHL =0
Note that
(4.12)
1 kot+ki+-+kani2
W) < My Z <_) < M,22n+2

(ko,--. skany1)EN2n+2

for b € Dc2n+2 (61((1)7 T3)'

4.9. Conclusion of the process. Finally we have the extension of
¢,o0e t:e(B(a,r1) x (1,00)) — R. This is the function

P, : Dczn+2 (el(a),r3) X Bc(to,p) — C
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(where p = tg — 1) defined by the formula

(4.13) O, (1, 1) = exp{— t(T. (V') + log |F.(2)])}.

4.10. Proposition. Fiz a € H and tqg > 1. Then there exist r4 and
o such that, for

(b',t) € G3 = Dgzni2(e1(a), r4) X B(to, 0),

the Perron-Frobenius operator ,C@(b,i) for the function

D ) (2) = (V' 1),

is well defined. Moreover, let L be the function G3 — L(H,), where
a = a(ry) comes from (4.2), defined by the formula

E((b/v t)) = Eq)(b"t)'

Then L is holomorphic.

Proof. To prove the proposition it is enough to check the conditions
from Theorem 3.10.

Condition (v). This is satisfied from the construction (4.6)—(4.8).

Condition (i). First, we prove that the function @ 4 (2) is summable.
From (4.12) it follows that

|1 1 (2)] = exp{Re (— 0, (1))} Fi(2)| Ret < M2 | FL ()|~ Ret,

Since in Lemma 3.7 we proved that the function ¢o(2) = |F/(z)|~Ret

is summable, it follows that @ ;) is summable.

Next, we shall prove that the function ® ;) is Holder. First we
shall show that for the function z — W, (b'). To do this we start
with b € B(a,r2). Using the proof of Lemma 3.5 (i) and Proposition
(2.4) (ii), we can get that

[P, (e1(b))—Ty(e1(b))] = |[ReLog . (b) —Re Log 1)y, (b)| < Migo|z —w|®
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for some constant Migg. Next we prove that the extension is Holder by
showing that the coeflicients of the extension are Holder. To get this
we have to take a look at the function Log1(.). From estimation of the
arg in Koebe’s theorem, we can find a constant Mg such that

R R 1 B I 115 ) I I A
|arg 1. (b) — arg 1w ()] ‘ g¢w(b)‘< gFé(hb(w))’Jr‘ & Fr(w)
< g5 | =0l + 55 1ha(2) = y(w)

S M101|Z — ’LU|O(.
Therefore,

|L0g U)z (b) - LOg @Z}w (b)|
< |ReLog . (b) — ReLog 1, (b)| + | arg b, (b) — arg 1, (b)|
<

(Moo + Mio1)|z — w|®.
Then, by (4.5) and Cauchy’s estimation,

Mioo + Mio1

|Cigyen. yin (2) = Cig..in (W) < W‘ —w|*.
2

Hence, by (4.8),

(4']‘4) |C;€0,... ,kgﬂ,+1 (Z) - C;C(),... ,kgn_'_l (w)|
9 )ko+"'+7€2n+1

< (Moo + Mio1) (r_
2

|z — wl|®.

Then, for b e Dg2n+2 (a/,Tg), r3 = ’1“2/47
[W.(b') = W (b)] < (Moo + M101)2°" 2|2 — w]®.

Next, as in the proof of Lemma 3.5 (ii), observe that Mg exists such
that, if
1
ol < (0 + Ma)22" 4 210 5 )

then
le® — 1| < My|z|.
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Therefore

(4.15) [ @, (V1) — Dy (', 1)
< |e—t(‘1fz(b’)+10g|Fé(Z)|)‘

9
(0] (s + M) 2~ wf* + 22—
a
< Mu(t) - |z —wl®

for come constant M.

Conditions (ii) and (iv). Now we check conditions (ii) and (iv), i.e.,
we show that @, is dynamically Hélder, with exponent «, for (b,t) in
some neighborhood G' € C?"*3 of (e1(a), o) and with constants cg,
uniformly bounded (in G). Denote

p(2) = —t(V.(b) + log | Fy(2)])
and

P(z) = @,(b,1) = e#*)

where (b,t) € G = Dgzn+2(a,r3) X B(tg, 0) for some ¢y with Rety > 1
and p = top — 1. Then we need to show that, for every n > 1, every
x,y € Jp, such that | —y| <4, every v € F~"(x) and

n—1
6u(F; () = [] 6 (B () = eZica #7570

k=0
we have
|on (F" (y) — on (B (@))] < colon (£ (2))[ly — =

where c4 is uniformly bounded in G.

By (3.5) and (4.15) we get that

(4.16) |p(2) — p(w)
< ([tol + p)(|¥-(b) = Wy (b)| + |log | F, (2)| — log |F; (w)]])

9
< (ltol + p) ((M23 + M54)22" 2|z — wl|* + % |z — w|)
< Mis(to + p)lz — w|*
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for all z,w € Jp, such that |z — w| < ¢ and some constant M;5. Then
it follows from (3.1) that

S G(FHE ) - 3 sa(F’%FU”(w)))}
k=0 k=0
n—1
< Mg 3 |[FH(ET(2)) — FH(F ()]
k=0

< Mizlz — w|®

for some constants Mg and My3. Therefore putting

Z_

e
M4 = sup {

1
‘:|Z|SM13} < 00,

we get
(4.17) |¢n(F, ™) (2) = ¢u(F, " (w)] < MizMuslen (Fy"(2))] |2 — w]™

Consequently, the functions ¢ are dynamically Holder and we can see
that the constants ¢y are uniformly bounded. So the assumptions (ii)
and (iv) of the Main Tool are verified.

Condition (iii). Now let G = Dgen+2(e1(a),r4) x B(to,p) C C?"+3
where r4 = ro/16. We have to show that

G > (bt)— ®,(b,t) € Ho(JF,)
is a continuous function. Since
O.(b,t) = e "O|F] (2) 7,

we can do this by proving that the following two functions are contin-
uous in each of the variables b and t,

(b, t) — e—t‘l’z(b)7

(b,1) — |Fo(2)]

because both these functions are in H,, which is a Banach algebra.
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The function (b,t) — e *¥=() is continuous in the variable ¢ as a
function R — H, where b is fixed since ||tg]|o = |t|||9]]a, and then

= t19 () (0) + t2¥ () (D)o = [t1 — t2[ [[¥ () (D)|la < Mios|ts — t2

for some constant Mg3. For continuity with respect with the variable
b, we recall that

1 (0) = Ty (Ol = va(¥)(b) = y(e) + [[¥() - (b) = ¥y (c)lleo
where b = (bg, ... ,bant1), ¢ = (co, ... ,bany1). Then, by (4.14), we get
(418) |(\Ilw(b) - \Ilw(c)) - (\Ilz(b) - \I]z(c)”

> (o o (W) = Chy 1 (2))
ko, skont1
2n-+1 2n+1
(Lo~ T - )|

=0 =0

kot +kant1
< Z (M100+M101)<—> |z —w|®
T2
ko, ykont1
2n+1 2n+1
IT &= ap™ = T (e = ap™|.
1=0 1=0
where a' = (ag, ... ,a5,,,) =ei(a). But
2n+1 2n+1
IT (e —ap™ =TT (cr —ap)
=0 =0
2n-+1
=D (bo—ap)* - (b1 —aj_)= (b — ap)™ = (e — ap)™)
1=0

(ciin = afy0) 50 - (cann — )01

Then, since

ki—1

(b —ap) = (e —ap)* = (b = a))? (b — ) (e — ap)™ 72,
j=0
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2n+1 2n+1

IT & —=ap¥ = T (e —ap)®
=0 =0
kot +kant1
16 T2 © +
< (k oot ko — (= b— (.
< ot ot hann) 10 12) -

Therefore, by (4.18),

|(\ij(b) - \ij(c)) - (\I/z(b) - \I/z(c)”
< 16 (Migo + Mio1)|b — | - |2 — w|*

> (5

kose.-skon41

kot +kant1
) (ko + - + kant1),

So, this shows that
va(Re Log ¢;(b) — ReLog.(c)) < Mys[b — c|
for some constant M > 0. Similarly,
192 (b) = V= (¢)[|o0 < Migla — b|
for some Mg > 0. Therefore,
W2 (b) = ¥2(c)|[a < (Mia+ Mis)|a — 1],

and the continuity is proven because using the same arguments which
led to (4.17), we can get

Heftxpm(b) _ eft\ll(.)(c)Ha < Heftxll(.)(b)th\I/(,)(c) _ 1||a‘|67t‘y(')(c)”a
< My7|b— |
for some constant M.
To prove the continuity of
(b,t) — [Fo(2)] ™" € Ha,

we first observe that continuity in the variable b is clear simply because
the function is constant as a function of b. To get the continuity in the
variable ¢, we can for example proceed like before i.e., writing

|F!(2)|" = e~ tlos |Fa(2)]
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and first estimating

|| = t1log |F.(-)| + t2log | F. ()| |a-

Condition (vi). Let (d,tq) € Boezn+s((e1(a),to), min{rs/4, p}). Let
be such a real number that

Begznts((d, tq),27) C Been+s((e1(a), to), min{rs/4, p}),

and let ¢. be an arbitrary point from the interval (1, Re (¢, —y)). Now,
let (b,tp) € Bozn+s((d,tq),7). Then, by (4.12) we get that

|etc(‘llz(el(a))f\112(b))| < 6t522n+3M7’

2n+42
|e(tu_tb)‘pz(b)| S 6p]\472 .

Therefore,

ot (b)

— eftc\llz(el(a

‘ (I)b:tb (Z)
Pe,(a),t.(2)

|F! ()|~ (to—te)
DN
< |etel¥=(er(@) =Wz 0)] |glte=to)¥=(0)| | B/ (5)|Re (te—to)

(te+p)2°" 3 Moo A —p
<e A,

where A, is defined by the formula (3.4) and is a strictly positive real
number. o

4.11. Now we shall invoke the following perturbation theorem, see
[22, Theorem XII.8 and Problem 8, p. 70].

4.12. Kato-Rellich theorem. Let H be a complex Banach space,
L(H) the Banach space of bounded operators on H, G an open region
in C™ for some m > 1 and

G>b+— Ly, € L(H)

a holomorphic function. If L, with a € G has a simple eigenvalue o
which is an isolated point of the spectrum of L, with the associated
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eigenvector ¢,, then for every e > 0 small enough there exists § > 0
such that, if |b — a| < 8, then the operator Ly has a simple eigenvalue
ap and eigenvector gy with the properties

(i) the functions b ap and b g, are holomorphic on Bem(a,d),
(ii) if |b—al| <4, then

(4.19) spectrum (£p) () Blaa, ) = {ou}.

4.13. Kato-Rellich theorem works. Fix b = (bg,...,b,) €
Bgn+i(a,r3/4) and t € (tg — o0,to + 0). It follows from Corollary 3.8
that e(*) is a simple isolated eigenvalue of Ly +. Note also that

‘cg,t = £(€1(b),t)
and, if b # a, then Ly # £27t. But

Loy =LY, = L(ex(a), ).
Therefore, ef=(0) is a simple isolated eigenvalue of £(e;(a),tp). Then
it follows from Kato-Rellich that, for every € > 0 small enough, there
exist 51 > 0 and 62 > 0 such that, for (¥,t) € C?"*3 such that
[/ — e1(a)] < 61 and |t — to| < 2, L(V,t) has a simple eigenvalue
Ay, with the properties

(i) the function (b',t) — a4 is holomorphic on Bgzn+2(e1(a), 61)x
Be(to, 02),

(ii) if [/ — e1(a)| < 6y and |t — to| < 0, then

spectrum (L(V,t)) ﬂ B(ef*(0) ) = {ag p}-
So next we shall prove that o, ),1) = e ® for b € B(a,dy).

4.14. Diagram. We claim that b € Bgn+1(a,r3/4); the following
diagram is commutative

Lo
Hy(Jp,) —=— H1(JF,)

Ty Ty

Ho(Jp) 29O g (g,
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where Ty (g) = g o hy. Since Ty, is linear and continuous, 7}, is bounded.
Moreover, since hy, is Holder, T,(H1(Jr,)) C Ha(JE,). To prove the
claim, observe

(Ller(d),t) o T)(g)(z) = D |(Fy o ho)(@)|"*g(hu(2)),

T€F; ' (2)

(Ty 0 L0,)(9)(2) = Los(g(ho(2)) = D> [(F) (@) 'g(x).

T€F;  (ho(2))

Since F, and F} are conjugated by the homeomorphism h;, see Propo-
sition 2.4 (iii),

FyH(ho(2) = {ho(y) sy € F ' (2)}-

This finishes the proof of the claim. i

4.15. We prove that o, ), = e (M), Let gyt € Hi(Jp,) be an
eigenvector that is associated to the eigenvalue ef*®) of the operator
Ly +, see Corollary 3.8. From diagram 4.14 it follows that

£(€1(b), t)(gb,t o hb) = epb(t) (gb,t o hb)

Therefore, (e, (1)) and e ™ are eigenvalues of L(e1(b),t). Since we
have a(e, (a),19) = €7*(*) and since e”*® is continuous for (b, t) close to
(a,to) (see Lemma 4.2 and [4, Proposition 3.1]), we have that

P ¢ B(eP“(tO),E).

Then from (4.19) we have the equality o, @),y = e and the
following corollary.

4.16. Corollary. The function (b,t) — Py(t) is real-analytic in
some neighborhood of (a,ty) in C™"1 x (1, 00).

4.17. Theorem. The Hausdorff dimension of HD (J} ) is real-
analytic with respect to a € H C C"H1L,
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Proof. To prove that
a+— HD (JE,)

with a € H real analytic, it suffices to show that the solution of the
equation
Py(t)=0

(which by [4, Theorem C] is some ¢ > 1 equal to HD (Jf,)) is real-
analytic for every b in some neighborhood of a. Since the function
P, : (1,00) — R is real-analytic (Corollary 4.16), convex, strictly
decreasing [4, Proposition 3.1], and

OPy(t)
ot

#0,

the theorem follows from the implicit function theorem. O
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