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DUALITY TYPE RESULTS AND ERGODIC ACTIONS
OF SIMPLE LIE GROUPS ON OPERATOR ALGEBRAS

C. PELIGRAD

1. Introduction. Let G be a locally compact second countable
group. We shall consider actions of G on a C*-algebra A or on a
von Neuman algebra M. By an action we shall mean a homomorphism
a: G — Aut(A) (respectively Aut(M) of G into the group of all x*-
automorphisms of A (respectively M) such that the mapping g — a4(a)
(respectively g — ag4(m)) is continuous for the topology of G and norm-
topology of A (respectively ultraweak topology of M) for all a € A
(respectively all m € M).

In these cases we shall call the triple (4, G, a) (respectively (M, G, «)
a C*-dynamical system (respectively W*-dynamical system). A W*-
dynamical system is called ergodic if the fixed point algebra M® =
{m € M|a € M|ayz(m) =m, for all g € G} is trivial, i.e., M* =C-1. A
C*-dynamical system (A, G, a) with the property that A is trivial will
be called weakly ergodic. In the C*-case, even in the classical, abelian
case, further notions such as minimality and topological transitivity are
to be considered. In order to give the noncommutative formulation of
the above two notions, some notations are required.

A (C*-subalgebra B C A is called a hereditary subalgebra of A if its
positive part By is a hereditary subcone of A, (i.e., forz € A,y € B}
and z < y it follows that z € By).

If (A,G,a) is a C*-dynamical system, we denote by H*(A) the
collection of all nonzero globally a-invariant hereditary subalgebras of

A. TFollowing [6, Definition 2.1] the action « is called topologically
transitive if, for every By, B2 € H “(A) it follows that By - B2 # 0.

With the generic name of ergodicity for all the notions formulated
above, we shall investigate the following

PROBLEM. Let (A, G, a) be an ergodic C*-dynamical system (respec-
tively (M, G, a), an ergodic W*-dynamical system). If H C G is a closed
subgroup, when is H ergodic on A (respectively M)?
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In the case in which one is dealing with transitive actions there is a
useful duality principle formulated independently by G.W. Mackey and
C.C. Moore. This principle asserts that if H and K are closed subgroups
of G then H is ergodic on G/K if and only if K is ergodic on G/H [7,
Proposition 6]. Using this approach, Moore has shown that SL,(Z)
acts ergodically on R"™ [6, Corollary to Theorem 6].

R.J. Zimmer [9, Theorem 4.2] has extended the Mackey-Moore duality
principle to the more general case of actions of groups on measure
spaces. Assume now that G = [~ G; where G; is a connected, simple,
noncompact Lie group with finite center. If (M, G, «) is an ergodic W*-
dynamical system we will call the action « irreducible [10] if, for every
noncentral normal subgroup N C G, N is still ergodic on M.

In [7] C.C. Moore has proved the following:

Moore’s Theorem: Let G =[]\, G; be a finite product, where each G;
is a connected, simple, noncompact Lie group with finite center. Suppose
that S is an irreducible ergodic G-space with finite invariant measure.
If H C G is a closed noncompact subgroup, then H is ergodic on S.

In this paper (Theorem 3.3 below) we will extend Moore’s Theorem
to the general noncommutative case.

We also extend Zimmer’s duality result stated above to the case of
topologically transitive C*-dynamical systems (Theorem 2.1 below).
Using this noncommutative duality principle we construct an example
(Example 3.4) of an ergodic action of SL2(R) on a noncommutative
von Neumann algebra with a faithful normal invariant state which
constitutes an example for our Theorem 3.3.

2. The duality principle. Let G be a locally compact group and
H C G aclosed subgroup. Let (B, H, 3) be a C*-dynamical system. We
define the induced C*-dynamical system (ind g+g B, G, a) as follows:

We denote by ind g1gB the set of all f € C(G, B) with the following
two properties:

(1) f(zh) =B, '(f(z)) for all h € H,z € G,

(2) z — ||f(z)|| is in Co(G/H) (this latter being the algebra of
continuous functions vanishing at infinity on G/H).

Obviously ind g1gB is a C*-subalgebra of C(G,B). Let a be the
action of G on ind g1gB by left translations. We shall call the system
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(ind greB, G, o) the system induced by (B, H,3). The corresponding
construction for W*-dynamical systems is the following:

Let (N, H, B) be a W*-dynamical system. We denote by ind g+g N the
set of all elements f € L°(G, N) with the property f(zh) = 3; ' (f(z))
for all x € G,h € H. Then ind gygNN is a W*-algebra. Let a be the
action of G on ind gygN by left translations. Then (ind graN, G, @)
will be called the system induced by (N, H, 3).

We can now state our duality principle for topologically transitive
actions.

THEOREM 2.1. Let G be a locally compact group and H C G a closed
subgroup. If (B,H,B) is a C*-dynamical system, then the following
conditions are equivalent:

(i) H acts topologically transitively on B;

(ii) The induced action o of G on ind yyaB is topologically transitive.

PROOF. (i) = (ii). Let By, By € H*(ind g1gB) with By - By = (0).
For i € {1,2} denote S; = {g € G|(3) f € B; with f(g) # 0}. Since
both B; # 0 and B, # 0 we have that both S; and S are nonempty. We
shall show that S; are translation invariant and thus S; = G,i =1, 2.

Indeed let g € S; and go € G. Since g € S;, there is a f e B;
with f(g) # 0. Then since B; is globally a-invariant, we have that
a;)lf € B; and (ag’olf)(galg) = f(g) # 0. Therefore g;'g € S;
and S; is translation invariant. It follows that S; = G,i = 1,2.
In particular e € S; (where e is the neutral element of G). Denote
B; ={f(e)|f € B;}. Then B;,i = 1,2, are hereditary C*-subalgebras
of B which are globally H-invariant and B; - By = (0).

(ii) = (i). Let By, B2 € H?(B) with B; - By = (0).

Let B; = {f € ind g1¢B| f(g9) € B; for all g € G}. Obviously B; is
a hereditary C*-subalgebra of ind g1gB which is globally a-invariant,
and B;- By = (0). In order to prove the implication (ii) = (i) it remains
only to show that B; # (0), ¢ =1, 2.

For every f € C.(G, B;) (here C.(G, B;) stands for continuous func-
tions with compact support from G to B;), let us consider the element
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f? € C(G, B;) with

12(9) = /H Bu(f (gh))dh

(where dh is the left Haar measure on H). It is immediate that
fP(gh) = a; ' f4(g) for every h € H and g € G.

Since B; # (0), one can show by using Tietze’s extension Theorem
that there is f € C.(G, B;) such that f# # (0).

Let now ¢ € C.(G/H) be such that h(g) = ¢(g)f?(g) # 0 for some
geaq.

Then h € B; and h # 0 which completes the proof. 0

2.2. Let (A,G,a) be a C*-dynamical system and H C G a closed
subgroup. If we denote 8 = a|g the restriction of the action a to H,
then we can form the induced system (ind g1¢A4, G, 7). Via the map
(TF)(g) = a4(f(g)), this system is covariantly isomorphic with the
system (Co(G/H)®A, G, ® o) where X is the action of G on G/H by
left translations. Therefore, from Theorem 2.1, we have

COROLLARY. Adopt the above notations. Then the following condi-
tions are equivalent.

(i) a|pg is topologically transitive on A.

(ii) The action A® a of G on Co(G/H)®A is topologically transitive.

2.3. Let (N, H,f) be a W*-dynamical system and (ind graN, G, @)
its induced system.

COROLLARY. The following conditions are equivalent:
(i) B is an ergodic action of H on N.

(i) « s an ergodic action of G on ind graN.

PRrROOF. Completely similar with that of Theorem 2.1. O
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3. Ergodic actions of semisimple Lie groups: A noncommu-
tative version of a theorem of C.C. Moore. In this section we
shall discuss a generalization of Moore’s Theorem (stated in the Intro-
duction).

The proof given in [10] of the original Theorem of Moore is based on a
deep result of Howe and Moore on unitary representations of the group

G[4].

The basic idea in using group representations for problems concerning
ergodicity is the following: If G acts on the measure space (S, u) where
w is a finite G-invariant then there is a natural representation of G on
L2(S, u) associated with the action of G on S. Then G acts ergodically
on (S, p) if and only if the corresponding representation of G' on L?(S, 1)
contains the identity representation exactly once.

We will see below (Lemma 3.2) that this fact has a noncommutative
version that will enable us to prove the noncommutative version of
Moore’s Theorem.

Let (M,G,a) be a W*-dynamical system. Assume that there is a
normal, faithful G-invariant state ¢ on M. Let (H?®, 7%, U?, £%) be the
GNS-system associated with (M, G, ), where H? is the Hilbert space,
7¢ the representation of M on H?,U? the unitary representation of G
on H? coming from the action a.

Let E? denote the orthogonal projection on the subspace of H?
consisting of vectors which are left fixed by Ug and let 1¢ denote the
identity operator on H?.

We collect some well-known facts in

THEOREM 3.1. (i) E? is in the strong closure of the convex hull,
co (Ug) of Ug;.

(ii) There exists a unique normal, G-invariant conditional expectation
E:7®(M) = n®(M) N Ug (where Ug; is the commutant of Ug) such
that E(M)E? = E*ME?® for all m € n®(M).

PROOF. (i). This is a special case of the Alaoglu-Birkhoff mean ergodic
Theorem (see for instance [1]).

(ii). This is the Kovécs and Sziics Theorem [5, 1]. O
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The following Lemma is a Von Neumann algebra version of some
results in [3, 1].

LEMMA 3.2. Adopt the above notations. The following conditions are
equivalent:

(i) The action « is ergodic.

(ii) The representation U? has no invariant vectors in H®QCE?.

PROOF. (i) = (ii). By Theorem 3.1(ii) there is a unique normal G-
invariant conditional expectation E : 7¢(M) — n®(M) N Ug such that
E(M)E? = E°*ME? for every m € 7%(M)%. If E(7?(M)) = C1? then
it is easy to see that E? has rank one.

(i) = (i). Assume E? = C¢?. Since ¢ is faithful it follows that £? is
separating for 7%(M) and therefore cyclic for 7®(M)’. Tt is then easy
to see that the family of operators 7¢(M)’ U E? is irreducible on H?.

On the other hand, by Theorem 3.1(i), E¢ € (U%)”. Therefore,
(M) U E? C (n®(M)' U Ug)” and since the left-hand side of the
inclusion is irreducible, it follows that (x®(M)’ U U&)" is irreducible.
Hence the commutant (7%(M)" U Ug)' = (M) N Ug reduces to the
scalar multiple of the identity.

But this means that G acts ergodically on 7%(M). Since 7% is faithful
this means that the original action « is ergodic.

We can now state and prove the noncommutative version of Moore’s
Theorem:

THEOREM 3.3. Let G = H?Zl G be a finite product, where each G; is a
connected noncompact simple Lie group with finite center. Let (M, G, a)
be an irreducible, ergodic W*-dynamical system, with a faithful normal
invariant state ¢. If H C G is a closed noncompact subgroup then the
restriction a|g is still ergodic.

PROOF. Let (H?, 7%, U?,£% be the covariant GNS representation of
the system (M, G, a, ¢).
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Since « is irreducible, it follows that «|g, is ergodic for every i =
1,2,...,n.

By Lemma 3.2, Ugi has no invariant vectors in H?@C¢® for any
1=1,2,...,m.

Using a deep result of Howe and Moore [4, Theorem 5.2] it follows
that all the matrix coefficients of Ugi,i =1,2,...,n, vanish at infinity.
Therefore all the matrix coeflicients of Ug vanish at infinity. It then
follows that if H C G is a closed noncompact subgroup, then Ug has
no invariant vectors in H?@C¢?. Applying Lemma 3.2 again it follows
that the restriction oy is ergodic.

EXAMPLE 3.4. We will give an example of an ergodic action of SL 2 (R)
on a von Neumann algebra with a faithful, normal invariant state.

In [11] Watani has indicated an action of SL2(Z) on the irrational
rotation C*-algebra Ap. This action extends to an action of SLy(Z)
on the irrational rotation von Neumann algebra My. As observed in
[11, Theorem 1] some subgroups of SL 2(Z ) and thus SL 3(Z) itself acts
ergodically on Mjy.

By the duality principle, Corollary 2.3, SLy(R) acts ergodically on
ind p+gMp where we denoted G = SL3(R) and I' = SL3(Z). To show
that ind r1gMp has a normal, faithful G-invariant state, notice that if
© is the canonical trace on Mpy then f — fG/F ©(f(g))dg is a faithful
normal G-invariant state on ind My (Here dg is the finite G-invariant
measure on G/T).
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