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TRIANGLE CENTERS AS FUNCTIONS
CLARK KIMBERLING

ABSTRACT. We consider a kind of problem that appears
to be new to Euclidean geometry, since it depends on an
understanding of a point as a function rather than a position
in a two-dimensional plane. Certain special points we call
centers, including the centroid, incenter, circumcenter, and
orthocenter. For example, the centroid, as a function of the
class of triangles with sidelengths in the ratio aj : a2 : a3, is
given by the formula 1/a1 : 1/a2 : 1/a3. The kind of problem
introduced here leads to functional equations whose solutions
are centers.

1. Introduction. A triangle AA;A;A3 with respective sidelengths
ay,az,a3 and angles ajg,as, a3 (as in Figure 1) is often studied by
means of homogeneous coordinates, as introduced by Mé&bius [6]; for
a historical account, see Boyer [1]. In many discussions of triangles,
homogeneous barycentric coordinates are preferred, but here we shall
use homogeneous trilinear coordinates instead. The main reason for
this choice is that our results depend on a formula for the distance
between two points, and this formula (4a) is much shorter in trilinears
than in barycentrics. Another reason is that a single reference (Carr
[2]) gives many useful formulas in terms of trilinears, whereas no
comparable reference seems to exist for barycentric formulas. Typical
representations in trilinears, written as x7 : xo : x3 and defined in
Section 2, are the following:

centroid 7 :x9:x3=1/ay:1/as:1/ag
circumcenter 1z : o : x3 = a1(a3 + a3 —a3) : as(aj +ai —a3) :
az(a® + a3 — a2) = cosay : cosay : cosasz
circumcircle aj/z1 + ag/xe + ag/x3 =0
Euler line 24 sin 24 sin(ag — a3) + @9 sin 2as sin(as — aq)

+ x3sin 2az sin(a; —ag) =0
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A a3 A,

FIGURE 1. Triangle Aj A2 A3 with sidelengths a1, a2, a3 and angles a1, az, as.

Collinearity, perspectivity, and other relations are easily proved using
trilinears by showing that appropriate determinants vanish for all
a1, as,asz. This algebraic approach suggests that (a1, as,as3), (or, more
precisely, the similarity class, a1 : as : as, of triangles with given
sidelength-ratios a1 : as and as : ag), be treated as a wvariable and
that geometric objects be treated as functions of a1 : as : az. For
example, we define centroid as the function whose domain depends on
the set of all triangles (the set T in Section 2) and whose value at any
given AA; Ay Az is the point 1/a; : 1/ag : 1/as. Now, there would seem
to be little point in regarding centroid and other geometric objects as
functions, unless

among such objects, there exist relationships that can be

—~
—_
~—

understood only in terms of a functional meaning of point.

It is the purpose of this paper to present such relationships, as typified
by the following problem:

Problem X;X,Xs. For any center X of a (variable) trian-
gle A1B1C1, let X, X1,Xo, X3 be the values of X in the triangles
AA1 A A3, AXAsA3, AA1X A3, AA1A X, respectively. For what
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choices of X is AX1X5X3 perspective with AA1AsAs in the sense that
the lines A1 X1, A X5, A3X3 concur in a point?

A A,

FIGURE 2. Solutions X of Problem X X2 X3 include centroid, circumcenter,
and orthocenter, but not all the centers on the Euler line (See Section 5).

To see the significance of Problem X;X5X3, or more properly, the
significance of a large class of problems which it represents, consider
the fact that the geometry of special points in the plane of a triangle
AA;A3A3 consists largely of theorems of the form “special point X
has property P.” For example, the centroid G of AA;A;A3 has the
following easily proved property: the centroids of the three triangles
GAyA3, A1GA3, A1AsG form a triangle that is perspective with
AA1A3A3. Now, what other “points” have this property?—or better
yet: what are necessary and sufficient conditions for a “point” X to have
this property? In order to answer this question, one must understand
the notion of “point” not as a single location but, instead, as a set of
rules or a formula that specifies a location. That is to say, a “point”
must be understood as a function.

The meaning of Problem X;X2X3 may be further clarified by an
attempt to state it without regarding X as a function, like this:
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Theorem X1X2X3. Let X be a point inside a triangle A = A1 AsAs.
Let B; be the triangle obtained by replacing vertex A; by X but keeping
the other two vertices fized. Let X; be similarly placed in B; as X is
in A; that is, X; subdivides B; into three triangles, the ratios of whose
areas are respectively proportional to the ratios of areas of triangles into
which X subdivides A. Then AX1X2X3 is perspective with A, and the
center of perspective is X.

To see that Theorem X;X2X3 (which is easy to prove) is quite different
from Problem X; X5 X3, consider any point inside A that does not solve
Problem X;X5X3, such as the Fermat point. The Fermat point of B;
subdivides B; into triangles whose areas are mot proportional to those
into which the Fermat point of 4 subdivides .A. Thus, the point X of
Problem X X5Xj3 differs from the point X of Theorem X;XsX3.

For another example, consider the incenter, which does happen to
solve Problem X;X5X3, but alas: AX;XoX35 # AX;X2X3, and also,
the two centers of perspective differ.

2. Definitions: Point and Center. Following [3] and [4], we
represent the set of all triangles as

T = {(a1,a2,a3) : 0 < a1 < as+a3,0 < as < az+a1,0<az <aj+as}
and let
VP = (1/4)\/(a1+az+as)(az+as—ay) (as+a1 —asz) (a1 +az—as),

this being the area of the triangle A; As A3 having sidelengths a1, az, as.
Let (R, +,-) be the ring of polynomial functions in a1, as, as, VP over
the real number field, and let (F,+, ) be the quotient field of (R, +,-).
A point, P, is an equivalence class of ordered triples (fi, f2, f3) of
functions f; in F, at least one of which is not the zero function, where
two such triples (f1, f2, f3) and (g1, g2, g3) are equivalent if the following
two conditions hold:

gi=0 iff ;=0 fori=1,2,3; and fi/g1 =g2/92 = f3/93

on all of T except the zero-set of gi1gogs. Note that P has infinitely
many representatives (f,g,h) in R?. For any such (f,g,h) in F3, we
write P with colons instead of commas, like this:

P = f(ai1,a2,a3) : g(ai, az,as3) : h(ay,asz,as).
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Thus, for example, sina; : sinas : sinag and ay : as : a3 are identical,
whereas (sin oy, sin ag, sin ag) and (a1, as, ag) are distinct, in the same
way that 3/6 = 1/2 even though (3,6) # (1,2).)

The expression on the right-hand side of the above equation will
be called trilinears for P. This is short for homogeneous trilinear
coordinates, namely, any triple x1, z2, x3 of numbers proportional to the
directed distances from P to the sides Ao Ag, A3Aq, A1 As, respectively,
of the refernece triangle AA; As A3. The actual trilinear distances are
kxi, kxo, krs, where k = 2\/7_3/(a1x1 + asxs + azzs).

A point f(acl,:cg,xg) 2 gz, 22, w3) il(l‘l,.’lfz,xg) is a center if there
exists a function f(z1, 22, x3) in R such that the following conditions
hold:

(F1)  f(zi,22,23) @ g(x1,22,23) @ h(xy,22,23) = f(21,22,23) :
f(fEQ,.’L'g,.’II]) : f(l'g,.’[]],xg);

(F2) f(x1,23,22) = f(21, 22, 23);

(F3) f(z1,z2,x3)is homogeneous in x1, x2, x3; that is, f(txy, txe, tas)
= t" f(x1, x2, x3) for some nonnegative integer n and all ¢ > 0.

The fact that this definition of “center” is more algebraic than geo-
metric calls for some explanation. We shall see that each of the three
algebraic properties (substitution, symmetry, homogeneity) matches a
geometric property that is shared by familiar examples of triangle cen-
ters.

First, consider the geometric meaning of cyclic substitution. Long
ago, we learned how to “keep doing the same thing in different places”
in order to construct the centroid, incenter, or circumcenter. For the
circumcenter, for example, we first draw the perpendicular bisector of
side A3 A3, and then repeat, but this time for the side A3A1, and then
once again, for the side A;A5. Such “cyclic repetition” occurs in the
construction of most of the named special points in the plane of a
triangle.

The symmetry of f(a1, a9, as) in as and az corresponds to interchang-
ing the roles of Ay and Aj (or ag and a3; or ap and a3) when carrying
out a construction relative to the vertices in the order Aq, A5, A3. For
example, when drawing the perpendicular bisector of the segment from
Ag to Ag, we get the same thing if we go from Asz to As.
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Finally, homogeneity ensures that similar triangles have similarly
situated centers. For, if a triangle T = B;ByBj3 is similar to the
reference triangle Ay AsAs, then, for some ¢t > 0, the sidelengths of T’
are tai,tag,taz. Suppose X is a center, and let f be a center function
for X. Then the value of X in A1A5A3 is

f(l'],l'g,ﬂ?g) : f(x27$37x1) : f(.’L'?,,.’L'],.’L'Q),

and the value of X in T is

f(tl‘l, t$2,t$3) : f(t.’L‘g,tiL‘g,t:L‘l) : f(tl‘3, t$1, t$2),

which by homogeneity equals f(z1, z2,23) : f(x2,x3,21) : f(x3, 71, 22).
That is, the ratios of distances from X to the sidelines remain un-
changed.

3. Derived triangles and coordinate transformations. Any
three points P; = f;(a1, a2, a3) : g;(a1,as,a3) : hi(ai,a2,a3), 1 =1,2,3,
determine a triangle with vertices P;, P>, P3. The triangle can be
represented as a matrix:

fi(a1,az2,a3) gi(a1,az,a3) hi(ar,az,as3)
(2) M = | fa(ai,a2,a3) ga2(ai,az,a3) ha(ar,az,as)
f3(a1,az2,a3) g3(ai,az,a3) hs(ar,asz,a3)

Let F;, G;, H; denote the functions satisfying

1 Fi(a1,a2,a3) Gi(a1,a2,a3) Hi(ay,az,a3)
(3) M *'= ] Fs(a1,a2,a3) Ga(a1,a2,a3) Ha(ar,asz,a3)
F3(a1,a2,a3) Gs(ai,a2,a3) Hs(a,as2,a3)

It will be convenient to refer to a matrix such as M as a matriz-triangle.
Note that every triangle is represented by many matrix-triangles, since
the rows, as trilinears, are determined only up to multiplication by an
element of F.

Theorem 1. Suppose M and M~ are as in (2) and (3), and
x1,To,x3 are actual trilinear distances with respect to AAyAxAs for
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a point X . Let o}, xh, x4 be actual trilinear distances with respect to M
for X. Then

(4) (x17x2’x3):(l'/hx/%xé)DM/‘Mh
where
Dy 0 0
D= 0 Dy O ,
0 0 Dj
where

D, = \/F12+F22+F32 —2F, F3 cos g —2F3F) cos ag—2F Fy cos ag

Dy = \/G%+G%+G§_2G2G3 cos a1 —2G3G1 cos an —2G1Go cos a3

D5 = \/H%+H22+H§—2H2H3 cos a; —2H3Hj cos ag—2H, Hy cos as.

Proof. We use the notation t; : to : t3 for a variable point in trilinears.
An equation for A Az is then

hy  fa
hs f3

f2 g2
f3 93

92 ha

t1 +
g5 ha|

t2+ t3:0,

which is Fit; + Fato + F3ts3 = 0. The directed distance from X to this
line is

21 + 2o Fy + x3F3
D,

(4a) 2 =

(e.g., Carr [2, Article 4624]) and similarly for 4 and z%. Consequently,

R G H 1/D, 0 0
(:17/1,,@/271'%) = (.’L‘l,LL'Q,JJg) F2 G2 H2 0 1/D2 0
F3 Gg H3 0 0 1/D3

= (I1,$2,$3)|M‘M71D71,

and (4) follows. o
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Corollary 1. Let M be a matriz triangle as in (2), and let x1 : x2 : x3
be coordinates (not necessarily actual trilinear distances) with respect
to AAyAsAs for a point X. Let af : xfy : % be coordinates with respect
to the triangle M for X. Then

(4") @1t x9 w3 = (2] ahy: af) DM.

Before continuing with our primary concern, expressed in (1), we
note that Corollary 1 yields useful special cases that are difficult
to find in the literature. These involve five much studied triangles:
medial (the vertices are the points where the medians of AA;AAs
meet the sides of AA;A3A;3), orthic (where the altitudes meet the
sides), anticomplementary (the triangle whose medial is AA; A3 A3), the
tangential formed by the lines tangent to the circumcircle of AA; As A3
at A, A, A3, and the tritangent (the vertices are the excenters of
AA1A2A3); its orthic is AAlAQAg).

Example 1.1. If 1 : x5 : x3 are trilinears for a point P with respect
to AA1As Az and ) : xf : x% are trilinears for P with respect to the
medial triangle M given by

0 1/(12 1/@3
M=\ 1/a 0 1/as |,
0 1/(12 1/&3
then (4’) leads to

T iy = (—a1z1tasretazws)/ar : (—aswe+azrztaizy)/as :

(—agz3+aizi+azxs)/as,

and

x1 i To w3 = (agxh+azry)/ar : (az(zh+arx))/as : (a1 + agxhy)/as.

Example 1.2. If x; : x5 : x3 are trilinears for a point P with respect
to AA1As Az and ) : xf : x% are trilinears for P with resepct to the
orthic triangle M given by

0 secag  Secasg
M = | secoy 0 secas |,
secy  Sec s 0
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then
Ty 1 wh i = —x1 cosay + T CoS Qg + T3 COS Qg
— X2 COS (i + T3 COS g + X1 COSQ :
— I3 COS (3 + X1 COS(v] + T2 COS (g,

and

T wo w3 = (wh + xh)secaq 1 (x4 + o)) secag : (z] + xh) sec ag.

Example 1.3. If 1 : x5 : x3 are trilinears for a point P with respect
to AA1AsAs and 2 : o, @ zf are trilinears for P with respect to the
anticomplementary triangle M given by

—1/0,1 1/(12 1/(13
M = 1/0,1 —1/0,2 1/(13 y
1/a1 1/@2 —1/a3
then
Ty @y = (agwe + azws) /a1 : (azzs + a1x1)/as : (a1x1 + aswa)/as,
and

T o 23 = (—a17) + asxh + asxh)/ay : (—asxh + asxh + a1x))/as :

(—azzhy + a17) + axxy)/as.

Example 1.4. if z1 : 25 : x3 are trilinears for a point P with respect
to AA1As Az and ) : xf : x% are trilinears for P with respect to the
tangential triangle M given by

—a1 a2 as
M = aq —asg as 5
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then

o ah ol = (agratazxs)/ar : (arw3+azrr)/az : (agw1+aiws)/as,

and

2,/ 2,/ 2./ 2,/ 2,/ 2,/
X1 To: x3 = ar(—ajry+asxs+azxy)  a(—ajrs+azas+ajxy) :

2.0 2.2 0 | 2
ag(—aszzh + ajziz] + aszs).

Example 1.5. If 1 : x5 : x3 are trilinears for a point P with respect
to AA1AsAg and x) : xf : 2 are trilinears for P with respect to the
tritangent triangle M given by

M

I
—_
|
[y
—_

then
o) i xh = (votx3) cscar /2 1 (w3+x1) cscan/2 1 (w1 +x2) cscag/2,
and

X1 T w3 = —a)sinay /24 xhsinag/2 + 25 sinag/2
—zhsinas/2 + ahsinag/2 + ) sina; /2

—zhsinaz/2 + 2] sinay /2 + 25 sinag /2.

4. Two-triangle problems. The designation two-triangle problem
means any problem whose statement necessarily refers to two but not
more than two triangles, with respect to which points, as functions, are
specified. More generally, we speak of n-triangle problems. The solution
of such a problem will often entail n — 1 applications of formula (4).

Examples 1.1-1.5 are two-triangle problems. We shall consider here a
somewhat different two-triangle problem:
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Problem A; X X;. For any center X of a variable triangle A A Az, let
X be the value of X in AA;AsAs, and let X be its value in AX A5 As.
For what choices of X are A1, X, X, collinear?

Theorem 4. Let X =z : y : z = f(a1,az2,a3) : f(az,as,a1) :
f(as,a1,a2) be a center. Let X be its value in AA;AsAs and X its
value in AX AsAs. Let
T = |A2A3‘, ro = |A3X|, r3 = ‘XA2|
(in AX Ay As, the side opposite vertex Ag is X As),
Xi=x21:91: 21
(with respect to AA;AsAs3),
X1 =21:01: 2 = f(ri,72,73) « f(ra,rs, 1)« f(r3,71,72)

(with respect to AX Ay A3). Then

(5) Ty Y121 = Td1 YRy + S3Y1 : 221 + S22

§1 = \/y2+22+2yzcosa1, So = \/22+x2+22xcosa2,
53 = \/x24+y2+2z3 cos a3

(6)

are the sidelengths of the pedal triangle of X with respect to AA; Az As.
(See Figure 3.)

Proof. Equation (5) results directly from (4) using the matrix for
AX Ag A3 given by

x Yy z
M=|0 2VPlay 0 , where VP =area of AA; AsAs. O
0 0 2v/P/as
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A A,
FIGURE 3. Triangles Aj A3 As, X A2 A3 and the pedal triangle of X7.

Corollary 4.1. X solves Problem A1 XXy if and only if f solves the
functional equation

(7) saf(az,a3,a1)f(rs,r1,7m2) = s3f(as, a1, az2) f(ra,r3,71).

Proof. Collinearity of the points Ay, X, X7 is equivalent (e.g., Carr [2,
Article 4615]) to yz1 = zy1, and (7) now follows by substituting from
(5). o

Equation (7) is far from simple, since (e.g., Carr [2, Article 4602])

2 _ 010203
27 y4p

(al(k;f(al, as,a3))? cos oy +as(kf(az,as, a))? cos as

2VP\?
“+ as (kf(a3,a1,a2) — a—\/3_) COS OL3>

where

24/P

k= ,
aif(a1,az,a3)+az f(az,as,a1)+asf(as, ar,az)
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and similarly for r3. Nevertheless, (7) is easily sampled by computer.
Among the well-known triangle centers, only those two which are ob-
vious solutions—centroid and orthocenter—have been found to satisfy
(7). Are there others?

5. A four-triangle problem.

Problem X;X,Xj3. For any center X of a (variable) triangle A; Ao A3,
let X,X, X2, X3 be the values of X in the triangles AA;AsAs,
AXAsA3, AA1 X Az, AA1 A X, respectively. For what choices of X
is AX1X9X3 perspective with AA;AsA3?

Theorem 5. In the notation of Problem X1 XoX3, let X =x:y:2=
flai,az,a3) : faz,a3,a1) : f(as,a1,az2),

X1 =1 :y1: 21 (with respect to AA Az As)
=11 : 41 : 21 (with respect to AX Ay As)
Xo = xo 1 yo : 2o (with respect to AA; Az As)
= &9 : Yo : Zo (with respect to AA; X As)
X5 =3 :ys: 23 (with respect to AA Az As)
= &3 : §s : 23 (with respect to AX Ay Ay),

and let s1, 82,83 be as in (6). Then X solves Problem X1 X5 X35 if and
only if

(8)

s1281 (29203 — YZ223) + s2yla(v2321 — 28381) + 53223(yYZ182 — TY172)
+ 8283(yZo2321 — 22830192) + $351 (2038132 — xY122%3)

+ s182(219203 — Y2ad3T1) + s15283(L20321 — Z39122) = 0.

Proof. Just as in the proof of Theorem 4, we find

(5) Ty Y121 = xTd1 YRy + 8301 ¢ 221 + S22
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9) To Y2 i zp = xYo + 8382 1 Yo 1 22 + 8122

(10) T3 :Y3:23 = T23+ Solz : Y23 + S193 : 223

Triangles AX;X5X3 and AA;As Az are perspective if and only if the
lines A1 X1, As X5, A3 X3 concur, and this is equivalent to

(11) T2Y321 = T3Y122.

Equation (8) now follows by substituting from (5), (9), (10) into (11)
and simplifying. mi

Corollary 5.1. Suppose h € F and h is a function of a1 only (so
that we write h(ay)). Then the center X = h(ay) : h(az) : h(asz) solves
Problem X1 X5Xs5. (In particular, solutions include centroid, incenter,
and symmedian point, for which h(a1) = 1/a1,1, a1, respectively.)

Proof. In the notation of Theorem 5,

&1 101 21 = h(ar) : h(ss) : h(s2)
To g2t 22 = h(s3) : h(az) : h(s1)
(lAfg : @3 : 23 = h(SQ) : h(Sl) : h(ag),
where s1, s9,s3 are the distances from X to A, As, Az, respectively.

Substitution of these into (8) leads quickly to zero for each expression
between parentheses in (8), so that X is a solution, by Theorem 5. o

Corollary 5.2.  The following centers are solutions of Problem
X1 XoX3: circumcenter, orthocenter, and center of the nine-point cir-
cle.

Proof. Substitute into the left-hand side of (8). Simplification is best
carried out by computer. o

6. Thinlines. In order to account more fully for solutions to Problem
X1X5X3, it will be expedient to define lines and thinlines as follows. A
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line is the set of points (as defined in Section 2) x; : x2 : x3 satisfying

1 x2 x3
r11 T2 13| =0
xr21 T22 T23

for all (a1, ae,as3) in T, for some pair of points
(12) P=x11:212:213 and Q = a1 : Too : To3.
Equivalently, a line L consists of all points of the form

(13) s(a1,aq2,a3)z11 +t(ar, as,as)xor :

s(a1, a2, a3)x12 + t(a, az, ag)xar : s(ar, as, az)x1s + t(a1, a2, a3)rs:

where s(ay, as,a3) and ¢(ay, az,a3) are in F and are not both zero. By
a thinline, we mean the set of points of the form (13) in the special case
that s(aq,a9,a3) and t(ay, az,as) range only through all pairs of real
numbers s and ¢ satisfying st # 0. Note that this definition depends
on the six particular functions 11,12, 213 and xo1, T, Loz, so that
appropriate notation is

L(x11, z12, T13; 21, 22, T23).

Any thinline through P and @ we call a PQ-thinline. In accord with
Theorem 6 below, for any P and @, there are infinitely many PQ-
thinlines. To distinguish one from another, for given functions as in (12)
we call L(z11, 212, T13; T21, Tag, Ta3) the thinline based on the functions
T11,%12,T13 and Ty, Too, 1‘23). If P and @ have the form

f(a’lva27a3) : f(a2aa3aa1) : f(a3;alaa2)

and

g(alaa2aa3) : g(a2,a3,a1) : 9(6137@17@2)

then we speak of the thinline based on (f(ai,ase,as), f(as,as,a1),
flas,a1,az)) and (g(ai,az,as3),g(az,as,a1),g(as,a1,az)) as the thin-
line based on f and g, and we write L(f, g). In particular, this shorter
notation applies to all pairs P, () of centers.
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Theorem 6. Distinct PQ-thinlines Ly and Ly have only two points
i common.

Proof. Let (zi1, 2, 243), for i = 1,2, 3,4, be functions for which L; =
L(211, 212, ®13; 21, %22, 723) and Ly = L(xs1, 732, 2335 T41, Ta2, T43).
There exist functions d = d(a1, az2,a3) and e = e(ay, as,a3) in F such
that

(14a) x31 = dr11, T3z = dT12, T33 = dT13
and
(14b) T4 = €21, T4o = €T22, T43 = €T23.

Clearly both P and @ lie on both L; and Ls. Suppose R is yet another
point common to L; and Ls. Then

R = sx11 + txoy : sT12 + txoo 1 ST13 + tTo3

= udwr1y + vexrsy : udris + vewxss : udris + vexas

for some numbers s, t, u, v satisfying stuv # 0. But then
(81311 =+ tl‘gl)(udxlg =+ ’116.7322) = (Sl‘lg =+ tl‘zg)(udl‘ll =+ Uexgl),

which leaves (sve — tud)(x22211 — Z12221) = 0. Likewise, (sve —
tud)(xe3x11 — 13221) = 0. These imply sve = tud, since if not then
TooT11 = X12T21 and To3x1y = T13T91, contrary to the distinctness of
T11 - 12 © T13 and I921  X22 : I23. Thus Tg1 = kdiﬂgl, Tyg2 = kdl’QQ,
x43 = kdxaz, where k is the real number tu/sv. These with (14a) imply
Lo = Ly, contrary to the hypothesis. Therefore, no such R exists. a

Corollary 5.3. FEwvery point on the thinline L(cos aq, cos as cos ag)
solves Problem X1X2X3.

Proof. Substitute into the left-hand side of (8) and simplify via a
computer algebra system. o
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Euler line of A ALA
Euler line of A Al ! }

Euler line of AllA3

FIGURE 4. Four Euler lines concur in the Schiffler point, S.

Conjecture. The only points on the Fuler line that solve Problem
X1X5X3 are the points

E(s,t) =scosay + tcosag cosag : scosas + tcosazcosag :

scos a3 + t cos a Cos aa.

Concerning this conjecture we note that the thinline E(s,t) includes
the circumcenter, orthocenter, centroid, center of the nine-point circle,
the de Longchamps point, and a point on the line at infinity, as these
correspond respectively to (s,t) = (1,0),(0,1),(1,1),(1,2),(1,-1), (1,
—2). (In case coordinates for the de Longchamps point A have not
appeared earlier in the literature, we note that Example 1.3 applies,
since A is the orthocenter of the anticomplementary triangle.)

7. Conclusion. Problem X; X, X3 typifies a wide range of problems
involving derived triangles of a variable reference triangle. These
problems are new in the sense that their statements and solutions
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depend on a functional meaning of triangle center and on the notion
of thinlines. Many problems of the traditional sort generalize naturally
to the new sort of problem. We conclude with an example:

Schiffler Problem (original). Let I be the incenter of a triangle
A1 AsAs. The Euler lines of the triangles A1AxAs, TAsAs, AxlAg,
A1 AsI concur in a point. (For a solution, see [7]).

Schiffler Problem (new). For any centers, X,Y,Z, let X, X, Xs,
X3 be the wvalues of X relative to the triangles A1 AsAz, X AsAsz,
A1 X A3, A1 A X, and similarly for Y,Y1,Ys,Ys and Z, 7y, Zs, Z3. For
what choices of X, Y,Z do the three lines Y; Z; (or these together with
Y Z) concur?
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