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THE SPECTRAL THEORY OF SECOND ORDER
TWO-POINT DIFFERENTIAL OPERATORS
ITII. THE EIGENVALUES
AND THEIR ASYMPTOTIC FORMULAS

JOHN LOCKER

ABSTRACT. In the third part of a four-part series, the
eigenvalues of a two-point differential operator L in L2[0, 1] are
calculated, along with the corresponding asymptotic formulas.
L is determined by a formal differential operator | = —D? 4 ¢
and by independent boundary values Bj, B2. The rates of
convergence in the asymptotic formulas vary with the form of
Bi, B2 (Cases 1-4) and with the smoothness of q.

1. Introduction. In this paper, which is the third part in a four-
part series, we continue our development of the spectral theory for a
linear second order two-point differential operator L in the complex
Hilbert space L2[0,1]. In Part I [14] a priori estimates for the eigen-
values of L are derived, and the generalized eigenfunctions are shown
to be complete. In Part II [15] the characteristic determinant of L is
constructed utilizing operator theory methods. Using this representa-
tion of the characteristic determinant, here in Part III we calculate the
actual eigenvalues of L, compute the corresponding algebraic multi-
plicities and ascents, and determine asymptotic formulas for the eigen-
values. We also establish the geometries and the growth rates for the
characteristic determinant, which are the key results needed for Part
IV where the L?-expansion theory is developed.

Let L be the differential operator in L?[0, 1] defined by

D(L) = {u € H?[0,1] | B;(u) = 0,i = 1,2}, Lu = lu,
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is a second order formal differential operator on [0, 1] with ¢ € C[0, 1],
Bi, By are linearly independent boundary values given by

Bl (’LL)
B2 (u)

ar1u'(0) + b/ (1) + apu(0) + bou(1),
c1u’(0) + diu/ (1) + cou(0) + dou(l),

and H?[0,1] is the Sobolev space consisting of all functions u € C[0, 1]
with u’ absolutely continuous on [0,1] and v’ € L?[0,1]. Let T and S
be the differential and multiplication operators in L2[0, 1] defined by

D(T) = {u € H*[0,1] | Bi(u) =0,i =1,2},  Tu=—u",
and D(S) = L?[0,1], Su = qu, so
(1.1) L=T+S5.

Let
aq bl Qo bo

A= cr di co do

be the boundary coefficient matrix, and let A4;;, 1 <14 < j <4, denote
the determinant of the 2 x 2 submatrix of A obtained by retaining the
1th and jth columns.

One of the central topics of study in Part I is the characteristic
determinant of T, which is given by equation (1.2) in Part I:

(1.2) A(p) = —[A12p” = i(A1a + Agz)p + A34}€m_
+ [A12p” +i(A1s + Aaz)p + Azale™ ™ + 2i[A13 + Asdlp.
The nonzero eigenvalues of T are precisely the complex numbers \ = p?
with the p # 0 being zeros of A. By imposing various conditions on
the six boundary parameters A;;, the differential operators L and T are
classified as belonging to one of five different cases, Cases 1-5. Each
case determines the actual form of A, and leads in a natural way to
specific growth rates for A on various regions of the p-plane. These
growth rates produce a priori estimates for the eigenvalues of L, viz.,
if \ = p? is any eigenvalue of L with |p| sufficiently large, then p lies
in the interior of a horizontal strip € in Cases 1-3 and in the interior
of a logarithmic strip 2 in Case 4. See Section 8 of Part I for some
comments on Case 5.
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To actually calculate the eigenvalues of L, we replace A by the
characteristic determinant of L, which is constructed in Part II:

—de Bi(u(-;p)) Bi(v(sp))
(1.3) Alp)=det | b ulip)) Balo(-p)) |’

where u(+; p) and v(-; p) are the solutions of the differential equation
(1.4) pPu+u’ —qu=0

which satisfy the initial conditions u(1;p) = e, u/(1;p) = ipe'” and

v(0; p) = 1, v'(0; p) = —ip for each p € C. From equation (4.7) in Part
IT the characteristic determinants A and A are related by the formula

1 1
A 1 ,
+A12ip6”’u) q(s)ds + 5/0 e*"%q(s) ds

1

1
+§/ e2ip(lfs)q(s) d5+@1(p)]
0

) 1 1 o
—A1461p{/0 q(s) d5+§/0 e*'P*q(s) ds

1

1
_5/ e2ip(lfs)q(s) d5+@2(p)}
0

) 1 1 o
—A23ew{/0 q(s)ds — 5/0 %P5 q(s) ds

IR A
+§/ emp(ls)q(s)ds+®3(p)}
0

a [ [ asras = [ oatsra
— - q(s)ds — = e q(s)as
. wp 0 2 Jo

I A
— _/ 621;)(173)(](5) ds + @4(p)}
0

2

—mwhmﬂﬁl@w+%@ﬂ

for all p # 0 in C, where the functions ©;, ¢ =0,1,... .4, are analytic
for p # 0 and of order O(1/p) on a half plane Im p > —d for fixed d > 0.
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We also have the following basic theorem from Part II (see Theorems
4.1 and 5.1).

Theorem 1.1. Let d > 0 be any real number, and let X = p? be any
complex number with Im p > —d and |p| > 2€2?||q||sc. Then

(a) The functions u(-; p), v(+; p) are linearly independent and form a
basis for the solution space of the differential equation (1.4).

(b) X = p? is an eigenvalue of L if and only if A(p) = 0, in which
case the algebraic multiplicity of X is equal to the order of p as a zero

of A.

The general strategy for calculating the eigenvalues of L is to (i) form
the “punctured strip” €, from € by removing the points inside two
sequences of circles I}, I}/, (ii) use (1.5) and (1.2) to establish the
growth rates of A and A on Q,, (iii) obtain the existence of the
eigenvalues of L as an application of Rouché’s theorem, (iv) discuss the
algebraic multiplicities and ascents corresponding to the eigenvalues,
and (v) derive asymptotic formulas for the eigenvalues. It is the
growth rate of A on Q, which will initiate our study in Part IV of the
projections associated with L and the subspace S (L) consisting of the
functions which have L2?-expansions in the generalized eigenfunctions
of L.

The program outlined above is instituted in the following two sec-
tions, with Section 2 treating the closely related Cases 1, 2, 3 and
Section 3 treating the difficult logarithmic Case 4. In each case we
emphasize the geometry of the punctured strip §2,, which is needed for
the theory of Part IV. Because of the structure of A, it is now neces-
sary to subdivide Case 2 and Case 3 into Cases 2A, 2B and Cases 3A,
3B, respectively. The asymptotic formulas for the eigenvalues exhibit
slower rates of convergence for Cases 2B, 3B and 4. This is caused in
Case 2B by the multiple nature of the eigenvalues; in Case 3B it varies
with the smoothness of the coefficient ¢; and in Case 4 it results from a
combination of the inherent logarithmic geometry and the smoothness
of the coeflicient gq.

Our method for determining the eigenvalues of L has many similar-
ities with those used by Birkhoff [2], Tamarkin [21], Stone [20], and
Naimark [17]. Tt is distinguished by the highly refined representation
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of A given in (1.5), which is sensitive enough to permit the treatment
of all cases as parts of the same general theory, thereby achieving a
comprehensive and unified theory. It does not require the boundary
values Bj, Bs to be normalized, and it treats both regular boundary
conditions (Cases 1, 2, 3A) and irregular boundary conditions (Cases
3B, 4).

The general forms for the eigenvalues in the regular Cases 1, 2, 3A
are well-known (see Theorem 4.2 in [17, p. 64]). Because of our special
delineation of the cases, we are able to explicitly evaluate the eigenvalue
parameters &y and 7y, which are 1 or —1 in most cases, and hence,
establish theorems which contain very explicit forms for the eigenvalues.
The eigenvalue literature for the irregular Cases 3B, 4 has only partial
results for the form of the eigenvalues (see Theorems III and IV in [20,
pp. 29-30]). This paper contains the first complete treatment of these
cases.

Remark 1.2. A very subtle feature of this four-part series is the
smoothness required of the coefficient . Nowhere is this more apparent
than in this paper, where the asymptotic formulas for the eigenvalues
vary dramatically with the smoothness of ¢ (see Theorem 2.4, Remark
2.5 and Theorem 3.2). To keep the presentation as simple as possible
and to minimize the technical difficulties, we have required ¢ € C[0, 1]
in general, and have increased the smoothness to ¢ € C'[0, 1] for Case
3B and Case 4 so as to achieve effective rates of convergence for the
eigenvalues. It is possible to replace the smoothness classes C|0, 1] and
C1[0,1] by the Sobolev spaces H[0,1] and H'[0, 1], respectively, and
develop the spectral theory in this more general setting. Indeed, for
q € H°[0,1] = L?[0,1] the major change needed occurs in Part I [14],
where the operator S can be defined by D(S) = H[0, 1], Su = qu, and
then in Theorem 3.1 [14] one shows that Ry (L) = R\(T)[I—SRA(T)]~*
provided ||SR(T)|| < 1/2. The operator SRx(T) is a bounded integral
operator defined on all of L2[0, 1]; by carefully estimating its norm it
follows that the generalized eigenfunctions of L are still complete in
L?[0,1]. Parts II-IV can then be modified to this more general setting.

2. The eigenvalues of L for Cases 1, 2 and 3. Assume the
differential operators L and T belong to Case 1, Case 2 or Case 3,
where the specific case is identified by the following conditions on the
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parameters A;;:
Case 1. A5 #0
Case 2A. A1z =0, A1y + Az # 0, A1y + Aoz # F(A13 + An)
Case 2B. A12 =0, A1y + Aoz # 0, A1y + Aoz = F(A13 + Aoy)
Case 3A. A12 =0, Ay +As3 =0, A3y # 0, A13+ A4 =0, A13 = Aoy
Case 3B. A1o =0, Ajy+ A3 =0, Azy £ 0, A13+ Aoy =0, A3 # Aoy,

The conditions in Case 3A are equivalent to the conditions A5, =
A3 = A1y = Aoz = Ay = 0, Azyq # 0, which corresponds to Dirichlet
boundary conditions (see Section 10 of [11]). In Case 3B we also have
A14 # Az by Theorem 2.2 in [10], so Aoz = —A14 # 0.

From (1.5) and (1.2) we can write A in the form

(2.1) A(p) = pPe [ (p) + 9(p)]

for all p # 0, where the integer p is equal to 2, 1, 0 for Cases 1, 2, 3,
respectively, where the function f is an entire function of the form

f(p) = aole” — &l — o]

for p € C, and where the function ¢ is analytic for p # 0 in C.
Specifically, for Case 1: ag = —Ajp and & = 1, ng = —1; for Case
2: ap = i(A14 + Asz) with & and ny being the roots of the quadratic
polynomial

Q(Z) = i(A14 + A23)2’2 + 2i(A13 + A24)Z + i(A14 + Agg),

where £y # 19 in Case 2A and & = 19 = £1 in Case 2B; and for
Case 3: ag = —Aszq and § = 1, g = —1. In Case 2A we also have
&omo = 1, so let us assume that |{p| < 1 and |ng| > 1, which implies
that —In [€y] > 0 and —In|ng| = In|&| < 0.

Fix any real number d with 0 < —1In|{y| < d, and form the horizontal
strip
Q={p=a+ibec C]||b <d}.

For Case 3B we make the additional assumptions that d > 1 and

60 1 —1
2.2 — < =
(2:2) > < SlsI
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where By := (2/]|As4]){4]|A14] + 8|A13] + 6]|A34]} > 0. Using the a
priori estimates of Part I (see Theorems 4.1, 5.1 and 6.1 in [14]), we
can choose a constant 79 > 2¢%¢||q||o such that if A = p? € C is any
eigenvalue of L with |p| > 79, then p must lie in the interior of Q.
Combining this result with Theorem 1.1, we have

Theorem 2.1. Let A = p? € C with |p| > rog. Then X\ = p? is an
eigenvalue of L if and only if —d <Imp < d and A(p) = 0.

In view of the theorem we proceed to determine all p € C which are
zeros of A with —d < Imp < d and |p| > ry. Observe that the function
g appearing in (2.1) is of order O(1/p) on the half plane Im p > —d for
Cases 1, 2 and 3A, i.e., there exists a constant vy > 0 such that

Yo
(2.3) mmﬂsw

for all p € C with Im p > —d and |p| > rg. In Case 3B we have

1 1
9(p) = —Awa / e*P3q(s) ds + Ay / e?P1=9)g(s) ds + h(p)
0 0

for p # 0 in C, where the function A is analytic for p # 0 and of order
O(1/p) on the half plane Im p > —d. For any function ¢ € C*[0, 1] and
for any complex number p # 0 with Im p > —d, we have

1 1
| easyas= [ e lats) ~ (o)) ds
0 0
+ @eﬁp _ @ _ L /1 e2ips(j/(s) ds
2ip 2ip  2ip Jo ’
SO

2d

1
ips ~ € ~ 1, .
@) | [ it as| < = il il + 17|

The same argument shows that

2d ~ e2d ~ 1 ~/
< el = @lloo + 7 [Hldlloo + 511@ oo | -
o 2

1
(2.5) ’/ e2P(1=%)g(s) ds
0
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Thus, in Case 3B we have

. 10, . 1, .
26) 1ol <241l {llg e+ il + 10|  + 2

for all p € C with Imp > —d and |p| > 9. It should be emphasized
that the function ¢ € C'[0,1] in (2.6) is completely arbitrary, and
this method for estimating the integrals is one of the methods used
to prove the Riemann-Lebesque theorem (see [22, p. 11-12]). In the
special case ¢ € C'[0,1] we can choose § = ¢, and then in (2.6) we
obtain the improved estimate

Yo
(2.7) lg(p)| < K

for all p € C with Imp > —d and |p| > ro. To simplify the discussion,
in the sequel we will assume that ¢ € C1[0,1] for Case 3B, and hence,
we can use (2.3) throughout our study of Cases 1, 2 and 3 (see Remark
2.5 below).

Next, we set up the geometry for the various cases. Clearly the zeros
of f are given by

M;c:(2k7r+Arg£O)_Zln|£0‘, kZO,:l:].,:l:2,...,

2.8
(28) wyp = (2km + Argno) —iln|no|,  k=0,%£1,+2,...,

where the p, )/ all lie in the interior of the horizontal strip 2. In case
& # no (Cases 1, 2A and 3) we have pj, # p for all k, 1 with each pj,
and each p} a zero of order 1 of f. In case {, = ny (Case 2B) we have

W = py = pp for k=0,+£1,4+2,...,

and in this case each uy is a zero of order 2 of f. In all cases we will
show that the zeros of A and f + g in 2 appear as perturbations of the
P M-

Since —m < Argéy < 7w and —7 < Argny < m, we can select a
constant w with 7 < w < 37/2 such that w — 27 < Arg{p < w and
w—21 < Argng < w. Then for k = 1,2, ... we introduce the rectangles

Ry={peQ|w—2kn <Rep<w+2(k-1)r}.
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Clearly the points u, 14 lie in the interior of the rectangle R;. Choose
a real number ¢ with 0 < § < 7/4 such that the two closed disks
o — pol < 6 and |p — pg| < 6 both lie in the interior of R; and
such that these two disks are disjoint in the cases where &y # ny. For
k=0,£1,42,... form the circles

r={p€C|lp—pl =3}, "—{peCllp—uy| =0},
where in the case £y = 1y we set
p=Tp=Tp fork=0+1,42,....

The following properties are obvious from these definitions: (i) the
circles T}, T/ lie in the interior of Q, (ii) the I'},T'} and the points
inside them do not overlap each other in the cases where & # nyg,
(iii) the I'y, and the points inside them do not overlap each other in the
case & = 1o, and (iv) for each positive integer kg the circles I',, T/,
|k| < ko, lie in the interior of the rectangle Ry, , while the circles I, I'/,
|k| > ko, lie in the exterior of Ry,. Let £, be the region in the p-plane
consisting of Q with all the points inside the I'}, I'} removed. In the
sequel we refer to 2, as a punctured strip.

Turning to the growth rate of A, it is clear that f(p) # 0 for all
p € Ry which do not lie in the circles T'|, T'jj. Set
mo = min{|f(p)| | p € R1 with p not lying in I'j, Ty} > 0.
Since f(p+ 2m) = f(p) for all p € C, it follows that

(2.9) £ (p)] = mo

for all p € Q.. Choose a positive integer kg such that z¢ := w —2kom <
—ro, Yo := w + 2(kg — 1)m > rg, and such that in terms of (2.3)

m
Y0 Mo

(2.10) ol <

for all @ € R with a < zy or @ > yy. Combining all the above pieces,
we have

(2.11) l9(p)l < ==
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FIGURE 1. Punctured strip Q4 in Cases 1, 2, 3.

for all p € Q with Rep <z or Re p > yo, and hence,

(212) l9(p)| < 5> < mo < |£(p)]
and
(213) A = |l le I £(p) + glp)| = e ol

for all p € 2, with Rep <z or Rep > yo.

The estimate (2.13) is our principal result for the growth of A on the
punctured strip .. It immediately implies that A and f 4+ ¢g have no
zeros in 2, when Rep < g or Rep > yg. At this point we divide the
discussion into the cases where &y # 19 and &y = 7.

Cases 1, 2A and 3. & # mn9. Let us consider the circles I',,
7 for |k| > ko, which lie in the exterior of the rectangle Ry, =
[z0,%0] X [—d,d]. From (2.12) we have |g(p)| < |f(p)| for all points
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pon I}, T for |k| > ko, and hence, by Rouché’s theorem A and f +g¢
have precisely the same number of zeros as f inside I'j, and I'} for all
|k| > ko. But f has only the single zero yj, of order 1 inside I'}, and only
the single zero p) of order 1 inside I'}, implying that A has exactly
one zero pj, inside I}, with p} having order 1 for |k| > ko, and A has
exactly one zero p} inside I'} with p} having order 1 for |k| > k.
Setting

=013 k=koko+1,...,

Z:(pg)2v k:k07k0+]—7~'~a
it follows from Theorem 2.1 that the A, X/, k = ko,ko + 1,..., are

eigenvalues of L, and the corresponding algebraic multiplicities and
ascents are (see Section 5 in Part IT)

I/()\%):m()\;)zl, k:ko,ko—Fl,...,

2.14
( ) Z/(A%):m()\g)zl, k:]{io,ko—f—l,....

Now suppose that A\g = (pp)? is any eigenvalue of L which is distinct
from N, A\, k = ko, ko+1,.... By replacing po by —po if necessary, we
can assume that Re pg > 0. There are two possibilities for py: po can
lie in the disk |p| < 79 or pg can belong to the rectangle Ry,. Clearly
only a finite number of such pg are possible since they are zeros of the
entire function A. Thus, we conclude that X}, A, k = ko, ko +1,...,
account for all but a finite number of the eigenvalues of L.

Finally, let us derive asymptotic formulas for the zeros pi, p}, k =
ko, ko + 1,..., of A. Indeed, we first introduce the entire function
G(p) = aple? — no] and set

Mo = min{|G(p)| | p € C with |p — ug| <6} > 0.
Because G has period 2, it follows that |G(p})| > M, for k =

ko, ko +1,.... If we set (;, = —g(p,)/€G(p}): k = ko, ko +1,...,
then we can rewrite the equation f(p}) +g(p),) = 0 as etP = &, +&0Chs
and upon dividing by el = &o, it becomes elPk—ri) = 1 4 (.. But
Re (pj, — i) < ), — wi| < m/4, s0

(2.15) Pk — M = —iLog [1 + (4], k=koko+1,....
Now fix any integer k > ko, and consider pj. Clearly

Pkl = il = 1Pk — pk| = 2k + Arg§o — 6 > 6k =5 > k
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and

lg (o)l Yo v
2.16 Gl = < < -
(2.16) = GG = TeolMolag] = &
Since

—iLog[l+ 2] =2H(z) for |z| <1,

with H analytic on the disk |z| < 1, from (2.15) and (2.16) we obtain
the estimate

(2.17) \p;—mg%, k=koko+1,...,
for an appropriate constant v > 0. A similar argument shows that
(2.18) |pg—ug|g%, k= ko ko+1,....

(2.17) and (2.18) are the desired asymptotic formulas.

Let us summarize these results for the eigenvalues in the following
theorems, where in each case we insert the appropriate values for the
constants &y and 7.

Theorem 2.2. Let the differential operator L belong to Case 1.
Then the elements of the spectrum o(L) can be listed as two sequences
N = (p})% k=ko,ko+1,..., and N} = (p})?, k = ko, ko +1,..., plus
a finite number of additional points, where

Pl = 2km + £l with |g;€|§%, k= ko ko +1,...,

7

pr=02k+rm+¢) with |e)| < =

k=kyko+1,...,

and where the corresponding algebraic multiplicities and ascents are
v(AL,) = m(\,) =1, k = ko,ko+1,..., and v(A]) = m(\]) = 1,
k=ko,ko+1,..., respectively.

Theorem 2.3. Let the differential operator L belong to Case 2A,
and let &9,m0 = 1/&o be the distinct roots of the quadratic polynomial
Q with |&| < 1. Then the elements of the spectrum o(L) can be listed
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as two sequences N, = (p})%, k = ko,ko +1,..., and N} = (p})?,
k=ko,ko+1,..., plus a finite number of additional points, where

P = (2km+Arg&o) —iln [&o| + &), with |g] < %, k=ko, ko+1,...,
oh = (2km+Argno)—iln|ng| + ey with |g}| < %, k=ko, ko+1,...,

and where the corresponding algebraic multiplicities and ascents are
v(N,) = m(\,) =1, k = ko,ko+ 1,..., and v(\)) = m(\)) = 1,
k = ko, ko + 1, respectively.

Theorem 2.4. Let the differential operator L belong to Case 3, with
q € C[0,1] for Case 3B. Then the elements of the spectrum o (L) can be
listed as two sequences N, = (p}.)?, k = ko, ko+1,..., and N} = (p})?,
k=ko,ko+1,..., plus a finite number of additional points, where

plh = 2km + ¢} with |5§€|§%, k= ko ko +1,...,

7

o= 02k+ 1 +el with|el| < =

k=koko+1,...,

and where the corresponding algebraic multiplicities and ascents are
v(AL,) = m(\,) =1, k = ko,ko+1,..., and v(A]) = m(\]) = 1,
k=ko,ko+1,..., respectively.

Remark 2.5. In Case 3B with ¢ € C[0, 1], we can proceed as follows.
In terms of (2.6) select a function ¢ € C'*[0,1] such that

. m
(2.19) 2| A1ale®®lg = llo < 707
and then for this fixed ¢ choose a positive integer ko such that zg :=
w = 2kom < =79, Yo :=w + 2(ko — 1)7 > 19, and

2|A141€2d T 1., v mg
2.20 2Aualer e S | + B <

for all @« € R with a < xg or a > yg. These results lead immediately to
the estimates

(2:21) l9()| < 5 < mo < |£(p)]
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and
mo _
(2:22) [Ap)] 2 e a
for all p € Q, with Rep < zp or Rep > yo. From this point on, we

can follow our earlier treatment of Case 3B verbatim, except for the
asymptotic formulas we obtain the weaker results

- 10, 1, . T
@2) I~ stl <o {llo =l + e+ 51070 1)
and
994 "n_o i< 5 l_~ 1” 1_
@20 1o ) < 7] lla = dlle + = [l + 51700 +

for k = ko, ko +1,. .., where the function ¢ € C*[0, 1] is arbitrary. This
shows that

(2.25) Jim (pg, — p) = lim (i = piy) = 0,
but it does not give us an effective rate of convergence for Case 3B.

Case 2B. &y = ng = £1. Let us consider the circles Ty, |k| > kg, which
lie in the exterior of the rectangle Ry, = [0, yo,] X [—d, d]. From (2.12)
we have |g(p)| < |f(p)| for all points p on T'y, for |k| > kg, and hence,
by Rouché’s theorem A and f 4 g have precisely the same number of
zeros as f inside I'y for all |k| > ko. But f has only the single zero u
of order 2 inside I'y, implying that A has two zeros pj, and p} inside
'y for |k| > ko, where either p) # p} with pj. and p} both being zeros
of order 1 or p}, = p} with pj being a zero of order 2.

Setting
;cz(p;c)Q’ k:k07k0+1a"'7
)‘g:(pg)27 k:k07k0+17"'7
it follows that the X, A}, k = ko, ko + 1,..., are eigenvalues of L. In
addition, if pj, # p}/, then A}, # A/ and the algebraic multiplicities and
ascents are

(2.26) v\ =mA) =1, v =m(Xf) = 1;
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if pj, = p/, then X; = A/ and the algebraic multiplicities and ascents
are

(2.27) v(A) =2, m(A,) =1 or m(\,)=2.

Sections 7 and 8 of [11] have models where the eigenvalues satisfy
(2.26), while Sections 5 and 6 of [11] contain models satisfying (2.27).
Also, as in the previous cases L can have only a finite number of
eigenvalues in addition to the X, A}/, k = ko, ko +1,....

Finally, we derive asymptotic formulas for the zeros p},pf, k =
ko, ko +1,..., of A. Fix any index k > ky. We know that f(p}) +
g(p},) = 0, so for the appropriate square root

ek =&+ 4/ ——9g(p})
or
"y 1 1
i(pf—Hk) =14 —/—— /
e .
& aog(pk)

Ck
Proceeding as in the previous cases, we get
P — e = =i Log [1 + (3]

with |p}| > k and

1 /1 1 % v
Gl = =1 = l9 (o) < <
1= Teol\ Taol 20 = T Taallol] = Vi
and hence,
(2.28) \p%—uﬂﬁ%, k=koko+1,....

The same argument shows that

(2.29) |pg—uk\§%, k=koko+1,....
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We summarize the above results as a theorem, incorporating the fact
that f() =10 = +1.

Theorem 2.6. Let the differential operator L belong to Case 2B,
and let &y = ng = 1 be the double root of the quadratic polynomial Q.
Then the elements of the spectrum o(L) can be listed as two sequences
Ne=(04)2 k=ko,ko+1,..., and N} = (o)), k = ko, ko+1,..., plus
a finite number of additional points, where

ph = 2km + Argéo + ¢ with |eh]| < =, k=ko ko +1,...,
VEk
ol = 2%km + Arg€o + € with |€] < —=, k=ko,ko+1,....

A

For each k > ko if pj, # p), then X;. # X and the corresponding
algebraic multiplicities and ascents are v(X\)) = m(A,) = 1 and v(\}) =
m(A]) = 1, while if pj, = p}, then X, = A and the corresponding
algebraic multiplicity is v(X\,) = 2 and the corresponding ascent is
m(A,) =1 or m(X\)) = 2.

Remark 2.7. The results of this section are directly applicable to the
differential operator T and its characteristic determinant A, with some
obvious simplifications. Note that L and T share the same integer p,
the same function f, and the same parameters &, and 7y (see equation
(2.1)). Thus, in setting up the geometry for T, we can use the same
punctured strip €, and the same circles I'},I'},T'y, as were used for L.
From the above we have the following results:

~ m _
(2.30) Alp)] = Z2epp

for all p € Q. with Rep < 9 or Rep > yo; A has zeros ), py inside
I, T for |k| > ko; and the two sequences N = (P}4)% k= ko, ko+1,...,
and 5\% = (p})?, k = ko, ko + 1,..., are eigenvalues for T, accounting
for all but a finite number of the eigenvalues of T. The corresponding
algebraic multiplicities, ascents and asymptotic formulas are specified
in the above theorems on a case by case basis. Many of these results
are included in Theorems 1.1 and 2.1 in [11], and they will play a key
role in Part IV.
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3. The eigenvalues of L for Case 4. We conclude this paper by
calculating the eigenvalues for the logarithmic case, which is technically
the most difficult case. Let the differential operators L and T belong
to Case 4:

Case 4. Ajp =0, A1y + Az =0, A3y #0, Az + Ay # 0.

Proceeding as in Section 7 of Part I [14], let p = —2i(A13+ Aoy)/Asy;
let @ and S be real numbers satisfying 0 < o < 1/2, 3 > 2, and

600
|As4|0

where By := 2|A14| + 2| A13| + 2| A24| + 2| A34] > 0; and then form the
logarithmic strip

e
<5817

Q= {pza—i—ibe C’ ie‘b‘ <la| < ﬁelbl}
|l |l

la] > 2 and In lullal <o < lnM ,
| 8 a

where the curve |b| = In|p||a] runs down the “middle” of Q. Setting
€ = [+ (P /o) and n = [(52/|?) + 1]/, for p = a+ib € Q we
have the additional inequalities

—{p—a—i—ibGC

(3.1)

ol = [a® + V]2 < [a® + (|uf*a®/a®)]'/? = ¢al,
(3.2)

ol = [a® + b°]"/2 < [(82/|uf?) e + e2P]1/2 = pel®l,
and

Ip

3.3 In — < |b].
(3.3) = |0

Fix any real number d > 0. Applying the a priori estimates of Part I
(see Theorem 7.1 in [14]), there exists a constant ro with

p

(3.4) ro > 262d||q||oo, ro > ned > — ro > 772

]
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such that: if A = p? € C is any eigenvalue of L with |p| > rq, then p
must lie in the interior of 2. Note that for any point p = a + ib € Q
with |p| > ro, we have |b] > d by (3.3) and (3.4), (1/2)In|p| > Inn, and
from (3.3)

1
(3.5) S ol < ol

Combining these results with Theorem 1.1, we obtain the following
fundamental theorem for calculating the eigenvalues.

Theorem 3.1. Let A = p?> € C with p = a + b, and assume that
la| > 79 and b > —d. Then \ = p? is an eigenvalue of L if and only if
In(Jullal/8) < b < In(lullal/a) and A(p) = 0.

For the characteristic determinant in Case 4, we employ (1.5) and
(1.2) to write A in the form

(3.6) A(p) = Azae™ {1+ g(p) + ¢(p)} — Asapp{l +¥(p)}
for all p # 0, where

A14 ! 2ips A14 ! 2ip(1—s)
9(p) = e“2q(s) ds + e”'r q(s)ds for pe C
0 0

As Ay
and the functions ¢ and 1 are analytic for p # 0 and of order O(1/p)
on the half plane Imp > —d:

(37) o(p)| < T and [u(p)] < T
el el

for all p € C with Imp > —d and |p| > ro. While an estimate like

(2.6) is valid for the function g on the half plane Imp > —d, we

can get a better result by restricting p to Q. Indeed, take any point

p=a+ibe Q with b > —d and |p| > ro. From the above we have

b>dand b=1b| > (1/2)In|p|, and hence,

1 1
[ e as| < lal [ e as
0 0

1 _
= o llallsclt = 7] <

(3.8)
[lgllso

Inp|
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The same estimate is obtained for the integral fol eQi”(l’S)q(s) ds, so
we conclude that

2|‘114| HqHOO
3'9 <

for all p € Q with Imp > —d and |p| > ro. Of course, if ¢ € C1[0, 1],
then as in the last section we obtain the improved estimate

2d
(3.10) l9(p)| < HAuale

< ————llallos + Ild’
A 7] [lalloo + I1d"|]oo]

for all p € C with Im p > —d and |p| > ro.

In view of Theorem 3.1, we proceed to determine the zeros p = a +1ib
of A satisfying |a] > 7o and In(|u|la]/B) < b < In(|ul|a|/a), which
obviously lie in Quadrants I and II. Let

Q’—{p—a+ib€C‘a>ro,ln%|a<b<1n'u—|a},
o

(W_{p—a+M€CMm§4mmE%;ﬁgbgmiﬂ:ﬂ}
«

We will give a detailed analysis of the zeros of A in 2/, and then simply
state the analogous results for the zeros in Q.

Fix any real number § with 0 < 0 <7w/4and 0 <0 < (In2)/(|u| +1),
and then for £k = 1,2,... define

o), = 2km — Argp, By, = In|u|ay,,
1, = oy + 1By,

and introduce the circles
=1 € Cllp— | = d}.

Choose a positive integer k1 > 2 such that y; := aﬁﬁ —m > r9. Note
that

(3.11) ap —m>re > b and aj > 37

- ||
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for k = k1,k1+1,.... Also, let us introduce the logarithmic rectangles
R;C—{p—a—kibec a}c—wgagaz—f—ﬂ,ln% <b<ln%}
for k = k1,k1 +1,... . Clearly the Rj are all contained in €', and pj,

lies in the interior of R},

Next, fix any index k > k; and any point p = a + ib € C with
|p — pp| < 0. We assert that p lies in the interior of Rj. Indeed, we
clearly have |a — aj| <6 < 7 and |b—1In|u|a)| <6, so

|b—In|ula] < |b—In|plag| + [In|ula —In |plag|
<d+ulla—agl <o(lul+1) <In2.

It follows that In(|pla/2) < b < In(2|ule) and In(|pla/8) < b <
In(|ula/c). This establishes the assertion, and it is immediate that
the circle T} lies in the interior of the logarithmic rectangle Rj, for
k = ki,ki +1,.... To complete the setup of the geometry, for
k=ki,ki+1,... let Q) be the punctured logarithmic rectangle formed
from Rj by removing all the points inside I'.

The next step is to establish the growth rate of A on each of
the regions ). For the constants 6 and &y := max{2/«, 25} with
6 <In2 < Inép, we form the punctured rectangle

R.={p=a+ibeC|—-nm<a<m—Ind <b<Indy, and |p| > d},

and set _
mo = min{|le™" — 1| | p € R} > 0.
Let A be the function defined by
e~ e~

e e

o(p) +¥(p) for p#0.
Clearly the function A is analytic for p # 0, and A can be written as

(3.12) A(p) = Aza{e™ — pp[L + h(p)]}

for all p # 0.



EIGENVALUES AND THEIR ASYMPTOTIC FORMULAS 699

To estimate the function h, take any point p = a+1ib € Q with b > —d
and |p| > ro. Then from the inequalities defining §2,

b

e e L fplla] _ 1
po | ellel = lpllpl o T o’
and by (3.7), (3.9) and (3.10), we obtain
gi!
3.13 hp)| <
(313) o) <
in the general case g € C|0, 1], and
g
(3.14) he) < 2
ol
in the special case ¢ € C1[0, 1].
To complete the setup of A, observe that
(3.15) e = paly,
for k = k1, k141, ..., and hence, introducing the sequences of functions
e, 9k, k=k1,k1 +1,..., defined by
felp) =) —1 for pe C,
g, 1 )
ge(p) = —| =+ + —(p— 1) | [L + h(p)] = h(p) for p #0,
®p O
we can put A in its final form
(3.16) A(p) = Azapar[fu(p) + gr(p)]
for all p # 0 and for k = ki,k1 + 1,.... Here we have a family of

representations for A depending on the integer k. We will use the kth
representation to determine the growth rate of A on the kth region €2..

Fix any index k > kq, and take any point p = a +ib € Q.. Clearly
—nm<a-—a) <mand

In -2 :lnw—ln|u|a§€§b—5,’C

Bay, g

§lnw—ln|u|a§C zlnil.
a o,
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But aj, > 27 or m/aj, < 1/2, and

!/
a o
/

/
a (6% ™
> - < %t <2
A Qe

1
a9 R 7 = 4,
2 oy oy

so —In(28) < b— B}, <In(2/«). Thus, the point p — ;. belongs to the
punctured rectangle R, with |p — p}| < 7 +1Indy, and

(3.17) | fe(p)] = mo.

Since limy_,o0 1/}, = limy o0 G}, /), = 0, in terms of (3.13) we can
choose a positive integer kg > k1 such that

(3.18) [5—’2+ ”HMO} [1+ n ] < o

! /
Ay A

for all £ > kg and such that

no_mo
Inja| = 4

(3.19)

for all a € R with a > yg := a}m — 7 > rg. Then for each index k > kg
and for each point p = a + b € Q) , we have

ol > a>ap —7>yo > 1o,

and hence, by (3.13), (3.18) and (3.19),
m
(3.20) k() < 22 < mo < 1)

Also, since aj, > 3w, we have a > aj, —m > 27 or a/2 > 7, and by (3.1)

I saons sl
Gpza=—T25 2y
Therefore,
mo Mo
(3.21) IA(p)| = [Asal |plad, - —= = | Asal ul |p]-

2 T 4
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FIGURE 2. Punctured logarithmic strip €/, in Case 4.

The estimate (3.20) is local in character in that it depends on k—it
is valid only on the region €2}.. In contrast, the estimate (3.21) is global
being independent of k. If we introduce the punctured logarithmic strip

o0
o= J %,
k=ko
then we see that €2, consists of all points p = a + ib € Q which lie in

Quadrant I with a > yo and which do not lie inside any of the circles
I, for k > ko, and from the above

mo amyo
(3.22) [A(p)| = 4—£|A34\ lul [pl = T\A:ﬂ\e‘b'
for all p=a+ibe Q.

With the basic estimates (3.20) and (3.22) established, consider one
of the circles I'}, for k > k. Since (3.20) is valid for each point p on
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I',., it follows that A and f + g, have the same number of zeros as
fr inside T'},. But pj is the only zero of f; inside I'}, pj being a zero
of order 1. Consequently, A has a unique zero pj inside I') with pj
having order 1 for k > ky. Setting

L= k=koko+1,...,

by Theorem 3.1 the A}, are all eigenvalues of L, and the corresponding
algebraic multiplicities and ascents are

(323) V()\;C) Zm()\z) =1, k=ko,ko+1,....

It is also easy to derive asymptotic formulas for the zeros p, k =
ko,ko+1,..., of A. Set ¢, = —gr(p},) for k = ko, ko+1,.... Then we
know that

e~ Pk—m) — 1 4 ¢

and
(3.24) Pl — 1, = i Log [1 + (]
for k = ko, ko +1,..., where

[0
ICz’clg[g—iﬂra—/HH 71}+ n

% A Inrg In|p}|

Now for each k > kg,

a% >2kw —mw >k,
B < Inlp|(2km + ) < 72 Ink,
1Pkl = |1kl = lpt = 1kl = af, =0 2 6k =5 > k,

which yields |(}| < v3/Ink and

3.25 Lt < k=koko+1,....

( ) |pk :u’k|—1nk7 0, ko + 1,

In the special case ¢ € C'*[0, 1] we can use (3.14) to obtain the improved
estimate

Ink
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Up to this point we have concentrated on the zeros of A in the region
. The same analysis is applicable to the region Q”, leading to the
following results. For k. =1,2,... let

af = —(2k+1)m — Argp, W= 1In|p|(—af),
i = o By,
and then introduce the circles
r=1p€C|lp— | =13}

Using the positive integer ky and the constant zy := ozgo + 7 < —7ro,
we form the punctured logarithmic strip Q7 consisting of all points
p = a+ib € Q which lie in Quadrant II with a < 2y and which do not
lie inside any of the circles I') for k > ko. The circles T'}, k > ko, are
all contained in 7, and the characteristic determinant satisfies

m am,
(3.27) |A(p)| > 4—;|A34\ Ll |pl > TO\AM‘QW

for all p = a +ib € Q. Also, A has precisely one zero pj inside I}
with pj/ having order 1 for k£ > kg, and the sequence

Z:(PZ)Qa k:k05k0+17"'a
consists entirely of eigenvalues of L. The algebraic multiplicities,

ascents, and asymptotic formulas for the A}/, p} are identical to those
for the A}, pj.:

(328) V()\Z) = m()\%) =1, k=koko+1,...,
3.29 ol <L k=keko+1,...
( ) |pk g = Ink’ 0, ko + 1, )
and

Ink

in the special case ¢ € C1[0, 1].
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Finally, we claim that the X}, A}, k = ko, ko + 1, ..., account for all
but a finite number of the eigenvalues of L. Indeed, suppose A\g = (po)?
is any eigenvalue of L distinct from the A, A). Replacing py by —po
if necessary, we can assume that Im py > —d. Now there are only two
possible locations for pg: either pg lies in the disk |p| < rg or pg € Q
with |pg| > 7o and 2o < Repg < yo. Ouly a finite number of such
po are possible because they correspond to zeros of A from a bounded
region of the p-plane. This establishes the claim.

We summarize the results for Case 4 in the next theorem, phrasing
them in terms of the negatives of the p}, p} so that they are in the
same format as Theorem 9.1 of [11].

Theorem 3.2. Let the differential operator L belong to Case 4,
and let p = —2i(Ay3 + Aoq)/Az4. Then the elements of the spectrum
o(L) can be listed as two sequences N, = (p},)?, k = ko, ko + 1,...,
and N} = (p})?, k = ko, ko +1,..., plus a finite number of additional
points, where

ok = (2km—Arg p)+iln |u|(2km— Arg p) + €}, k=koko+1,...,
on=12k+ 1)+ Argpu] —iln|p|[(2k + 1)7 + Arg ] + €},

k=ko,ko+1,...,
with N -
B < — b < — k=koko+1,...
|8k|7lnk:’ |€k|7lnk7 0, Ko + ) )
and in particular, with
Ink Ink
<= S I k=hoko+ 1,

in the special case ¢ € C*[0,1]. Moreover, the corresponding algebraic
multiplicities and ascents are v(\,) = m(\,) =1, k = ko, ko + 1,...,
and v(X)) =m(N\)) =1, k=ko, ko +1,..., respectively.

Remark 3.3. From the above the differential operator 7" in Case 4
satisfies:

~ m am
(3.31) [Ap)| = 4—§°|A34\ lullpl = TO\Au\e“"
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for all p = a +ib € Q. UQ’; A has a unique zero f, inside T, and
a unique zero pj inside I'} for k > ko, with p) and p} both being
zeros of order 1; the two sequences \, = (P})%, k =ko,ko+1,..., and
~” = (p})% k = ko, ko + 1,..., consist of eigenvalues of T, accounting
for all but a finite number of the points in o(7T'); and the corresponding
algebraic multiplicities and ascents are v(\,) = m()\,) = 1, k
ko,ko+1,..., and 1/(5\%) = m(Z\g) =1,k =ko,ko+1,..., respectively.
Many of these results for T' are contained in [11, Theorem 9.1], and
they will be needed in Part IV.

Remark 3.4. Suppose the coefficient ¢ is an even function about the
point t = 1/2:

q(t) =q(1 —1t) foralltel0,1].

Then for the integrals which appear in the function g, we have
fol e?iP(1=5)g(s) ds = f e?3q(s)ds, and in Case 3B and Case 4 the
zeros p., P, k = ko, ko +1,..., satisfy the improved asymptotic for-
mulas (2.17), (2.18) and (3.26), (3.30), respectively.
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