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KUZNETSOV FORMULAS FOR
GENERALIZED KLOOSTERMAN SUMS
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1. Introduction. Given two nonzero integers m and n and a
positive integer ¢, the classical Kloosterman sum is defined as

K(m,n;c) = Z e2rilamtan)/c

1<a<c,
(a,c)=1

where aa = 1 (mod ¢). We can also define a generalized Kloosterman

sum
K m,n;c) = 6;/{ (£>62ﬂ'i(am+an)/c
( ) 1;@ .
(a,c)=1
for odd k with k = 2k, where ¢, = 1 if ¢ = 1 (mod 4) and = 3
if a = 3 (mod 4). Here (c¢/a) is the extended Kronecker’s symbol
(Shimura [16] or see Iwaniec [8] and Sarnak [14]). In other words
the generalized Kloosterman sum is the classical sum twisted by a
character. It is known (Iwaniec [8]) that this generalized Kloosterman
sum is essentially a Salié sum which is defined as

S(mnia)= Y. (3>62M<am+fm>/q

1<a<q, N1
(a,9)=1
for odd integer gq.

The Linnik-Selberg conjecture (Linnik [13], Selberg [15]) predicts
that there is considerable cancellation in a weighted sum of the classical
Kloosterman sums:

Z K(m,n;c) _ O(J)E)

c
1<c<zx
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for any € > 0. The first nontrivial estimation in this direction was
obtained by Kuznetsov [12]

O S KO _ o a1/610g2)1),

1<c<Lz

The method used in [12] is a Kuznetsov formula proved by Kuznetsov
and independently by Bruggeman in [2]. Briefly speaking, the Kuznetsov
formula is a weighted sum of classical Kloosterman sums
=1 dm/mn
2 -K ; —_—
2 > itm oy (L)

c=1

which can be expressed essentially as a bilinear form of Fourier coeffi-
cients of Maass cusp forms plus a spectral integral of Fourier coefficients
of Eisenstein series with coefficients given by certain Bessel transforms
of the function ¢.

For the generalized Kloosterman sum Kj(m,n;c) estimation of its
weighted sum is also of interest and has important applications in
number theory. For instance, estimates of the sum

Ki(n,n;c) 4.
3 L) Tivn/c
(3) ; —

¢=0 (mod Q)

for some —1 <v <1 and @ =0 (mod 8), or equivalently, estimates of

g=0 (mod N)

for some N as pointed out by Sarnak [14], play a crucial role in Iwaniec
[8]. These estimates in turn imply bounds for Fourier coefficients of
modular forms of half-integral weights. The technique here is based
on explicit evaluation of the generalized Kloosterman sum in order to
control its oscillatory behavior. In the direction of the Linnik-Selberg
conjecture for the sum of generalized Kloosterman sums, Goldfield and
Sarnak [7] proved a result similar to the estimate in (1):

(5) Z Ki(m,nic) _ O, (x1/5+%)

C
1<c<Lzx
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for odd k = 2k. Note that here z° actually represents a power of logx
higher than (logz)'/? (Goldfield [6]). This result is based on estimation
of the Selberg’s Kloosterman zeta function

Z(m,n,s) _ Z Kk(man;c)

CZS
c>1

as t = Im (s) — oo.

In this paper we will first establish a Kuznetsov formula for gen-
eralized Kloosterman sums twisted by a real character in Section 2
(Theorem 2.1). Our Kuznetsov formula may be regarded as a “soft”
formula, because we do not use Bessel transforms on the spectral side.
We use the theory of automorphic irreducible representations of GL(2)
to give the spectral side of the Kuznetsov formula another interpreta-
tion (Section 3). It is possible to get an “explicit” formula following the
arguments in Cogdell and Piatetski-Shapiro [3]. An advantage of this
“soft” Kuznetsov formula is that it can be lifted to a new Kuznetsov
formula over a quadratic number field. This will be done in Section 4
(Theorem 4.1). One possible application of our Kuznetsov formulas is
that we might be able to estimate weighted sums of generalized Kloost-
erman sums as those in (3), (4) and (5), using Kuznetsov’s approach.
This hopefully would improve the results in [7] and [8], at least to
smaller powers of logarithmic functions.

We want to point out that a similar Kloosterman sum or Salié sum
appears in Jacquet [9]. The geometric kernel function K (g, k) in [9] is
similar to ours, but the relative trace formula there is based on different
integration of K¢(g, h) which leads to different conclusions.

2. A new Kuznetsov formula. First let us choose an additive
character ¥ = YR - Hp<oo 1, of Qa trivial on Q such that Ygr(z) =
e?™% and, at each finite place p, the order of the local character 1, is
zero. Since (am +an)/c € Q and Y((am +an)/c) =1for 1 <a <c
and (a,c) = 1, we can write

e?fri(aert_zn)/c — H &p <am + Em)
c

p<oo
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and the classical Kloosterman sum becomes

Ko~ 3 [ a(2E2)

1<a<c, p<oo
(a,c)=1

Since the order of 1, is zero, the product above is actually taken over
prime factors of ¢. Thus

K(m,n;c) =[] 3 J”’(M)

ple werX /(14w 7@ R,)

where R, is the ring of integers in Q,, w, is a prime element in R,,
and R is the group of units. Using integration, we get

KGmnie) = o0 I [ ("5 s

ple Hx
Rp

where ¢ is the Euler function.
Similarly we can consider Kloosterman sums twisted by a real char-
acter. Let n =nr Hp<oo 7np be a nontrivial real idele class character of

Q. trivial on Q*. By the class field theory there is a unique quadratic
number field £ = Q(/7) such that n is trivial on the norm group
Ng/q(ER), where 7 € Z is nonzero and square-free. In particular, for
p<oo,n€Zand x>0 with (z,p) =1, we have

-1)"(=2/z) ifp=2,7=6 (mod 16);
—m/p)"(x/p) ifp>2,p|T, T=pn.

1 itp>2 ptr, (r/p) =1,
orp=2,7=1 (mod 8);
(=" ifp>2ptr, (v/p) = -1,
orp=2,7=5 (mod 8);
(—=1/x) ifp=2,7=7 (mod 8);
(") =< (=1)"(-1/z) ifp=2,7=3 (mod 8);
(2/z) if p=2,7=2 (mod 16);
(=1)™(2/x) ifp=2,7=10 (mod 16);
(—2/x) if p=2,7=14 (mod 16);
(
(
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Then the conductor exponent of ramified 7, is 2 whenp =2 and 7 =3
(mod 4), is 3 when p = 2 and 7 = +2 (mod 8), and is 1 when p > 2
and p | 7. We have

/(e, 7)) otherwise

an(a) _ { E;l/a)(a/(c, 7)) if2]|cand 7 =3 (mod 4),
Pl

for (a,c) =1 where

(@)

is the Kronecker symbol. Now we define a Kloosterman sum twisted
by the real character lec Np as

K(m.niei) = Y (anm))e%“am*a"vc.

1<a<e, * ple
(a,c)=1

Then from
i _ - (am +an
(TLnt)eriemsemie — [nfari, (“5)
ple ple

the twisted Kloosterman sum can be written as

K = Y [[ms( ).

1<a<e, plec
(a,c)=1

By the same argument as above we get an integral expression

© Kl =@ [T [ (i (" o
vle

c

Although our generalized Kloosterman sum K (m,n;c;n) is different
from the sum Kj(m,n;c), they both are essentially the Salié sum after
removing a power of 2 from c. Indeed, following the proof of Lemma 2
in Iwaniec [8], we have
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Lemma 2.1. Let ¢ = qr with 4| r and (q¢,7) = 1. Then
K(m,n; c;n) = K(mg,ng; r;n) K (m7, n7; ¢; 1)

where § and 7 are giwven by ¢q¢ =1 (mod 7) and r7 =1 (mod q).
We note that, when ¢ is odd,

K(m,nigin) = Y ( . )ezﬂ(amﬁn)/q

EZ, \a7)
(a,q)=1

is the Salié sum S(m,n;q) for suitable ¢ and 7.

Let f be a smooth function of compact support on GL(2,Qa). We
assume that f = fr - Hp <o Jp and that almost every local function
fp, P < 00, is the characteristic function of K,, = GL(2, R,). Then the
geometric kernel is defined as

Kf(g.h) = > flaTyzh)n(z)d* 2
2(Q)\2(Qa) 7€GEZQ)

By the spectral decomposition it is equal to the sum of the correspond-
ing cuspidal kernel, Eisenstein kernel and special kernel, cf., Gelbart
and Jacquet [4]:

Ky(g,h) = K§"P(g,h) + K§*(g,h) + K" (g, h).

We will come back to the actual expressions of these kernels in later
sections. Now the Kuznetsov trace formula is given by the integral, cf.,
Goldfeld [5], Ye [17],

o ] (1)

Q\Qa Q\Qa

= > Iy4)

AeQX

LA ) s

Qa Z(Qa)
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where m is a nonzero integer, and

s=I L[ a0 DG 0)

PS Q, Q, 2(Q,)
n(2)Yp(y — maz)d™ z dx dy.
Here the product is taken over p = R and p < co. We denote by Iy, (A)

the p-adic local integral on the right side for p < oo, and by I, (A) the
real local integral for p = R.

We want to select functions fgr and f,, p < 0o, so that the right side
of (7) equals a weighted sum of generalized Kloosterman sums similar
to (2). For this purpose, let us fix a positive integer n. If n > 1 we write
n= plil ---pbr. where pq,... ,p, are distinct primes and by,... , b, > 0.

We now choose local functions f, for p < oco. First let us assume
that p # p1,...,pr. We want the function f,, to be supported in K,
left-invariant under the principal congruence subgroup K3 consisting
of k=1 (mod w)R,), and bi-invariant under

N(Rp):{<1 ”{) ‘xERp}.

Then f, is determined by its values at

(") e ()

for ay,as € RY /(1 + w)Ry). We set

(") =00 ) = e

this can always be done because 7, is either unramified or ramified with
its conductor exponent less than or equal to 3.

When p = p;, we want f, to be supported in

(1 L) @),

p
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left-invariant under K3, and bi-invariant under N(R,). Then f, is
determined by its values at

b,
a asTo,"
! b, and 2%
(J,g?ﬂpI ai

for ay,as € RY /(1 + wiRy). We set
b;

To choose the real function fr we use the Bruhat decomposition. We
set fr = 0 on the parabolic subgroup A(R)N(R), where

- {(; O} e {2 9

On the big cell
N(R)A(R) (1 1) N(R)

we set

(D)) mr@nwaen

for z,y € R, a,z € R*, where f; and fs are compactly supported
smooth functions on R and f3, f; are compactly supported smooth
functions on R*, such that

/fl(x)e*%imm de =1,
R

/h@&W@:L
R

and

/ fs(Z)ﬁ =1
lz|lr
RX
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Since the support of fgr does not intersect a neighborhood of A(R)N(R),
the function fr defined above is indeed a smooth function of compact
support on GL(2,R).

Using these local functions fr and f,, p < 0o, we can calculate the
right side of (7). Since fgr vanishes on A(R)N(R), the second term on
the right side of (7) equals zero. Now to compute I¢(A) we look at the
local integrals Iy, (A), p < oo, and Iy, (A).

We will use an expansion formula for p-adic local orbital integrals
proves in Ye [18]. By assuming b; > 0 we only need to compute Iy, (A)
when p = p;. Since f, is left-invariant under K3, it can be written
as a convolution f, = vol (K3) ™! fo * f,, where fo is the characteristic
function on K3. Substituting this convolution into the integral defining
Iy, (A), we can rewrite Iy (A) as

pr(A): Z ‘I’fp (k(w[’,\l w}))\1+)\2>)

A1,A2€7Z,
keK3\ K,

np(z)%(yw;"‘ —mz)drdyd*z

z,Y€Qp,2€2(Qyp),

z(l 91;) (1 A) (wpkl wp—xl—xz)(l ‘111)€K3k
w0 = [ 1, (g (1 f))wp(x)dx.
Q,

Since f, is supported in

where

we know that

wM
Uy <k ( P w;‘l+>\2 >)

is nonzero only if Ay = 0 and Ay = b;. When this is the case

v, (k (wﬁl w]?lw)) = (k (1 WZ"’» '
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Consequently

v 2 0((* )

ke K3\ Ky

Up(z)¢p(ngi —mz)dzdyd”z.
z,Y€Qp,2€Z(Qyp),

—b;
Z(zAwp +zy)EK3k
1 Y

Since the function f, is bi-invariant under N(R,), we may take the sum
above over k € KsN(R,)\K,/N(R,) and the integral over

; (m A, bi 4 gy
1 Y
This last condition implies that ord ,(A) < b;, ord ,(4) = b; (mod 2),

and hence z € w,(,biiord”(A))/zR;.

) € KsN(R,)kN(R,).

If ord ,(A) = b;, then 2z € R, 7,y € R,, and we can integrate over =
and y to get

w5 (o)

kEKsN(Rp)\K;D/N(R;D)

np(z) d* z.
ZEZ(QP)7
N ( ) Ao, i ) €K3N(Rp)EN(R,)

()

with a1,a9 € R /(1+ w)R,) and get

AUEED S

ai,a2€Ry /(1+w3 Ryp)

/ np(2) d .

z€a1(1+w§Rp),
zAw;bi €a2(1+w2RP)

Hence we can set
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Recall
b;

fo (a1 = > = 1p(ar).

Since 1,(z) = np(a1), we can integrate over z and sum over ag to get
Iy,(A) =1 when ord ,(A4) = b;.

Now we consider the case of ord,(A) < b; and ord,(4) = b;
(mod 2). This time z € wébi_ord”(A))/2R;, x € w,(Jord"(A)_bi)/2R;,

and y = —Aw;b'i/x +y1 with y; € R,,. Integrating over y;, we get

a5 ()

keK3N(Rp)\Kp/N(Rp)
- (A
Np(2) ¥y <— + mx) de d*z.
x

mew;ordp(A)—bi)/2

w;bifordp(A))/2

RX,
X
z€ Ry,

z ( z 7Awp_bi/z) €K3N(Rp)kN(Rp)

b= (al )
as
we get

Iy, (A) = > o (a1 azwgi>

ay,a2€RY /(1+w@3Ry)

Setting

mewéord p(A)fbi)/Z’

z€

X
R;,
wg()bifordp(A))/ZR; ,
zz€a1(1+ngp),
—zAw;bi /anQ(l-l—ngp)

Note that

(M ) =) a0y (2) = el (an),
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If we integrate over z € (a1/z)(1 + wiR,) and sum over ay, we get

_ (A
Iy, (A) = / Wp($)1/)p<; + ma:) dx.
w}()ordp(A)—bi)/2R;<

We observe that Iy (A) is nonzero only when ord,(A4) < b; and
ord,(A) = b; (mod 2). Thus in the sum . qx If(A) we can set

A = +£n/c* with ¢ € ZX. Changing variables from z to z/c when
ord ,(c) # 0, we get

(£ 5) = a=p O @) [, (ML)

c
Ry

Therefore the Kuznetsov trace formula in (7) can be written as
= n

> 1) =310 (%)
c=1

AcQx
. H(l _pfl)pordp(c)np(c)

ple

[ iy (M Y v

s n
+ > I ( - C—2>
c=1

. H(l _p—l)pordp(c)np(c)

ple

-/np(év)wp(m%l/x) d*z.

Ry

Using the twisted Kloosterman sum in (6), we get

iffa (%)K(m n;c;n) qnp(c)

n iIfR ( _ C%)K(m —n; ;) [ ()

ple
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Back to the definition of fr, we see that
—2mimx 2miy dz
It (A) = | fi(z)e de [ fa(y)e™™ dy fs(z)%fzi(fl)
R R R

= fa(A).

Therefore, the geometric side of the Kuznetsov trace formula is

[ s((M 1) (0 ) vt medeay

Q\Qa QlQa
=31 (%)K(m nie;n) [ [ (c)

ple

N f: f4< - C%)K(m, —nzcin) [T ().

ple

We note that [],.n,(c) = (—1)ur(9) if all primes p | ¢ split or are
inert unramified (see Section 4), where Q. (c) is the number of inert
unramified prime divisors of ¢ counting multiplicity. Using the spectral
decomposition of the automorphic representations of GL(2), we finally
get a new Kuznetsov formula.

Theorem 2.1. Let fy be a smooth function of compact support in
R*. For a positive integer n and a nonzero integer m, define functions
fi, f2, f3, fr, fp, p < 00, and f as above. Then

(8) 2 fa (%)K(mm; ) [T m(e)

ple
+3 f4( - :—Q)K(m, —n;e;n) [ [ s (e)
c=1 ple
LD D
Q\Qa Q\Qa

R G e

Q\Qa Q\Qa
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Here we used the fact that the integral of the special kernel equals
zero. This is trivial, because

K(g,h) = % Z X(det g)X(det h)

X2=n
/ X(dety) dy
(Qa)\GL(2,Qa)

[ o

Z(Qa)

We remark that if we assume fy(A) to be zero for negative A, we
only get the first sum on the left side of (8). If, instead, fs is
compactly supported on (—o0,0), we get the second sum only, which
is a Kuznetsov formula with opposite signs when m is positive.

If we set 1 to be the trivial character, the discussion in this section also
applies. Consequently, we can get a Kuznetsov formula for the usual
classical Kloosterman sums. This is essentially the soft Kloosterman-
spectral formula of Cogdell and Piatetski-Shapiro [3]:

iﬁx <%)K(m,n; c) + i f4< - %)K(m, —n;c)

S (G ) e

Q\Qa Q\Qa

i 1 1
o () (1) s
Q\Qa Q\Qa

where K}C“Sp and K }eis are the cuspidal and Eisensteinian components
of the kernel

K}(g,h) = / > flgTtyzh)d¥z
Z(Q\2(Qa) 1€GL(2Q)

3. The spectral decomposition. Now we explain the meaning of
the spectral side of our Kuznetsov formula.
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Let o be an automorphic irreducible cuspidal representation of
GL(2,Qa) with central character n containing the unit representation
of K%. Here S is a finite set of places of Q containing R, p1,... ,py,
(from n), and all ramified places, and K = [I,¢s K(Qp). We denote
by V(o) the subspace of the space of o consisting of the forms invariant
under K. Let {¢;}jcs be an orthonormal basis of Vg(c), and let og
be the corresponding representation of GL(2,Qg) on Vg(o). Then, for
the function f chosen above, the cuspidal kernel is given by (Jacquet
and Lai [10])

K7"P(g,h) =YY 0s(fs)di(9)8;(h)

o jeJ

where f(g fZ(QA) f(zg)n(z) d*z. Hence the cuspidal integral can
be wrltten as

/ /K?“SP(C :f)(l Z{))w(y-kmx)d:cdy

Q\Qa Q\Qa
-¥Y [ s @)(1 f)w(mx)dx

7 €7 q\Qa

[ () v

Q\Qa

To define the Eisenstein kernel, we first introduce a Hilbert space
H(s,u,v) for s € C consisting of functions ¢ on GL(2,Qa) which
satisfy conditions

o((“ 3)a) =utano;

for a,b € Qx, v € Qa and g € GL(2,Qa), and

s+1/2

o(g)

Qa

|p(E)|* dk < +oo.
K(Qa)

Here p and v are unitary characters of Q3 trivial on Q* with pv = 7.
The spaces H(s,u,v) form a trivial holomorphic fiber bundle of base
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C; hence, we may identify H(s, u,v) with H(u,v) = H(0, i, v) so that
each ¢ € H(u,v) determines a section ¢(s, u, ) whose restriction to
K(Qa) is independent of s. Let {¢n}, @ € I, be an orthonormal
basis of H(u,v), and let 7(s, i, v) be the representation of GL(2,Qa)
on H(s,u,v) by right translations. This representation 7 (s, u,v) is
unitary if s is purely imaginary. The Eisenstein series is defined as

E(g,¢,5,1,v) = > ¢(9,9)
YEAQN(Q\CL(2,Q)

for Re(s) > 1/2 and is continued analytically to the whole complex
lane, where ¢ is a section of the bundle H (s, y1, ). Then, as in Arthur
[1] and Gelbart and Jacquet [4], the Eisenstein kernel is

) Kgn=—3 [ 3 (it m ) (Hés, 6)

. E(g7 Qsaa Ztv M, V)E(ha (bﬁu it7 M, V) dt.

This expression of Eisenstein kernel is actually valid for smooth
K(QAa)-finite functions f. Since f = fgr - Hp<oo fp with f, being
locally constant and compactly supported, it is equivalent to say that
(9) is valid for those f with K (R)-finite smooth functions fgr; in this
case, the two sums in (9) are indeed reduced to finite sums for each
fixed f. Arthur pointed out in [1] that the expression in (9) is a con-
tinuous functional on the space of K(Qa )-finite compactly supported
smooth functions. Since this space is dense in C°(GL(2,Qa)), we
can then extend the definition of K}is to a continuous functional on

Ce(GL(2,Qa))-
More precisely, let
[ cosp sing
r(y) = (—singa cosnp) ’

Since fr(r(¢1)gr(p2)) is a smooth 2w-periodic function of ¢ and 2,
we can expand fgr(g) into a Fourier series

10) S0 = 55 3 [ [ Irlrlongren)

lL,neZ

—_—T —T

ceT e emile: dp1 dps.
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Since fr is smooth and compactly supported, the double series in
(10) is uniformly convergent for ¢ € GL(2,R). We also observe that
any finite partial sum of the right side of (10) is a smooth K(R)-
finite function; in particular, the integral in (10) is K (R)-finite for any
l,n € Z. Therefore, for any compactly supported smooth function f,
the Eisenstein kernel can be written as

K§®(g,h)

_ 16% >3 70 3 77@(@,u,w(ﬂal,w)«m%)

I,nez pv=n ~_ a,Bel

—TmT —T
. e—m%e—iltpz d<,01 d(pg

. E(g7 Qsaa Ztv M, V)E(ha (bﬁu it7 M, V) dt

where

Foroa(9) = fr(r(e1)grr(v2) T fo(90)

p<oo

for g = gr Hp<oo gp € GL(2,Qa). Note that the two inner sums here
are indeed finite sums for fixed f and [, n.

According to Arthur [1], the Eisenstein kernel is bounded by

(11) [K§(g, ) < II£llo - llgll*1alI*

for any compactly supported smooth function f, not necessarily
K (Qa)-finite, where ||-]|o is a continuous seminorm on C°(GL(2,QAa))
and L is a constant; here || - || is a norm function on GL(2,Q4). Since
the Eisenstein series are left-invariant under GL(2, Q), the integral of
K}Ccis in (8) can be taken over compact subsets of Qa. By the bounds
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given in (11), we obtain as in Ye [17], that
eis 1z 1 Y
[ (0 5) 1)
Q\QA Q\Qa

+oo
1
"L X [

In€Z p,v=n "~

. Z //e—inwleilsaz dsﬁl dg02

a,BET

—_—T —T

¢p(K'r(02))ba(kr (1)) dk dk’
K(Qa) K(Qa)

T (7))o

Qf Qs
/ E((l §’>,¢a,z‘t,u,u)w(mv>dv
Q\Qa
Q\Qa

where S is the same as in the cuspidal kernel, fg = HpES fps s =
[Loes tps ks = lpes kps kr(e1) = krr(e1) - [« o kp, ete.

4. A Kuznetsov formula over a quadratic number field. The
quadratic idele class character 77 in Theorem 2.1 is associated uniquely
with a quadratic number field £ = Q(1/7) with a nonzero square-free
integer 7. To simplify the matter, we will assume that m = n in this
section; this is indeed the situation when one estimates (3) and (4).

We will derive our results by local arguments. We note that p splits
in Fifp=2,7=1 (mod 8),orif p>2 ptr, (r/p) =1; pis inert
unramified in Fif p=2, 7 =5 (mod 8), orif p > 2, pt 7, (7/p) = —1;
p is inert ramified in F if p =2, 7 = 2,3 (mod 4), or if p > 2, p | 7.
When p is ramified, the different exponent d of E,, over Q, is 1 if p > 2,
p|l7,is2ifp=27=3 (mod4), and is 3if p =2, 7 =2 (mod 4).
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We will use a lemma proved in Ye [19]. A formula of this kind was first
proved by Zagier [20].

Lemma 4.1. Suppose that p is inert in Q(\/7), b € R, c € w, R,
if p is unramified, and c € ngp if p is ramified. Then

[ @i+ 5 ) as

(1/c)Ry
_ - - «
=p d/z)\Ep/Qp(wp) Z Py o tr <E)

X
aGREp/(lJrcREp),
aacb+ecR,

where e =2 if p=2 and 7 = 2,3 (mod 4), and € = 1 otherwise.

Here the local A factor is defined as in Jacquet and Langlands [11].
That is,

AEp/(;z;n (,(/)P)
1 ifp=2,7=1 (mod 4)
orp>2 ptr
i if p=2,7=3 (mod 4);
1 if p=2,7=2 (mod 16);
)1 if p=2,7=10 (mod 16);
i if p=2,7=14 (mod 16);
—i ifp=2,7=6 (mod 16);
NP (x/p)em/®
(l) lse<p - if p>2, p|7 with
p |Zl§x<p(x/p)e mi/p|
T = pPT71.

For the local orbital integral

Iy, < + C%) = / Np (7)1 (mx + %) dx

(1/c)Ry
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when p | ¢, we have the following results.

Lemma 4.2. Suppose m =n and p | c.

(1) When p is inert unramified with ¢ € nwyR,, or when p is ramified
with ¢ € nngp,

n n,(n) _ -
pr<i c_2> - 2, A5, 1q, ()

B Inlp
S ()
(&
aER;;p/(l-Q—(c/n)REp),

aactl4(ec/n)R,

(ii) When p splits into E1 and Ey with ¢ € nwyR,,

n _ - (xn  yn
(o) ()
wERY, /(1+(c/n) b, ),

VRS, /(1+(e/n) Riy),
zyexl+(c/n)Ry

(i) When p splits or is inert unramified with ¢ ¢ nw,R,, we have

pr<i C%) _ Dy

B lclp

(iv) Iy, (£n/c?) vanishes otherwise.

Proof. Part (i) follows from Lemma 4.1. When p splits we have

n 1 - rn n

z€R /(1+(c/n)Ry)

Setting y = +1/x we get (ii). The last two parts are from direct
computation.
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By Lemma 4.2, we can rewrite the Kuznetsov trace formula in (7) as

> 1= 1 ()

AeQX

- an
11 > Ypotr| =
pl(c/(en)) ifpis  aeRE /(14+(c/n)RE,),
inert unramified, f’€1+( /n)R
p?|(c/(en)) if p is aasiTlEemI Ty
inert ramified

- xrn n
11 > (e
pl(c/(e;n)  zeR} /(1+(c/n)Rp,),

if p splits
VER, /(14 (c/n)Ri,),
ry€l+(c/n)Ry

Jlennies7)
+ Cﬁ::lfjh ( - :—2>
I > den()

pl(c/(en)) it pis  aeRE /(14+(c/n)Rm,),

inert unramified, _éflJr( /n)R

pil(c/(en))ifpis e/t
inert ramified

- (xn yn
I1 S w7
pl(c/(c,n)) z€RY /(1+(c/n)Re, ),

if p splits
VER), /(1+(c/n)Ra,).
sye—1+(c/n)Ry

: H ep(n,e;m)

ple

where
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mp(n)[nl,

if p is inert unramified or
splits with p|(¢/(¢,n)),
np(c)lel, (1 —p~t) if p is inert unramified or
splits with p t (¢/(¢,n)),
np(n)|nl; =2\, jq, (¥p) if p is inert ramified with
p?|(c/(c,n)),

0 if p is inert ramified with
p* 1t (c/(e,n)).

If we set 3 = an/(¢,n), x1 = zn/(c,n) and y; = yn/(c,n), we can
rewrite the sums

(12) S By o tr (ﬁ)
&
aGREp/(lJr(c/n)REp),
aacxl4(ec/n)Ry

- 2 doote (o)

BERE /(1+(c/(e;n)Ri,),
ﬂ@einz/(c7n)2+(ac/(c,n))Rp

ep(n,c;m) =

and
- (xn  yn
(13) > ¥p <7 + 7)
mERgl/(lJr(c/n)REl),
yeR), /(1+(c/m)Ri,),
zy€xl+(c/n)Ry

- - Z1 Y1
= 2 wﬁ(e/(a W el n))'
1 €R§1 /(14(c/(e;n))REy ),

y1€R /(1+(c/(e;n)) Re,),
z1y1€En?/(c,n)?+(c/(c,n)) Ry

Here we note that p|(c/(c,n)) implies that p t (n/(c,n)) and n/(¢,n) €
R If we denote 3 = a + by/7, then the conditions

“ c - n? ec
6 S RE,,/(I + WREp) and 56 S iw + WRP
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are equivalent to

a,be Rp/(c_Cn)Rp and a® —7b% € £n?/(c,n)? +

for all local cases, except when p = 2 and 7 = 5 (mod 8). In this

exceptional case the conditions on [ are equivalent to a = a;/2,
b=10b1/2,
2c 4n? 4c
,b ER/—R, d é?—7thlet+t——+ —R,.
ST eyt M T TSR T e

Similarly we may set z1 = a+b+/7 and y; = a—b/T when p splits. Then
the conditions on z; and y; attached to the above sum are equivalent
to

n2 C

C
beR,/——R d a>—mh*e+——+ "R
abERy /oy ad o =i et + TR,

if p>2 ptr, (r/p) =1, and are equivalent to
2c
CIAZG/]A/Z7 b:b1/2, al,bleRp/me,

and )
4n 4c
2 2
a; —Tb] € i—(c, )? + —(c, ) R,

ifp=2and 7 =1 (mod 8).
Consequently, assuming 2 t (¢/(c,n)) when 7 = 1 (mod 4), we can

take the global product of the sums in (12) and (13) over p|(c¢/(¢,n))
and write it as

Z e471"£a(c,n)/c

1<a<c/(e,n),
1<b<c/(c,n),
a®>—1b?=+n?/(¢c,n)? (mod ec/(c,n))

except when 2|(c/(c,n)), 2% 1 (¢/(¢,n)) and 7 = 2 or 3 (mod 4). Since
in the last cases we have HP‘C ep(n,c;7) = 0, these exceptional cases
do not matter.
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Now we consider the global product of the sums in (12) and (13)
taken over p|(¢/(c,n)) when 2|(c/(¢,n)) and 7 = 1 or 5 (mod 8). In
either case we have to use a1 and b; to rewrite the sum in (12) or (13)
as

1 Z ,(/—) ai + bl\/7_' a; — bl\/7_'

2 P\ 2¢/(c,n) 2¢/(c,n) )’
a1,b1€RY /(1+(2¢/ () Ry ),

a2 —rb2edn? /(c;n) +(de/ (c.n) R,

Here we have the coefficient 1/2 because the new sum covers the original
sum twice. Therefore the corresponding global product is equal to

1 wia(c,m)/c
! 5 garintcn/e

1<a<2¢/(c,n),
1<b<2¢/(c,n),
a?—7rb?=+4n?/(c,n)? (mod 4c/(c,n))

Substituting the above results into the Kuznetsov trace formula and
using our computation of Iy, (A) in Section 2, we get

Z I;(A) = %iﬁl(%)

AeQx

2mia(c,n)/c .
g eZrialen)/ -Ilep(n,c,T)
1<a<2¢/(c,n), ple
1<b<2¢/(c,n),

a?—71b*=4n?/(c,n)? (mod 4c/(c,n))

Z eZﬂia(c,n)/c . H ep(n, ¢ T)
1<a<2c¢/(e,n), ple
1<b<2¢/(c,n),

a?—71b*=—4n?/(c,n)? (mod 4c/(c,n))
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when 2|(¢/(¢,n)) and 7 =1 (mod 4), and

Z Iy (A) = :i;le (c%)

AeQX

Z e471'z’zz(c,n)/c . H ep(n, ¢ 7_)

1<a<c/(c;n), ple
1<b<c/(e,n),
a®>—7b*=n?/(¢,n)? (mod ec/(c,n))

> n
20~ 5)
c=1
Z 647'ria(c.,n)/c . H ep(n, ¢ 7.)

1<a<c/(e;n), ple
1<b<c/(e,n),
a?>—7b?=—n?/(c,n)? (mod ec/(c,n))

otherwise. We note that the exponential sums above can be regarded
as the lifting of the Kloosterman sums K (n, +n; ¢;n) over the quadratic
number field F = Q(v/7) (Ye [19]). We will denote them as

Khi(na C; T) =

1 .
2 2 1<a<2¢/(e,m), e2mialen)/c
1<b<2¢/(cyn),
a2_7—b25i4n2/(c)n)2 (mod 4¢/(e;n))
if 2[(c/(c,n))and

7=1 (mod 4),
Z 1<a<e/(en), e47ria(c,n)/c
1<b<c/(e;n),
a?—71b%>=+n?/(¢c,n)? (mod 2¢/(c,n))

if 2|(¢/(¢,n))and
7=2,3 (mod 4),

E 1<a<e/(em), e47ria(c,n)/c
1<b<c/(¢e,n),
a®>—1b?=%+n?/(c,n)? (mod c¢/(c,n))

otherwise.

We also note that the product Hp‘cep(n,c;T) vanishes when either
(i) 2[(c¢/(e,n)), 4 1 (¢/(¢,n)), and 7 = 3 (mod 4), or (ii) 2[(¢/(c,n)),
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8 1 (¢/(¢,n)) and 7 = 2 (mod 4). Now we can finally establish a
Kuznetsov formula over the quadratic number field E = Q(/7):

Theorem 4.1. Let fy be a smooth function of compact support in
R*. For a positive integer m = n we define functions f1, fa, f3, IR,
fps » <00, and f as in Section 2. Then

Zf4( S LOEE) | IO

ple

+ iﬂ; ( - %)Kh_(n, 1) [Jes(nieim)

ple

/ /K?usp(<1 f)(l Z{))iﬁ(y—knx)dxdy

Q\Qa Q\Qa

O (O i) e

Q\Qa Q\Qa

The spectral side of this formula can also be lifted to E according to
the relative trace formula in Ye [17].

Acknowledgments. The author would like to thank the referees
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