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SPECTRAL DOMAINS
IN SEVERAL COMPLEX VARIABLES

SIQI FU AND BERNARD RUSSO

ABSTRACT. In this paper we study the concepts of spec-
tral domain and complete spectral domain in several complex
variables. For a domain € in C™ and an n-tuple T of com-
muting operators on a Hilbert space H such that the Taylor
spectrum of T is a subset of €2, we introduce the quantities
Kq(T) and Mq(T). These quantities are related to the quan-
tities Kx (T") and M x (T') introduced by Paulsen for a compact
subset X. When T is an n-tuple of 2 X 2 matrices, Kq(7T') and
Mq(T) are expressed in terms of the Carathéodory metric
and the Mobius distance. This in turn answers a question by
Paulsen for tuples of 2x 2 matrices. We also establish von Neu-
mann’s inequality for an n-tuple of upper triangular Toeplitz
matrices. We study the regularity of Kq(7T) and Mq(T) and
obtain various comparisons of these two quantities when T is
an n-tuple of Jordan blocks.

1. Introduction. This work is motivated primarily by two papers,
namely, [1] and [23]. The former shows a strong connection between
operator theory and complex geometry by giving an operator theoretic
proof of a fundamental result on invariant metrics for convex domains
in C". For an infinitesimal version of that result, see [25]. The second
paper is a survey of results concerning spectral sets and centering
around von Neumann’s inequality.

In this paper we study the concepts of spectral domain and complete
spectral domain in several complex variables. We use some ideas from
complex geometry to obtain some results in multi-variable operator
theory.

Our first group of results consists of improvements of results of several
authors concerning n-tuples of 2 x 2 matrices. This is summarized in
Theorem 1. As a consequence, we answer, in this case, a question of
Paulsen, and we give a new proof of von Neumann’s inequality for any
n-tuple of 2 x 2 matrices.
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Our second group of results is concerned with n-tuples of finite
dimensional operators. We establish two estimates for the quantity
Mgq(T) in terms of Kq(T), one which is general (Proposition 4.1) and
one which is valid for Jordan blocks (Theorem 3). We also prove some
regularity properties for these quantities for Jordan blocks (Proposition
4.2) and establish the von Neumann inequality for n-tuples of upper
triangular Toeplitz matrices (Theorem 2).

We introduce now some basic definitions. Other definitions will be
stated as needed. Let H be a Hilbert space, and let £(H) be the
algebra of all bounded operators on H. Let T = (T1,T5,... ,T,) be
a commuting n-tuple of operators in L(H). Let o(T), or or, be the
Taylor spectrum of T'. It follows from the work of Taylor [28] that

1) o(T) is a compact nonempty subset of C™.

2) If H(o(T)) is the algebra of functions holomorphic in a neighbor-
hood of ¢(T'), then there is a continuous homomorphism ¢ : H(o(T')) —
L(H) such that ¢(1) = I and ¢(z;) = T;. ¢(f) is denoted by f(T).

) If f=(fr,...,fm): U— C™is a holomorphic mapping from
a neighborhood U of o(T) to C™, then f(o(T)) = o(f(T)), where
f(T) = (fl(T)v s afm(T))'

The following definitions of spectral domain and complete spectral
domain were first introduced by Agler [1]. They are variations of

the concepts of spectral set and complete spectral set, which were
introduced by von Neumann [18] and Arveson [3], respectively.

Let 2 be a domain in C™ containing o(7T'), and let H(Q,@ be the
set of holomorphic mappings from 2 to the closed unit disk D.

Define
(1.1) Ko(T) = sup{||f(T)|; f € H(Q,D)}.

We say that a domain 2 is a spectral domain of T if op C Q
and Kq(T) < 1. The domain  is called K-spectral domain if
Ko(T) < K < +oc.

Let M., be the algebra of m x m matrices and B,, x.», be the unit ball
in M,,, (under the matrix norm). For f(-) = (fi;(-)) € H®(Q) @ M,,,
let

(1.2) IFOIF = supdll (i) (2l m,,5 2 € Q-
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Let [|f(T)| be the norm of the operator f(T) = [fi;(T)] acting on m
copies of H. Let H (Q, Biuxm) be the set of holomorphic mappings
from Q to B,,xm. Define

(1.3) ME(T) = sup{|| f(T); f € H(Q, Binxm)}
and
(1.4) Mq(T) = sup{M'(T');m > 1}.

A domain € is said to be a complete spectral domain of T if op C
and Mq(T) < 1. It is called complete K-spectral domain if Mq(T) <
K < +oo0.

This paper is organized as follows. In Section 2 we study the basic
properties of the quantities Kq(T") and Mq(T') for a general n-tuple T
and a domain DD o(T). We prove that if  is rationally convex,
then € is a spectral domain, respectively complete spectral domain, if
and only if Q is a spectral set, respectively complete spectral set. In
Section 3 we study the case when T is an n-tuple of 2 X 2 matrices. We
prove that in this case Kq(T) = Mq(T'). We express Kq(T) in terms
of the Carathéodory metric and the Mobius distance. This enables
us to solve (for 2 x 2 matrices) a problem raised by Paulsen, see [23,
Problem 13]: If T;, i = 1,2, are commuting 2 x 2 matrices and X; is a
K;-spectral set for T;, then X7 x X5 is a K-spectral set for T = (T1,T»)
where K = max{K;,K>}. In Section 4 we study the properties of
Kq(T) and Mq(T) when T is an n-tuple of commuting finite matrices.
We are especially interested when T is an n-tuple of Jordan blocks.
Since most of the recent work on this subject is concerned with finite
dimensional operators, Jordan blocks are natural objects on which to
study the relation between the quantities Kx (T) and Mx (7).

2. General properties of Kq(7) and Mq(T'). In this section we
study the basic properties of the quantities Kq(T) and Mq(T). The
following proposition follows directly from the definitions.

Proposition 2.1. Let T be an n-tuple of commuting operators in
L(H). Then

1) for each m, there exists f € H(Q, Bpxm) so that | f(T)|| =
Mz(T).
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2

Ko(T) = M&(T) and MEW(T) < M5H(T).
3) Fo

r any domain Q DD o(T), Kqo(T') < +o0.
4) ME(T) < mKq(T).

5) Kq, M3 and Mq satisfy the decreasing property, i.e., if ¢ :
Q1 — Qs is a holomorphic mapping from domain 0y to domain Qy
and o(T) CC 4, then

)
)
) M,
)

Here and in what follows, G denotes either K, M™ or M. In particular,
if Q1 C Qa, then G, (T) > G, (T).

‘We now recall the concepts of spectral set and complete spectral set.

Let X D o(T) be a compact subset of C™. Define

Kx(T) = supd{ /(T f € R(X, D)}
ME(T) = sup{ | £(T)]: £ € ROX, Brn)}
Mx(T) = sup{M(T);m > 1},

where R(X, D), respectively R(X, Byixm), is the set of rational map-
pings r with poles off X such that 7(X) C D, respectively 7(X) C
Bouxm. A compact set X is called a spectral set if X D o(T) and
Kx(T) < 1. Tt is called a K-spectral set if Kx(T) < K < +oo. The
definitions of complete spectral set and complete K -spectral set are ob-
tained by replacing Kx by M. It follows from a theorem of Arveson
[3] that X is a complete spectral set if and only if T has a normal
0X-dilation. We list some important results in this language:

1) (von Neumann [18]). If T'€ L(H) and ||T|| < 1, then K5(T) < 1.
2) (Sz-Nagy [17]). If T € L(H) and ||T|| < 1, then M7(T) < 1.
3) (Ando [2]). T = (T3, T2) is a commuting two tuple of operators in

L(H) such that || T;|| < 1,i= 1,2, then M72(T) < 1. In particular, von
Neumann’s inequality holds for a 2-tuple of commuting contractions.
von Neumann’s inequality does not extend to a tuple of more than

two operators. Such counterexamples have been found by Varopoulos
[29] and others. By the theorem of Arveson mentioned above, and the
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well-known example of Parrott [19], Ando’s theorem (as stated above)
does not extend to n-tuples, for n > 3.

Proposition 2.2. If X D o(T) is rationally convez, then
(2.1) Gx(T) = sup{Ga(T), all domains Q DD X'}

where G 1is either K, M™ or M. Furthermore, if Q is a bounded domain
in C™ such that Q) is rationally convez, then

(2.2) Gg(T) = Ga(T).

Proof. We need only to prove that (2.1) is true for M™. The proof
is based on a classical theorem of Oka-Weil, see, for example, [10],
which says that if X is a rationally convex set, then any holomorphic
function in a neighborhood of X can be uniformly approximated by
rational functions r; with poles off X.

Let © DD X be a domain in C”, and let f € H(S, Byxm) such
that || f(T)|] = MZ(T). For any €, > 0, by Oka-Weil’s theorem, there
are (matrix value) rational functions r(z) such that ||r(z) — f(2)|| < .
Choosing § sufficiently small, then || f(T) — 7(T)|| < €. On the other
hand, ||7(z)||x <14 4. Thus

(2.3) ME(T) 2 (1+8)" (ME(T) ).

Letting 6, — 0, we have M3 (T) < MZ(T).

For the inequality in the other direction, let r(z) be a rational function
with poles off X such that ||r(T)| > MP(T) — & (here we assume that
MR (T) < oo, the situation for MY (T) = oo is similar, we omit the
details). By choosing domain 2 DD X sufficiently close to X, we have
[r(2)lo < 1+¢. Thus,

ME(T) > (1 +&)"{(MZ(T) —¢).
Therefore,

sup{ MSH(T), QD X} > (1 4&) " (MP(T) —¢).
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Letting € — 0, we then obtain the desired inequality. ]

Remark. 1) Since every planar compact subset is rationally convex,
the equality (2.2) is true for every planar domain Q D o(T).

2) A set S C C" is called a Reinhardt set if (e 21,922y, ... e 2,)
€ S whenever (z1,22,...,2,) € S and (61,02,...,0,) € R". It follows

from Theorem 3.3 in [10] that if 2 is a pseudoconvex Reinhardt domain
in C” such that

QN{(z1,22,... ,2n);2i =0} #2, i=1,2,...,n,

whenever QN{(z1, 22,...,2,);2i = 0} # @, then  is rationally convex.
Thus equality (2.2) holds for any pseudoconvex Reinhardt domain with
a differentiable boundary, see [9] for more details.

Proposition 2.3. IfQ) C Qy C Qz---, UQ,; = Q and Q DD o(T),
then lim; oo MG (T') = Mg (T).

Proof. First, by the decreasing property, Mg (T) = M{{‘Hl(T) >
ME(T). Let g; € H(Q, Bmxm) be such that M{Z(T) = |lg; (D]
Since {g;} is a normal family, there exists a subsequence {g;}, for

simplicity we use the same notation, which locally uniformly converges
to some f € H(S, Byxm). Thus

Jim M (T) = [ /(D) < Mg!(T). o

For an invertible S € L(H), let ¢(S) = ||S]| - ||S7!|| be its condition
number. The proof of the following property follows from the proof of
the main theorem in [22].

Proposition 2.4.  For any domain Q DD o(T), Go(T) =
min{c(9), Ga(S™'TS) = 1}.

3. Two-dimensional case. In this section we study the case when
‘H is two-dimensional. We show the relationship among the quantities
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Kq, Mg and the invariant metric and distance. We answer positively
the following question asked by Paulsen (in slightly different language)
for the two-dimensional case: If ©2; C C is a K;-spectral domain of
commuting operators T;, i = 1,2, is 1 X 9 a K7 Ks-spectral domain
for T = (Tl,TQ)?

First, we recall some definitions. For £ = (£1,&2,...,&,) € C™, let
Le = > 1 _ £,0/0z;. The Carathéodory metric of Q C C™ is defined
by

(3.1) Fo(z,€) = sup{|L¢ f(2)]; f € H(Q, D), f(2) = 0}

for z € Q and &€ € C". For 2!, 2% € , the Mobius distance is defined
by

2 — f(2?
(3.2) pn(zl’zz)_sup{‘%

Both Fn and pg are decreasing under holomorphic mappings. In
particular, they are biholomorphic invariants. It was shown by Pflug
and Jarnicki [24] that both Fo and pq satisfy the product property,
ie., if Q; C C™",i=1,2, then

;feH(Q,E)}.

(3.3)
Fo,x0,((21,22), (&1, §2)) = max{Fq, (21,&), Fo, (22, §2)}

(3.4)
Py x5 (21, 22), (W1, w2)) = max{pq, (21, w1), pa, (22, w2) }

for all z;,w; € Q; and §; € C™ i =1,2.

Let T = (Ty,Ts,...,T,) be an n-tuple of 2 x 2 matrices. Then o(T)
consists of either a single point or two distinct points. We discuss these
two cases separately:

I. The case when o(T) = {z}. For this case it is easy to see that T is
unitarily equivalent to T'(z,&) = zI+&J for some & € C™. Here I is the
identity matrix and J is the restriction of the backward shift operator
to C2. Thus we may assume that T = T(z,&), and for any (M,,
valued) holomorphic function f near z, f(T) = f(2)I + L¢f(2)J =

T(f(2), Lef(2))-
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II. The case when o(T) = {z',2?}. Tt follows from Proposition 2.1
in [1] that T is unitarily equivalent to

1 2 1 1 2 1
12 a0 (5 (E—z)e Zn (2n = 2p)C
T(Z7Z7C)_<(O Z% >77(O 2721 )

where ¢ is some nonnegative constant; and for any (M,, valued) holo-
morphic function on a domain Q D {z!,2'}, we have f(T(z!,2%,¢)) =
T(f(z1), f(2%)c).

The following appeared in a different form in [7]. Our method comes
naturally from properties of invariant metrics.

Theorem 1. Let T = (T4,... ,T,) be a commuting n-tuple of 2 x 2
matrices, and let Q be a domain in C™ which contains o(T). Then
Mq(T) = Ko(T). In particular, Q is a spectral domain of T if and
only if it is a complete spectral domain of T. Furthermore, if o(T)
consists of a single point {z}, then T is unitarily equivalent to T(z,§),
and

(3.5) Ko(T) = max{1, Fo(z,£)};

if o(T) consists of two points z', 2%, then T is unitarily equivalent to
T(z',2%,¢) and

(3.6) Ko(T) = max{l; L= V=220 () oy —i—c)}.

pa(zt;2%)

Proof. First we consider Case L. By definition, we have Kq(7'(2,§)) >
max{1, Fo(z,§)}. Let f € H(Q, D). Since f(T(z,£)) = T(f(z), Le f(2)),
it follows from direct computation that

1f(T(2,)l = %(ngf(z)I + (@lf () + [Lef(2))?).
Therefore,

1=[f(2)]? L=[f(2)]> ~
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However, the second inequality of the preceding line is equivalent
to Fo(z,€) > 1. Thus, it follows from the first inequality that

Ko(T(2,€)) < max{1, Fo(z,£)}.
We reduce the proof of Mq(T') = Kq(T') in this case into two steps.

Step 1. If Ko(T) = 1, then Mo(T) = 1. Let g € H(Q,D)
be the extremal function for the Carathéodory metric at (z,§), i.e.,
Fa(z,8) = |Leg(2)]. For any holomorphic mapping ® € H(€, Byyxm)
we have

FQ(va) > FBm><m ((I)(Z)v (I)*(g))

It is easy to see that there is a holomorphic mapping h € H(D, Byxm)
such that

h(0) = @(z) and (hog).(§) = P.(E)-
L)

Thus ho g(T) =
theorem.

(T)). Step 1 now follows from Sz-Nagy’s dilation

Step 2. Mq(T) = Kq(T). Suppose Kqo(T(z,€)) > 1. Let ¢ =
Kqo(T(2,€)). It follows from (3.5) that ¢ = Fq(z,£). Thus, by
homogeneity of Fo(z,£), we have

Fo(z,&/c) =1.

By Step 1, Mq(T(z,&/c)) = 1. Tt follows from the following claim that
Mq(T(z,¢)) =c.

Claim. Mq(T(z,8)) < cMq(T(z,£/¢)).

Proof of the Claim. By the definition of M},

B37) MR (T ¢/) =swpsup {[e S 0 (7(e.6/) X, 13

1X] < 1, Y] < 1}

where the first sup is taken over all ® = (f;;) € H(Q, Byxm) and the
second sup is taken over || X|| <1 and ||Y]| < 1. Here we use notations
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X =(X1,Xo,..., X)) and Y = (11, Ys,...,Y,,), where
X2 Y24
Note that

) > (fii(T(2,€/0)X:,Y)
-S{(H7 ) we)
(7 ) () ()
Now let X = (X1, Xo,... ,X;m) and Y = (V1,Y5,...,V;,) with

Xi: <cx1i> and Y] _ <y1j >
X24 CY2;
Since {X; [ X[ < 1} D {X;[IX|| < 1} and {V;|[Y[| < 1} D {Y; V]| <
1}, it follows from (3.7) and (3.8) that

ME(T(2,€/0))
> supsup { | U (7. %0 ) 161 < 1177 < 1
— ME(T(26)).

Thus, we conclude the proof of the claim. mi

Now we consider Case II. We provide a proof using the decreasing
property of Kq and the results of Holbrook [12] and Paulsen [21]. Let

Aq(z',2%) = sup{|f(z")[; f € H(Q, D), f(z") = —f(z*)}.
By using a Mobius transformation, one obtains that

1— (1= p(=h 222
pa(zt;2%)

(39) AQ(Zl,Zz) =
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However,

Eo(T) = sup{||f(T)|I; f € H(Q, D), f(z) = —f(=*)}

(8.10) =Aq(zL, 2 (A + A2 +¢)

Combining (3.9) and (3.10), we obtain the inequality “>" in (3.6).

Now let f € H(Q, D) be the extremal mapping for Kq(T), i.e.,
Ko(T) = ||f(T)||. Then it follows from the result of Holbrook [12]
(see also Paulsen [21]) that

IFT) = K5(T(f(), £(z2), )
{120 P (), S y
U T
2

(
o)

The last inequality follows from the facts that pq(z!,2%) >
pp(f(2Y), f(2?)) and the function (1 — (1 — #2)1/2)/t is increasing for
t e (0,1).

Finally, let ¢ = (¢i;) € H(Q, Boxm) be an extremal mapping for
MZ(T) and f € H(S, D) be an extremal mapping for pg (2!, 22). Since

po(f(z1), f(2%)) = pa(z',2%)
> DB (0(21), 6(2%)),

it follows that, see page 493 in [1], that there exists h € H(D, Bpxm)
such that h o f( 9 = ¢(z%), i = 1,2. Therefore, it follows from the
result of Holbrook [12] that

[o(D)|| = [k o fF(D)|| = [[R(F(T))]| < Mp(f(T))
= K5(f(T)) < Ko(T). O

Remark 1. Tt follows from Theorem 1 that the asymptotic behavior of
Kqo(T(z,€)) and Mq(T(z,£)) is the same as that of the Carathéodory
metric. When € is a strictly pseudoconvex domain in C" or a pseu-
doconvex domain of finite type in C2, the asymptotic behavior of the
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Carathéodory metric is well known by the work of Graham [11] and
Catlin [6].

2) We have given direct proofs for Case I of Theorem 1 without using
any planar domain results and relied on some planar domain results
in Case II. It is also possible to give a direct proof for Case II, and to
provide a proof for case I by reducing €2 to the unit disk as in the proof
of Case II.

The following answers a spectral domain version of Paulsen’s question
in the case when dim’H = 2.

Corollary 1. Let T;, i = 1,2, be an n;-tuple of commuting 2 X 2
matrices. If Q; C C™ is a K;-spectral domain for T;, then Q1 X Qo C
Cmitnz g q K-spectral domain for the commuting (ny + mo)-tuple

(Th,T>) where K = max{K;, Ko}.

This follows easily from the product properties (3.3) and (3.4) of the
Carathéodory metric and the Mébius distance [24] and the formulas
(3.5) and (3.6) that express Kq in terms of Fo and pgq.

We mention the following corollary as a generalization of von Neu-
mann’s inequality to n-tuples of 2 x 2 matrices. See Theorem 2 below
for another case of the validity of von Neumann’s inequality.

Corollary 2. If T is an n-tuple of commuting contractive operators
in L(C?), then
IP(D)I| < llpll e (o)

for all polynomials p in n complex variables.

Remark. It was first proved by Holbrook [12] that K+ (T') = M#(T)
for a 2 x 2 matrix. For any compact set X CC C and any 2 x 2 matrix
T with a single eigenvalue, Misra [14] proved that Kx(7) < 1 implies
Mx (T) < 1. This result was generalized by Paulsen [21], who proved
that Mx(T) = Kx(T) for any compact set X CC C and any 2 x 2
matrix 7. For an n-tuple T' of commuting 2 X 2 matrices and a domain
Q C C", Agler [1] proved that Kq(T) < 1 implies Mq(T) < 1, and
Chu [7] proves Mx(T) = Kx(T). In the case when K; = 1 and o(T)
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consists of a single point, Corollary 1 was proved in [25]. Drury [8]
first proved von Neumann’s inequality for tuples of 2 x 2 matrices. A
generalization of Drury’s result appears in [13].

4. Finite dimensional cases. In this section we study the
properties of Ko and Mg when dim’H is finite. We are especially
interested in the case when T' = T'(z,§) = zI, + £J, is the n-tuple of
Jordan blocks, where I}, is the p x p identical matrix and J, is the p x p
matrix with 1 for all super-diagonal entries and 0 for remaining entries.

Let

A0 G=max{ S jubelab e 0l = o =1}
k<l

It is easy to see that (p+1)/2 < C, < p and that C), is the norm of
the p x p upper triangular matrix, all of whose nonzero entries are 1.
The exact value of C), for p = 2,3, 4 can be easily calculated.

The following theorem sharpens a result of Smith [20, Exercise 3.11],
[23, Proposition 4.5], and extends it to n-tuples. This result is one of
the few known results which are valid for arbitrary matrices. The only
other result that we know of which is valid for arbitrary matrices is [5,
Theorem 2]: Mx(T) <logp(Kx(T))*.

Proposition 4.1. Let T be an n-tuple of commuting p X p matrices,
and let Q D o(T) be a domain in C™. then

(4.2) Mqo(T) < CpKo(T).

Proof. By a generalized version of Schur’s theorem, there is a unitary
matrix P such that P*TP is an n-tuple of upper triangular matrices.
Replacing T' by P*T P, we may assume that T is an n-tuple of upper
triangular matrices.

Denote f(T) = (Lw(f))1<ki<p for f € H*®(Q). Then each Ly
is a bounded linear functional on H*(€2) and Ly = 0 when k& > [.
Furthermore,

(4.3) |Lia(f)] < K| f]
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for all f S HOO(Q), where K = KQ(T).
Let (fi;) € H(S% Bpxm), and let

T Y1y
Xi=| + | €Cl and Y;=| 1 [€CP

Lpi Ypj
such that 37" | [|X;]> = 3272, [|Y;|* = 1. Then

m

Z <f’Lj X’MY Z ZLkl fzg xllykj
(4.4) ij=1 i,j=1 k<l
= ZLkl< > fijl‘ziykj)-
k<l ij=1
Denote

m m 1/2
{ZWF} and bk—{Zlme} :
j=1
Let g = Z??j:l fij®1iyrj. Then
(4.5) lgrill < aiby.

It follows from (4.3), (4.4), (4.5) and (4.1) that

m

Z <f’Lj( Xi, ] ZLkl gkl
ij=1 k<l
S KZ |albk\
k<l
< KC,. O

It has been shown by the examples of Varopoulus [29] that von
Neumann’s inequality is not true for 3-tuples of p x p matrices, p > 5.
Here we shall show that von Neumann’s inequality is true for n-tuples
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of upper triangular Toeplitz matrices. Recall that a p x p matrix is
Toeplitz if it has constant diagonals.

Theorem 2. Let T = (Ty,Ts,...,T,) be an n-tuple of commuting
p X p upper triangular Toeplitz matrices T; such that | T;]| < 1,1 <4<
n. Then

(D < [Pl zroe (om)

for any polynomial of n variables. Furthermore, Mq(T) = 1.

Proof. 1t follows from a theorem of Carathéodory, see page 186 in
[26], that there exist holomorphic functions f; : D — D such that, for
1<1<n,

p—1

i) =3 10 =T,

~ f/
=07

Let F(() = (¢, f1(C),- .., fu(€)). Then, by definition, F(J) = (J,T).
By the decreasing property of Mg,

Mp(J) > Mpxpn(I,T)
2 MDn(T).

The last inequality is obtained by using the projection mapping from
D x D™ to D". Also, we used the fact that Mpyxpr = My, p»
(Proposition 2.2). Now, since Mp(J) = 1, we then have Mpn(T) = 1.
]

We now turn our attention to the case when T' = T'(z, €) is an n-tuple
of p x p Jordan blocks. For f € H>®(Q), it is easy to see that, see, for
example, [25],

(16) F(T(8) = 0 L EEF ()T
k=0 "

In the case when p > 3, the relationship between Kq(T(z,¢)) and
the (higher order) Carathéodory metric is much more complicated than
the case when p = 2 (Theorem 1). It would be of interest to know the
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boundary asymptotic behavior of Kq(T'(2,£)) and Mq(T(z,£)) when
is a strictly pseudoconvex domain. However, by regarding T'(z,¢) as a
compression of an n-tuple of commuting normal operators on H?(9D)
(as in [25]), one obtains that

Mo(T(2,€)) < <%>

where t = max{|§|;1 < ¢ < n} and d(z) is the Euclidean distance of
z € Q to the boundary 92 of Q.

Proposition 4.2. Let Q be a domain in C™. Then
1) Ga(T'(2,€)) is a continuous function for (z,€) € Q x C™.
2) log Ga(T(2,€)) is a plurisubharmonic function for (z,£) € QA x C™.

Proof. Again, the proof is based on a normal family argument and
the special formula for f(7T'(z,¢)). By Dini’s theorem, we need only to
prove the case when G = M.

1) Fix (2°,£%) € Q x C". There exists f € H(Q, Byuxm) such that
IF(T (=€)l = M (T(2°,€°)).
Since [[f(T'(z, )| = II/(T(z,€))] as (2,€) — (2%,€°), for e > 0,
ME(T(2,€) 2 | f(T(2,€)ll = MG|(T(2°,€")) — ¢

when |(z,€) — (2%,£°)] < 6 for sufficiently small §. On the other hand,
since the set H(, By,xm) is a normal family, after possible shrinking
of §, we have

IF(T(2,€) = F(T(° )] < e
for all |(2,&) —(2%,€%)| < § and f € H(Q, Buxn). Thus, MZ(T(z,€)) =
SUP e 1 (,B,,.) IF (D) < MG (T(2°,€°)) +e.

2) Fix (22,6%) € Q x C*. We only need to prove that, for any
(2,§) e 2 x C",

log M (1(:0,60) < 5 [ 1o ME(T( 422,60 + A€ )y

- 27r
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holds for all sufficiently small 7.

Let f = (fij) € H(Q,Buxm) be the extremal mapping for
MEW(T(2°,£9)), ie.,

MG (T(2",€%) = | F(T(°,€))lI-

It is easy to see that log || f(T(z,£))|| is a plurisubharmonic function for
(2,€) € Q@ x C™. Thus,

log Mg'(T(2°,€%)) = log || f(T'(=°, )]

log | F(T(=° + Az, €" + 26)) || |dA]

- 27r |A|l=r
1
< —— log ME(T(2° + Xz, €2 + X€))|dN. o
2rr [A|=r

Recall that an n-tuple T = (11,75, ... ,T,,) of bounded operators is
power bounded by A if ||T%|| < A for any n-tuple o = (a1, @2, ... ,qy)
of nonnegative integers. Here T = T/ o T5? - .- T, The following

proposition is an application of Grothendieck’s inequality, for which see
[30].

Proposition 4.3. Let T = (T1,T5,...,T,) be an n-tuple of com-
muting bounded operators on a Hilbert space H. If T is power bounded
by A, then there exists a universal constant C such that, for any
O = (¢j5) € H(D", Biuxm) where ¢, are polynomials with degree
<d,

(4.7) [9(T)|| < C(logd)" A
Proof. The proof of this proposition is similar to that of Lemma 2 in

[5]. We include it here for the reader’s convenience. Let D(({) be the
(analytic part of the) Dirichlet kernel, i.e.,

(4.8) D)= ¢
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and let D(z) = D(z1)D(22) -+ - D(2,). It follows that D(z) = f(2)g(2)
for some f,g € H?(D") such that ||D[|,: = || fl|z2[lgllz=- Suppose that
the Fourier expansions of f and g are

o0
fef ... ety = Z age™

Let I = [0,2n]. For x;,y, € H, we have

Z (Djk(T)zj, yr)
jk=1

m
> [ ontem )
I n

jik=1
B p a9
(D(e~Ty,... e Za”Tn)xj,yk>(27r)n
- / bin(e® ... cifn)
jok=171"
AfeT Ty, e T )y,
. ) df
—(_—1i0 * —10,, *
cg(e™ Ty L e T2V yk) (2m)"

D0 bikla+ Banbs(Tx;, T yy)

J,k=1 a8

< A2 sup{

}

where the sup is taken over all scalars s;3,tor € D. The last inequality
follows from Grothendieck’s theorem. However, the term inside the sup

SN diela+ Baabslla; | lyklls;stan

Jik=1 a,p




SPECTRAL DOMAINS 1113

sign is
m
Do bule®, e lel(ZSjﬂbﬁe_ZBﬂ)
jk=1"1" 5

. do
. ta o —i-0
|yk||(; tae )(W
m 2 1/2
<] [ 3 sl S satae 57| an
" =1 B
m 2 1/2
{/ ZHka2 Ztakaae_m'e dé’}
Ink:l «
m 1/2 , m 1/2
s||f|Lz|g|Lz{Z|xj|2} {Znym}
j=1 j=1

We obtain (4.7) by combining the above inequalities and recalling the
known fact that ||D||;: < logd. O

Remark. If we use the following kernel

all2\ (/2
(4.9) By(z) = Z (1 - 4) 2

p
llell<p
a>0

instead of the Dirichlet kernel D(z), then the term (logp)™ in the
inequality (4.7) can be replaced by the L'-norm of B,. If the sum
in (4.9) is taken over all ||a|| < p, then the resulting function is the
Bochner-Riesz kernel. The L'-norm of the Bochner-Riesz kernel is
~ logp [27, Theorem 4].

In the case when T is n-tuple of Jordan blocks, we have the following
as an application of Proposition 4.3.

Theorem 3. Let z € D", and let T = T(z,) be an n-tuple of
commuting p X p Jordan blocks. Then

Mpn(T) < C- (logp)" K5 (T),
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where C' is a constant independent of p.

Proof. Let
¥i(¢) = 14__;2
and ¥ = (¢1,...,%,). Then Mpn(T(2,8)) = Mp»(V(T(2,£))). If
f,g € H>(D"™) have the same (p — 1)th order Taylor polynomial at the
origin, then f(¥(T'(z,£))) = g(¥(T'(,£))).
For ¢ € H>(D"™), define

L(¢)(z) = ¢+ D(2)
de

= . p(zre O, zpe U )D(e ,ew")—(%r)n.

Then L(¢) is a polynomial of degree p™ which agrees with the Taylor
expansion of ¢ up to pth order. Thus, from the Cauchy estimates,

IL(D) o= (pmy S 2" sup{|d(2) ;2| = 1/2}.
Now let N = 2np, and let h € L*(9D) be a function such that
1) [|hllz2 <2, h(j) > 0 for all j;
2) h(j) = 1if |j| < N/2; h(j) =0, if |j| > N.

Let H(e 1, ... e ) = h(e)...h(e"). For ¢ € H>(D"),
define
E(¢)=¢+«F+L(p—oxH).

Then E(¢) is a polynomial of degree N™ and agrees with ¢ up to pth
order. Furthermore, we have

1 E(D) | e (pmy < 2" (|l e (D7)
rorsp{ X ool =172
@;>N/2
S 9l oo (D).
Therefore, for & = (¢;;) € H(D™, By,xm), it follows from (4.7) that
[2(¥(T(2, )l = I(E o @)(¥(T(z,))]
< (logp)" || E o ®|| KD (¥(T(2,€)))

~

< (logp)" K (T(2,)).
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This concludes the proof of Theorem 3. O

Remarks. Blower, in [4], proves a result similar to Theorem 3 for a
nilpotent matrix. Misra, in [15], respectively, [16], finds necessary and
sufficient conditions for Kpn(T) < 1, respectively Mp=(T) < 1, where

T=(T1,...,Ty), TJ(O Ipl).

Acknowledgments. The authors wish to thank V. Paulsen and the
referee for constructive comments.
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