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INTEGRALLY CLOSED IDEALS
AND TYPE SEQUENCES IN
ONE-DIMENSIONAL LOCAL RINGS

MARCO D’ANNA AND DONATELLA DELFINO

0. Introduction. Let (R, m) be a one-dimensional, local, Noethe-
rian domain. Let R be the integral closure of R in its quotient field. The
conductor of R in R will be denoted by €, and the length function on
R-modules by A(—). We also assume that R is analytically irreducible,
that is, Risa domain, or equivalently R is a DVR and is a finite R-
module. If n is the maximal ideal of R, we assume that R/m ~ R/n. To
any such ring we can associate a numerical semigroup as follows. Let
v denote the valuation of the quotient field K of R, v(K) = Z U {c0},
with valuation ring R and set v(R) = {v(z) | * € R,x # 0}. As R is
a DVR and a finite R-module, € = 9t 'R, where 7R = n. Therefore,
v(R) is a numerical semigroup such that [N — v(R)| < co. We have
v(R) = {0 = 0,81, ,Sn—1,8n, = g+ 1,—}, where 0 = s9 < 81 <

- < Sp—1 < Sp, = g+ 1, and the arrow indicates that any integer
strictly greater than ¢ is in v(R). The integer g is the greatest integer
not in v(R) and is called the Frobenius number of R. Matsuoka [7]
defines a chain of ideals ili as follows

Hi={zeR|v(x)>s} ifi<n.

Clearly € =4, C 4, 1 C---Cth=mCRCU*C---cU? c
U1 = R. Since A\(U;_1/4;) = |[v(thi_1) —v(;)| = 1 for all 4, cf. [7],
n=|v(R)N{0,1,...,g} = AMR/E). ;" is a ring for all 4. Moreover,
as R is local and finite over U L ﬂ;l is a local ring. The sequence
t;(R) = MU; 1 /41)) is called the type sequence of R (this terminology
was first introduced in [2]). The name “type sequence” is related to
the fact that, if i = 1, then ¢;(R) = A(m~!/R) is the Cohen-Macaulay

type of R.

One can start with a numerical semigroup and define the analog of
the notion of type sequence as follows. If S = {0 = sg,81,... ,8,, —}
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is a numerical semigroup, then we let g(S) denote the Frobenius
number of S, that is, the greatest integer not in S, and n(S) =
[SN{0,1,...,9(S)}. We set

Si={zeS|z=s},
S(@)=(S-8)={zr€Z|z+5; CS}

We also set ¢;(S) = |S(i) — S(i — 1)|. The sequence {t1(S5),...,tn(S)}
is called the type sequence of S, and t1(S) is called the type of S.
The properties of type sequences for numerical semigroups have been
investigated by D’Anna in [3]. The type sequence of a ring need not be
the same as the type sequence of the associated numerical semigroup.
An example is given by the ring k[[z*, 26427, 21°]], where & is a field, cf.
[2, Example II, 1.19]: the type sequence of the ring is {2,2, 1,1}, while
the type sequence of the associated numerical semigroup is {3,1,1,1}.
In Section 1 we characterize the integrally closed ideals of R as the ideals
of the form I = { € R | v(xz) > r} for some r € S, cf. Proposition 1.1
and Corollary 1.3, and we give a criterion to check when the ideals 41;
are stable, cf. Proposition 1.13. In Section 2 we give an upper bound
for I*(R) < (t—1)[A(R/€)—1], cf. Proposition 2.1, and we characterize
the rings for which I*(R) = a € N and ¢t = e — 1 in terms of the type
sequence of the ring.

1. Integrally closed ideals and Arf rings.

Proposition 1.1. Let I be an ideal of R. Then there ezists an
integer g(I) € N— 7z (I) such that I D {x € R | v(x) > g(I) + 1}.

Proof. Let ez = min{l | I € v(I)}, and write v(R) = {0 =
80,81y .-+ »Sn,—}. Since v(R) contains all integers greater than s,
we have that v(I) D {e1 + s, —}. Let g(I) = max{l € N |<¢z (I)}.
Clearly g(I) > g. Let © € R be such that v(z) > g(I) + 1. Assume
first that v(z) > g(I)+1+e;. Let y € I be such that v(y) = e;. Then
v(z/y) > g(I)+1> g+ 1, therefore z/y € R and = € I. Assume now
that v(z) > g(I)+ 1. Let z; € I be such that v(z1) = v(x). Then there
exists an invertible element w1 in R such that v(z —uy2z1) > v(z1). If
v(x —u1z1) > g(I) + 1+ eq, then we are done. Otherwise there exists
zo € I such that v(z2) = v(z — u121). Iterating the argument we get
T=urz1+- - +upzy +14,1 €1, z; € I for all j, therefore x € I. O
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Remark 1.2. € ={r € R |v(xr) > g+ 1}, where g = g(5) = ¢(¢).

Corollary 1.3. An ideal I is integrally closed if and only if I = {x €
R|v(z) >r} for a fizedr € S.

Corollary 1.3 has been proved independently by Barucci, Dobbs and
Fontana in [2].

Remark 1.4. Let I be a nonzero ideal of R and e; = min{l,! € v(I)}.
Then, for any « € I with v(z) = e, R is a minimal reduction of I.

Proof. xR = IR (since R is a DVR) so xR is a minimal reduction of
1. O

Definition 1.5. Let (R,m) be a one-dimensional, reduced ring.
The reduction number of an m-primary ideal I, r(I), is defined to be
min{/ > 0 | there exists = € I such that xI' = I'+1}.

Corollary 1.6. If I is an integrally closed ideal, then r(I) <
max{r(;),i =1,... ,n}.

Proof. By Corollary 1.3 either I = 4U; or I C € and [ = {z € R |
v(x) > r} for a fixed r € S. In the second case we have I? = xI, where
2 is a minimal reduction of I. o

Definition 1.7 [6]. Let R be a one-dimensional Cohen-Macaulay
semi-local ring.

(i) An ideal I is said to be open if it contains a regular element of
R.

(ii) An element z € I is I-transversal if I"™ = zI™ for some integer
n > 1.

(iii) R is an Arf ring if any integrally closed, open ideal has a
transversal element and if the following condition is satisfied: z,y,z €
R, x regular, y, z integral over xR = yz € zR.
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Definition 1.8 [6, Definition 1.3]. Set Rf = U(I™ : I"). An open
ideal I of R is stable if Rf = (I : I).

Lemma 1.9 [6, Lemma 1.11]. An open ideal of R is stable if and
only if one of the following equivalent conditions is satisfied:
(i) I? = xI for some x € I;
(ii) there exists x € I such that x is reqular and Ix~! is a ring.

Moreover, if I is stable and x is any transversal element of I, then

%2 =zl

Proposition 1.10 [6, Lemma 2.2]. Let R be a one-dimensional,
semi-local, Cohen-Macaulay Noetherian ring. The following are equiv-
alent:

(i) R 1is Arf;

(ii) every integrally closed open ideal is stable.

The following proposition shows that to see if a ring is Arf we only
need to check if the ideals Y; are stable.

Proposition 1.11. The following are equivalent:
(i) R is Arf;
(ii) r(U;) = 1 for all 4.

Proof. We only need to prove (ii) = (i). By Proposition 1.10
and Lemma 1.9, it suffices to show that if I is integrally closed,
then 7(I) = 1. By Corollary 1.3 either I = ; or I C € and
I ={x € R|v(x)>r for some r € S}. In both cases r(I) = 1.
O

We have remarked earlier that (;” is alocal ring for all i. Let €; be its
conductor, g(44; ') the Frobenius number and e(; ') the multiplicity.
Let x; R be a minimal reduction of {;. Then v(z;) = s; = min{v(z),x €
60}
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Remark 1.12. € = 2;¢; for all i.

Proof. We first show that x;&; C €. Let u € €; and « in the integral
closure R of R. We need to show that az;u € R. Since u € ¢; and
a€R,auc ili_l. Asz; € U, ax;u € R. Conversely, let z € €. We need
to show that z/z; € €;. Let u € R. We will show that uz/x; € 11;1. Let
w € YU;. Then v(zuw/xz;) = v(z)+v(u)+v(w)—v(x) > (g+1)+s,—s; =
g + 1, therefore zuw/z; € R. O

Proposition 1.13. The following are equivalent:
(i) Y; is stable;

(ii) $; = z 8071

(i) AL /€)= MR/€) — .

Proof. (i) = (ii). We have x;4; ' C l; by definition of 4;'. Let
y € ;. We need to show that y/z; € ili_l. Let z € U;. We have
yz/x; = v,w/x; = w € Y, therefore y/x; € ili_l.

(ii) = (i). We only need to show that 42 C z;4;. Let z € U2,
We want to show that w/z; € {;. It suffices to assume w = uz with
u,z €. w/r; =uz/x; and u/x; € ill-_l, so uz/x; € ;.

(ii) < (iii). Computing lengths in the short exact sequence
0 — ol /i€ — 8;/€ — W /zl7 — 0,

we get: AL H/€) + AW /2l ) = Mol 2 €) + M8 o) =
A /€) = A(R/€)—i, where the last equality follows from the definition
of ;. ]

Proposition 1.14 [1, Theorem 22]. The following are equivalent:
(i) R is Arf;
(i) A(U;!/€) = A(R/€) — i and g(84;") = g(R) — S, el8h") for

all 1.

We now show that the second condition in (ii) of Proposition 1.14 is
redundant.
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Proposition 1.15. The following are equivalent:
(i) R 1is Arf;
(i) AU 1/€) = A(R/€) — i for all i.

Proof. Apply Proposition 1.13. ]

2. Type sequences. In [4] it is shown that if R is a one-
dimensional, Noetherian, local, reduced, excellent ring with infinite
residue field, then the inequality A\(R/R) < tA\(R/€) always holds. The
main ingredients of the proof are the fact that R has a canonical module
which is isomorphic to an m-primary ideal of R, and the existence of a
minimal reduction of the canonical module which is generated by one
element. If we assume R to be analytically irreducible, then it has a
canonical module which is isomorphic to an m-primary ideal, since Ris
reduced. By Remark 1.4 the canonical module has a minimal reduction
generated by one element, so the same proof as in [4, Proposition 2.1]
allows us to conclude that the inequality A(R/R) < tA\(R/€) holds. We
set I*(R) = tA(R/€) — A(R/R), cf. [4].

Proposition 2.1. Let (R,m) be a one-dimensional, Noetherian,
local Ting. Assume that R is either reduced and excellent, with infinite
residue field, or that it is an analytically irreducible domain with
R/m ~ R/n, where n is the mazimal ideal of R. Then I*(R) <
(t— DIAR/E) - 1].

Proof. Let zR be a minimal reduction of Kg, the canonical module
of R. Then z¢&€ = €Kpg, as Kp is integral over zR. Computing lengths
in the short, exact sequence,

zR Kr
O_)E_)KR/QKR_)E—)O’

we obtain: A(R/R) = A(Kr/€KR) = \(R/€) + A\(Kgr/zR). We have

I*(R) =tA(R/€) — AM(R/R) = t\(R/C) — \(Kr/CKR)
=t[AMR/€) — 1] — M(Kr/€KR) + 1
=t[A(R/€) — 1] — A(R/€) — A(Kr/zR) + t.
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Now M Kgr/zR) >t —1 as u(Kr/zR) =t — 1. It follows that

I*(R) =t[2(R/€) — 1] = AM(R/€) — A\(KRr/zR) + 1
<[MR/EC)—=1] = AR/C)—t+ 1+t
=({t-DAR/E)-1]. O

Remark 2.2. Assume R is an analytically irreducible domain with
R/m ~ R/n, where n is the maximal ideal of R. The equality
I*(R) = (t — 1)[MR/€) — 1] holds if and only if the type sequence
is {¢,1,...,1}. Indeed, I*(R) = tA(R/€) — Y7, ti(R) = t(A\(R/€) —
1) = > ,(t;(R)). There is always a ring with a type sequence as
follows. It suffices to take R = E[[z®,s € S]], where k is an infinite
field, S ={0,t+n—-1,t+n,...,t+2n—3,t+2n—1,—}, and n is
the number of elements in the type sequence.

Proposition 2.3 [4, Theorem 2.10 and Corollary 2.14]. Let a be a
nonnegative integer, t > a, t =e—1 and e > 3. Then I*(R) = a if and
only if

(i) if a =0, then v{R} = {0,e,2e,... ,ne,—} withn > 1;
(ii) if @ > 0, then v{R} = {0,e,2¢,... ,ne —a,—} with n > 2.

Remark 2.4 cf. [3]. Numerical semigroups of the form S = {0, ¢, 2¢, 3e,
.,(n—1)e,ne — a,—} have type sequence {t =e—1,¢,... ,t,t —a}.

Proof. We have that S(i) = {0, e, ,(n—i—1e,(n—i)e—a,—}
for all . Thus 1 (S) = ( ) = ty—1(S) = e—1 and
th(S)=e—1—a=t—a. O

Lemma 2.5. We have
(i) v(U; 1) € S(i) for all i, and v(sh;*)) = S(n — 1) = {0,s, —
Sn—la_)};

(ii) 947 ") = g — ss.

Proof. i) Take any a € 4;' and r € ; (so that v(r) =1
Then ar € R, so v(a) +1 € S By definition of S(i), v(L;*)
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for all i. We now show that v(4 ') D S(n —1). Take r € R such
that v(r) > s, — sp—1 (so that v(r) € S(n —1)). If z € Y,,_4, then
v(rz) = v(r) + v(z) > Sy — Sn—1 + Sn—1 = Sn, which implies that
re € R. Tt follows that r € $(,',. Moreover, 0 € $(;*,.

(i) As v(U71) € S(i), g8 ) > g(S(i)) = g — si (the last equality is
proved in [3, Proposition 1.1]). We only need to show that {g—s;+1, —
} C ol !). Let y be an element of the quotient field of R such that
v(y) > g—s; +1. Set z € YU;. We have v(yz) = v(y) + v(z) >
g—s;i+1+s; =g+1. It follows that yz € R, therefore y € Ll;l. i

Lemma 2.6. We have t,(R) = t,(S) =9 — $p—1-

Proof. We have t,,(R) = A(R/4;*,) = [v(R) — v(8;*,)|, where the
second equality follows from [5] (here we need the fact that the residue
fields of R and R are isomorphic). By Lemma 2.5, v(8(; 1) = S(n—1),
therefore ¢, (R) = IN — S(n — 1)| = t,(95). O

The following proposition generalizes [2, Theorem II5.3] and [4,
Theorem 2.10].

Proposition 2.7. Let a be a nonnegative integer and assume that
t > a and e > 3. The following conditions are equivalent:

1) I*(R) = a;

2) for all reductions xR of m, m = €+ zR and A\(€/2PR) = a, (here
p=min{i | 2* € €});

3) there exists a reduction xR of m such that m = € + xR and
A(€/2PR) = a, where p = min{i | 2° € €},

4) t = e — 1 and the type sequence of R is t1(R) = - - = t,—1(R) = t,
tw(R) =1 —a.

Proof. We only need to prove 1) < 4). Assume [*(R) = a. We have
a=1"(R)=tn—AR/R)=tn—» t:(R),
i=1

therefore Y 7" | t;(R) = tn — a. By Lemma 2.6, t,(R) = t,,(S). Finally,
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tn(R) = t,(S) = t — a by Proposition 2.3 and the above remark. It
follows that ¢t — a + Z;:ll t;(R) =t(n—1)+ (t — a), so t;(R) =t for
all i <n —1(t;(R) <t for all ¢ by [7]). Conversely, assume that the
type sequence of R is t,...,t,t —a. Then [*(R) = tn — A(R/R) =
tn — (tn — a) = a. u]
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