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GENERALIZED BERNSTEIN-CHLODOWSKY
POLYNOMIALS

A.D. GADJIEV, R.O. EFENDIEV AND E. IBIKLI

ABSTRACT. For given positive integers n and m, the
following generalization of Bernstein-Chlodowsky polynomials
is studied,

[n/m]
Bam(fa) = (14 (m = 1)5=) 3 f(%)
k=0

k n—mk
b x T
'Cn—(m—l)k<a> (1_ a) ’

where by, is a sequence of positive numbers such that limy,— « bp,
= 00, limp—oo(bn/n) =0, 0 < z < by, and [p], as usual, de-
notes the greatest integer less than p. A theorem about con-
vergence of Bn m (f, ) to f(z) as n — oo in weighted space of
functions f continuous on positive semiaxis and satisfying the
condition limg— oo (f(z)/(1 + 22)) = Ky < oo is established.

1. Let p(z) = 1+2?, —0o < x < oo and B, be the set of all functions
[ defined on the real axis and satisfying the condition |f(x)| < Myp(z)
with some constant My, depending only on f. By C, we denote the
subspace of all continuous functions belonging to B,. Obviously, we
may convert C, and B, into normed linear space by introducing the
following p-norm

|f (@)l

Hf“p = SI;P m

Also, let C’S be the subspace of all functions f € C, for which
lim| oo (f(2)/p(7)) exists finitely.
The properties of linear positive operators acting from C, to B, and

the Korovkin type theorems for them have been studied by the first
author who has established the following basic theorem, see [3, 4].
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Theorem A. Let the sequence of linear positive operators L,,, acting
from C, to B,, satisfy the conditions

nlirr;o |Ln(t",z) —a"||, =0, v=0,1,2.
Then, for any function f € C’S,
Tim ([ f ~ fll, =0,
and there exists a function f* € Cp\CS such that

T [|Lo f* — ], > 1.

Note that, in [4], the theorems of this type are studied for more
general functions p(x).

Now let a,, be the sequence of positive numbers such that lim,, . a,, =

JNow £(2)
T
an] = sup
Hf”/%[o» ] 0<z<an, p(.’[)

Also let T, be a sequence of linear positive operators such that

lim ||T,(t",2) — 2| 0,0, =0, v =0,1,2.

n—oo
Then applying Theorem A to operators

T.(f,z) if0<z<a,
flx) if x > ap,

Lah.o)={

we obtain
Theorem B. Let the sequence of linear positive operators L,,, acting
from C, to B,, satisfy the conditions

lim ||Ln(ty,l') - xV”p,[O,(yn] = O, vV = O, ]., 2.

n—oo

Then for any function f € C’S,

S L f = Fllp 0.0 =0
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We propose the construction of a sequence of linear positive operators
of Bernstein-Chlodowsky type, see [8], and study its convergence in p-
norm using Theorem B.

There are many original constructions of sequences of linear positive
operators, satisfying the conditions of Korovkin’s theorem and therefore
converging to continuous functions on a finite interval. Omne of this
type of general constructions of operators was given in [5]' and some
new properties of these operators were then investigated in [9]. The
approximation problem on unbounded sets has also been investigated
by many authors. But all of these results give the condition of
convergence of special operators (Szasz or Bernstein type) on any finite
interval of the real axis or at any fixed point, see, for example, [6, 11,
7).

As may be seen, Theorem B gives the conditions of convergence of
sequences of linear positive operators in weighted spaces, when the
interval of convergence grows as n — oo. The consideration of general
constructions of operators, satisfying the conditions of Theorem A and
B is interesting. Our construction of generalized Bernstein-Chlodowsky
operators is an example of such types of operators. Moreover, this is
a polynomial-type construction, approximating unbounded continuous
functions on unbounded sets.

2. For given positive integers n and m, let

Bun(fa) = (14 m -1 )

[n/m

] k
bnk
" 2 /() e ()
k=0

x n—mk
1= —
(-3)

where b, is the increasing sequence of real numbers such that

(2) lim b, = oo, lim — =0,
n—oo n—oo N

0 <z < by, and [n/m], as usual, denotes the greatest integer less than
n/m.
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For m = 1, B, 1(f,x) is the well known Bernstein-Chlodowsky
polynomial, see, for example, [8]. The generalization of this type for
classical Bernstein polynomials is mentioned in [2].

First we study some properties of the polynomials By, ,,(f,x). Let

B,m(1,)

@ Al = G =D /)

Proposition 1. Forn > m and any x € [0, by,]

_ x xb, 1 x Tbp—m
(4) An,m(x) - (1 - E)Anl,m< bn ) + EAnm,m< bn )

Proof. By the definition of A, ,,(x) we obtain
T Tby_1
1—— Anf m
( bn) B ( bn )

[((n=1)/m] T k 7 n—mk
= CS—l—(m—l)k <b_> <1 - b_) )
k=0 " "

and
x xb,,_
_An_m m Znom
bn ’ ( bn >

[(n—m)/m]+1 T k x n—mk
k—1
= Z Cn—l—(m—l)k(%) (1 B E) :

k=1

Obviously, [(n —m)/m] = [n/m] — 1,

n—1] {[n/m]—1 if n/m is integer
m | | [n/m] if n/m is fractional,
k—1
and Cfliflf(mfl)k + Cn717(m71)k = Cfljf(mfl)k‘

From this (4) follows after simple calculations. o
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Proposition 2. Let

() Kyl =4 bﬁmzl (),

n ’I’L

Then K, m(z) =1 for any x € [0,b,).

Proof. By the induction method. It is easy to see that due to (3) and
(5),

xb
Kop(z) = Az p(2) + A1 S L) =1
b Ty

Let, for any = € [0,b,] and any m > 2, K, ,,(x) = 1.

Then since b, < b, 11 we have

(©) Km.m(”””—m) 1
' bm+1
It follows from (3) that for x € [0, b,],
zb T m T
7 Am m — ] = 1- + s
@) ’ (bm+1) ( bm+1) bim+1
and

Ibm—k . €z mok .
(®)  Am—km| = (15 . k=1,2,...,m.

Now by (5), (4), (6), (7) and (8) we obtain

zb,, T b
Kii1,m+1(2) = Amms (—) + ——Aom+1 <—0>
bm+1 bm+1 bm+1

Z Am karl(:Ebm k)

bm+1

+

m+

X mn xbm k)
=|1- Am m -5
( bm+1> bm+1 Z i H( bn+1
x m z m— m—k
( bm+1> bm+1 m+1 Z_: ( m+1)
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and for n = m > 2 the proof is completed.

Now let in general K, ,,(z) = 1 for some n > m and = € [0,b,].
From (5) and (4)

xb,,

KnJrl,m(x) - Kn,m( ); 0 <z< bn,

bn—i—l

and therefore since b,, < b,41 we have K, 1, (z) = 1. This completes
the proof. o

Proposition 3. Let

9) Apn(@) = Apm(7) = An_im (xbl;;_l )

Then for all x € [0,b,] and n > m > 1, the inequality

T

[(n=m)/(m-1)]
3

(10) D)) < {(m 1)

holds.

Proof. From (4) and (9),

bnf bnfm
An(x) = bﬁ{Anl,m(wb 1) _Anm,m<x b )},

and consequently we have

m—1
by br—k—
) )= 2 3 [ () = Ao (522

" k=1

On the other hand, from (9) we obtain

by,
An—k(x) = An—k,m(z) - An—k—l,m <b7kkl>7

where k < n —m. This gives

b, _ b, _ by,
An—k( bn k) = An—k,m(%) _An—k—l,m(nb—kl)-
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Using this formula in (11), we have

T b, _
(12) )= - Y An_k< . k).
k=1
Taking in (12) n—1,n—2,... ,n —m+ 1 instead of n, we successively

obtain that

1
— by gy
Ay _p( nkl—a

—1 n k

and

(13) An—k<xbn k) *; ZAn k- z<xbn L l>

where £k = 1,2,...,m — 1. Applying (13) in (12) p-times, where
p = [(n —m)/(m — 1)], and taking into account that |A,(z)] < 1
(since A, m(z) > 0 and (5) holds), we obtain (10). O

Corollary 1. Let v, be an increasing sequence of positive numbers
and v, < bp/(m—1), m > 1. Then

xbnfl

(14) At () = ) + (o),

n

1
+ (2/bn)(m —1)

where oy, (x) and By () uniformly converge to zero as n — oo on the
closed interval [0, ,].

(15) Ay () = 1 + Bn(z),

Proof. Equation (14) follows from (10). Because of (14), the equality
(5) may be written (for a large n) in the form

An () - (m = D An (@) + 0(2)} = 1,
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where d,, () uniformly converges to zero on [0,7,]. From this it follows
that

1 (z/b,)(m —1)

A = G ) n 1) T (/) m 1)

on (),
which coincides with (15). O

3. In this part we give the following theorem about the convergence
of a generalized Bernstein-Chlodovsky polynomials (1) in p-norm

Theorem 1. For any function f € C’po the sequence By, ., f converges
to f in p-norm, that is,
nlgr;o HBn,mf - f”p,[O,fyn] =0,
where m > 1 and v, < b,/(m —1).
Proof. Using Theorem B we see that it is sufficient to verify the

following three conditions

(16) lim [| By (t,2) = 2"[|,504,) =0, v=0,1,2.

By (3) and (15)

14 (m—1)(x/by)

B,m(l,z)—1 = su (T
[ Br,m (L, 2) = 1|5 10,7,] oS T2 |Bn ()]
<2 sup ‘Bn(fE)L
0<z<~y,

where (3, (z) uniformly converges to zero on [0,7,]. Hence the first
condition of (16) is fulfilled (v = 0). Now it is easy to see that

Brm(t,7) = (1 +(m— 1>b£>xAn_m,m (Ibg—m),

and due to (14) for a large n,

xT

B, m(t,x) = {1 + (m— l)a

[ An o)+ ante]
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Therefore, by (15) we have

| Br.m(t, z)—x |p7[07%] = 0<S;13, %x) {1+(m—1)%] [ (2)]|+]5n (2)]]
<2 sup [lan(z)|+ [Bn(z)]],
0<z<vy,

and the condition (16) holds also for v = 1.

To verify this condition for v = 2, consider By, ,,,(t?,z). Letting

[n/m] 1 x k—1 x n—mk
_ k—1
pn,m(lﬂ) - Z n — (m_l)kcnf(mfl)kfl <E> <1 - E) ’

k=1
[n/m] k—1 n—mk
k—1 k1 x x
)= 3 e () (105
k=2 n n

we see that
A7) Bam(t ) = (1 T (m— 1>£)bnz<pn,m<z> T ().

Since for k < [n/m)]

1 < 1 _ 1 _m
n—(m-1k = n—(m-1h/m ~n-(m=1)(n/m) n’
and [(n —m)/m] = [n/m] — 1, we obtain
(15) Paon() < ().
Also, since
k-1 b1 :n—(m—l)k—lckd
n—(m—1)k n-(m-Dk-1 n—(m-—1)k n-(m-Dk-2
< CI;:(qu)ka’
we have
(19) @) < 3 A (222,
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From (17), (18) and (19), in view of (14) and (15), we obtain that, for
€ 10,7,

Bpm(t2,2) < (1 +(m— 1)%)
: bnx{%[Amm(x) + &nl@)] + -

)bn;v

. {% L e _11)(96/%) + Bu(2) +5n(x>]
- L o _11)(x/bn) + Bula) + nn(x)} }
< a2+ 2ma (B (0) + ()

+ 2028, () + 1 (2)) + 22

holds, where &,(x), n,(z), On(x) tend to zero uniformly on [0,7,] as
n — oo.

(An(2) + ()]
_ (1 +m—1)

@|H

+

From this, setting

() = 2+ 2 (G () + () + 227 (B() + 0 (2),

we can write

||Bn7m(t2,x) —z ] < sup

~ 0<we<an, P(T)

by, by,
< —m+2m— sup (|Bn(z)|+ | (2)])
n N o<z<a,

+2 sup (|n(@)] + [11a(2)])-

ST

This means that the condition (1) holds also for ¥ = 2 and by Theorem
B the proof is completed. o

Note. For a function f(x) =1 we have from (1)

[n/m] k n—mk
B x 3 x x
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From this it is easy to see that, at the point = b, By m(1,b,) =m
if n/m is an integer, B, (1,b,) = 0 if n/m is not an integer.
Consequently, at x = by, By.m(1,b,) diverges.

ENDNOTES

n translations from Russian, A.D. Gadjiev, A.D. Gadzhiev, A.D. Gadjiev, and

A.D. Gadziev are the same person.
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