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1. Introduction. Many natural phenomena can be represented by
real-valued functions of the form

I
(1.1a) G(t)= > a;e” ', TeN,
j=—1I

where ¢ denotes time (sec.), the frequencies f; are in cycles per sec
(Hertz) and the complex amplitudes o satisfy

(11b) aOZO#aj:o?_j, fj:_f—j7 fOI‘j:LZ,... ,I
and
(1.1c) O=fo< fi< fo<- - <[fI.

The frequency analysis problem (FAP) consists of determining the
unknown frequencies f; by using N values of “observed data”

(1.2) G(ty), m=0,1,... ,N—1, wheret, :=mAt, At>0.
For convenience we introduce normalized frequencies

(1.3a) wj=2nf;At, j=0,£1,£2,... %],

with the restrictions imposed by

(1.3b) O=wy<w <ws < - <wr<m
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and define an N-truncated discrete signal {xn(m)}3___ by

I
_ tmwj _ _
1)ty | GO = D ™ =012
j=—

0 otherwise.

A consequence of (1.3b) is that

1
(1.5) 0<fj < gy fori=12...I

At

which means that frequencies f; greater than or equal to (1/2At)
cannot be determined with a time interval At. With this terminol-
ogy the FAP consists of determining unknown normalized frequencies
w1, ws,. .. ,ws using the discrete signal {zy(m)}__ .

Among various methods that have been used for frequency analysis
(see, e.g., [4, pp. 379-386], [17], [20], [23], [24]) the one investigated
in the present paper (referred to hereafter as the N-process) is a re-
formulation of Wiener-Levinson linear prediction ([10], [18], [31]) in
terms of Szeg6 polynomials and positive Perron-Carathéodory contin-
ued fractions (PPC-fractions). Recent research on the N-process and
its extensions can be found in [6], [7], [10]-[15], [19], [22], [25]-[28].

Starting with the signal {zx(m)}, the N-process uses an absolutely
continuous distribution function 9y (6) defined by

N-1 2
1 .
(1.6) P (0) = 7 E zy(m)e™ ™ | —r <O <.
m=0

In [7] the distributions (1/N)dyn(0) were shown to converge in the
weak star sense,

(1.7) %dwN(Q) 5 dip(h), as N — oo,

where di(0) is a discrete distribution with mass |a;|? located at 6 = w;
for —I < j < I. The distribution function () is a nondecreasing
step function with jump |o;|* at 0 = w;, —I < j < I. Therefore,
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the unknown frequencies w; can be determined by finding (6) or,
equivalently, its Herglotz transform

™ ei@ + Z e Wi + z
(1.8) H(¢; 2) ::/ - Z | J|2 P
- =

The purpose of the present paper is to investigate the convergence to
H(3);z) as N — o0, of the approximants

Rom(¥n;z) and  Ropmyi1(Un; 2)

(of order 2m and 2m + 1, respectively) of the PPC-fraction associated
with ¢ (). In [10, Theorem 3.4], it was shown that, for

0 if ap = 0
1.9 >ng:=2[+1L here L :=
(1.9) m > ng + where {1 if oo > 0,
1
(1.10a) lim — Rom(¥n;2) = H(Y,z) for |z <1
N—oo N
and
(1.10b)

1
J\}gnoo NR2m+1('l/)N, z)=H{;z) for|z| > 1,

the convergence in both cases being locally uniform on the given re-
gions. Truncation error bounds for (1.10a) were derived in [15, The-
orem 1]. In the main theorem of the present paper (Theorem 3.1)
the result described by (1.10) is extended to include regions obtained
by removing neighborhoods of all frequency points e™i, —I < j < 1T,
from certain disks on the Riemann sphere. Our proof of Theorem 3.1
makes use of known information concerning the location of the poles
of the rational functions Ry, (¥n;z) (Theorem 2.1), knowledge about
the structure of the R,,(¢¥n;z) derived from recurrence relations,
Lemma 3.3, and properties of normal families of the holomorphic func-
tions R, (¥n;2). Example 4.1 in Section 4 illustrates possibilities for
poles of the R,,(1¥n;2) to be dense in certain subsets of C, suggesting
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that the convergence regions in Theorem 3.1 may be best in a certain
sense. In order to render the present paper self-contained, Section 2
is used to summarize definitions, notation and results that are subse-

quently used.

2. PPC-fractions and Szego6 polynomials. This section is used
to summarize basic properties of PPC-fractions and Szegd polynomials
associated with ¥ (6) and 1(0). Proofs of these results can be found
in [8]-[10], [14] and [22]. Moments with respect to 1y () are defined

by

(2.1) ) :z/ e ™ dyn (), meZ

and can be computed by the autocorrelation formulas
N—m—1

m_J)
(2.2) ,LLgn ) = k=0

T m=—-1,—-2,-3,....

zn(K)zy(k+m) m=0,1,2,...,

Since the trigonometric moment problem (TMP) for {M%V )}gsi)_oo
a solution v (¢) which has infinitely many points of increase,
sequence {,u%v )} satisfies

(2.3a) u,(cN) = ,u(f\,? and T,gi)l(wjv) >0 fork=0,1,2,...,

where the Toeplitz determinants T,gm) (¥n) are defined by
(2.3b)

has
the

T (on) =1, T (n) = det (1) )55y, k=1, meZ.

w,v=0"

Hence {u,(qi”}gg:,oo is said to be Hermitian positive definite.

Moments p,, with respect to the step function () are given by

- I
(2.4) Hom ::/ e ™m0 dy(0) = Z la;|? ™5, meZ

j=—1
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are related to u,(flv ) by

1 1
(2.5) Nug)—um—i-O(N), as N — o0, formeZ

and to the Herglotz transform H(v; z) in (1.8) by

,uo+22ukzk |z <1

(2.6) H(;2) = k:io
—lo — 2Zu,kz_k |z| > 1.

k=1

The PPC-function associated with ¢ (6) is given by

26 1 (-8R 1 (- [6Y)z

(2.7a) s —
0 L L | LR S L

where

2.7b) 6N = plV) = ! dn (0) = S lzn(m)> >0, N>1,
- m=0

and

(2.7¢) 6N = (—1)m M m>1, N>1.

T (pw)
The 67(nN), m > 1, are called reflection coefficients, and they satisfy

(2.8) SMeR and [0 <1 for N>1, m>1.

For m > 0 and N > 1, we let R, (¥n;2), Pn(¥n; 2) and Q. (¥N; 2)
denote the mth approximant, numerator and denominator, respec-
tively, of the PPC-fraction (2.7). These are defined by

(2.9) Ry (YN z) = %,
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where
(2.108) Po(tn;2) i= = Pu(iz) =6,
Qo(¥n;2) == Q1(Yn; 2) =1,

(PQm(wNaz) ) — 5(N)Z ( Pmel(wN;Z) )

(2.10b) Qom(Unsy2) ) 7 ™ i Q2(:;1(1/;N;Z)
om—2\YN; 2
N <Q2m2(¢N53)>  m21,
(2.10c)
(P2m+1(%/1N§ 2) ) — 5V <P2m(1/1N§ z) >
Q2m+1(wN;Z) ' m QQm(wN; Z)
(V)2 Pom—1(¥n; 2) )
=0 )Z<Q2m—1(1/11v;2) , m21.

It follows readily that Qoy,+1(1¥n;2) is a monic polynomial of degree
m, while Pa,(¥n;2), Qom(¥n;z) and Pay11(¥N;2) are polynomials
of degree at most m. Moreover, P, (¢¥n;z) and @, (¢¥n;z) have no
common zeros, the m poles of Ropmt1(tn;2) lie in |z| < 1 and

(2.11a) Pamt1(Yn;2) = =2 Pom (Yv; 1/2),
(2.11b) Qam+1(¥n; 2) = 2" Qo (Yn; 1/2),
(2.11c) Romi1(¥n; 2) = —Rom (YN 1/2).

The terminating PPC-fraction associated with ¢ (0) is given by

L 250 1 (1—63)z
Ron, (1;2) == 6o T 4+ 5z 5, n
1 1-82_)z 1

577,[)712:—’_ 5’!74071 + 6?’7,()2:

(2.12a)

)

where

m TCVW)

(2.12b) b= po, O = (1) 79 (4)

for 1 <m < ng,
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(2.13) 0o >0, |0 <1 forl<m<mng—1and|d,|=1

and ng is defined by (1.9).

The nth approximant, numerator and denominator of (2.12) are
denoted by R, (v; 2), P (¥; 2) and Q.. (v; 2), respectively. Some useful
properties include

I
(2.14) Qony (5 2) = (z = DI [[ (2 = €9) (2 — e7),
j=1
where L is as in (1.9),
P2n (Z/J,Z) 26 Ytz
2.15 Rop, (V3 2) i = 20— = ~,
( ) 2 0(1/} ) ano(w;z) j;[| J| esz —

1
6N — Ny +0(1), 6 =5, +0( =

forl1<m<mng as N — oo,

and, for 1 < m < 2nyg,

(2.17)
Jm P 2) = Pa(52), I Quliiiz) = Qu(ts2),

the convergence being locally uniform on C. The asymmetry of the
factor 1/N in (2.17) is a consequence of the normalization of the
distribution functions ¥y () and ¥(6) in (1.6) and (1.7) which agrees
with the notation used in earlier work.

The monic Szego polynomial p,(Wn;z) of degree m with respect to
YN (0) and the mth reciprocal polynomial pf, (¢¥n; z) are given by

(2.18)
pm(¥N; 2) = Qam1(¥N; 2), P (¥N;2) = Qam(YN;2), m > 0.

They satisfy by (2.11b)

(2.19) P (Un;2) = 2" pm (YN 1/2), m >0,
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the recurrence relations

(2.20a) po(¥n;z) = po(bniz) =1,
(2.20b) pim (Y3 2) = 2pm—1(¥n: 2) + 65 ph 1 (YN 2), m > 1,
(2.20¢) pp (5 2) = 63 2pm—1 (v; 2) + Pl 1 (3 2), m > 1

and orthogonality relations

(2.21a)

(o ifO<k<m-—1
PmlONER o = 190 ()T () > 0 i k= m,
(2.21D)

Tr(r?J)rl('l/}N)/Tr(r?)(wN) >0 ifk=0,
0 if1<k<m,

(o (U3 2), 25 g = {

where

(o = [ S5l dun (@), f.g T

is an inner product on the linear space of polynomials over R. Since,
from (2.20b),

2.22 SN — ) (i 0) = — (2pm—1(YN; 2), Dyy .
( ) m p (w]\ﬁ ) <p:<n,1(1/)N,Z),1>¢N , m2>1,

one can compute the 58V and pm(¥n; 2) recursively by using (2.20)
and (2.22). This procedure is known as Levinson’s algorithm.

We conclude this section with the statement of important properties
of the zeros of the Szegd polynomials (poles of PPC-fraction approxi-
mants).

Theorem 2.1. Let m > ng + 1 be given, see (1.9). Then

(A) there exist mg sequences of zeros of pm(¥n;z) (poles of
Rom+1(¥N; 2)) denoted by
(2.23)
. . , [+1,42,... ,+1] ifag=0,
{Z(jvmvN)}Nzl fOT] e A= { 0

[0,£1,...,4+I]  ifag >0,
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such that
(2.24) A}lm 2(4,m,N) =€ forall j € A.

(B) The remaining zeros of pm(¥n;z) (not considered in (A)) are
denoted by

(2.25) z(j,m,N) forN>1, jeTl:=[I+1,1+2,...,I+m—ng,
and satisfy
(2.26) l[z(j,m, N)| < K,, <1 forN>1, jeT,

where K, is a constant independent of N.

The zeros considered in Theorem 2.1(b) are referred to as the un-
interesting zeros, since they are bounded away from the frequency
points e™i. Theorem 2.1 also applies to the zeros of pZ (V¥n;2)
(poles of Rop, (¢n; 2)); in fact, if z(j,m, N) is a zero of p,(¥n;2) and
z(4,m, N) # 0, then z*(j,m, N) := 1/z(j, m, N) is a zero of p}, (¢¥n; 2).
This follows from (2.11) and (2.18).

3. Convergence of PPC-fractions. We now state and prove the
principal results of this paper.

Theorem 3.1. Let m > ng + 1 be given, and let K, be a positive
constant (see Theorem 2.1(b)) such that for the uninteresting zeros

2(4,m, N) of pm(¥n;2) (poles of Rami1(¥n; 2)) the following hold
(3.1) |z(jm,N)| <K, <1 forN>1, I+1<j<I+m—no.

Let § satisfy

1
(3.2) 0<d< 5(1 - K,,).
Then (A)
) 1 e + 2
(33&) 1\/1£noo N R2m('¢N1 Z) — Z ‘aﬂ |2 ezwj _ ’

j=—I
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the convergence being locally uniform on
1 .
(3.3b) S*(Kp,d) := [w eC:w| < K——5 and |lw—e*i| >0, jEA

(see (2.23) for a definition of A).
(B)

eZUJj + z

ewi — 2’

I
. 1
(3.4a) 1\;21100 N Romy1(Yn;2) = H(y;2) = _ZI ‘ij|2
j=-

the convergence being locally uniform on

(3.4b) S(Ky»,6) :=[w € C: |w| > K, +0 and |[w—e™i| >4, j € Al

Remark on Theorem 3.1. The conditions (3.2) and 0 < K, < 1
imply two inequalities

(a) 1< (1/Km)—dand (b) 0 < K, +6 < 1.
(a) implies that S*(K,,,d) contains the circles |w| = p with

1
l<p<—-96
p K,,

and (b) implies that S(K,,,d) contains the circles |w| = p with

0< K,,+d<1.

Our proof of Theorem 3.1 makes use of several lemmas. We begin by
defining polynomials

U,EN)(Z) and Vk(N) (z) for k>2ngand N > 1,

where (N) denotes an index, not a derivative:

(3.50) Ush)(2) = Vi) (2) =1, U, 1 (2) i= 6V, Vi) (2) = 0.

2ng ng 2ng
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and, for m > ng + 1,

U (2) ) _ s, ((Usma(@) ) | (Usnla(2)
V(N)(Z) : m V(N) V(N) ’
2m om—1(2) om—2(2)

(3.5b)

Remarks on UIEN) () and Vk(N)(z). The polynomials U,gN)(z) and
V(N)( ) are introduced in order to obtain relations (3.8) with the factor
(1-— \5(N)\ ) in the second term on the righthand side since, by (2.13)
and (2.16),

i (3] =[5, | = 1.

We note also that the recurrence relations (3.5b) and (3.5¢) are identical
to (2.10b) and (2.10c) for the polynomials Py (¢n;2) and Qk(¢¥n; 2),
but the initial conditions (3.5a) are not the same as (2.10a). The
following lemma is an immediate consequence of (3.5).

Lemma 3.2. Form >ng+1 and N > 1, the polynomials (3.5) have
the forms

(3.6a) UM (z) = (N>5(N) meno 44,
(3.6b) Vi (2) = 60 zmmo g g 5 2,
36 UG = s,
(3.6d) V2m+1(3) =z 4 +(5,(1];C)rl<57(nN)(z).

From (3.6) we see that VQ(TJnvil(z) is a monic polynomial of degree

m — ng) and, for N sufficiently large, UM (2) has degree (m — ng
2m—+1
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since, by (2.13) and (2.16),
(3.7) Jim (50| = 16| = 1.

The UIEN)(Z) and Vk(N)(z) are related to Px(¢n;z) and Qp(1n;2) as

follows.

Lemma 3.3. Fork >2ng+1 and N > 1,

(i) = (G )

= BN (gt

(3.8)

Proof (by induction). We prove (3.8) for {Qx(¢n;2)} and omit the
analogous argument for {Py(¢n;z)}. For simplicity in the proof we
adopt the notation

O i= 5,(€N), Qr = Qr(Yn; 2), Uy = U,EN)(Z), Vi = Vk(N)(z).
Thus it suffices to prove that, for all & > 2ng + 1,

(3.9) Qk = UxQany + (1= 62,)2ViQ2np—1.

To verify (3.9) for k = 2ng + 1, we use (2.10c) and (3.5a) with m = ng
to obtain

Q20041 = Oy Qany + (1= 62 )2Q2p—1
= Uzng+1Q2no + (1 = 67,)2Vane+1Q2n0—1

in agreement with (3.9). Next for m = ng + 1 in (2.10b), (3.5) and
(3.9) with k = 2ng + 1, we have

Q2no+2 = Ong+12Q2n0+1 + Q2n,
= Ong+12[U2no+1Q2n, + (1 = 02)2Vang+1Q2no—1] + Q2ng
= (Ong+120n, + 1)Q2n, + (1 — 57210)2(5n0+1Q2n0_1
= Uzny+2Q2no + (1 = 67)2Vone+2Q2n0—1
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agreeing with (3.9) for k = 2ny + 2. Now we assume that (3.9) holds
for k = 2ng + 2m and k = 2ng + 2m + 1 with m > 2. Then, by (2.10)
and (3.5),
Q2n0+2m+2 = 6no+m+le2no+2m+1 + Q2ng+2m
= 5no+m+1Z[U2no+2m+lQ2no+ (1— 530)Zv2n0+2m+1Q2n071]
+ [U2n0+2mQ2ng + (1 - 630)z‘/2n0+2mQ2n071]
= U2n0+2m+2Q2n0 + (1 - 57210)2:‘/2ng+2m+2Q2n071

and

Q2no+2m+3
= Ong+m+1Q2ng+2mt2 + (1= 6 4 mi1)2Q2n0+2m+1
= Onptmt1[Uzngr2m12Q2ne + (1= 05 )2Vang 1 2m+2Qang 1]
+ (1= 62 yons1)2[Uzng+2m41Q2n0 + (1= 67 ) 2Vong 4m+1Q2n—1)
= Uzngtam+3Qane + (1= 0)2Vong+2m+3Q2n,—1-

Therefore (3.9) holds for k = 2ng + 2m + 2 and k = 2ny + 2m + 3 and
by induction (3.9) holds for all k¥ > 2ng + 1. O

Let {Ny}32, be an arbitrary subsequence of the natural numbers.
Then by (2.8) we can obtain a subsequence {N, }>2, such that, for

m>1, {5,(“Nk”) 0 | is convergent.
We set

(3.10a) Om({Nk,}) := lim 55 form >0

and note that, by (2.16),
(3.10b) Om = 0m({Nk,}) for 0 < m < ny.

From the recurrence relations (2.10) and (3.5) one can see that, for

each of the polynomials P, (¢¥n;2), Qm(¥nN;2), M (2), %N)(z), the
coefficients of individual powers of z are continuous functions of the
coefficients 5,(€N). It follows that, for m > 2ng, the four sequences

1 0o
{N—k’/ Pm(ﬂ}Nku;Z)}U:la {Qm(ka,,;Z)}gilv

N Jo%) N, e’}
(U5 (2) (Vi (),

v=1»
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converge locally uniformly on C. We write, for m > 2ny,

(3.11a) P ({Nk, };2) = lim. N—P m (¥, 5 2)s
(3.11b) Qm({Nk, }:2) := lm Qm(vn, 5 2),
(3.11c) Un({Ny, };2) = lim US)(2),
(3.11d) Vin({Ni, };2) = lim V) (2),

It follows from this, (3.7), (3.8) and (2.17) that

(3.12a)
Pr({Nk, }5 2) = Un({ N, }5 2) Pany (¥5 2),  m 2 2n,

and

(3.12b)
Qm({ Nk, };2) = Unn({Ni, }5 2)Qano (V3 2),  m > 2ng.

For m > 2ng and v > 1, let

P, 52) — U (N, )5 2) Pon (85.2),
kv

(3.13b)  Nmo(2) == Qum(¥n,, 5 2) = Un({ Nk, }; 2)Q2n, (5 2).

Then, for m > 2ng + 1 and v > 1, by (2.15) and (3.13)

(3.13a) e (2) :==

(3.14) Ry (¥, 32) — H(; 2)

P (’(/}Nk,,;z) . P2n0(¢;2)
Q (ka ;Z) Q2n0(¢;z)
({Nk } )PQno( ,Z) + Em,v _
({Nk } )QZno( ;Z) +77m,1/ Z) Q2no(w;z)
Q2no (¢7 )Em,u(z) - P2no (’(/}a Z)T]m,u(z)

Q2no (V3 2) Ui ({ Nk, }5 2)Q2no (V3 2) + 1w (2)]

H(; 2)mw (2) — mu(2)
U ({Nk, }5 2)Q2no (V3 2) + 0 (2) |

N,

’ -

Z) P2no (1/)7 Z)

SIS 7
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We now replace m by (2m + 1) in (3.14) where m > ng + 1, let K,,
denote the constant in (2.2b) of Theorem 2.1 and let S(K,,,d) denote
the open set in (3.4b) of Theorem 3.1, where 0 < 6 < (1 — K,;,)/2. Let
K be an arbitrary compact subset of S(K,,,d). Let

(3.15a) ety = sup [emu (2)],  nGe) = sup i) (2))]
z€K zeK
so that by (3.11), (3.12) and (3.13),
(3.15b) lim ¢%) =0 and lim 5{&) =o.
v—00 ? v—00 ’

By (2.2b) of Theorem 2.1(B), (3.4b) of Theorem 3.1(B), (3.11) and
(3.12)

(3.16) Li(K) := 1nf [Usm+1({ Nk, };2)| > 0,
and by (2.14)

(3.17) T(K) := mnf |Qan, (¥32)] > 0.

Since H (v; z) is holomorphic in S(K,,,d) and hence in K,

(3.18) D(K) := sg}g |H (¢; 2)| < o0.

Let € satisfying 0 < ¢ < L,,(K)T(K) be given. Then there exists
v(e) > 0 such that

0< Eéﬁ)_i_lju <e and 0< néﬁ)ﬂw <e forv>v(e).

Combining these results with (3.14) yields

1
Sup |~ — Romi1(¥n,,;2) — H(), 2)
zeK k

v

(K) (K)
(319) < D(K)TIZerLV + €2m+1,u

— K
Lo (K)T(K) =S,

D(K) +1
< (Lm(K)T(K) —5) for v > v(e).
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An analogous argument holds if m is replaced by 2m in (3.14). Thus we
have proved the following two lemmas. The first gives existence of con-
vergent subsequences {(1/N,)Ri (¢, ;2)} o2, the second asserts the
convergence of the whole sequences {(1/N)Ry(¥n; 2)}3%, to H(; z).

Lemma 3.4. Let m > ng+1 be given. Let S(K,,, ) and S*(K,,9)
be defined as in Theorem 3.1. Let {Ny}32, be an arbitrary subsequence
of the mnatural number sequence. Then there exists a subsequence

{Nk, }o21 of {Nk}2, such that: (a) for z € S* (K, 9),

(3.20) lim NL Rom (YN, 5 2) = H(Y; 2),

V—00 kl/

the convergence being locally uniform on S*(K,, ).
(b) For z € S(K,,9),

V—00

(3.21) lim ﬁ Romy1(¥n,, 1 2) = H(1; z),

v

the convergence being locally uniform on S(K,,,0).

Lemma 3.5. Let m > ng + 1 and let S(Kn,d) and S*(K,,, ) be
defined as in Theorem 3.1. Then

(3.22a)

A}iinoo % Ron (s 2) = H(Y;2) for z € S* (K, d),
and
(3.22b)

A}ijnoo % Romy1(;2) = H(t;2) for z € S(Kpy, 9).

Proof.  Assume that there exists a zp € S(K,,,d) such that
{(1/N)Ram+1(¥n; 2)}¥_, does not converge to H(1); zp). Then there
exists an ¢ > 0 and a subsequence {Ny}%2, of the natural number
sequence such that

1

N, Romi1(¥n,i20) — H(Y; 20)| > € for k> 1.
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This contradicts Lemma 3.4(b). Therefore, (3.22b) holds. An analo-
gous argument can be given to prove (3.22a). O

Our proof of Theorem 3.1 makes use of a property of normal families
stated here. (See, e.g., [1], [5], [30].) Let F be a family of functions
holomorphic on an open region R. In order for F to be a normal family
in R, it suffices that every sequence { f,,(z)} in F contains a subsequence
{fn;(#)} which converges locally uniformly on R.

Stieltjes-Vitali theorem. Let R be an open region in C, and let
A be a subset of R having infinitely many elements and having a limit
point in R. If {fn(2)} is a normal family in R and if lim, oo frn(2)
exists for all z € A, then {fn(2)} converges locally uniformly on R.

Proof of Theorem 3.1. (a) It follows from Theorem 2.1 that there ex-
ists an N* > 1 such that, for all N > N*, (1/N) Rz, (¢¥n; ) is holomor-
phic in S* (K, d). Therefore, by Lemma 3.4, {(1/N)Rapm (¥n; 2) }% N+
is a normal family in S*(K,,,d). Assertion (A) of Theorem 3.1 follows
from this and Lemma 3.5 and the Stieltjes-Vitali theorem. An anal-
ogous proof can be given for (b) of Theorem 3.1. This completes the
proof. o

4. Uninteresting zeros (poles). A natural question to raise is the
following.

Is it possible to extend the convergence results in Theorem 3.1 even
further, to larger domains, possibly to the whole plane minus disks
around the uninteresting zeros? Behind this question is this idea of
having a discrete set of uninteresting zeros to stay away from. This
is, however, an incorrect picture of what may happen, as the following
very simple example will show.

Example 4.1. Take a signal with merely the frequencies +w,
0 < w < 7 and amplitudes 1:

(4.1) z(m) = ™% 4 7™ = 2 cos(mw).

The N-process leads to, in limit, the two frequency points e** and,
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before going to limits, to the uninteresting zero

(42) 2 - _ 3cosw + cos((2N — 1)w) Lo 1 .
44 2cos?w + 2coswecos((2N — 1)w) N

The limit as N — oo does not exist. If w/7 is irrational, the set of

points z(V), N =1,2,3,... is dense in the interval
(4.3) 3cosw+ 1 —3cosw + 1
' 2(cos? w + cosw + 2) 2(cos?w — cosw + 2) |

This follows from a theorem of Kronecker stating that the set of points
eNw N =1,2,3,... is dense on the unit circle when w/m is irrational.

Actually, this is a special case of Kronecker’s theorem [3, Chapter
23; see, in particular, 23.2(iii)]. One way of proving this theorem is by
using the Pigeonhole principle, also called the Dirichlet drawer (or box)
principle: If £ + 1 or more objects are placed into k boxes, then there
is at least one box containing two or more objects. See, e.g., [29, 4.2].

This example (and others) exclude the possibility of extending the
theorem to larger domains merely by removing disks around a discrete
set of points. It does not exclude the possibility of extending it to
domains obtained by removing more complicated sets.

5. Final remark (erratum). Lemma 3.4 in the present paper
replaces Theorem 3.5(B) in [14], which is not correct as it stands.
The proof of Theorem 3.8 in [14] is based upon Theorem 3.5(B)
and is therefore not valid. However, a version where even and odd
approximants are separately discussed, and where the domains in
Theorem 3.1 of the present paper replace the domain in Theorem 3.8
in [14] is correct.
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