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ON THE H-POLYNOMIAL OF
CERTAIN MONOMIAL CURVES

D.P. PATIL AND G. TAMONE

ABSTRACT. Let ni,... ,ne be an increasing sequence of
positive integers with ged (n1,... ,ne) = 1 and let A be the
coordinate ring of the algebroid monomial curve in the affine
algebroid e-space A% over a field K, defined parametrically
by X1 = t™,..., X = t™e. In this article assuming that
some e — 1 terms of ny,... ,n form an arithmetic sequence,
we compute (under some mild additional assumptions, see
Theorem (2.7) for more precise assumptions) the h-polynomial
(and hence the Hilbert function) of A explicitly in terms of
the standard basis of the semi-group generated by ni,... ,ne.
Our special assumptions are satisfied in the case e = 3; in
particular, for the class of algebroid monomial space curves,
we can write down the h-polynomial and hence the Hilbert
function explicitly.

1. Introduction. Let (A,m) be Noetherian local ring, and let

G = grp(4) = '6>9077”Li/mi+1 be the associated graded ring of A.
7

The Hilbert function H4 : N — N of A is the numerical function
defined by H4(n) := dim 4/ (m™/m™*1). The Poincaré series of A is
the series Pa(Z) := 3, <o Ha(n)Z". By the Hilbert-Serre theorem,
there exists a polynomial hy(Z) = E?igoh’* h;Z? such that P4(2) =
ha(Z)/(1=Z)3mA Then hy = 1, hy = emdim (A) := dim 4 (m/m?).
The polynomial h4(Z) is called the h-polynomial of A and the vector
(ho,hi,... ,hdegn,) is called the h-vector of A. It is clear that the h-
vector of A and the Krull dimension of A determine the Hilbert function
of A and conversely. Since the Hilbert function H4 of A is a good
measure of singularity of the affine scheme Spec (A4) at the closed point
m, it is important to compute the Hilbert function, Poincaré series,
h-vector, h-polynomial and its degree explicitly. These invariants are
studied by many authors in the standard literature on local rings and
still many interesting questions regarding these invariants are open in
general (see, for example, [1-3, 5, 6, 10-12]).
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In this article we assume that A is the coordinate ring of an algebroid
monomial curve in the affine e-space A% over a field K, defined
parametrically by Xg =T"0,... , Xe_1 =T™1 with 0 < mg < my <
<o < Me—1, ged (Mo, ... ,me—1) = 1 and the sequence myg, ... ,Me_1 is
an almost arithmetic sequence, that is, mg < --- <mp, p:=e—2is
an arithmetic sequence and n := m,_; is arbitrary. In the case when
the associated graded ring gr,,(A) := _€>BO m'/m'*t of A is not Cohen-

K3

Macaulay, in [12; Corollary 2.7], it is proved that the h-polynomial has
non-negative coefficients. In this article, we assume gr,,(A) is Cohen-
Macaulay and mg < n, u # 0 (see 2.3 for definition of u) to give an
algorithmic method to write down the h-polynomial of A explicitly.
In the special case when the sequence mg, - ,m._1 is an arithmetic
sequence then gry,(A4) is always Cohen-Macaulay (see [5, Proposition
(1.1)]) and the h-polynomial of A is written down explicitly (see [5,
Corollary (1.10)]).

Our algorithmic method involves the nonnegative integers A, u, v, u,
v, z,w which were defined in [9], using the explicit description of the
standard basis Sp,, of the semi-group I' := Ef:_g Nm; + Nn. Given
integers mo,... ,my,n, it is easy to find the nonnegative integers
A v, u,v, 2, w. The explicit description of S,,, and the properties
of the nonnegative integers A, u, v, u,v, z, w were used to find explicit
minimal sets of generators for the relation ideal and the derivation
module of A (see [7] and [8]). Further, in [4], the properties of the
nonnegative integers A, i, v, u, v, z, w were used to give, in most cases,
necessary and sufficient conditions for gry(A) to be Cohen-Macaulay
(this condition is just one inequality which involves the nonnegative
integers A, u, v, u, z, w and which is easy to check).

For the case of monomial space curves, we can write down, in most
cases, the h-vector of A explicitly, since any three integers are in almost
arithmetic sequence with my < m; < n. We also give many examples
to illustrate our algorithmic method.

2. Standard basis. In this section we recall the explicit description
of the standard basis of a numerical semi-group generated by an almost
arithmetic sequence given in [9, Section 3] (see also [7]). First we fix
the following notations throughout this paper.
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2.1 Notation. Let Z, respectively N, denote the set of all, respec-
tively nonnegative, integers. For a,b € Z, let [a,b] :={i € Z | a <i <
b}. Unless mentioned otherwise, the symbols a, b, ¢, d, e, 4, j, m,n, p, q,r,
s, t,u, v, w, z denote integers.

Let my, ... ,me_1 be a sequence of positive integers with mg < --- <
me—1 and ged (mg, ... ,me—1) = 1. We assume that mg,... ,me_1 is a
minimal set of generators for the semi-group I' := Z:‘:& N,

e Let £ := (N)¢ and for ¢ € [0,e — 1], we put €; := (d;j)o<j<e—1,
where §;; denote the Kronecker delta.

o For a = 3¢ aje;, let (a) := 35— aimi.

eFor h el let E(h) :={a e |d(a)=nh}.

o For a = 3" a;e; € E(h), we put deg (a) == 37, a;.
e For a, 3 € £(h), we write o <geg [ if deg (o) < deg (5).

Then <geg is an order on £(h) and since £(h) is a finite set, £(h)
has maximal elements with respect to the order <qeq. Let max(E(h))
denote the set of all maximal elements in £(h). Note that all elements of
max(€(h)) have the same degree, therefore this degree we shall denote
by maxdeg (h).

S =

2.2 Standard basis. Let I' be a numerical semi-group generated
by a sequence mg,mq,...,Mme_1 of positive integers. Then the set
Sme = {2z € T | 2z—mg ¢ T'} is called the standard basis or the
Apery set of I with respect to mg. It is clear that S,,, depends on I
and myg, but for simplicity we write S := Sp,,. It is easy to see that
S ={so := 0,51,... ,8my—1}, Where s1,...,8n,—1 € I' are positive
integers with the following properties:

(a) s; =4 (mod myg) for every i € [0,mg — 1]

(b) If z € T then z = ¢ (mod my) for a unique 7 € [0, mp — 1] and
z > 8.
The following Key-Lemma from [9, Section 3] (see also [7, Section 1])

gives the explicit description of the standard basis of a semi-group
generated by an almost arithmetic sequence.
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2.3 Key-Lemma. Let p:=e—2 and let d be a positive integer with
m; = mo +id for all 0 < i < p. Let n be an arbitrary positive integer
with ged (mo,d,n) = 1. Let I" := Y% N, and I = I'" + Nn. Let
S = Sy, be the standard basis of I' with respect to mg. Fort € N,
let ¢¢ € Z, ry € [1,p] and g € T be defined by t = qp + r¢ and
gt = @My + My,

(1) gs+gt = emo+gs++ withe = 1 or 0 according to whether rs+ry < p
orrg+1r: > p.

(2) Let w := min{t € N | g4 ¢ S} and v := min{b > 1 | bn € T"}.
Then unique integers w € [0,v — 1], z € [0,u — 1], A > 1, u > 0, exist
such that

(ii) vn = pmo + gz;

(iil) gu—» + (v —w)n = vmgy. Moreover, v = XA+ u+ € where e = 1
or 0 according to whether ry_, < Ty O Ty_y 2> Ty

(3) Let V:i=[0,u—1] x [0,v=1], W :=[u—z,u — 1] X [v —w,v — 1]
and U ==V \W. Then S = {gs +bn | (s,b) € U}. In particular, if
(s,b),(t,c) € U with gs + bn = g + cn (mod my), then (s,b) = (t,c¢).

(4) Every element of T can be expressed uniquely in the form amqg +
gs +bn with a € N and (s,b) € U.

(5) The map (N)P+2 — (N)? defined by 303 ae; — (30_y aimi, apiin)
s a bijection between S and U.

Proof. See [9, Section 3]. O

2.4 Notation. In addition to the notation in 2.1 and in Key-Lemma
2.3, we fix the following:

e q:=¢qyuT:i=ry, thatis,u=gp+r, v =u—2,¢ =qu, " =1y,
that is, v’ = ¢’p+ 1/, and v’ := v — w.

e Uy :={(s,0) €U | be 0,0 —1]} and Uy := {(s,b) € U | b €
[v',v—1]}.

e For j € N, let Z; := {(s,b) € U | gs +1+b = j} and let
Zl’j = Zj NUq, Zg’j = Zj N Us,

o For (i,b) € Z x N, let X; 5, :=UN([(: — 1)p+ 1, ip] x {b}).
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2.5 The picture of U. The following picture of U (see 2.3) might
be useful for computations or proofs:
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With the notation in 2.3, 2.4 and using the above picture of U, the
following two lemmas are immediate from the definitions.

2.6 Lemma. Let (i,b) € N x N. Then

(1) If either b>v" ori > q+2, then X;, NU; = .

(2) If either b> v ori > q' + 2, then X;, NUy =

(3) If b<v' — 1, then

{(0,0)} ifi=0,
[(i—Dp+1ip] x {b}  ifl<i<gq,
lap+Lgp+r—1] x{b} ifi=q+1,
o if i >q+2.

Xi7b N U1 =
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In particular,

1 ifi=0,
ifl1 <1<
card (X, NUp) = P Z.f._z_q’
' r—1 ifi=q+1,
0 ifi>q+2.
(4) If v <b<wv-—1, then
{(0,0)} ifi=0,
X,y Uy = [(i = D)p + 1,ip] x {b} if1<i<d,
" [dp+Lgp+r' =1 x{b} fi=q +1,
> ifi>q +2.
In particular,
1 ifi=0,
p if1<i<d,
d(X;,NUz) =
card (X;, N Us) Pl i 41,
0 if1>q +2.

2.7 Lemma. Let j € N. Then
v—1 j
(1) Zj = UpZo Xj—bp = U;'fb:jf(vfl)Xj*bvb'

. ’
_ gV
Xi_pp and Zyj = U X bp-

2) Zu; = j—b=j—(v-1)

o A
(3) If j € [0,0— 1, then Za; = UTy_(Xjpp.
(4)

4) If j € [v,00), then Zy j = U?:Z:ji(vfl)EXj,b,b.

2.8 Theorem. Let K be a field and let K[[T]] be the power
series ring. Let p,d,m € NV, m;y = m +id fori = 0,...,p and
let n be an arbitrary positive integer with ged (m,d,n) = 1. Let
A= K[[T™,...,T™ T"|] C K[[T]], m the mazimal ideal of A and
let G := grm(A) be the associated graded ring of A. Let 1g,...,Tp,
T denote the images of T™0 ... T™» T" in G, respectively, and let
G' = G/(10) = ®_(G). Suppose that mg < n, p # 0 (see 2.3),
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and G is Cohen-Macaulay. Then ha(Z) = Z;':o dim g (G})Z7 and
dim g (G) = card (Z;) for every j € N.

Proof. Since G is Cohen-Macaulay and mg < n by assumption,
by [3, Theorem 7], 79 is a nonzero divisor in G and hence G’ is an
Artinian reduction of G. In particular, h; = dim g(G}) for every
j € N. Let 74,...,7p, 7 denote the images of 71,... ,7,, 7 in G’. Then
for each j € N, G is generated, as an A/m-vector space, by the set
{7 7 L ayma + -+ apmy, +bn € S and TamatFapmptbn ¢
m/ \ m/*1}. In particular (see 2.3) dim g (GY) = card ({(s,0) € U |
max deg (gs +bn) = j}) for every j € N. Now since mg < n, u # 0 and
G is Cohen-Macaulay, by [5, Theorem (3.4)], we have A +w > ¢, + 1
and v < p+q, + 1 (see 2.3 for definitions of A, u, u,v,w, z, ¢y, ¢.) and
so by [4, Proposition (3.2)] and the definition of Z; (see 2.4), we have
dim ; (G) = card (Z;) for every j € N. O

In the next section we shall give an algorithmic method to compute
card (Z;), j € N, by using the nonnegative integers v, v, ¢ and ¢'.

3. The h-polynomial. Let K be a field and let K[[T]] be the power
series ring. Let p,d,m € N, m; = m +id for i = 0,... ,p and let
n be an arbitrary positive integer with m < n and ged (m,d,n) = 1.
We assume that my,... ,mp,n is a minimal set of generators for the
semi-group I' := Zf;ol Nm;. We shall use the explicit description of
the standard basis S, of the semi-group I' := >  Nm,; + Nn given
in the Key-Lemma 2.3, particularly, the definitions (see 2.3) of the
nonnegative integers A, u, v, u, v, z, w.

Let A := K[[T™°,...,T™»,T"]] C K[[T]], m be the maximal ideal
of A and let G := gryn(A) be the associated graded ring of A. Suppose
that mo < n, g # 0 (see 2.3) and G is Cohen-Macaulay.

With all the above assumptions, in this section we shall compute
deg ha of the h-polynomial and its coefficients h;, 0 < j < deghay,
explicitly.

For convenience we shall subdivide N into the two intervals J; :=
[0,v — 1] and J3 := [v,00). In the proposition below, we shall compute
h; for j € Jy. For this subdivide the interval J; into the following six
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disjoint subsets:

e Ji1:=1[0,¢']NJy.

e Jio:=[¢ +1,¢N[0,v +¢]NJ.

o Jis:=[¢d+1,qN[ +¢+1,v—-1]NJ;.
o Jiy =g+ 1,v—1]N[0,v" +¢]NJ.
o Jis:=[¢g+Lv—1NP'+q¢+ 1,0 +¢ NJp.
e Jig:=[qg+1Lv—1NK +q¢g+1,v—1]NJ;.

With this we have:

3.1 Proposition. Suppose that j € J1. Then

(1) If j € Ju1, then hj = jp+ 1.

(2) If j € Jia, then hj = jp+ 1.

(3) If j € Jis, then hj = (v +¢')g+1'.

(4) If j € Jra, then hj = gp+ 1.

(5) If j € Jis, thenhj = (V' +q—j+¢)p+r+r —1.
(6) If j € Jig, then hj = ¢'p+1'.

Proof. (1) Since 0 < j < ¢’ < g, by 2.7 (1) we have h; = card (Z;) =
Jp+1

(2) We consider the two cases j € [0,v' — 1] and j € [v/,v" + ¢]
separately.

Case 1. j € [0,v"—1]. In this case, since ¢'+1 < j < gand j—v' <0,
by 2.7 (2) and (3) we have card (Zy ;) = jp+ 1 and card (Z2 ;) = 0.
Therefore, h; = card (Z;) = jp+ 1.

Case 2. j € [v',v' + ¢]. In this case, since v/ < j < ¢ and

j—v < ¢, by 2.7 (2) and (3) we have card(Z; ;) = v'p and
card (Zs ;) = (j — v')p + 1. Therefore, h; = card (Z;) = jp+ 1.

(3) Since j < gand 0 < ¢ +1 < j — ', by 2.7 (2) and (3)
we have card (Z;,;) = ¢'p and card(Z2;) = ¢'p + r’. Therefore,
hj =card (Z;) = (V' + ¢ )p+1r'.
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(4) We consider the two cases j € [0,v' — 1] and j € [v/,v" + ¢]
separately.

Case 1. j € [0,v" — 1]. In this case since ¢ + 1 < j and j —v' < 0,
by 2.7 (2) and (3) we have card (Z; ;) = gp + r and card (Z2 ;) = 0.
Therefore, h; = card (Z;) = qp + .

Case 2. j € [v',v'4+¢']. In this case, since g+1 < jand 0 < j—v' < ¢/,
by 2.7 (2) and (3) we have card(Z1;) = (¢—j+v)p+r—1 and
card (Z3 ;) = (j —v')p + 1. Therefore h; = card (Z;) = qp +r.

(5) Since g+1<jand 0 < ¢ +1<j—v" <gq, by 2.7 (2) and (3)
we have card (Z1 ;) = (¢ —j+ v )p+r —1 and card (Zs ;) = ¢'p+ 1.
Therefore h; =card (Z;) = (v +q—j+¢)p+r+r" —1.

(6) Since 0 < ¢ +1<¢g+1<j -2 by 2.7 (2) and (3) we have
card (Z1 ;) = 0 and card (Z3;) = ¢'p + 1. Therefore j; = card (Z;) =
dp+r. u]

Now to compute the coefficients h; for j € Jz, we subdivide J;
into the two disjoint subsets Ja1 := [v,00) N [0, ¢q] and Jaz := [v,00)N
[¢+1,00). Further, for convenience we shall subdivide the set J; into
the following four disjoint subsets:

e Jo11 :=[v,¢'] N Ja1.

o Jo12:= (¢, q]N[v,v +¢]N Jo1.

o Jo13:= (¢, qN[v +¢ +1,v+¢]N Jo.
o Jo14:=(¢,q)N[v+q +1,00)N Jo.

With this we can now write down hj, j € Jo; in the proposition below

3.2 Proposition. Suppose that j € Jo1. Then

(1) If j € Jo11, then hj = vp.

(2) If j € Ja12, then hj = vp.

(3) If j € Joxs, then hj = (v+v' +¢ —j)p+1' — 1.
(4) If j € Ja14, then h; = v'p.
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Proof. Since v' < v < j < ¢, by 2.7 (2) we have
(3.2a) card (Z; ;) = v'p.

(1) and (2) Since j — v’ < ¢/, card(Z;;) = wp by 2.7 (4) and so
hj = card (Z;) = (v +w)p = vp by (3.2a).

(3) Since 1 < ¢+ 1 < j —2, by 2.7 (4) we have card (Zy ;) =
(¢ —j+v)p+r'—landso h; =card (Z;) = (v+v' +¢ —jlp+71' —1
by (3.2a).

(4) Since j — (v —1) > ¢ + 2, card(Z2;) = 0 by 2.7 (4) and so
h; = card (Z;) = v'p by (3.2a). o

Now to compute the coefficients h; for j € Ja2, we subdivide Jag
into the two disjoint subsets Jaoo1 := [v,v + ¢] N [¢ + 1,00) and
Jogo :=[v+ g+ 1,00)N[g+ 1,00). Further, for convenience we shall
subdivide the set Jo21 into the following five disjoint subsets:

o Joo11 = [v,v" + '] N Jao1.

o Jooo = +¢ + 1,0 +¢q|N[v +q¢ +1,v+¢]|N Jao.

o Jooiz = +¢ + 1L, +q N+ ¢ +1,v+ gl N Jaa.

o Jooyy = +qg+Lv+g N +qg+1,v+¢]NJa.

o Joois = +qg+Lv+gNn[v+¢ +1,v4q NI
With this we have:

3.3 Proposition. Suppose that j € Jao1. Then

(1) If j € Jao11, then hj = (g —j+v)p+1r—1.

(2) If j € Jaz1a, then hj = (¢+ ¢ —2j +v+ v )p+r+7r' —2.
(3) If j € Jao13, then hj = (¢ — j+v')p+7r — 1.

(4) If j € Ja214, then hy = (¢ —j+v)p+1' —1.

(5) If j € Ja215, then hj = 0.

Proof. (1) Smce 1<j—('-1)<gd+1<qg+l<jandl<j—v <¢,
by 2.7 (2) and (4) we have card(Z ;) = (¢ —j + v )p+r — 1 and
card (Z3 ;) = wp. Therefore, h; = (¢—j+v)p+r—1.
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(2)Since 1 <j— (v —1)<g+1<jandg¢g<¢+1<j—, by27

2) and (4) we have card (7, ;) = (¢—j+ v )p+r—1 and card (Z3 ;) =
J .

(¢ —j+v)p+r"—1. Therefore h; = (¢+¢ —2j+v+v )p+r+r' —2.

(3)Since 1 <j—(v'—1) <g+1<jand j—(v—1) > ¢'+2, by 2.7 (2)
and (4) we have card (Z1 ;) = (¢—j+v')p+r—1 and card (Z5 ;) = 0.
Therefore h; = (¢ —j+ v )p+r—1.

(4) Since j— (v —=1) > g+2and 1 < ¢'+1 < ¢+1 < j—v', by 2.7 (2)
and (4) we have card (Z; ;) = 0 and card (Z3 ;) = (¢ —j+v)p+r'— 1.
Therefore h; = (¢ —j+v)p+r' — 1.

(5) Since j — (v =1) > g+2and j— (v—1) > ¢ +2, by 2.7 (2) and
(4) we have card (Z; ;) = 0 and (Z2,;) = 0. Therefore, h; = 0. O

3.4 Proposition. Suppose that j € Jaa. Then h; = 0.

Proof. Since j—(v'—=1) > j—v+1>q+2 > ¢ +2by 2.7 (2) and (4)
we have card (Z7 ;) = 0 and card (Z3 ;) = 0. Therefore, h; = 0. o

3.5 Proposition. Let j € N.
(1) hj #0 for all j € J; U Jay.
(2) Suppose that v' < v.

(a) If v+ ¢ <v' +gq, then

0 ifj>v +q,

r—1 ifj=7"+4q,

p+r+r -2 ifj=v"4+qg—1 and
v+qg =v +q—1,

p+r—1 ifj=v+q—1 and
vt+q <v +q—1.
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(b) Ifv+q > v +q, then

0
r4+r =2
r—1

h':

T (a—d —w+2)p
+r+r' -2
p+r —1

ifj>v+¢,
ifj=v+q and
vtq =0 +gq,
ifj=v+q and
v+q >v +gq,

ifj=v+q¢ —1 and

Vg +1<v+q¢ 1< +g,
ifj=v+q¢ —1 and
vV4+g+l1<v+q -1

(3) Suppose that v/ =v. Then

h; =

0

r—1

ifj>v+gq,
ifj=v+gq,

p+r—1 ifj=v+qg—1.

Proof. (1) is immediate from 3.1 and 3.2.
(2)(a) For j € N, j > v' + ¢ — 1, we have

VRS

Jo215
J2213
Ja212

J2213

if j >0 +g¢q,
if j =v"+q,
if j=v"4+¢—1and

vt+q =v+q-1,
if j=v"4¢—1 and
v+q <v +q-—1.

Therefore the assertion follows from 3.3.
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(b) For j €N, j > v+ ¢ — 1, we have

J2215
J2212
J2214
J € q Jao12

J2214

if j >v+¢,

ifj=v+q¢ andv+q =1 +q,
ifj=v+q¢ andv+4¢ >v +gq,
ifj=v+¢ —1 and
V+¢d+1<v+q¢ —1<v +g,
ifj=v+¢ —1 and
vV+g+l1<v+q 1.

Therefore the assertion follows from 3.3.

(3) Since v = v, w=0and for j € N, j > v+ ¢q— 1, we have

Jaz1s  if j > v +gq,
Joo1n ifj=v+qand ¢ =g,
Jj€Q Jamz ifj=v+qgand ¢ <yq,
Jao11 ifj=v+qg—1landq >q—1,
Jao13 1fj:v—|—q—1andq’<q—1
Therefore the assertion follows from 3.3. a

3.6 Corollary. Let p,d,m € N*, m; = m +id fori = 0,...,p
and n any positive integer with ged (m,d,n) = 1. Let K be a field,
A= K[T™,..., T™ T"]] C K[[T]] and let m be the mazimal ideal
of A. Suppose that mg < n, u # 0 (see 2.3) and grn(A) is Cohen-
Macaulay. Then the degree degha of the h-polynomial is

v +qg—1
v +q

ifv<v,v4+¢ <v'+qgandr =1,
ifv <v,v+¢ <v' +qgandr#1,

max{q,v +¢ — 1} ifv' <v,v4+¢ =v"4+¢,r=1andr =1,
max{g,v +¢'} if v/ <v,v+¢ =0 +qand

degp, = either r # 1 or v’ #£ 1,
max{q,v+¢ —1} ifv' <v,v+¢ >0 +qgandr =1,
max{q,v + ¢’} ifv' <v,v+q¢ >v +qand r #1,
v+qg—1 ifv  =vandr=1,

v+q

ifv  =vand r # 1.
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Now we give examples to illustrate the use of 3.1, 3.2, 3.3, 3.4 and
3.6 to compute the h-polynomial and its degree. Note that in each of
the following examples gry, (A) is the Cohen-Macaulay (since in each of
them, we have my < n and p # 0, we can use [4, Theorem (3.4)] and
just need to verify the inequalities A +w > ¢+ 1 and v < u+ ¢, + 1).

3.7 Example (see [5, Corollary (1.10)]). Let a be an integer > 2,
p,be N, p>1,b¢€0,p], m:=a(p+1)+b, dan integer > 1 with
ged (m,d) = 1 and let m; :== m +id for i = 0,1,... ,p+ 1. Note that
we are taking n := m,—;. Then

u=p+1, A=1 w=1 ¢g=1, r=1,

{a if b=0,
v =
a+1 ifb#£0,

0 ifb=0,

u:d—i—a, Z_{ )
p+1—b ifb+£0,

a—1 ifb=0,
v'—v—w—v—l—{
a if b0,
uw ifb=0,
u’zu—zz{
b ifb#£0,

/ {1 ifh=0, / {1 ifh=0,
= T =
T 00 b0, boifb 0.



c<qy {p+abixewr=71+0 =0
0= qn i|\@+;i§an@ } oz =+ z(1+d) "+
= Vy Sop =Vy
e+o<l
‘0= Yy 0= 0CtPy N N T—q=T+7y N
{z + »} = S12Cp o = ¥ieep | of = €1eep {1+ »} = T1ee, o5 = tieep
(oo ‘g + »] = ¢Cep [g+ ‘T + p] = T8, (00 ‘1 + »] = @
o =Viep | o= €lep o5 =2ep | o= Tlgp o = Tep
o T+o =07
»>0>¢
— — | r+d="y — T+d=1ly ‘1= 0y
o= 91, o= STy | gl = Vip o= €ip {1} =c¢ip {o} =TIr [p¢0] = TIr
07q 250D T'L'E
=7
{1— p+ab}xew = v »Zd + ENAH.T&Mwm”W.TH
= Vy 3op =Vy
e+ !t
‘0= ‘y S 0= Ttoy J— N d="ry
@ = S1eep | {1+ 0} = V1 | gy = €18Tp | gy = ¢legy | {v} = 11T,
(oo‘g + p] = 2eep [T+ ‘D] = Tegp (oo ‘] = ezp
o= ﬁam\. o = mﬁaﬁ o= Nam\. o = aﬁwﬁ o = ﬁwﬁ
(0o'p] =2r
I-v>0>¢ T+d=Ty
- - T4+d= .:\ JE— — ‘1= 0y
g=%| g=r| -vg="r| g=°%fr| g=°r| [to="|[1-20="

0=4q 250D T°L'€




{1~ b+ abxem = vg we2t+ (1 +d2) T+ Z(14+d) + 1
= Vy Sop =Vy
g+rg <l
‘0="y 0 = etoey — — 0= 1tvey dg =y
{g+vg} = <12Cp oy = vieep | gy = €1eep | {1+wg} = ereep | {vg} = TIeCy
(00 ‘g +wg] = Taey ¢ + g ‘vg] = Teep (oo ‘vg] = eop
o = Viep o = glep @ = clep o = Tiep o = e
(oo ‘ng] = 2
T-v2>0>¢ I+d=T1y
— — | ‘1tde="y — 1+dg =72y =0y
@ =9 g=¢r|[i-vg'el=" | g=°tl {et=cer | [tol="|[1-vz0l=1r

T=4'T=pQ9+d=z—n=n‘1-vg=1—a=m—a=,0‘d=z‘vg="1‘Dg=a0

T=u‘g=b‘T=m‘g=Y ‘1+dg = n woyJ, 'T+dg+0w =: u 99[ pue ‘d*

...AH

‘0="1

10 1+d—(1+dg)pg =: "w ‘T < d ‘N > d ‘g < 1e8ejur ue aq » jor] ‘ojdurexy 8'¢




ezli—atd(a+ =) 7T

WZ[1—a+d(1—D)]+

T# 4 b+ ,a=1—-b+a 1+b=( 1=(
T=u gt BHINTT“QHNI@.T@ ¥ ¢Z (4+db) H\;N.T.NNQ._.&D @NITH
= Vy 3op =Vy
e+b<l bt+,a>0>T1+a
‘0= .5* OHNTTDQ - T_chTT&A\DnT.mlmvn.m H|L+RAH|GVH:\£ E—
{b+a}=91CCp o = vieep [b+,a‘1+a]=¢12Tp {a}=cree, | gy=1128,
AOOJITUITQ_”NNNNJ FITQJLHHNNNJ AOO:L”NNNJ
o ="iep o =¢1gp g =ciep | g=1igp o5 =1%p
(cofa]=¢r
—a>f>1+b b>(I>1
_ _— ‘utdb="fy JE— IHdl="fy 1=0y
@=91r @=91r | [I—a‘1+D]="1p F==1r ba)=eir | {o}=" | [1—e‘ol=1r

‘b—a=1‘T=m b=y ‘u+db =n uoyJ, T+ (4+db)a =: u 991 pue ‘d*
T+24(4+db)(1—2)

T=40=p1=nT—a=mn—-a= 0 ‘7T—ut+db =2

...n.—”hO”.@.HO.%

='wg<chb<a‘rcu<cd NS abudpr roidurexy 6°¢




b 4
zl(1=0-+alp =0T
&511&3?3_1@$N+
T# 4 ‘b+a=>b+p 0= ¢
= Vy Sop H«\:
+b+p<f b+p>L>T1+ b+p D+p>LE>14b
‘o="‘y —_— — | ‘T—atd(p+L-b)="y [—u4d(p+L-b)="y
@ =91eep | gy="vieep | [b+p 1+ ,b+p| =612, oy =21y [,b+p1+b]=1TCCp
(00 ‘T+b+p] (00 “T+D]
= ceep [b+p‘1+b]=1CTp = cep
b> (> b P>0>p
I JE— ‘dp=1_(y ‘dp=(y
o =viep oy =¢1ep [b¢b)=clzp [,b‘p]=Tr1ep [bp]=Ter
(oo ‘pl=2r
-P>6>0
g=r| @=r| g="r g=*¢r =2 [i—p'ol=" | [1-Pol=1r

1+ ,4—4=,4°,pb=b=D
TH( ) Hd(,p-D)=2—n=n‘p=a= a‘THp=z‘1— bp=r‘p=a‘g=m‘¢Hh =Y
‘u+db = n uoyJ, ‘T+p+w =: u pue E.I.&S D 0w =:w o7 pe < bpue u+d,b=:p
1< 4 < 4 < dyum siegoqut oanisod oq 4, b phiutd jor] cordurexy (QT'¢
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