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A CRITERION FOR
LINEAR INDEPENDENCE OF SERIES

JAROSLAV HANCL

ABSTRACT. The paper establishes a criterion for linear in-
dependence of infinite series which consist of rational numbers.
A criterion for irrationality is obtained as a consequence.

1. Introduction. There are many papers concerning the algebraic
independence of infinite series. Among them we can cite Topfer [14],
Loxton and Poorten [11] and Kubota [10]. A nice survey of results of
this kind can be found in the book of Nishioka [12].

Other results of this nature include the linear independence of loga-
rithms of special rational numbers which can be found in Sorokin [13]
and Bezivin’s result in [3] which proves linear independence of roots of
special functional equations.

A special case of linear independence is irrationality. In [1] Badea
proved the following theorem.

Theorem 1.1. Let {a,}22, and {b,}52 be two sequences of positive
integers such that, for every large n,

b, " bn

bn—i—l az bn+1

Apt1 > a, + 1.

Then the series S oo, 2= is an irrational number.
”

This result is improved in [2]. Another criterion of irrationality was
proved by Duverney in [6]. In 1992 in [4] Borwein proved that the
. [o'e) 1 P . . . . .
series >~ | s irrational and not Liouville whenever ¢ is an integer
(¢ # 0,£1) and r is a nonzero rational number (r # ¢"). The same
author together with Zhou in [5] proved the following theorem.
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174 J. HANCL

Theorem 1.2. Let q be an integer greater than one and r and s any
positive rationals such that 1+ ¢™r — ¢*™s # 0 for all integers m > 0.
Then the series

oo
>
—
= 1+q¢ir—q4s
is irrational and is not a Liouville number.

In 1968 in [8] Erdés and Strauss proved the following two theorems.

Theorem 1.3. Let {ni};2, be an increasing sequence of positive

integers. Assume that
2
) n
lim sup ko<1
k—oo Nk+1

and

N, [n?

lim sup k (ﬁ — 1) <0.
k—oo Nk+1 \Mk+2

Then Eiil 1/ny, is irrational except when ngy1 = ni —ng + 1 for all

k > ko where Ny, is the least common multiple of ny, ... ,ng.

Theorem 1.4. Let {a,}5° 1, n > 1, be a sequence of positive integers
such that
Ap+1 > a1ag ...an

for each n. Furthermore, assume that, for every C > 0 there is a
natural number n > C with the property that

2
Gn41 7 @y, — ap + 1.

Then o7, 1/a, is an irrational number.
Later Erdos in [7] proved

Theorem 1.5. Let n1 < ng < --- be an infinite sequence of positive
integers satisfying
. 1/2%
limsupn,’” = oo
k—o0

and
ng > k?lJrE
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for fized € > 0 and for every k > ko(¢). Then

18 irrational.

If the series tends to infinity very fast, then we can define the so-called
linearly unrelated sequences.

Definition 1.1. Let {a;,}neq, ¢ = 1,..., K, be the sequences of
positive real numbers. If for every sequence {c,, }52 ; of positive integers
the numbers Y77 | 1/(a1,n¢n), > vy 1/(azncn), - > orey 1/(ak nen)
and 1 are linearly independent, then the sequences {a;,}5%, i =
1,..., K, are linearly unrelated.

This definition can be found in [9] where we also find the following
theorem.

Theorem 1.6. Let {a;n}oeq,{bintnes, @ = 1,..., K — 1, be
sequences of positive integers, and let € > 0 be a real number such
that

al) 1 n—1 ..
a—"+ > 2K ayufar g1 (a1, divides ayni1)
1,n

K"L*(\/E‘FE)\/; .
by < 2 =1, K—1,

lim Zin2in _ forall jyie{l,... K—1}, i>j,

n— oo i,naj,n

and

_gn—(V2+e)vn n—(V2+e)vn .
ain27 5 <apn < a; 2% . i=1,..., K—1

hold for every sufficiently large natural number n. Then the sequences
{21, i=1,...,K — 1, are linearly unrelated.

The main result of this paper is a criterion for linear independence of
series of rational numbers and one which is in Section 2. In Section 3 we
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give reasons why it is impossible to prove that the relevant sequences
are linearly unrelated, and we also give a criterion for a series to be
irrational.

2. Main result.

Theorem 2.1. Let K be a positive integer, and let o, €, A1 and
Ay be positive real numbers such that 0 < a < 1, 1 < Ay} < Ay. Let
{ain}se; and {bin}52, i =1,... , K, be sequences of positive integers
such that {ay »n}32, is nondecreasmg and

(1) lim sup al/(KH)w As,

(2) hmlnfal/ K0 — 44,

(3) arn > nlte

(4) by < 2UoB2a10)" 0y — 9K

(5) lim Zin2in _ forall jie{l,... K}, i>j],
n—00 0; nGjn

and

(6) a2 B2 <ay < g 20080 =2 K

hold for every su]ﬁczently large natural number n. Then the series

S A D aK” and the number 1 are linearly independent

over the mtzonal numbers.

Proof. We start in the usual way. Assume that there is a K-tuple of
integers 01, B2, ..., Bk (not all equal to zero) such that the sum

(7) _Z Za

],ncn
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is a rational number. Let R be a maximal index such that Sr # 0.
This and (7) imply

A= Zﬂanz% -3yt

n=1j=1 %intn

> bRn = nARn
—Z (Zﬂﬂ +5R>

AR nCn n

(8)

From this and (5) we obtain that the number

R—-1
ﬁ jnaRn
J

1 Aj.n bRn

.

is sufficiently small. From this and (8) we can assume, without loss of
generality, that

(9) Z i -

=1

for every sufficiently large n. Let a and b be integers such that b > 0
and 8 = a/b. Then, from (7) and (9), we obtain that

p= (w020 Y ) T [ e

i=1 n=1 n=1 i=1
N-1 K
(T o) o0 3 e
n=1 i=1 n=N »"

is a positive integer for every sufficiently large N. This implies that
N-1 K

(10) 1§Q1(HHam>ZZ bin
n=1 =1 i=1ln=N ™"

holds for every sufficiently large N, where (), is a suitable positive real
constant, which does not depend on N. From (1) we obtain that, for
every sufficiently large n,

(11) a1 < (249)EFD
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Now (4), (6), (10

=

and (11) imply

N-1 K
veo (T Te) 23 2
n=1 i=1 i=1n=N Qi
N-1 K
9(logz ar,n)®
log a1,n)”
SNG101 CIECEE ) 3) i
n=1 i=1 i=1 n= N
N-1 K 2(logy a1,n)®
o 2 22 A1,n
< Qo TLann) 2900 oy 3o 20
=1 N
(12) ]T\Lf 1 K - 2(1 a
<Q ( a1 ) 11(log2(2A2)(K+1>”)‘1 Z 92(logz a1,n)
- - " — ai,n
n=1 n=N
N-1 ®  52(1 n)®
< Qg( a1n> glogs(2A2) (41" 3 22(oea 01
n=1 n=N a1n
N— K 00 (1 )Y
< < H ai n) 2(K+1)NW Z &’
n=1 n=N a1
where @2, @3 and ~y are suitable positive real constants which do not
depend on N and 1 > v > a. Let S, = a}/(KH) Now the proof falls

into two cases.
1. First assume that, for every sufficiently large n,
(13) ap > 2".

Then (13) and the fact that the function 2(°82#)" 1 =1 is decreasing for
sufficiently large = imply

(14)
e 2(10g2 a1,n)” 2(log2 a1,n)” 2(10g2 ai,n)”
a1,n a1,n a1,n
n=N ’ n<log, a1, N ’ n>log, a1 n ’
92(logy a1,n)” 9(logy 2™)7
=+ > =
a1.N 2n
’ n>logy a1, N
92(logy a1,n)” 1
a1 N 2n7n“f
? n>log, a1, N
22(10g2 ay,n)” 1 2(10g2 a1,N)”

+ <
a1,N 9logy a1,n—(logy a1,n)Y — a1,N
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for sufficiently large N, where w and C' are positive real constants which
do not depend on N and such that 1 > w > ~.

For a sufficiently small positive real number ¢, it follows from (1) and
(2) that there exists a positive integer sg which is sufficiently large such
that for every n > s,
max(1,4; —0) < S, < Ay + 0.

This implies that for every n > sg

(15) max(1, (A; — 6)) KTV < ay,, < (Ag + §) KD,

Let s1 be the least positive integer greater than (K + 1)%*1 such that
max(1, Ay —0) < S, < A1 +6.

Then

(16) max(1, (A; — 0)) KTV <ay o < (A +6)EFDT,

Let so be the least positive integer greater than s; such that

(17) As =9 < S5, < Aa+9

and sz be the least positive integer greater than s; such that

(18) Sey > (14 (1/s3)) max (S, Ay — 20)

51<j<s3
and s; < s3 < s9. Such a number s3 must exist since otherwise using

(17) we obtain

1
Ay - < 832 < (1+ —2> max (S],A2—25)

85 ) s1<j<s2

1 1
1+ )1+ —— L Ay—26) < -
<( +s3)< +<s2—1)2>a<1?3i—1(5” 2 <

< ﬁ <1+ %)(Ag — 26),

Jj=s1

a contradiction for a sufficiently large so.



180 J. HANCL

From (11), (15), (16), (18) and the fact that ¢ is a sufficiently small
positive number, we obtain

(19)

(K+1)%8
a1, = SEHDT > <1+s_2) (‘max (S;, Ap—20))K+D"
3

s1<j<s3

1\ )
> ( 2) max (Sj,Az—26)K<(K+1)53*1+(K+1)53*2+~-~+1)
53 s1<j<s3

1 (K+1)°3 83 1 K , .
% Jj= S1+1

L\ (D K
- (”%) ( )
j=so al’J (Hjo 11 a1,;)%
- 1\ EHD Ss— Ay — 26\ KEFDT
g alJ A1+
T ((Az 5)(“”]')}( Qs
: Ay +4 H;1;1(2A2)K(K+1)j
1 (K+1)°3 33— K
() (1)
s1—1 J
X ( H ( (A2 —20) >(K+1) >K(3A )~ (K+1)%0+!
(A} +0)(As +6)

J=so

1 (K+1)%3 ,s3—1
> (145 (345)
= ( +$2) ( H aq J) 2 ,

3

X

where @4 is a positive real constant which does not depend on sy. Now
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from (11), (12), (14) and (19), we obtain

K e} ¥
e 9(logy a1,n)
) 2(K+1) 3 Z

a
n—s3 1,n

1<

H&El‘

IN

a1,s3

“ﬁ
HH

IA

9(logy (242) K+ )

o(K+1)773
1;[ > (14 (1/53)) K+07 (T3 0 )5 (345) s

—(logy (14+(1/3))) (K +1)*3 4+ (K +1)7°3 4 (log, (242)) (K +1)“*3 +10g2(3A2)93

(11
<(II-
(

a contradiction for a sufficiently large number s3
2. Now assume that there exist infinitely many n such that

(20) an < 2™,

Then (3) and the fact that the function 2(°822)" =1

is decreasing for
a sufficiently large x imply
2(log2 ai,n)” 2(10g2 a1,n)” 2(10g2 a1,n)”
I i
n=N n<a1 N ) n>a1 N )
2(10g2 al,n)’ya(i]\] 2(10g2 nl'*'s)'Y
PR S
ai,N nlte
(21) n>af
a=1 1
2
< a1 N + Z nlte/2
n>a1 N
a—1 1
3 —B
S a‘l N + —— <

a
(af §)e/® ~ LN

for a sufficiently large N, where B is a suitable positive real constant
which does not depend on N. On the other hand, let A = (14 Ag)/2 =

(A1 + A3)/2. From this and (1) we obtain that there is a sufficiently
large k such that

(22) ar > AKTD",
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Let ko be a greatest positive integer less than k such that (20) holds.
Let k1 be a least positive integer such that

(23) Sk, > (1 + i) max Sj,

k3 ) ko<i<k:

and kg < k1 < k. As in the previous case such a ki must exist, since,
otherwise,

1
1< A<ZS, 1+—= S
SASOES ( + If%) korgjai{/ﬁ /

1 1
< (1 * k‘) (1 N 1>2> R
k 1
<< H (1+j—2)5k0,
j=k1

a contradiction for a sufficiently large number kg. From (23) and the
fact that the sequence {a1 ,}52; is nondecreasing we obtain

(24)
(K+1)%1 (K+1)™ .
a1k, = Sk1 > (1 + —) ( max Sj)(K'H)
(K+1)*1
) ( max Sj)K((K+1)’“1’1+(K+1)’€1*2+...+1)
ko<j<ki

k3 ko<j<ki
2(1—1—
(K+1)k1  k1—1 K , ko -K
) () (1)
j=1

> (1 +
j=1

1 (K+1)%1  ki—1 Ko
(1) (Hws) 2
1 1

J

T -

The definition of k; implies that, for every N, kg < N < ki,

1
SNS <1+m) max Sj.

ko<j<N

(25) SN<(ﬁ (1+ji2>)sko<c,

Jj=ko
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where C' is a constant which depends on kg and C tends to 1 as kg tends
to infinity. From (25) we obtain that for every N = ko,... k3 — 1,

ay N S C(K—H)”.
This implies
ki1—1 K ko—1 K ,ki1—1 K 2 .
(26) ( H a17j> = < H a17j> ( H a’l,j) S 2Kk?()C(K+1) ’1.
j=1 j=1 j=ko

Inequalities (14) and (21) and the definitions of k1 and k imply

2 9(logy a1,n)” k=1 5(logy a1 ) 20 9(logz ai,n)”
2 T T A 2
—k a1,n —k a1,n —k a1,n
(27) n==~ki n=~ki ) n=
9(logy a1 k;) 1
<+ —.
a1,k Gfk

Now from (11), (12), (22), (24), (26) and (27), we obtain

ki—1 K o0 log, a )Y
yky 2( g2 A1,n
1< ( H al’n) o(K+1) E 2 -
n=1

a
n=Fkq 1,n

ki—1 Ko(K+1)""1 5(log, a1 i, )* k1—1 Ko(K+1)7k1
(I arn) 2( )" o(logy a1 k) N IL5 arn) 2( )
a1k, Gfk

<

(155" ) K20+ Qom0 0)* QU (4174

+
(1+ (1/k)E+D* (T ay ) K2 ABEADE

9(K+1)"% 9 (log, ((242) K V™))« A(K+1)M o(K+1)7h1
1+ () KigH T ABE

< 9 loga (1+(1/kD)) (K+1)M1 +(K+1)7"1 4 (logy (242))* (K+1)" 7

4 9(=Blogy Atlog, O)(K+1)*+(K+1)7*

a contradiction for a sufficiently large ko. o
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3. Comments and examples.

Theorem 3.1. Let a,ec, A1 and Ay be positive real numbers such
that 0 < oo < 1 and 1 < Ay < Ag. Let {an}52, and {b,}52, be two
sequences of positive integers where {a, 2, is nondecreasing and

. 1/9m
lim sup an/ = A,
n—oo
. . 1 2”
lim inf an/ = A,
n—oo
an > n'te,

and
b, < 9(logy an)®

hold for every sufficiently large n. Then the series > oo by/ay is
irrational.

By putting K = 1 in Theorem 2.1, we immediately obtain Theo-
rem 3.1.

Remark 3.1. The problem in Theorem 2.1 and Theorem 3.1 remains
open for A3 = Ay > 1. If a; is a positive integer greater than 1 and for
every n > 1 an41 = a2 — a,, + 1, then the series > >~ | 1/a,, is rational
and lim,, o a%/2 > 1. On the other hand, the series P 1/22" is

an irrational number.

Open problem 3.1. Is it the case that for every sequence {¢, }22
of positive integers the series

= (3 tnle,” = (42" +nl)e,

and the number 1 are linearly independent?

Open problem 3.2. Is it the case that for every sequence {c,}>2
of positive integers the series

> 1
Z (32" +27)cy,

n=1



LINEAR INDEPENDENCE OF SERIES 185

is an irrational number?

Example 3.1. Let m(x) be the number of primes less than or equal
to x, [z] the greatest integer less than or equal to z, and K a positive
integer greater than 1. Then the series

oo

>

n=1

72w ((n/4) |

)

gralos2ml oy

j=1,..., K, and the number 1 are linearly independent over rational
numbers.

Example 3.2. Let [z] and 7(z) be defined as in the previous case.
Then the series

= 3m(m) 41 = 27(") 13
Z 22[10g2 logg n] and Z 22[10g2 logg n]
n=122 +n n=1 22 +2n

are irrational.
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