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SHARP INEQUALITIES FOR
THE HURWITZ ZETA FUNCTION

HORST ALZER

ABSTRACT. We prove the following double-inequality for

the Hurwitz zeta function {(p,a) = Zio(V +a)"P.
Let m and n be integers with m > n > 0 and let a be
a positive real number. Then we have for all real numbers

p>1:

mtlta _ (poa) = " (w+a)y P\ Y
n+l+a C(pya) =Y " [(v+a)7P

<exp< i Vi(Z).

v=n+1

Both bounds are best possible.

Our theorem extends and refines a result of Bennett [2].

1. Introduction. In order to prove a sharp lower bound for the
Cesaro matrix, Bennett [2] applied the following inequality for the
“tail” of the series representation of the classical Riemann zeta function:

fon) < fpln+1), n=12,....
where
oo
fp(n) =nP™? Z v P op>1
v=n-+1
The monotonicity of f, provides an interesting upper bound for the

. o o K
ratio (ZV:nJrl V_p/ Zu:m+1 V_p)
p:

, which does not depend on

(1.1)

(<<p> -3, up)l/ (=) _m

= —, >1;m>n>1.
(p) =2 v? n PO
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Another application of an inequality for ¢(p)—>_"_, v~P was given by
Cochran and Lee [3]. They established an upper bound for })° ., v~
and used their result to prove a striking companion of the well-known
Carleman inequality for infinite series.

The function
oo

((p,a) = Z(V +a)7",
v=0
introduced by Hurwitz in 1882 for complex numbers p with Rp > 1
and real numbers a > 0, is known in the literature as the Hurwitz
zeta function. The function ((p, a) plays an important role in Analytic
Number Theory. Its main properties can be found, for instance, in the
monograph [1] and in the recently published article [5]. A probabilistic
interpretation of the Hurwitz zeta function is given in [4].

In view of (1.1) it is natural to look for a corresponding inequality
for {(p,a). More precisely, we ask: let

(pa) = Sy o(v + a)‘p>”(p‘”
C(pa) =2V +a)? ’
where m and n are fixed integers with m >n >0 and a > 0 is a fixed

real number. What is the greatest number «, ,(a) and what is the
smallest number 3, ., (a) such that the double-inequality

an,m(a) < Qmm(pv a) < Bﬂﬂn(a)

holds for all p > 17 It is the aim of this note to answer this question.
In particular, we show that the upper bound in (1.1) can be improved.

(1.2) Qn.m(p,a) = (

2. Main result. The following theorem provides an extension and
a refinement of Bennett’s inequality (1.1).

Theorem. Let m and n be integers with m > n > 0 and let a be a
positive real number. Then we have for all real numbers p > 1:

(2.1)

m+1+a C(pya) = 3" (v+a)P 1/(p—1) m .
n+l+4+a < (C(pﬂ)_ETZ(V_,_a)_p) <exp( Z 1/+a)'

v=n-+1

Both bounds are best possible.
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Proof. First we establish the lefthand side of (2.1) for m =n+ 1. A
simple calculation yields

o0 oo

(2.2) u:zn;rl(y+ a)*P/ V:zn;rz(y+a)fp _ (%)pﬂ
=(n+1 -‘ra)lfp( i (VHLW)A
v=n+2

X [(n—l—?-i—a)p*l - (n+1+a)p71]5n(pa a)v
where

(2.3)  Sn(p,a)

= (n+1+a) ' [(n+2+a)P ' — (n—l—l—l—a)p_l]_l— Z (v+a)7P.
v=n-+2

Let z =n+14a>1. Then we have
(24) x[(x+2)p—1 - (m+1)p—1] (Sn(p7 a) - Sn+1(p7 a))

(2Pt — (a+1)P ! B z(x+2)P~1
 (z41)pml —gpl (z+1)P

We consider two cases.

Case 1. 1 < p < 2. Cauchy’s mean value theorem gives

(2.5)

(x+2)P~t — (z4+1)P~1 (x+1)p*2
(z+1)p=1 — gp—1 ”
@422+ — (a2 22)P 0 z(z+2)P
N aP~2(x4+1)P (z+1)P

T

Case 2. p > 2. Then we get

(x+2)P~L —(z+ 1)t x4+ 2\p2
(z+1)p=1 — gp—1 = (x—f—l)
(x+2)P~2  ap(x+2)P!
(z+1)P (z+1)7

(2.6)
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From (2.4), (2.5), and (2.6) we conclude that n — S,(p,a), n =
0,1,2,..., is strictly decreasing. Since, by the mean value theorem,

z|(z+1)""" =271 > (p—1) min (xp_l, il (a?—i—l)p_l), x>0,

T+

we obtain from (2.3) that

lim S,(p,a) =0.

n—oo
Thus, we get
(2.7) Sp(p,a) >0 for n=0,1,2,....

The validity of the lefthand inequality of (2.1) with m = n + 1 follows
from (2.2) and (2.7).
Now, we prove the righthand side of (2.1) for m = n + 1. We have

1 o0

p—
(2.8) exp - (v +a) p/ Z v+a)~
n+1+a v= n+1 v=n-+2
e -1
= (ex 1)( v+a p) T, (p,a),
(o0 L - ; )77) Tulpa)
where
oo - - p— 1
2.9) T,(p,a) = P _ (n+1 P( —1) .
(2.9) Tu(p.a) V:ZW(VM) (n+1+a) "7 (exp ———

Let A(x) = z/(e” —1). Since

_ p—1 -1 p—1 1
o) 1) =8 =
(n+1+a)"(exp n+l+a n+l+a’/ (p—1)(n+1l+a)pP~1!

we obtain

. _ p—1 -1
1 1 P( —1) —0,
nl_)IIOlO(TL-i- +a) eXPp n+1l+a

so that (2.9) implies

(2.10) lim T, (p,a) =0.

n—oo
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Next, we show that T,,(p,a) is strictly decreasing with respect to n.
Let z=n+1+a>1andlet L(A,B) = (A— B)/(log A —log B) be
the logarithmic mean of

-1 -1
A=2a? exp(p—) (exp b — 1)
x x

+1
and
B:(x—|—1)p(expp_1—l)
T+1 ’
Then we get
AB —-p
1) 1A By exp —— ) (Ta(p,a) = Tt (p, )
-1 1 —1
_P —plogi—i-log(expz)——l)
r+1 T T
p—
—1 ( —1): . say.
oglexp ——— u(p), say
Differentiation gives
-1 p—1
2.12 — )% (p) = (p )—( )
(2.12) (=D ) =v( 7)o )s

where

o(t) = (Smi/ﬁy

Since v is strictly decreasing on (0, 00), we conclude from (2.12) that
u”’(p) > 0 for p > 1. This implies

241 z+1
(2.13) u'(p) > u/'(17) = 2e(at1) log = w(z), say.

Here, we have used 'Hopital’s rule twice in evaluating u'(17). A short
computation yields w’(z) = —[z(z+1)]72/2 and w(x) > lim;_, oo w(t) =0.
Hence, we get from (2.13) that u(p) > (1) = 0. Thus, (2.11) implies
that n — T,(p,a), n = 0,1,2..., is strictly decreasing, so that (2.10)
yields

(2.14) Tn(p,a) >0 for n=0,1,2,....



396 H. ALZER

From (2.8) and (2.14) we conclude that the righthand inequality of
(2.1) holds with m =n + 1.

Now, we prove that (2.1) is valid for m = n + k with &k > 1. Let
Qn,m(p,a) be defined as in (1.2). Since

k
(2.15) Qnntk(p,a) = H Qn+tj—1,n+5(pa),

j=1
we conclude from (2.1) with m =n + 1:

k

n+k+1+a n+j+1+a
= < a
n+l4a j];[l n—l—j—l—a Qn,nJrk(pv )
k 1 n+k 1
< = .
HeXpn—l—j—i—a eXp( Z V—i—a)
Jj=1 v=n-+1

It remains to show that the bounds given in (2.1) are sharp. We
prove

(2.16) p}l—% Qnn+1(p; a) = exp n+l+a
and

n+2+a
2.17 li n,n 5 - ’
( ) pi)I{.loQ ) +1(p a) n+1+a

so that (2.15), (2.16), and (2.17) imply

n+k
. 1
(2.18) lim Qnnir(pa) =exp 3 - —
v=n-+1
and
n+k+1+a
2.19 lim Qp pax(p,a) = ——1-%
(2.19) 0 Qnnsi(pya) = — 5

The limit relations (2.18) and (2.19) reveal that both bounds in (2.1)
are best possible.
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To prove (2.16) we use the fact that the function p — ((p,a) is
holomorphic in C — {1} with a simple pole at p = 1 with residue 1, see
[1, p. 255]. This leads to the representations

(2.20) -1 Cpa) =1+ (@) — 1)
v=0

and

(2.21) (p-1)? %’;) = (-1 ¢ ()

+ 3 @)+ 1) - 1)
v=0

We have
—log (1 = Rn(p,a))

p—1

1Og Qn,n+1 (pa a) =

)

where

n

Ra(p,@) = (n+140) [ (p.a) = S v +a) 7]

v=0
Using I’'Hopital’s rule and R,,(p, a)|p,=1 = 0, we obtain

OR,(p,a)
dp

(2.22) lim log @ n+1(p; a) = .
p—1 p=1

Partial differentiation yields

IR, (p,a)
dp
= —(n+1+a)? (log (n+1+4a)) R, (p, a)
_ (p—1)%(8/dp) ¢ (p,a) + (p—1)> 2, _o ((v+a) P log (v+a)) .

[(p—l) ¢(p,a) — (p—1) ZZ:O(V—i-a)*Pr

From (2.20), (2.21), and (2.23) we get

(2.23) (n+1+a)?

ORn(pa)| 1
Op p=1 n+l+a’




398 H. ALZER

so that (2.22) implies (2.16).
Finally, we prove (2.17). Applying (2.3) and (2.7) we obtain

n

0 < (n+1+4a)? [C (p,a) — Z(I/ + a)*p} -1< K

v=0

n+2+a>P—1 1}—1
n+l+a '

This leads to

n

224)  lim (n+1l+a)[C(pa) = Y (+a) | = 1.
v=0

Using (2.24) and

(147 (pa) - Sgv+ 7]\

(n+2+a)r [C (p,a) = o to(v + “W}
n+2+a\r/(p-1)
x (n+1+a)

Qn,n-l—l (pa (1) =

)

we get (2.17). This completes the proof of the Theorem. o

Remark. If we set a =1 in (2.1), then we obtain a double-inequality
for the Riemann zeta function, which sharpens and complements in-
equality (1.1):

Let m and n be integers with m > n > 1. Then we have for all real
numbers p > 1:

m+1_ (Cp) = 3n_ v\ |
n+1<(«m—273w) <ew( 2 7).

Both bounds are best possible.
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