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REMARKS ON
TOPOLOGICAL PROPERTIES OF BOEHMIANS

JOZEF BURZYK, PIOTR MIKUSINSKI AND DENNIS NEMZER

ABSTRACT. Spaces of Boehmians are equipped with a
topology defined in a canonical way, but properties of that
topology can differ significantly for different spaces of Boehmi-
ans. First we discuss an example of a space of Boehmians with
trivial dual space. Then we show that the space of periodic
Boehmians has a nontrivial dual space, but the topology is
not locally convex. Finally, we give an example of a space of
Boehmians that is a locally convex space.

1. Introduction. In [3], the second author investigates spaces of
generalized functions called Boehmians. Unlike the space of Schwartz
distributions, the construction of these spaces is algebraic. There are
two types of convergence structures given to spaces of Boehmians. One
type is called §-convergence while the other is called A-convergence.
Under some relatively mild conditions, a sequence of Boehmians (F},)
is A-convergent to F' if and only if every subsequence of (F},) contains a
subsequence that is d-convergent to F'. If certain additional conditions
are satisfied, the space of Boehmians with A-convergence is a complete
topological vector space where the topology is given by an invariant
metric, see [3].

Thus two questions arise. Can we give a concrete description of
elements in the dual space? And, is the topology locally convex?

In this note we will discuss three different spaces of Boehmians. For
the standard space of Boehmians defined on RY, we show that the
dual space contains only the trivial functional, and therefore, the space
of Boehmians is not locally convex. On the other hand, the space
of periodic Boehmians has enough continuous linear functionals to
separate points. However, we will show that it also is not locally convex.
Elements in the third space are called rapidly decreasing Boehmians.
We will show that this space has a locally convex topology.
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2. Preliminaries. In this section we give a brief introduction to
Boehmians on R”.

The convolution of two functions f,g on RY, denoted by f * g, is
defined by

(f *9)a / F(@ - )9(y) dy,

whenever the integral is well defined.

Let F denote a space of real or complex-valued functions defined on
RY, and let

Fr={geF:fxgeF forevery f € F}.

Let A be a collection of sequences of functions ¢1,@s,... € F* such
that the following conditions are satisfied:

(a) If f e F, (pn) €A, and f * ¢, =0 for every n € N, then f =0.

(b) If (¢n), (n) € A, then (@, * 1,) € A.
Sequences in A will be called delta sequences.

Let FN denote the collection of all sequences of elements of F, and
let AC FN x A be defined as follows:

A= {((fn)v (@n)) : fk * Pp = fn * QO for all n, k € N}

Two elements ((f), (¢n)), ((gn), (¥n)) € A are said to be equivalent
if fr * 1y, = gn *x @ for all n,k € N. A straightforward calculation
shows this is an equivalence relation on A. The equivalence classes are
called Boehmians. Define

B(F,A) = {[((fn), (en))] : ((fn), (¢n)) € A}
For convenience, a typical element of B(F,A) will be written as
F= fn/(pn

By defining a natural addition and scalar multiplication on B(F, A),
ie.,

f_n+_ frn*Un + gn *0n
and
fn 7O‘fn
a— =

On  Pn
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where « is a scalar, B(F,A) becomes a vector space. Moreover, if
fn/@n, gn/n € B(F,A) and g, € F*, then we can define

o 90 _ Fn*gn
©n  Un ©n * Pp

Note that if (¢,) € A, then § = ¢, /¢, € B(F,A) and F* 6 = F for
all F € B(F,A).

Let (¢n) be a fixed delta sequence. The space F can be identified
with a subspace of B(F,A) by identifying f with (f * ¢n)/¢n. It is
easy to show that this identification is independent of (y,,). If for some
F € B(F,A) there is an f € F such that F = (f * p,)/on, we will
simply write F = f and F € F. For example, if F' = f,, /@, we can
write F' * ¢, € F and F x ¢, = f,. This is a slight abuse of notation,
but it will not lead to any misunderstanding.

Now suppose that F is equipped with a convergence. In this case
it is usually assumed that f % ¢, — f for any delta sequence (o).
A sequence (F,) of Boehmians is said to be A-convergent to F if
there exists a delta sequence (g,) such that (F,, — F) x ¢, € F for
alln € N and (F,, — F) *p, — 0in F. If the convergence in F satisfies
some additional conditions, then B(F, A) with A-convergence is an F-
space, see [3], that is, a complete topological vector space in which the
topology is given by an invariant metric.

It is often more convenient to use another type of convergence in
B(F,A), called d-convergence. A sequence (F,,) of Boehmians is said
to be §-convergent to a Boehmian F if there exists a delta sequence (¢;,)
such that (F,, — F) x @y € F for all k,n € N and (F,, — F) *pp — 0 as
n — oo in F. This convergence is usually a nontopological convergence.
Under natural conditions, one can prove that a sequence of Boehmians
(F,) is A-convergent to F' if and only if every subsequence of (F;,) has
a subsequence d-convergent to F', see [3].

3. B(L,Ar). The standard space of Boehmians is B(L, Az), where
L is the space of complex-valued locally integrable functions on RY and
Ay is defined as the family of all sequences @1, @2,... € L satisfying
the following conditions:

(i) fg~ n =1 for all n € N,
(ii) g~ l@n| < M for some M and all n € N,
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(iii) For every € > 0 there exists ng € N such that p,(z) = 0
whenever n > ng and ||z| > .

The space D’ of Schwartz distributions can be identified with a
subspace of B(L,Ar): a distribution f € D’ is identified with the
Boehmian (f * ¢,,)/¢n, where (¢,,) € A is an arbitrary delta sequence
such that ¢, € D (D denotes the space of all C*°-functions with
compact support).

The convergence in £ is defined by the semi-norms

11, = [ 1)l

B’V‘

where B, = {x € RY : ||z|| < r}. The corresponding A-convergence
in B(L,A,) is metrizable and complete. Moreover, if f, — f in D',
then f, — fin B(L,Ar), see [3]. The Fourier transform of a function
f € LY(RY) is defined as follows

fe) = [ s

The following theorem was proved by T.K. Boehme in the early
eighties. The proof was never published.

Theorem 3.1. There are no nontrivial bounded linear functionals
on B(L,Ar).

Proof. Suppose A is a continuous linear functional on B(L£, Az). Then
A is a bounded functional on £. Consequently,

M) = [ Fagte) e

for some L°°-function g with bounded support. The Fourier transform
g is an entire function on CV. From Lemma 7.21 in [10], it follows
that there exist a z = (21,...,2xy) € RY and a sequence of positive
numbers (ay,) such that z1,...,zy are positive, o, — 0o, and

glanz) #0 for all m € N.
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Without loss of generality, we can assume that

Then the series

(3.1) >

converges in B(L,Az). Indeed, let w be the characteristic function
of [—m/z1,7/21] X -++ x [=7/zn,7/2n] and let w,(z) = alw(a,z),
n € N. Then the infinite convolution ¢, = w, * wyy1 * -+ exists
for every n € N and (¢,) € Ag, see [2, Theorem 1.3.5] and [3, 4].
Moreover e?®"* x ¢, = 0 for all n > k.

Since (3.1) is convergent in B(L, Az),

eianz-x
—0

g(anz)

in B(L,Ar). On the other hand,
ei()é"Z'LIJ eianz-x
Al —— :/ — g(x)dx = 1. O
(g(anZ)) RV g(an2) (@)

The next theorem and its proof are similar to a result published
by Jézef Burzyk in [1] concerning type I convergence of Mikusiriski’s
operators. The result for Boehmians was presented by Burzyk in 1981
at the seminar of Jan Mikusinski in Katowice, Poland, but was never
published.

Theorem 3.2. A set A C B(L,Ar) is precompact if and only if A
is bounded.

The proof of this theorem will be preceded by some definitions and
lemmas.
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By K we denote the space of integrable functions on RV with bounded
support. For a ¢ € K let ||¢|| denote the norm of ¢ in L'(RY), i.e.,
llo|| = [g el The subspace of K of all functions ¢ € K such that
supp () C B. will be denoted by K.. Note that

1f * el < A fllrselll]

forall fe L, p € K. and r,e > 0.

For e >0 and n > 1, let A_,, denote the subset of }C. which consists
of all functions such that [y f = 1 and [gn|f] < 7. Finally, for
F e B(L,AL) let

KF)={pek: FxpeLl}

and
Pren(F) = f{[|F = ||, : ¢ € K(F) N A},

for each r,e > 0 and 7 > 1.

It can be shown that a sequence (F},) of Boehmians is A-convergent
to F' if and only if p,. ,(F, — F) — 0 as n — oo for every r,& > 0 and
n> 1.

Lemma 3.3. Let the sequence fi,fa,... € L be such that for
some 1, > 0 the sequence ||fn||lr+e s bounded. Then there exists a
subsequence (fx,) of (fn) such that for each function ¢ € K. there
exists a function f € L such that

kan*@_er—’O

Proof. The operator L, defined by

Lu(p) = (fn * 9)lB,

is a linear and continuous operator from K. to L!'(B,) such that
Lnll < [[follrde- If @ € K. is a continuous function, then L, (y) is
a continuous function on B,., and it is easy to see that the set {L,(¢)}
satisfies the assumptions of Arzela’s theorem, so this set is precompact
in the space C(B,). Using the diagonal method for any countable
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subset A C K. we can find a subsequence (Ly, ) of (L,) such that for
each ¢ € A the sequence (Ly, (¢)) is uniformly convergent on B,.. Since
the space K. has a countable dense set whose elements are continuous
functions, by the Banach-Steinhaus theorem, the sequence (Ly, (¢)) is
convergent for each function ¢ € K.. o

Lemma 3.4. If (F,) is a sequence in B(L,Az) such that for every
r>0,e>0 andn > 1 there exist f,p,p1,p2,... € K such that

on € Aey NK(F,)  foralln € N,

|Ey *on — fllr =0 asn— o0

and
llon =@l =0 asn — oo,

then (Fy,) is a convergent sequence in B(L,Ar).

Proof. We assert that, under conditions of the lemma, (F),) is a
Cauchy sequence in B(L,A,). In fact, assume that » > 0, £ > 0 and
n>1. Let (p,) and f € L, ¢ € K be such that

¥n € A8/27\/77 N ’C(Fn) for all n € N,

||Fn*90n_f||r+5—>0 as n — 0o,

and
ln— @l =0 asn— oo,

Then for each for n,m € N we have
On * Om € Ay NK(F, — Fp,)
and

Preg(Fn — Fn) < ||(Fo = Fin) * on % Omllr
< (Fn *@n = f) * @mllr + [[(Fm * om — ) * onllr
+ 1S * (on = m)llr
< VNEFw* o0 = fllrre + V0| Fm * @m — fllrse
+ [ fllr+ellen — @mll-
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Hence py.,(F, — Fy) is small if n and m are sufficiently large.
Consequently, (F),) is a Cauchy sequence. Thus, by completeness of
B(L,Ar), see [3], the sequence (F},) is convergent in B(L, Ar). u]

Proof of Theorem 3.2. Suppose that A is a bounded subset of
B(L,Az). Let (F,) be a sequence in A and let (o) be a sequence
of scalars convergent to 0. Then for any » > 0, ¢ > 0 and n > 1, we
have prcp(anF,) — 0. Since for each r,e,7, the functional p, ., is
homogeneous, the sequence (py.c ,(Fy)) is bounded. This implies that,
for every k € N, there are functions

Orn € A1/2k) 141/ N K(Fy)

such that

1 Fn * 0r kg (170 < My
for all n,k € N. Let v, be an arbitrary function such that -, €
Ay/(2k),1- Using Lemma 3.3 and applying the diagonal method we can
find a subsequence (Fj, ) of (F,), functions fr € £ and @i € K such
that

1Fq, * (Pr,q, * k) = felle — 0

and

1k,q, * Y& — @il — 0,

as n — oo. Since the sequence (Fy, ) satisfies the assumptions of
Lemma 3.4, it is convergent in B(L, Ar). o

4. Periodic Boehmians. In this section we will consider a space
of Boehmians which is a subspace of B(L, A).

Let Co denote the space of all complex-valued continuous 27-periodic
functions on R. Let Aé‘ denote the family of all sequences in A whose
members consist of nonnegative continuous functions.

Elements of the space B(Car, AY) are called periodic Boehmians, see
[7, 8]. The convergence in Ca, is uniform convergence on R. The
corresponding A-convergence in B(Car, Al) is metrizable. We will
show that B(Cgﬁ,Aér) has a nontrivial dual, but its topology is not
locally convex.

For the sake of our argument, it will be convenient to use an equivalent
definition of periodic Boehmians. Let C(T') denote the collection of
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continuous complex-valued functions on the unit circle I'.  Whenever
desirable, we will identify functions on I' with 27-periodic functions on
the real line R. The convolution of two functions f, g € C(I"), denoted
by f g, is given by

1

(F29)@) = o [ S —t)gtr)ar

A sequence of continuous nonnegative functions (,,) is called a delta
sequence if

(i) 1/(27) [T _on(z)dz =1 for all n € N, and
(ii) supp ¢, C (—€n,en), where 0 < &, and €, — 0 as n — 0.
The collection of delta sequences will be denoted by A7 .

It is easy to see that the spaces B(Caor, Al) and B(C(T), A7) can be
identified. Note that the space D}, of 2m-periodic Schwartz distribu-
tions can be viewed as a subspace of B(C(T'), AF.).

The nth Fourier coefficient for a function f € C(I") is defined in the
usual way,

. 1 (7 4
fln) = o ) (z)e” """ dx, ne€Z.

The nth Fourier coefficient of F = f, /¢, € B(C(T'),As.), denoted
F(n), is given by

F(n) = Jim Fr(n).

It can be shown that this limit is independent of the representative.

A Boehmian F € B(C(T'), A} is said to be zero on an open set
if there exists a delta sequence (¢, ) such that F * ¢, € C(I") for all
n € N and F * ¢,, — 0 uniformly on compact subsets of 2 as n — oo.
The support of F € B(C(T'), A.), written supp F, is the complement
of the largest open set on which F' is zero.

We see from the next theorem that B(C(T), A7), unlike B(L,Ar),
has a rich dual. The dual of B(C(T),AZ ), with respect to A-
convergence, will be denoted by B'(C(T"), A3 ).
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Theorem 4.1 [9]. Let A € B'(C(T"),A.). There exists a unique

m .
trigonometric polynomial p(x) = >, €™ such that
n=—-m

(41)  A(F) = Z anF(n), fordl F e BCT),AL).

n=—m

Conversely, any trigonometric polynomial p(x) = Y o

fines a bounded linear functional on B(C(T'), A3, ) via (4.1).

ape™™® de-

The next corollary provides a connection between A-convergence and
weak convergence in B(C(T"), A ). Let w be a real-valued even function
defined on the integers Z such that 0 = w(0) < w(n+m) < w(n)+w(m)
for all n,m € Z and Y -, w(n)/n? < cc.

Corollary 4.2 [9]. Suppose that the set of positive integers is
o0
partitioned into two disjoint sets {t,} and {sn} such that Y 1/t, <

n=1
oco. Let (F,) be a sequence of Boehmians such that the sequence

(ef“’(sk)ﬁ';(:tsk)) is uniformly bounded for k,n € N. Then (F,) is
A-convergent to zero if and only if (F,,) converges weakly to zero.

By the preceding corollary, it follows that the convergence structure
in D} is stronger than the convergence D) _ inherits from B(C(I"), A3 ).

Now we prove the main result of this section.

Theorem 4.3. The topology of A-convergence in B(C(T), A3 ) is
not locally convex.

Proof. It suffices to construct a proper closed subspace M of
B(C(T),A].) such that if A € B/(C(T'),A}.) and A(M) = {0}, then
A is identically zero, see [10, Theorem 3.5].

Let M denote the proper subspace of B(C(T'), A} ) consisting of all
Boehmians F such that either supp F' = {0} or F = 0. Clearly M is a

proper subspace. It is not difficult, and hence it is left to the reader,
to show that M is closed.
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Now, suppose that A € B'(C(T"), A ) and A(M) = {0}. Then there

exist an m € N and constants a,, € C, n = 0,£1,£2,... ,+m, such
that A(F)=>""_ a,F(n), for all F € B(C(T),A}.).

For v = 0,1,2,...,2m, let G, = (=4)"6"), where §) = 4,051'/)/@"
and () is an infinitely differentiable delta sequence. Then G, € M
forv=0,1,2,...,2m. Thus

0=A(G,) = Z anGy(n) = Z ann”,

n=-—m n=—m

forv =0,1,2,...,2m. It follows that a,, = 0forn =0, £1,£2,... ,+m.
Hence A is identically zero. |

The condition that a delta sequence be nonnegative plays no role
in the above proof. In the definition of a delta sequence, we may
replace this condition by the condition that 1/27 ffﬂ lon(z)] dz < v
for some v > 0 and all n € N. With this weaker condition, the previous
theorem is still valid, although it is not known whether or not any new
Boehmians are created.

For simplicity, the material in this section has been presented in the
one-dimensional case. However, the ideas can easily be extended to

RM.

5. Rapidly decreasing Boehmians. In this section we consider
the space of Boehmians obtained when F is the space S of rapidly
decreasing functions on RY. An infinitely differentiable complex-
valued function f is called rapidly decreasing if for all nonnegative
integers m and n we have

Prn(f) = sup sup (L+af+--+ak)" D f(2)] < oo,
a|Snzxe

where z = (21,...,2N), @ = (a1,...,ayn) is a multi-index, |o| =
ai + -+ ay, and D* is the differential operator D* = (9/0x1)*" - - -
(0/0x )™ . The topology of S is defined by the family of semi-norms
{Pmm}or —o- It is known that the Fourier transform is a continuous
map of S onto S.
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A sequence @1, s, ... € S will be called a delta sequence if @, — 1
in C*°. The collection of these delta sequences will be denoted by Ag.

Forn=1,2,..., let w, € S be such that &, (z) =1 for ||z|| < n and
Wn(z) = 0 for ||z|| > n+1. Note that (w,) € Ags and that wy, *w, = W,
it m<n.

Lemma 5.1. For every F € B(S,As), there exist f1, fa,... € S
such that F = f, /wy.

Proof. Let F = g, /pn € B(S,As). For every n € N there exists an
my € N such that

1
e <P @)] < = for flaf) <nt 1.
Let %, € S be such that
~ B
(5.1) Py = —
" P,

Note that (¢,) € As and

po9n _ Ima _ Gm, *VUn _ Gm, *Yn
On  Pm,  Pm, *Un Wn

Lemma 5.2. Let F,, € B(S,As). If 6-lim F,, =0, then F,, x¢ — 0
in S for every ¢ € S such that ¢ € D.

Proof. If §-lim F,, = 0, then there exists a delta sequence (¢,,) € As
such that, for every k € N, we have F), * ¢ — 0 in § as n — oo. Let
¥ € S be such that 1) € D. There exists a k € N such that @y # 0 on
supp ©¥. Then

Fox=F,*xpp*xv—0,

where v € § is defined by

)
I
ey
O
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In the proof of the next lemma we use the Fourier transform of
Boehmians. For the definition and basic properties, see [6].

Lemma 5.3. A-lim F,, = 0 if and only if §-lim F;, = 0.

Proof. If A-lim F,, = 0, then F,, * ¢, — 0 in S for some (p,) € As.
Then F,,p, — 0in S. Let k € N. Since
Wy

Wk = Pn =
n

for all sufficiently large n € N, we have ﬁn@k — 0in § as n — oo.
Since k is arbitrary, §-lim F,, = 0.

Now assume that 6-lim F;, = 0. Then there is (¢, ) € Ag such that,
for every k € N, F,, x o, — 0in § as n — oo. Since § is a metric
space, there exists a nondecreasing sequence of indices m,, such that
F, xpp, —0in S. a

Theorem 5.4. The topology of A-convergence in B(S, As) is locally
CoNnver.

Proof. For k,l,m =0,1,2,... define

Qi 1m(F) = sup sup (1+ x% 4+ -+ x?v)m|Da(F xwy)(z)].
la|<lzeRN

Note that gg;m(F) is well-defined for all FF € B(S,As) and all
k,l,m=0,1,2,..., by Lemma 5.1. Moreover, é-lim F;, = 0 if and only
if g 1m(Fn) — 0 as n — oo for all k,i,m =0,1,2,..., by Lemma 5.2.
Consequently, the topology of d-convergence is locally convex. This
proves that the topology of A-convergence is locally convex in view of
Lemma 5.3. ]

By a modification of the above argument, one can prove that there is
a convergence preserving isomorphism between the space of tempered
Boehmians B(7, Ags) and the space of Schwartz distributions D’. Here
T denotes the space of all complex-valued continuous slowly increasing
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functions. A function f is called slowly increasing if there exists a
polynomial p such that |f(z)| < p(z) for all z € RV.
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