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EXISTENCE AND PROPERTIES OF MULTIPLE
POSITIVE SOLUTIONS FOR SEMI-LINEAR
EQUATIONS WITH CRITICAL EXPONENTS

YINBIN DENG, YAMING MA AND CHARLES XUEJIN ZHAO

1. Introduction and main results. In this paper we consider the
following semi-linear elliptic problem

(L1 —Autu=ul + pf(u+¢)
(1.2) we HY(RY), u>0 inRY

where y > 0 is a given constant, p = (N +2)/(N — 2) is the critical
Sobolev’s exponent. ¢(z) is some given function in L*(RY) N C*(RYN)
and

Hy) ¢(z) >0, ¢(x) Z0in RN, |z|V~2¢(x) is bounded.
The hypotheses for {(t) are as follows:
fi) feC*RT), f(t)>0, f'(t) >0 forall t > 0.

f2) There exists a 6 > 0 such that ¢tf'(t) > (1 +0)f(t) for t > 0 if
N > 6.

f3) limy o f(t)/t =0, and lim; o f(£)/t7 = 0 for some ¢ > p.
fa) limyo f(t)/t = +00.

Critical semi-linear elliptic equations arise from widely diverse prob-
lems in differential geometry, quantum physics, astrophysics, and other
scientific areas. Many researchers have studied the second order semi-
linear elliptic boundary value problems involving critical exponents.
Here we mention the articles written by Brezis and Nirenberg [4], Ce-
rami, Fortunato and Struwe [5], Lions [14], Ambrosetti and Struwe
[2]. In their papers, many interesting results about the existence and
nonexistence have been obtained by using variational methods when
nonlinear function is homogeneous. For the inhomogeneous case, Zhu
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and Zhou in their work [20] have obtained the existence of two positive
solutions of the problem

—Au+u=Ng(u) + f(x)), ueHIQ)

by using variational and barrier methods when Q = R¥\w, and w ¢ RY
is a bounded no-empty smooth domain. A similar result has also been
obtained in [17] for problem

—Au+u=Af(u+¢), ueH Q).

They require, however, that f and g have lower growth than critical
Sobolev’s exponents.

Recently, we studied in [12] the existence and nonexistence of multi-
ple positive solutions for problem

—ANu+u=f(z,u)+ph(z), xRV,
() {ueHl (RY),

where h € H™! (RN), N >3, |f(z,u)| < CiuP + Cou with Cy > 0,
Cy € [0,1) being some constants and 1 < p < 4+oo. Under some
assumptions on f and h, we proved that there exists a positive constant
p* < +oo such that problem (), has at least one positive solution u,, if
p € (0, u*), there is no solution for (x), if 4 > p*, and u, is increasing
with respect to p € (0, u*). Furthermore, problem (x),, has at least two
positive solutions for € (0,p*) if p < (N +2)/(N —2) and a unique
positive solution for p = p* if p < (N +2)/(N —2). As you can find
from above result that we still require nonlinear function f(z, ) have
lower growth than the critical exponents, p < (N + 2)/(N — 2), when
we try to find the second solution.

For the critical growth, for example (1.1),, (1.2), there are serious
difficulties when trying to find solutions by using variational methods
because the embedding H*(2) < LPT1(£) is not compact even if Q is
bounded. This double lack of compactness exhibits many interesting
existence and non-existence scenarios. These kinds of phenomena for
problem (1.1), have been investigated by [7-10] when f(u+ ¢) = ¢.

Deng and Li in their recent paper [11], studied the existence and
nonexistence of multiple positive solutions for homogeneous problem
Au+ K(z)u? =0 in
u>0 inQ weHL(QNCK)

u|BQ:O u—pu>0 as|zr] — o0
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when Q = RY \ w is an exterior domain in RY, w C R¥ is a bounded
domain with smooth boundary and N > 2. p > 0, p > 1 are some given
constants which could be equal to the critical Sobolev’s exponents.
Some existence and nonexistence of multiple positive solutions have
been discussed under different assumptions on K.

The main goal of this paper is to exhibit the existence results of (1.1),,
(1.2) with a very general nonlinear term f which is nonhomogeneous.
The results of this paper are stated in the following:

Theorem 1.1. Suppose Hy), f1) and f3) hold. Then there exists a
constant p* > 0 such that

(i) (1.1)n, (1.2) possesses a minimal solution u, for all € (0, "),
and w,, is increasing with respect to p if p € (0, p*).

(ii) (1.1),, (1.2) possesses a unique solution for p = p* if ¢ = p in
the assumption f3).

(ili) There are no solutions of (1.1),, (1.2) for p > p*. Furthermore

(1.3) p <t < o
where
(1.4)

_ (N=2)/2
we = (N(N = 2)e) N2/ ()
e=N(N+2)

(N+2)/4 o\ (N—2)/4
C= (%) vz (3v2)

= min{ [N2(N+2)(N—2)](N—2)/4 ) }
o sup, e pN AN (N+2)+[2 ) N =272 f(wo+6)} * sub,cpn {17(9)}
csN/2
Jon F@(@)wl ™ da

M2 =

and S is the Sobolev’s constant for the embedding H'(RN) — L*>"(RN),
2* = (2N)/(N —2).

It should be noted that we needn’t the increase restriction on the
nonlinear function f when we get the minimal solution of (1.1),, (1.2).
That means the nonlinear function f may be supercritical.
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Theorem 1.2. Suppose Hi), f1)—f1) with ¢ = p. Then there exists
a constant p** with p* > p** > 0 such that (1.1),, (1.2) possesses at
least two positive solutions for all p € (0, p**).

Theorem 1.3. Suppose Hy), f1)—fs) with ¢ = p. Then there exists
a constant iy, with p* > pa > 0 such that (1.1),, (1.2) has at least
two solutions if p € (L, 1*).

Remark 1.1. We are not sure whether p** = p,, or not.

Theorem 1.4. Suppose Hy), f1)-fs) with ¢ = p. Define

® = {(,u) € R"xC**(RN)YNn HY(RN) :
u#0, and (1.1),, (1.2) are satisfied}.

We have

(i) For any (p,u) € @, both u(z) and |Vu(z) have uniform limits
zero as | x |— oo;

(ii) w, is continuous with respect to yu;

(i) uy, is uniformly bounded in L>°(RN)NH'(RYN) for all p € (0, u*),
U, is uniformly bounded in HY(RN) for p small enough and u, — 0
in L®(RN)NHY(RN) as p — 0 |Upll g2 vy — SN2 as p — 0;

(iv) (u*,uy+) is the bifurcation point for (1.1),, (1.2), where u, is
the minimal solution of (1.1),, (1.2) and U, is the second solution of
(1.1),, (1.2) constructed in Theorems 1.2 and 1.3.

‘We shall organize this paper as follows. The minimal positive solution
is obtained in Section 2 by means of the standard barrier method.
The existence of the second positive solution is proved in Section 3 by
the variational method and the concentration-compactness principle.
Further analysis of the set of solutions are made in Section 4 according
to the bifurcation theory.

2. The minimal positive solution. In this section we prove
Theorem 1.1 by the standard barrier method. To this end, we need
some lemmas.



SEMI-LINEAR EQUATIONS WITH CRITICAL EXPONENTS 1483

Lemma 2.1. Suppose Hi), fi) and f3). Then (1.1),, (1.2) possess
a minimal solution for all u € (0, py1), where py is given by (1.4).

Proof. For any € > 0, let

1 ><N2>/2

(2.1) wg_(NUv_zﬁyN”M(ging

It is well known that w(z) satisfies the following problem

o) (vt
we(x) = 0 as|z| — oo

and

(23) [Vwe[3 = |we [} 17 = SY/2,

where S is the best Sobolev’s constant. Setting 4 = w., we have

(24) —Au+tu—u"—pf(u+ o)
:wE_Mf(w€+¢)
= (e Jaf?) "2
x [(N(N — 2)5)(1\/—2)/4 — uf(we + ¢)(e + |$|2)(N—2)/2]'

From f3) and (H;), we deduce that

f(we +¢) < Cl(we + @) + (we + ¢)”]
< Clws + 6 + 27u? + 2747
< Clwe + ¢ + wl + ¢"]
and |z|NV72¢, |z|NV72¢P, |z|¥2wP are all bounded. Thus (e +

|2|2)N=2)/2 f (w_(z) + ¢(x)) is bounded. By H;) and f3), we also can
conclude that f'(¢) is bounded. Set

(25) M= sup {(e+ |2) NP2 f (w.(2) + ¢(2))},

z€RN

i J [V + 2)NE(N — 2)| (V2 1
(2.6) w1 = { M SUpP,c pN {f’(¢)}}
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Then for any p € (0, 1], — At + @ — @? — puf(a+ ¢) > 0 which shows
that & = w. is a supersolution of (1.1), if u € (0,u1]. On the other
hand, it is easy to verify that u = 0 is a subsolution for all ;> 0 and
u < @. By the standard barrier method [1], there exists a solution w,
of (1.1),, such that 0 < u, < @. Since 0 is not a solution of (1.1),, and
f(u+ ¢) >0, the maximum principle implies that 0 < u,, < @. Again,
using a result of Amann [1], we can choose a minimal solution u,, in the
order interval [0, @]. Furthermore, u, can be obtained by an iteration
scheme with initial value 4(0) = u = 0. The same argument in [10],
we can show that w, is minimal among all solutions of (1.1),, and

/ (|Vu#|2+ui)dx:/ uﬁ“—i—uf(uu—i—gé)u#dx
RN RN

§/ uﬁ+1dx+s/ uidx—i—s/ u, ¢ dr
RN RN RN

+ C. Puy dx—f—CE/ uffl dx
RN RN

<C wﬁ"’ldx—i—s/ u? dx

RN RN a

+ C max e (b pr d )
z€RN w (x) /RN( ) x
i.e.,

(1—6)/ (1Auy[? +12) dx < CSV/2 4 C max ws(x)/ (6 + %) da.
RN zERN RN

Choosing ¢ small enough, we may deduce ||u,||g1(gyy < oco. Thus
u, € HY(RY).

Remark 2.1. From the proof of Lemma 2.1, we can see that

1—pul ™ — pf' (uy+¢) >0, for pe (0]

In fact, we can choose ¢ large enough, p > 0 small enough such that

L= pul™ = pf (uy + 8) > 1= pwb™ — puf'(we + ) > 0.

Lemma 2.2. Suppose Hy), fi) and f3). Then problem (1.1),, (1.2)
has no solution if p > ua, where pg is given by (1.4).
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Proof. Let u be a positive solution of (1.1),, (1.2). Then
(2.7) —AuwP™ 4+ wP iy = wPwP T 4+ pf (u + )wP L

Since p > 1, we may conclude that, for any M > 0, there exists a
constant C' > 0 such that

(2.8) u? > Mu—-C, u>0.
It follows from (2.7), (2.8) that
— AuwPtt dr + / uw? ™ dx

(2.9) RN By
> / (Mu— P ™ + puf(u+ ¢y de.
RN

From [7], we have

(2.10) / AvwP ™ dx :/ uAwP de
RN

RN

which gives us

(2.11) M/ flutdywt*t de < —/ uAw?™ dr — M [ wPtude
RN R

N RN

—|—C’/ wh Tt d:z:—l—/ w? T dr.
RN RN

We may choose e = N(N — 2). From [7], we get
A(wl™) < 2pwt™

since p > 1,w. < 1. So (2.11) becomes

w§+1d:17+(2p+1—M)/ wP oy da.
RN

u/ f(u+¢)w§+1d:r§0/
RN R

N

If we choose M = 2p + 1, then by (2.3), we have

C wP dx N/2
RN < CS _ ,u2.

flut $yurtide / f@yrldz
RN

<

RN
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By the same argument in [7], we can get the expression of C' which is

C =suph(u) =

u>0

3N+2 (N+2)/4 4 N—2 (N—-2)/4
N -2 N+2\N+2 ’

where h(u) = (2p 4+ 1)u — uP.

Proof of Theorem 1.1. From Lemma 2.2, we set
(2.12) p* =sup{p > 0] (1.1),, (1.2) possesses at least one solution}.
By Lemma 2.1 and Lemma 2.2, we have
0<py <p* < pg < —+oo.

For any p € (0,u*), by the definition of pu* we can find a i € (p, u*)
such that (1.1)z, (1.2) have a minimal positive solution uj and

—Aup +up —up — pf(up + ¢) = of (ug +¢) — pf (up + ¢) > 0.

Thus 4 = uy is a supersolution of (1.1),, (1.2). From f(u+¢) > 0, we
can deduce that v = 0 is a subsolution of (1.1),, (1.2) for all x > 0. By
the standard Barrier method there exists a solution w, of (1.1),, (1.2)
such that 0 < u, < ug. Since 0 is not a solution of (1.1),, it > u and
f(u+¢) > 0, the maximum principle implies that 0 < u,, < ug. Again
by the results of Amann [1], we can obtain a minimal solution u, by
the iteration scheme with initial value u(0) = 0. Thus w,, is a minimal
solution of (1.1),, (1.2) and

/RN \Vuu\2+uidq::/RN ub ™t pf (uy + ¢) dae
S/RN w4 i (g + 9) do
:/ |Vuﬂ|2—|—ul21dx<—|—oo.

RN

Thus u,, € H'(RY). By the definition of u*, we can conclude that
(1.1),, and (1.2) have no solution for u > p*. Therefore the proofs of
Theorem 1.1 (i) and (iii) are completed.
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In order to show the existence and uniqueness of (1.1),- and (1.2),
we shall use the following Lemmas 2.3-2.5. The proofs of the lemmas
are similar to those in [11]. For simplicity, we will omit the detailed
proofs here.

Lemma 2.3. Suppose Hi), f1) and f2) with ¢ = p. Let u, be the
minimal positive solution given by Theorem 1.1 (1). The corresponding
eigenvalue problem

—Ap+p=Apub~t + pf'(u, + ¢l
¢ € H'(RY)

(2.13,) {

has the first eigenvalue A1 > 1 and the corresponding eigenfunction

¢1 >0 in RN,

Lemma 2.4. Suppose Hi), f1) and f3) with ¢ = p. Let u, be
the minimal solution of (1.1),, (1.2) for p € [0,u*). Then for any
g(z) € H-Y(RY), problem

(2.14) —AW +W = [pud " + pf (w, + ¢ W + g(x)
has a solution.

Lemma 2.5. Suppose Hi), f1) and f3) with ¢ = p. If u,~ is a
solution of (1.1),+, (1.2), then problem (2.13),~ has its first eigenvalue
M (p*) = 1. Moreover, the solution u,- is unique.

Now we are going to prove (ii) of Theorem 1.1. From Lemma 2.3 we
have

/ (IVuul® + ul) dz > / pulttdr + p [ (uy + )u, dx
RN RN RN
and also we have

/(|Vu#|2+ui)dx:/ uﬁ“dx—ku/ fluy + o), de.
RN RN RN
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Thus

/RN(|Vu#|2+uZ)dm
1
<o | (VuP e dyds et [ fwet o, do
P JRrN RN

1 1) *
<=+ 2w P+ 5 [ (P +¢* + 0% +wP)da
p 2 26 RN

for any § > 0, since p > 1, we can obtain that
HUHHHI(RN) <C<+0

for all p € (0,u*) by taking ¢ small enough. Since w, is monotone
increasing with respect to p, we may suppose that u, — u,- weakly
in H*(RN) as p — p* and hence wu,- is a solution of (1.1),. The
uniqueness of u,~ is obtained by Lemma 2.5.

Remark 2.2. Set p** = sup{p € (0, p*) : 1—=pub ™' —pf'(u,+¢) > 0}.
From Remark 2.1, we have

and
1= pul =l = puf (uy + 6) > 0
for all u € (0, u**).

3. Existence of the second positive solution. Let u, be the
minimal positive solution of (1.1),,, (1.2) for u € (0, #*). In order to find
a second solution of (1.1), (1.2), we introduce the following problem:

—Av+v = (u, +v)P —ub + plf(du +v) = f(Pu)]s
ve HY(RY),v >0 in RY,

CE

where ¢, = u, + ¢. Clearly we can get another solution U, = u, + v,
of (1.1),, (1.2) if (3.1),, possesses a solution v,,. To this end we set

= [ fv) for v > 0,
) = { —f(=v) forv <0,
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a(z) =1 = [pul ™" + pf (u, + 9],
h(z,v) = (vtup)? = uf, = 0P + plf (04 Gu— f(¢)] = [Pl + uf ()]

and

- [ h(z,v) for v > 0,
(3.2) h(z,v) = { —h(z,—v) for v <O0.

Then (3.1), is equivalent to

(3.3) { —Av+ a(x)v = |v|P~t v + h(z,v),

ve HY(RY), v>0 in R".

The corresponding variational function is

1 1 —
I(v) = 3 /RN Vo2 + a(z)v? do — N lo|PTt da — . H(z,v)dz,
where H(z,v) = [ h(z,s)ds. Set
0 1 2 1 +1 =
() =5 |VU| +v?dr — — \U\p dr — p F(v)dx
2 p+1 RN
M> = {v € Hl(RN)’/ |Vo|? 4+ v? da
R
:/ |v|P+? dx—i—/,c/ f(v)vdx,}
RN RN
and

J = inf{I*°(v) | v € M},

where F(v fo t)dt. From [8], we can get the following theorem
and corollary

Theorem A. Suppose a(zx), h(z,v) is a continuous function satisfy-
ing the following conditions

(a) a(z) > 0 for any x € RN, a(x

) —a>0 as|z| — oo,
(b) limg_o h(x,t)/t = 0, limy_, o (h(z,t))/(Jt|P~1t) = 0.
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(c) (1/2)th(x,t) > H(z,t) for any x € RN, t € R'.

(d) h(z,t) — g(t) as |x| — oo for t bounded uniformly. Then I(v)
satisfies the (p.s). condition for any ¢ € (0, min{J>, (1/N)SN/?}).

Corollary A. Suppose Hy), f1)—f4) with ¢ = p. Then J™ can be
attained by a function w € H'(RN) if J> < (1/N)SN/2,

Remark 3.1. By Remark 2.2 and f1), fo2), it is easy to verify that

h(z,v) defined by (3.2) satisfies conditions (b) and (d) of Theorem A.
Since u, — 0, ¢(x) — 0 as |z] — 400, a(xz) — 1> 0 as |z| — oo, a(x)
satisfies condition (a) of Theorem A.

The following lemmas can be found in [8].

Lemma 3.1. Suppose f1) holds. Then

(F(s+ ) — F(6) > / (F(t+ b)) — F(8y)) dt for all 5 > 0.

N »

Lemma 3.2. Let 3 < N < 6. Then

1 S
55((s+uu)p—uﬁ—sp)2/o((t—l—uu)p—uﬁ—t”)dt for s > 0.

Lemma 3.3. Suppose f1)—f1) with ¢ = p. Then I(v) satisfies (p.s).
conditions for all ¢ € (0,min{J>, (1/N)SN/2}) if 3 < N < 6 and
€ (0, ).

Lemma 3.4.

S
3 s((s +up)? —ul) > /0 ((t+wuu)? —up)dt  for all s> 0.
Lemma 3.5. Let 3 < N <5 and p € (0, ™). Then

(v—i—uu)p—vp—uzzpuuvp_l for all v>0, zeRN.
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Remark 3.2. By f2), we can conclude that there exists a 8 € (0,1/2)
such that 0tf(t) > F(t), for t > 0 if N > 6, where F(t) = fg f(s)ds.

Lemma 3.6. Suppose f1)—f4) with ¢ = p. Then I(v) satisfies the
(p-8)e condition for any ¢ € (0,min{J>®, (1/N)SN/2}) if u € (0, u**).

Proof. From Lemma 3.3 we are only required to prove this lemma for
N > 7. Let ¢ € (0,min{J>, (1/N)SN/2}) and {v,} C H'(RY) be a
(p.s)c sequence of I. That means I(v,) — ¢ as n — oo, I'(v,) — 0 in
H=Y(RN) as n — oo. Thus

/ |V, |? + v da
RN

(3-4) —/RN[(|’Un|+ w )P = b+ pf ([on] + ¢p) = 1f (B)]on| da

= <Cn7vn>a

1
—/ |V |* + v2 dz
2 Jow

[vn |
(3.5) _/sz/o (s +uw)? —uf, + pf(s+ ¢u) — pf(du)l dsdx

=c+0(1),

where ¢, = I'(v,). By Remark 3.2, we have
1 2 .2

01)+ec> - [Vo,|® + v, do
2 Jpn

—o / (onl + ) [([0n] + 1)? + f (Jom] + 6,)] da
RN

o / 16 (Joml + 6,) da + / W fon| + 1 (610) o] dz,
RN RN
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where 0* = max{1/(p+1),0}. Taking 6 € (§*,1/2) from (3.4), we have
01) +¢>0 < Cpyvn > +<% —9‘) /sz |V | 4+ v2 da

+ (G- 0 /RN (om|([0n] + )P da

+0=0) [ loallnf (v + 9] de

=60 [l wa)?) il 6) o]+ 6,) d

=) [ b+l (0 ) de

> 0(Cp,vn) + G - §> /RN |V, |? 4+ v2 de + (6 — 6%)

[ onl = g ] onl 4 w02 + ol + 0,01
Setting 7 = 6* /(6 — 6*), we have
0(1) + ¢ > 0{Cp,vn) + (% - 5) /RN |V, |? + 02 do

@6 / [on] — (up + &)
{‘UTL‘ST(UM+¢)}
% [([on] + w)? + 1f (Jou] + & + u,)] do

> 0(Cnyvn) + (% — 9) / V|2 + 02 da
RN
o / (s +8) [ ([0l )P+ 1 (| 11+ )] iz
{lon|<T(up+9)}
> 0(Cnyvn) + (% - 5) / V|2 + 02 da
RN
-0 /R . (uy + ) (up+ @) + uulP + pf(r+ 1) (uy + @)] da.
Thus

1 = _
(5 - 9) / Vo2 + 02 de < e+ 0(1) + 0(Cn,vn) + 07c.
RN
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By using Young’s Inequality we can deduce
||U71HH1(RN) <(C<oo
By taking a subsequence we suppose that

v, — v weakly in H'(RY)

vy — v ae. in RY.

Letting p,, = |Vv,|? + a(z)v2, we may assume that

/ pn(z)de — 1 >0 asn — occ.
RN

First, we show [ > 0. In fact, if / = 0, by Remark 3.1 and Sobolev
embedding, we have [,y |vn[PT dz — 0, [pn H(z,|vp])dz — 0 as
n — oo. Then by (3.5), we get ¢ = 0, a contradiction.

Applying the concentration-compactness Lemma due to Lions [14],
there exists a subsequence (still denoted by p,,) satisfying one of the
following three possibilities: (i) compactness, (ii) vanishing, (iii) di-
chotomy.

We should rule out (ii) and (iii) that couldn’t occur by contradiction.
If (ii) (vanishing) occurs, i.e., for all R < 400, lim, o SUp,ecpn X
fy+BR(|ijn|2 + a(z)|vn|?) dz = 0. By a lemma due to Lions [14], we

ave

2N
N-2

(3.6) vy — 0 in LY(RY), 2<q<

By Remark 3.1, for all € > 0, there exists a C. such that for fixed
q€(2,27),

[l ds

Since {v,} is bounded in H!(RY) and (3.6) holds, we have

SE/ (|vn|2+|vn|2*)dx—|—C€/ |v, |9 de.
RN RN

/ |vn (2, |vp]) de — 0 as n — oo.
RN
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Similarly [~ H(x,v,)dz — 0 as n — oo. By (3.4) and (3.5)

I = Tim o2 = 1im/ a2 da
n—o00 n—oo JpN

and

Hence

SllonlZes mrvy < IVRlZ2(rvy < llonllf vy

Thus S1?/?° < I, ie., IN/? > 8. Therefore, ¢ > (1/N)SN/?, a
contradiction.

If (iii) occurs, we denote @,, to be the concentration function of p,

Qn(t) = sup / pn(z)dx, t>0.
y+ Bt

yeRN

Without loss of generality, we may assume

lim Q,(t) =Q(t) forany ¢>0

n—oo

and

lim Q(t) = a € (0,1) (because dichotomy occurs).

t—o0

By Lemma 3.4, using the same argument in [8], we can rule out (iii).

Thus, only case (i) occurs, i.e., there exists a sequence {y,} € RY
such that for any € > 0, there exists an R < 400 such that

(3.7) / (Vo | + a(x)v?) dr < e.
{z—yn>R}

Same as in ruling out dichotomy, we may prove that {y,} is bounded.
Choosing R large enough such that {y,} C Bg, applying Sobolev’s
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compact embedding on a bounded domain and (3.7), we may deduce
that there exists a subsequence of {v,} such that

v, — v strongly in LY(R"Y) for 2 < ¢ < 2N/(N — 2)
v, — v ae. on RY

x,v,) — vh(z,v) a.e.in RY

x,v,) — H(z,v) a.e. in RY

a(z)v, — a(z)v a.e. in RN

[0 |P" vy, — [P o weakly in (LT TH(RN))*.
From I'(v,) — 0 in H~1(R") we can conclude that
(3.8) —Av +a(z)v =vP + h(z,v) in HY(RY).

Next, we shall show that v, — v strongly in H~1(RY). Indeed, by
Strauss’s lemma [16], for any R < +oo0,

/ |h(2, v )0y — h(z,v)v|dz — 0 asn — +o0.
Br

By tightness and continuity of integral, for any € > 0 we may choose
R sufficiently large such that

/ lv,h(z,v,)| d2 < e, / | vh(z,v)|dr < e.
{RN—-Bgr} {RN—-Bgr}

Then we deduce

(3.9) / vph(x, v,) do — vh(z,v) dz.
RN RN

Similarly,

/ a(x)v? doe — a(x)v? de,
(3.10) Ry RY

/ H(z,v,)dr — H(z,v)dx.
RN RN
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Since {v,} is a (p.s). sequence

(3.11)
l/ |V >+ a(x)v? dr — 1 vy, [P dx—/ H(z,v,)dr
2 RN " " p+1 RN " RN o
=c+o(1).
(3.12)
/ |an|2+a(m)vidm—/ vy, [P dx—/ h(z,v,)v, do
RN RN RN
=o(1).

Denote W,, = v, —v. By (3.9), (3.10) and using the Brezis-Lieb lemma,
as n — 0o, equation (3.11) becomes

1 1
3.13) I = W, > — —— W, [PT da = 1).
B13) 1w+ [ VWE- g [t = cto)

Similarly, (3.12) becomes

/ \VU|2dx—|—/ \VWn|2dx—/ lo[PH d:c—/ |W, [PT da
RN RN RN RN

+ /RN a(x)v? do — /RN vh(z,v) dz = o(1).

By (3.8) we have

(3.14) / VW, |? dx :/ (W, [PT dz 4 o(1).
RN RN
Thus
1 +1
(3.15) I(v) + — [WL|PTHdx = ¢+ o(1).
N Jp~

Because {W,} is bounded, we may suppose [y [VW,[>dz — [ > 0.
By Sobolev’s inequality,

2/(p+1)
/ VW, | dx > S(/ |Wn”+1) .
RN RN
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Let n — +o0o and, noting (3.14), we have [ > S(1)>/®*1) je., [ > SN/2
or [ =0. If I > SN2 from (3.15) we have ¢ = I(v) + (l/N) On the
other hand, by Lemma 3.1,

1 _
I(v) = §</RN|VU|2+CL(I)’U2 dx—/RN|U|p+1 da:—/RNh(:L’, |v|)|v|dx>

1
" _/ [0+ h(a, [v])|v] do
2 RN

1
-— lo[PHt d:v—/ H(z,|v|)dx
p+1 RN RN

1 » |v] ) )
= [ e+ =l = [ (5w ) dsda
*LW§WWﬂM+¢+um—fw+um1

[v]
—u/ Fls+ 0+ u) — f@+ ) dsde+ [ ol do
0 RN

1
> —/ |v|”+1 dx > 0.
N Jpn

So we deduce

- 1
—l ~ gN/2
N - N T N S

a contradiction with ¢ € (0, min{J*>, (1/N)S™/2}). Hence | = 0, and
vp — v strongly in H'(RY) as n — oo.

In the following we are going to verify the existence of the nontrivial
positive solution of (3.3) by the Mountain Pass lemma. We check
the conditions of the Mountain Pass lemma by the following obvious
lemmas.

Lemma 3.7. Suppose Hy), f1)—f4) with ¢ = p. Then there exist
a >0, p>0 such that

I(v)|aB, > @ >0,

where B, = {u € H'(RY) | |lu| < p}.
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Lemma 3.8. Suppose Hi), fi1)-f4) with ¢ = p. For any v €
HY(RN), v #£ 0, there exists an Ry > 0 such that I(Rv) < 0 for
all R > Ry.

Now we give the existence result.

Theorem 3.1. Suppose Hi), f1)-fs) with ¢ = p. If there exists a
vo € HY(RN), vy £ 0, such that

1
(3.16) supI(tv0)<min{J°°, NSN/z},

t>0

then (3.1),, possesses at least one solution for p € (0, p**).

Proof. By Lemma 3.7 and Lemma 3.8, there exists an R; > 0 such
that e = Ryvg ¢ B, and I(e) < 0. Define

3.17 = inf sup I
(3.17) ¢ = jnfsup (v),

where X denotes the class of continuous paths joining 0 to e in H(RY).
Clearly

1
0<a<c=infsupI(v) < sup I(tvy) < mi {JO@,—SW}.
a<c llrElNilelll? (v)_ilzllg (tvg) < min N

By Lemma 3.6, I(v) satisfies the (p.s). condition. So ¢ can be achieved
by some function v € H*(R") via the Mountain Pass lemma. Because
h(z,v) is an odd function with respect to v, we have |v| which also
achieves ¢. So we may suppose v > 0. By applying the strong maximum
principle we have v > 0 in RY. Thus v is a positive solution of (3.1) -

In the following, we shall verify that condition (3.16) holds naturally.
To this end we set

Ve(z) = ¢(z)we(2),
where ¢(z) € C5°(RY) is a cutoff function and w. is as in (1.4). For
R >0, let ¢(x) = 1if |z| < R; ¢(z) =0 if |2| > 2R. From [7] we have
the following estimates

(3.18) (Vipe |2 = SN/2 4 o(eV=2/2),
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(3.19) |2 = SN/2 4 o(eN7/C2N=2)y,
kie 4 o(eN=2)/2) N > 5,
(3.20) [e? = < kie|lng| +o(eN=2/2) N =4,
o(e!/2) N =3,

where S is the best Sobolev’s constant and k; is a positive constant
independent of ¢.

Lemma 3.9. Suppose f1). Then

plf(s+o+uu) — f(o+u,)] > pf(s) >0

(3.21)
forallp >0, s>0,

where u,, is the minimal solution of (1.1),, (1.2) given by Theorem 1.1.

Proof. Set g(s) = plf(s + ¢ + u,) — f(¢ + uu] — pf(s). Then
g"(s) = plf' (s + ¢+ wuy) — f'(s)]. Since f"(s) >0, g"(s) > 0. Because
¢(0) = 0 and ¢’'(0) = 0, we have g(s) > 0 for s > 0. This gives (3.21).

Lemma 3.10. Assume Hy and f1)—f4) with ¢ = p. Then there exists
a constant t. > 0 such that

(3.22) sup I (ty.) = I(te1)e)
t>0
) o(e) N>5
(3.23) I(tswg)SNSN/Q— G(z,toap.)dr + { o(e|lng|) N=4
Ry o(e/?)  N=3
where

terpe
Gl tothe) = /0 [(5+ )P — P, — 5P+ puf (5-+ ) — o 6+ )] ds.

Proof. By Lemma 3.8, we can easily show that there exists t. > 0
such that sup;sqI(ty:) = I(t-10c). We claim that there exist some
constants ¢y, co such that

(3.24) 0<c <t.<cy<oo fore small enough.
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In fact, since I(t.)e) = supi>ol(t1pe), it follows that

I’(tsws) =1 /RN ‘V'(/)E‘Q —+ wg dr — /}%N[(ta% + uu)pwa _ uﬁwa] dr
- u/ [f(ts'(/)a + ¢M) - f(¢u)]’(/)5 dx = 0.
RN

Thus

2 2
(3.25) |vw5| + |¢5|2 _ tp—l
el ’
glp+1

S Abetbe b )P b= (tetbe )P+l (tetbe+ 63) = £ (8] e e

e [Pl 1t

> 0.
By (3.18)—(3.20),

Ve |? + [ 3

p—1
P < C57 " < oo for e small enough.
|,¢)5 ‘p+1

(3.26) tl<

On the other hand, using

lim (u + uu)p —uf — Uﬁ + N[f(u + ¢u) - f(¢u)]

U—00 up

=0

and (3.18)—(3.20), we see that for any § > 0 there exists a constant
Cs > 0 such that

(el
{(Uetbet)P == (b il (e 0) =S G
RN t.
) +1 . 2
<l [ TR Oy,

=3t~ 4 o(1/?).
Again by (3.18)—(3.20) and (3.25)

1— P~ —5tP~t 4 o(e1/?) < 0.
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Choosing J, € small enough we can find a constant ¢; > 0 such that
te > ¢1. Therefore we obtain (3.24). Thus

1

1
few) =52 [ 1VeP e vt o [ ettt

- G(x7t6¢6) dx
RN

1 1 1
<(Z_._-_ SN/2 _2/ 2d
<(gra)s e [

— | Gz, tp.) da + 0(eN2/?)

RN
o(e) N > 5,
1
<3 SN2 [ G, tepe)dx + { o(e|Ine]) N =4,
RN
o(e!/?) N =

Lemma 3.11. Suppose Hi) and f1)—f4) with ¢ = p. Then there
exists a function vg € H(RN), vg # 0, such that (3.16) holds.

Proof. If N > 6, by fa) we have

(uf(ﬂ)' _ pftf(t) = (L+0)f ()]

t1+5 t2+6 >0

for all ¢ > 0, > 0. Thus there exists a constant C' > 0 such that
(3.27) pF(t) > Ct**° it > 1.

From (3.24) and Lemma 3.9
lim 671/ G(z,t)e) dx
RN
> lim 571/ wF (tei)e) da
Br

(N-2)/2 fe 2 e
> lim ¢ U}N/O MF[W]S dS,
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where wy denotes the area of unit sphere and s = re=/2, r = |z|. We
can choose € small enough such that

R€71/2 > (571/203/(N—2) - 1)1/2.

By (3.27)
lim e~ / G, t.) do
e—0t RN
(671/20?/(1\1*2)_1)1/2 (2—N)/4
S T (N=2)/2 . N
_51—1>%1+E wy ; a3 (1+52)(N-2)/2 5 ds

(571/2(:?/(N—2)_1)1/2

(2—N)/4 249
> lim E(N_2)/2wN/ C<(CIE—> sV lds
0

1+52)(N-2)/2

N-—2)(2+6)]/2
> lim Cg[(z_N)5]/4/ ( 1 )K el
T ot {lol<(e=1/2e/ N2 _qyr72p \ 1+ [y

= +4-00.

Thus from (3.23) we have

dy

1
(3.28) I(te)e) < N SN/2if ¢ is small enough, N > 6
if 3 < N < 5. Applying (3.24), Lemma 3.5 and Lemma 3.9, we have

G, tape) > / () (1ot P

RN RN

(3.29) > min u”(x)cl/ Yl dx
Br

r€BR

= c/ PP dx.
Br
For N = 3 we have

lim 5*1/2/ G(z,tap.) dx

e—0*t

(3.30) a5
= lim 6671/2/ {%] dx
e—0t B L+ [z)Y

5/2
= lim ca_1/4/ < ! 2) : dy = +oo.
=0+ {lyl<re-12y \1 + 1y
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Similarly, we can prove

(3.31) lim (e 1n5\)_1/ G(z,tetpe) de = +oo  if N =4,
e—0+ RN

(3.32) lim ! G(z,t).)de = 400 if N =5.
e—0*t RN

By (3.30)—(3.32) and (3.23), we have

1
(3.33) I(teype) < N SN/2 " if £ small enough and 3 < N < 5.

Case (i). If (1/N)SN/2 < J*, we can take vy = 9., € small enough
by (3.22), (3.28) and (3.33) we have

sup I (tvg) = sup I (te) = I(t1be) < 1 GN/2
>0 >0 N

for small €, which gives (3.16).

Case (ii). If (1/N)SN/2 > J> by Corollary A there exists a
we HY(RYN), w# 0 such J* = I*°(w) and

(3.34) /,_.CN(IVwI2 +w?) du = /RN (WP + pf (w)w) de.

Because f(t) is an odd function we may suppose w > 0. By fi) we
deduce (f(t)/t)’ > 0 for t > 0. Setting ¢(t) = I°°(tw), by (3.34) we can
easily deduce that ¢ = 1 is the unique critical point of ¢(¢) in (0, c0)
and ¢”(1) < 0. Because lim;_,¢q(t) = 0 and lim; o g(t) = —o0, we
have I*°(w) = sup;~o [*°(tw). From Lemma 3.8 there exists tg > 0
such that -
I(tow) = sup I (tw).
>0

Thus by Lemma 3.9

sup I(tw) = I(tow) < I (tow) < I (w) = J=.
>0
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Taking vy = w, we obtain (3.16).

Proof of Theorem 1.2. From Theorem 1.1, (1.1),, and (1.2) possesses
a minimal positive solution w, if ¢ € (0,p*). By Theorem 3.1 and
Lemma 3.11 we have that (3.1), possesses a solution v, if u € (0, p**).
Setting U, = u,+v,,, we can easily verify that U, is the second solution
of (1.1),, (1.2) for p € (0, u**).

4. Properties and bifurcation of solutions. In this section, we
give some further properties and bifurcation of solutions for problem
(1.1), and (1.2). In particular, we will prove Theorem 1.3.

Proposition 4.1. Suppose Hy), f1)—f1) with ¢ = p. Let u be a weak
solution of (1.1),, (1.2). Then u € L (RN) for all ¢ € (1,00) and
u(z), |Vu(z)| have uniform limits zero as |x| — 0.

Proof. Let o(x) = 0; if |z —x9] < 2, p(z) = 01if [x —a0| > 3 is a
smooth cutoff function with |Vy| < 1. For s > 0, [ > 0, testing (1.1),,
with p?u min{u?*, L?}, we obtain

/ VuV (p*u min{u?®, L?}) dz +/ ©*u® min{u?®, L?} da
RN RN

= / 2Pt min{u?®, L2} + pf (u + ¢)p*u min{u?®, L?} dz.
RN

Suppose u € L*T?(RN). Then we may conclude by applying the

loc

Holder’s and Sobolev’s inequalities that, for k > 1,
flu+0)
< Cllu+9¢) + (u+ )]
< Clu+ ¢+ uP+ ¢%] / f(u+ ¢)p*u min{u?®, L?} dx
RN
< C’[/ uP it o? min{u®, L} dox + / w? min{u?*, L*} dx
RN |z—20|<3

+ dp?u min{u?®, L} dx —|—/ 02 ¢Pu min{u?®, L?} dx|.
RN RN
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and

/ |V (pu min{u®, L})* dx —|—/ (ou min{u®, L})? da

RN RN

<C / P=1o242 min{u?®, L?} dx—|—/ u? min{u?®, L} dx
RN {|z—z0|<3}

s [ nflt o)t mingu e
RN i

<C / uP~tp?u mln{uQS,LQ}dm—l—/ u? min{u®*, L*} dx
LJRY {lz—zo[<3}

+ bp? min{u®*, L*} dx + / #Pp*u min{u®*, L*} dx
RN N i

[ u2st2 (25+2) 25+2
= {|z—=z0|<3} ot H(proo Bs(wo + ||¢||L°°(B3 zo))
—&o

+/ uP~tp%u mln{uQS,LQ}dx}
{zeRN uP—1>k}

2542 (25+2) 2542
= C{k/| PR N B0y + I (4 o)
Tr—xo

2/N
i —
{lz—zo|<3,uP~1 >k}
(N—-2)/N
X {/ (ou min{u®, L})?N/(N=2) d:c} }
RN

2S+2 2S+2 2542
< C[k; /la: s dx + H¢||Z£oo(33(x0)) + 1125 By ()

+e(k) /RN |V (pu min{us,L})de],

where
] 2/N

(k) = sup {/ (P~ N2 g
Zo {lx—xo|<3,uP~1 >k}

Because u € H'(RY), we deduce that (k) — 0 as k — co. We may
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now conclude that

/ |v(us+1)|2 + (us+1)2 dr
{lz—zo|<2,us<L}
2s+2 2s5+2 (2s+2)
= /{lmzo<3} wrds C(”d)HL;(Bs(Xo)) + ||¢||§)°°€B3(mo)))

remains uniformly bounded in L. Hence we may let L — oo to derive
that
u e HY({|z — 2] < 2}) — L* ({|z — 20| < 2})

with

/ u(25+2)N/(N72) dr < Ck/ u2st? dx
{lz—zol<2} {lz—zo|<3}

2s5+2 (25+2)
+ C (19132, ) + 012250 ) -

Let ¢ = [(2s+2)N]/(N —2). Hence u € LI(RN) for ¢ > 0 large.
Obviously u satisfies the linear problem

~Au+tu=F(x)=u’ +pflut+¢), z€RY, uweHY(RY).

Choosing ¢ > max{N/2,2N/(N — 2)}, by Holder’s inequality in Ba(x)
we get
lullz2(Ba)) < CllullLass (@))-

By f3), we have

IF | Lare(Ba(2)) < CllullLa(By(a)) + 10l La(Ba(a)))-

It’s deduced by the elliptic regular theory that v € L?>*(RY). By [13,
Theorem 8.24], we have

(4.1) lullco By @) < Cllull Las@)) + 100l La(Ba(a))
then u(z) — 0 as ||z|| — oo since u € LI(RY). By [13, Theorem 8.32]
(4.2) lullcre By @) < Cllullce (@) + 19l Lo(Ba(z)))

(4.1), (4.2) give ||Vu(z)|| — 0 as ||z|| — oo.
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Proposition 4.2. Suppose H1), fi)—fa) with ¢ = p. Let u, be
the minimal solution of (1.1),, (1.2). Then u, is uniformly bounded
in L®(RN) N HYRYN), for all p € [0,p*] and u, — 0 in L=(RY) N
HY(RY) as p— 0.

Proof. From Proposition 4.1 we can deduce that |u};[|oc < C. Then
by Theorem 1.1 (i) (ii), we can deduce that ||uy|lec < ||up+llee < C.
From Lemma 2.3

/ (||Vu#|2+u3)dx>)\1[/ publtt dx—i—/ f (uy, + )l da
RN RN RN
and
/ (||Vuu|\2+ui)d:c:/ uﬁJrldx—l-u/ fluy + o)y, du.
RN RN RN
Thus

| 9l + ) da

1
<[ vy [ o, do
p)\l RN RN

1
<l Cn [ (e 6+ ) da
pA1 RN
By the Holder and Young inequalities we deduce
1 )
1 - 2
(1- 55 5 )l
1]

< %(HwEHH—l(RN) + [ wEl g-1rvy + Ol a1 myy + 11981 (RY))

for all § > 0. Taking d small enough so that
1 )

4.3 1-—-2)>o,
(1) (1-5-3)

we hence have ||u, > < Cu. From Theorem 1.1, we have

2/q X N 2/q
(4.4) </sz uf dx) < (wg2 (0) /RN ui d:1:> < Clluu? < Cu
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for any q € (2*,00) if p € (0, 1). By (4.3), (4.4), we can deduce our
proposition.

Proposition 4.3. Let U, be the second solution of (1.1),, (1.2)
constructed in Section 3. Then U, is uniformly bounded for p small
enough and

. N
}}E%HUMHHl(RN) = SN2,

Proof. Define
2 1 +1
L(u) = (|Vu| +u?)de — —— up dx

p+1
_“/RN/ f(t+ ) dtde.

By Lemma 3.7, Lemma 3.11, we can find a positive constant « inde-
pendent of p € (0, 1) such that

1
(4.5) 0<a<h(U)-hw) <+ SN/2,

From I1(U,) = ¢+ I1(u,) and I1(U,) = 0, we deduce
/ IVUL|? 4+ U} dzx = / UPt da + u/ fU,+ ¢)U, dz
RN RN RN

1 1
L(U,) = 5/ VU 4 Ubdr = = [ Uptan

_M/RN/O f(t+ o) dtda.

By f3) we have

Uy U,
/ f(t+¢)dt§c’/ (t+tP+ ¢+ o) dt
0

1
<O[30+ S U Ok
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14 pC’

L(U,) >
1( N)— p+1

(1= O VR~ 0,5 = [ (0070, da.

N | —

1+ pC’
p+1

By Holder’s and Young’s inequalities, we deduce

5000 - L 0 < Cnu) [ o+ @10,

RN

1 1+uC" b 9
(1 — " — _ =
50-ne - T - Lo
1
< = 2
_2/6U

()6 + ¢p||%171(RN) +C + I (uy).

Choose u < [(1/2)p — (1/2)]/[(1/2)pC" + (3/2)], § small enough so that

1 1+ pcC’
~(1—pc) - —=
{( nC’) o

) —5/2] > 0.

We have ||U,||* < C for p small enough. From (4.5), we can conclude
that

a+I(uy)

1 ) Uu 1
< glode=ul [ 7 seroas - [ 50,4 ]

1
ghwg+ﬁsm?

Because U, is uniformly bounded in H L(RN) for p small enough, we
have

: Vs 1
l{%M[/}%N/O f(t+¢)dtdx—m/RNf(UM—l—@Ude}=0.
Thus, as u — 0,
1 2 L o2
(4.6) 0<a+o(l) < N ULl < NS +o(1).

On the other hand, by Sobolev’s inequality we have

SIVlPE < WUl = [U,lpi +O(D).
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Thus,

(4.7) 1051 = sV +0().

From (4.6), (4.7) we have

liIIb HU#Hip(RN) = SN/Q.
B

Proposition 4.4. (p*,u,-) is the H'(RN)-bifurcation point for
(1.1),, and (1.2).

Proof. Define
F:R'x HY(RN) — HY(RY)

by
F(p,u) = Au—u+uP + pf(u+ )

From Lemma 2.5, we deduce that F,(u*,u,+«)¢ = 0 has a solution
¢1 > 0. This implies that N(F,(pu*, u,-)) = span{¢1} = 1 is one-
dimensional and codim R(F, (", uu+)) = 1. In the following we shall
check that F},(p*, u,+) ¢ R(Fyu(p*, uy+)). Assuming the contrary would
imply existence of v(z) # 0 such that

Av— vt pul v+ puf (uye + 8o = fluye +9).

From F, (1", u,+)¢1 = 0, we conclude that [y f(u+¢)é1 dz = 0. This
is impossible because f(u+ ¢) > 0, f(u+¢) # 0 and ¢1(z) > 0 in RV.

Applying the bifurcation Theorem in [6], we conclude that (u*,wu,~)
is the bifurcation point near which the solution of (1.1),, (1.2) form
a curve (p* + 7(s), uy+ + s1 + 2(s)) with s near s = 0 and 7(0) =
7/(0) = 0, 2(0) = 2/(0) = 0. We claim that 7(0) < 0, which implies
that the bifurcation curve turns strictly to the left in the (u,u) plane.
Substitute g = p* + 7(s), u = uux + sé1 + z(s) to

(4.8) —Autu—uP —pflu+¢)=0, u>0.
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Differentiating (4.8) in s twice we have

- Auss"’ uss—p(p—l)up72u§—p upiluss_ Hssf(u+¢)_2ﬂsf/(u+¢)us
— " (u+ dyuZ — pf'(u+ @)uss = 0.

Setting here s = 0 and using that 7/(0) = 0, us = ¢1(z) and u = u-
as s = 0, we obtain

(4.9)  — Augs +uss — p(p — 1)ufgl¢§ — puﬁ:luss —7"(0) f(up~ + @)
— " (e 4 )T — 1 f (w4 G)uss = 0.

Multiplying
Fu(ﬂ*a uu*)¢1 =0
by uss, and (4.9) by ¢1, integrating and subtracting the result we obtain

p(p—l)/ L d$+T”(0)/ f(ut9) dl‘ﬂt/ F"(wu+0) 4t de=0
RN RN RN
which immediately gives 7”7(0) < 0.

Proof of Theorem 1.3. From Proposition 4.4 and its proof we can
immediately get the result of Theorem 1.3.

Proof of Theorem 1.4. The conclusions (i), (iii) (iv), (v) come
immediately from Propositions 4.1, 4.2, 4.3, 4.4. As for (ii) we can
verify it by applying the implicit function theorem.
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