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THE RIEMANN INTEGRAL
USING ORDERED OPEN COVERINGS

ZHAO DONGSHENG AND LEE PENG YEE

ABSTRACT. We define the Riemann integral for bounded
functions defined on a general topological measure space.
When the space is a compact metric space the integral is
equivalent to the R-integral defined by Edalat using domain
theory.

0. Introduction. Edalat [1] defined a Riemann type integral on
a compact metric space, called the R-integral, using domain theory.
The integral so defined has applications in various fields such as dy-
namic systems and chaos, and the work in [1] has also inspired other
interesting research, see [2, 3, 5|. The main properties of this new
integral among others are: (1) If the space is [a,b], then this integral
coincides with the ordinary Riemann integral;(2) a bounded function
f is R-integrable if and only if it is continuous almost everywhere; (3)
if f is R-integrable then it is also Lebesgue integrable and the value of
the R-integral equals that of the Lebesgue integral of f. However, as
the definition of the R-integral and most of the proofs in [1] rely heav-
ily on very technical details of domain theory, this integral is hardly
accessible to those who know little about domain theory. Furthermore,
unlike the Riemann sum over a partition, the Riemann sum over a sim-
ple valuation, the key structure in defining the R-integral, lacks a clear
geometric interpretation. In this paper we define a Riemann type in-
tegral with a domain-free approach. To make it easier to compare this
integral with other known integrals we first introduce the more gen-
eral M-integral for a given collection M of some measurable subsets
satisfying certain conditions. The integral introduced here is defined
for bounded real valued functions on an arbitrary topological measure
space X which need not be a compact metric space as required in [1];
it is a generalization of the Riemann integral on intervals; a function
f is integrable if and only if it is continuous almost everywhere when
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the space is compact; when f is integrable it is Lebesgue integrable
and the values for these two integrals equal. All these then imply that
this integral is equivalent to the R-integral defined by Edalat when the
space X is a compact metric space.

1. Ordered coverings. Let X be a nonempty set and M be a
collection of subsets of X satisfying

(M1) X and @ are in M;
(M2) A, B € M imply AN B € M.

Definition 1.1. An ordered M-covering of X is an ordered tuple
A= (A1, Ay, ..., AN)
of sets A; in M such that UY ; A; = X. We also use the ordered chain
Ay <Ay <o <Ay

to denote the above ordered covering. Here N could be any positive
integer.

Put Ay = {A: Ais an ordered M-covering of X}.

Remark 1.2. (1) The set A; in an ordered covering could be empty.
(2) For any X and any M, (X) is an ordered M-covering.

Example 1.3. (1) If X is a topological space and M is the collection
of all open sets then M satisfies (M1) and (M2). Such ordered M-
coverings will be called ordered open coverings of X. Ordered open
coverings are used by Edalat in [2] to construct a sequence of simple
valuations that approaches a given measure.

(2) If X is a measure space and M is the set of all measurable sets
of X, then M satisfies (M1) and (M2). Such ordered M-coverings are
called ordered measurable coverings.

(3) Let X be a topological space and M the collection of all closed
subsets of X. Then M satisfies (M1) and (M2).
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(4) Let X be the set R of all real numbers. A subset A of X is said
to be of density 1 at a point c if

AN (e—hetn)
h—0*t 2h
Let M be the collection of all subsets A of X such that A is of density 1

at each point ¢ € A. Then M satisfies (M1) and (M2).

Definition 1.4. Let A=(A41, As,... ,Ax)and B=(By, Ba,... ,By)
be two ordered M-coverings of X. Define A * B to be the ordered
covering in which the M-sets are 4, N B;, 1 <i < N,1<j <M, and
A; N B; < Ay N By if and only if either i < ¢’ or i =4’ and j < j'.

2. The Riemann sums over ordered coverings. We now define
the lower and upper Riemann sums of a bounded function defined on
a measure space and then use these to define the Riemann integral.

In the following we assume that (X,H,u) is a measure space with
w(X) =1, and M is a collection of measurable subsets satisfying (M1)
and (M2). Let f : X — R be a bounded real valued function on X and
A C X. Define

inf f(A) =inf{f(z):z € A} and sup f(A) =sup{f(z):x € A}.
We assume that inf f(@) =0 and sup f(@) = 0.

Definition 2.1. Let f: X — R be a bounded real valued function.
For each A = (A1, A, ... ,AN) € Apy, define

N

N
SUfA) =) (A inf f(A;) and  S™(f,A) =Y u(A;)sup f(Ay),

i=1 i=1

where Aik :Al and A;k :Ai—Uj<iAj,i:2,3,..‘ ,N.

We call S!(f, A) and S*(f,.A) the lower and upper Riemann sums of
f over A, respectively.

Lemma 2.2. Let A,B € Apr. Then, for any bounded function
f: X — R we have

S'(f, A) < S'U(f, Ax B) < SU(f, AxB) < S(f,.A),
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and
SU(f,B) < SY(f, AxB) < S“(f, AxB) < S“(f,B).

PTOOf. Let A= <A1,A2,... ,AN> and B = <Bl,BQ,... ,B]\4>. Notice
that A B = {A; N B;} in which A; N B; < Ay N By if either ¢ < 4', or
i =1 and j < j'. So we have

(AkﬂBl)*ZAkﬁB[— U AiﬂBj,
(1,5)<(k,0)

where (i,7) < (k,l) if either i < k or i = k and j < [. Notice that
Ui<j<mBj = X, hence

U AmBj_U( U (AmBj)>uU(AkmBj)

(5,5)< (k1) i<k N1<j<M j<li
—U(Am( U Bj>>u<A,mUBj)
i<k 1<j<M J<i
=J4u (AkmUBj)
i<k j<l

Hence
(AN B)* = (AxN By) — <UAiu <A,m UBj>).
i<k j<li
We first prove
S'(f, A) < S'(f, Ax B) < SU(f, A B) < S“(f, A).
Now

S'(f, Ax B)
= > (AN B))*)inf f(4;NB))
1<i<N1<j<M
= ‘LL(Al n Bl) inf f(Al n Bl) + M(Al n BQ — Al n Bl)
s inf f(Ay O Ba) + -
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+ul A1N By — A1 N U Bj)lnff(AlﬂBM)—i-
j<M

+u( Az N B — UAi) inf f(Ax N By)

i<k

+pu AkmBQ—<<AkﬂB1 UA))mffAkﬂ B) +

< i<k
+u<Akﬂ By — ((Akm U Bj) U UAZ->>

Jj<M i<k

xinf f(A, N Bag) +
—|—/.L<AN N Bl - U Az) inf f(AN ﬂBl)
<IN
+,LL<ANQBQ—(ANQBl UA))IHffANﬂBQ)
i<N
+u<ANm By — ((ANm U Bj) u Y AZ-))
j<M <N
X inf f(AN N BM)

For each 1 < k < N, we have

u<A,€mB1 —|J A ) inf f(Acn By)
i<k
+M(AkmBg—(Akm B))U UA))mffAkﬂ By) +

i<k

+p(A,m BM—<<A,m U Bj) 4 )mffA,m Bur)

J<M i<k

> {u(AkﬂBl—UAi)jLu(Akm&—(AkmBl UA))

i<k i<k

+M(AkﬂBM—(<AkmU ) UA))}mffAk)

j<M i<k



2134 D. ZHAO AND P.Y. LEE

=u(<AkmBl—UAi) U(AkmBQ— ((A,m Bl)UUAi)) U---

o (e (120 U )0 U aY) ) e s
j<M i<k
= M(Ak - U Ai) inf f(Ax),
i<k

where the last and the second to the last equation follow from the fact
that the sets

AkﬁBl—UAi,AkﬁBg—<Akﬁ BluUAi),...,

i<k i<k
AN By — ((Akﬂ U Bj> U UAZ)
j<M i<k
are pairwise disjoint and their union is Ay — (J, ), A
Since A — U< A; = Aj, it then follows that
S'(f, AxB) > S'(f,A).
Similarly we can prove
SU(f, AxB) < S(f,A).
Now we prove
S'(f,B) < S'(f, AxB).

For each 1 <[ < M, the sum of the terms in S'(f, A * B) involving B,
is

(AN By)*)inf f(A1 N By) + p((A2 N By)*)inf f(A2 N By) + -+
=+ ,U,((AN N Bl)*) inf f(AN n Bl)
> (AN B)*) + (A2 N By)*) + -+ p((Ax 0 By)")]inf f(By).

In addition, u((A1 N By)*) + u((Aa N B)*) + -+ u((Ax 0 B))*)) =
p((A1N Bp)*U (AaN By)*U---U (AnN By)*) because (A1N By)*, (42N
B))*,...,(Ax N By)* are pairwise disjoint.
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Notice that for any four sets A, B,C and D we have the equation
(A—B)N(C—-D)=ANnC - ((BNC)UD). Then for each m < N,

(An N BY)* = (AN By) — ((Am n UBj> u Ai)

g<l i<m
= <Bl— UBj) N <Am— U Ai)
i<l i<m
=B/ N (Am — U Az)
i<m

Hence

(A1N B)*U (AanN B)*U---U (Axv N By)*

:BZ*QQ(Ai—UAj)

7<i

N
:BZ*QUAi:Bl*ﬂX:Bl*.
=1

Therefore, S'(f, A*B) > > j<nr M(B;)inf f(B)) = Si(f,B). Similarly,
we can show S“(f, Ax B) < S*(f,B). The proof is complete.

Corollary 2.3. For any A, B € A, SU(f, A) < S“(f,B).
Proof. This follows from

S'(f, A) < S'U(f, Ax B) < SU(f, Ax B) < S“(f,B).

Definition 2.4. Let M be a collection of measurable sets of X
satisfying (M1) and (M2). For any bounded function f : X — R define

(M) / fdu=Sup {S'(f.A): Ae M),

(M) /_ Fdp = If{SU(f, A) : A € M}.



2136 D. ZHAO AND P.Y. LEE

Remark 2.5. (1) From Corollary 2.3 it follows immediately that
) [ saps o [ o

(2) If My C My, then obviously

M) [ faus o) [ fan< My [ pan< ) [ fan

(3) If in an ordered covering A = (43, Ao, ..., An), A; is contained
in the union of those A; with j < ¢, then we can remove A; from A
without effecting the values of the Riemann sums. In particular we can
always remove the empty set from A.

3. The M-integral. Now we can define a Riemann type integral for
each M satisfying the conditions (M1) and (M2) which includes both
the Riemann integral and the Lebesgue integral as special cases when
the functions considered are bounded.

Definition 3.1. Given a collection M of measurable sets satisfying
the conditions (M1) and (M2). A bounded real valued function f :
X — R is called M-integrable if

M [ fau= ) [ rdu
In this case we call (M) [ fdu= (M) [~ fdu the M-integral of f on

X and denote it by

(M) /f dp.

Corollary 3.2. If My C My then by Remark 2.5, every M;j-
integrable function is also Ma-integrable, and in this case

(Ml)/fdu: (Mz)/fd,u.
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For any scalar k and any two functions f and g we have

M) [ K=k [ fan ) [ kpau=ko) [
and

M [ faus M) [ g

S(M)/_(f+g)du§(/\/l)/ (f +9) du

S(M)/_fdwr(/\/l)/_gdu-

From these we obtain

Corollary 3.3. If f and g are M-integrable functions and k is any
scalar, then both kf and f + g are M-integrable, and in these cases

M) [+ 9 dn= M) [ fau+ M) [ gdn,
M) [ kg an=km [ 1

The following lemma can be verified directly.

Lemma 3.4. Let f: X — R be any bounded function. Then the
following statements are equivalent:

(1) The function f is M-integrable.
(2) For any & > 0 there exists A € Aprq such that

Su(f, A)— SY(f,A) <e.

(3) There is a number b such that for any € > 0 there exists
A= (A1, Ay, ... ,AN) € Apq such that

N

S (A f(E) ~b| <e

i=1
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holds for arbitrary points & € A;, i =1,2,... ,N.
(4) For any € > 0 there is A= (A1, A, ... ,AN) € A such that

> A w(f, A) <,

=1

where w(f, A;) is the oscillation of f on A;.

4. The Lebesgue integral for bounded functions. In this
section we consider the L-integral where L is the set of all measurable
sets of X. It turns out with no surprise that this is exactly the Lebesgue
integral.

The Lebesgue integral of a bounded real valued function can be
defined in various equivalent ways. Here we adopt the following
definition. For the case when X = [a, b] see [4, Definition 3.6].

Let s : X — R be a measurable function. The function s is a
simple function if it has a finite range, equivalently, if there are pairwise
disjoint measurable sets E1, Fs, ... , E, of X which form a covering of
X and s = ZZ=1 ¢k XE,, where Xpg, is the characteristic function of
E). The Lebesgue integral of the simple function s = >_;'_, ckXg, is

defined by
/Sd,u = ek p(E).
k=1

Definition 4.1. Let f be a bounded measurable function on X. The
lower and the upper Lebesgue integrals of f are defined by

/ f =sup { /qbd,u 1 ¢ < fis a simple function}7
/7 f =inf { /wdy 11 > f is a simple function}.

If these two integrals are equal, then f is called Lebesgue integrable on
X and the common value is denoted by (L) [y fdpu, or simply [ fdpu.
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Lemma 4.2. A bounded function f is Lebesgue integrable if and
only if for any € > 0 there is an ordered measurable covering A =
(E1, Ea,...,E,) of X such that

Su(f,A) = SHf,A) <e

Proof. Suppose the condition is satisfied. For any € > 0, let
A= (FEy,FEs,...,E,) be an ordered measurable covering satisfying

SU(f, A) = SY(f, A) <e.

If necessary we can replace A by the ordered measurable covering
B* obtained by removing the empty sets from the covering A* =
<E1,E2 - El, PN ,Ek - Uj<kEja e ,En - Uj<nEj>~ This is possible
because S'(f, A) < S'(f, A*) < SU(f, A*) < S*(f, A), and S'(f,B*) =
SU(f, A*), S¥(f, B*) = S“(f, A*). Thus we can assume the sets E; are
pairwise disjoint and nonempty. Define two simple functions ¥ and ¢
as follows:

n

wZZS‘XEw ¢:ZliXEi;
=1 =1

where s; = sup f(F;), I; = inf f(E;). Obviously ¢ < f < 4,
and [¢du = S'(f, A), fz/Jd,u = S*%(f,A). This then deduces that

[~ f=[_f<S“f A —S!(f,A) < e Thus f is Lebesgue integrable.

Conversely if f is Lebesgue integrable, then for any € > 0 there are
simple functions ¢ and v such that

$=> aXm < f<P=> siXp,

/wd,u—/¢du<5.

Let A be the ordered measurable covering formed by the pairwise
disjoint sets Ex N B; in any fixed order. Then one easily verifies that

J ddu < SH(f,A) < S"(f.A) < [ ¥ dp, hence

S*(f, A) = S'(f, A /wdu /qbd,u<s

and
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Corollary 4.3. A bounded function f is Lebesque integrable if and
only if it is L-integrable. In this case the values for the two integrals
are equal.

Since L is the largest collection of measurable sets satisfying the
conditions (M1) and (M2), by Corollary 3.2 we deduce the following.

Corollary 4.4. Let M be a collection of measurable sets satisfying
the conditions (M1) and (M2). If a bounded function f is M-integrable
it is also Lebesque integrable, and in this case

(M)/fdu=(L)/fdu~

5. The R-integral. In this section we consider an integral
for bounded real valued functions defined on a topological space X
equipped with a normed Borel measure p, that is 4(X) = 1. Let O be
the collection of all open sets of X. The O-integrable functions will be
called R-integrable functions. We shall prove that the R-integral is a
generalization of the Riemann integral on intervals.

An ordered O-covering of X is called an ordered open covering.

Let f: X — R be a bounded function. Recall that, for each subset
A of X, the oscillation of f on A is defined by

w(f,A) =sup{f(z):z € A} —inf{f(x): x € A},
and for each point a € X, the oscillation of f at a is defined by

w(f,a) =inf{w(f,U) : U is an open neighborhood of a}.

It is well known that f is continuous at a if and only if w(f,a) = 0.
For each € > 0, the set D(f;¢) = {z : w(f,z) > €} is a closed subset of
X, and the set of discontinuity points of f, denoted by D(f), is

“+oo

D(f) = D(fi1/n).

n=1
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A function f is said to be continuous almost everywhere if

n(D(f)) = 0.

Lemma 5.1. If a function f is R-integrable, then f is continuous
almost everywhere.

Proof. Suppose, on the contrary, u(D(f)) # 0. Then u(D(f;1/n)) #
0 for some n. Now for any ordered open covering A = (Ay, As,... , An)

of X,

=

SU(f,A) = SHEA) =D u(Ap) w(f, Ar)

k=1

NE

u(D(f;1/n) N AR) w(f, Ak)-

=~
Il
_

Notice that D(f;1/n)NA; C D(f;1/n)NAg. If u(D(f;1/n)NA;) #
then D(f;1/n) N Ay # @. Since Ay is open, it follows that w(f, Ak)
1/n, thus u(D(f;1/n) 0 A7) w(f, A) > p(D(f1/n) N A1/,
w(D(f;1/n) N Af) = 0, then trivally u(D(f;1/n) N A}) w(f, Ax) =
u(D(f;1/n) N AR)1/n.

Hence we have

=V O

N
Zu (f;1/n) N AR w(f, A) > Y u(D ﬂmﬂh)
k=1 k=1

S (D1 /m) 1 A7) = (D5 1/m).

k=1

S|

The last equation follows from the fact that the Aj’s are pairwise
disjoint and their union is X. This contradicts the assumption that
f is R-integrable. Hence u(D(f)) = 0.

For the converse conclusion to be true we need the measure to have
the following property:

For any measure zero set A and any £ > 0, there is an open set U,
such that

(%) ACU and pU)<e
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Lemma 5.2. Let X be a compact Hausdorff space with a normed
Borel measure p satisfying the condition (x). If f is bounded and
continuous almost everywhere, then f is R-integrable.

Proof. Assume that f is continuous almost everywhere and |f(x)| <
B for all x € X, where B is a positive number. Now for each € > 0,
by condition () we can choose an open set A; containing D(f) such
that pu(A41) < (¢/4B). As a closed subset of X, F = X — A; is
compact, and f is continuous at every point in F. Thus there is an
open covering of F, say {Aa, Aa,... , An} such that w(f, Ax) < (¢/2)
for each k =2,3,... ,N. Put A= (Ay, As,... ,An). Then

SU(f, A) =S'(f, A ZuAk w(f. Ax) < 15 2B+ ZuAk

Hence f is R—lntegrable.

Theorem 5.3. Let X be a compact Hausdorff space with a normed
Borel measure satisfying the condition (x). Then a bounded function is
R-integrable if and only if it is continuous almost everywhere.

It is well known that a bounded function defined on an interval [a, b]
is Riemann integrable if and only if it is continuous almost everywhere.
And in this case the Riemann integral and the Lebesgue integral of f
are equal. The Lebesgue measure y on [a, b] satisfies the condition (x).
Thus combining the above results we obtain the following corollary
which shows that the R-integral is a generalization of the Riemann
integral.

Corollary 5.4. A bounded function f on [a,b] is Riemann integrable
if and only if it is R-integrable. And in this case the values of the two
integrals of [ are equal.

Remark 5.5. (1) Let X = [a,b] and T = {[¢,d] : a < ¢ < d < b}U{@}.
Then 7 satisfies the conditions (M1) and (M2) and we can prove that
Z-integral also coincides with the Riemann integral.

(2) Suppose B is a basis of a topological space X which includes X
and &, so B satisfies (M1) and (M2). It is natural to ask if B-integral
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is equivalent to the R-integral. Since B C O, by Corollary 3.2 if f is B-
integrable, then it is R-integrable and the values of the two integrals of f
are equal. Now suppose f is R-integrable and X is a compact Hausdorff
space with a normed Borel measure satisfying the condition (x). Then
f is continuous almost everywhere by Theorem 5.3. Let B be a bound
of f. For each € > 0 choose n > 0 with 1/n < (¢/2). Then there is
an open set U of X with u(U) < (¢/4B) and D(f;(1/n)) C U. There
exist Uy, Us, ... , Uy € Bsuch that D(f;(1/n)) CULUUy---UU,, CU
because D(f;(1/n)) is a closed subset of the compact space X and
B is a basis. Let W = Uy UUsy---UU,,. Now for each x € W*¢ we
have w(f,z) < (1/n), so there exists an open neighborhood V of z
such that w(f,V) < (1/n), and this V' can be chosen from B. Since
W€ is compact it follows that there are U,,41,...,Unx € B such that
weC U, Ui and w(f,U;) < (1/n) for each i =m+1,... ,N. Let
A = (U1,Us,...,Un). Then A is an ordered B-covering, and we have
the following equations and inequalities:

N

SU(f, A) = SUfA) = Z w(U7) w(f, Us)

Hence f is B-integrable.

Remark 5.6. In [1] Edalat defines a Riemann type integral on compact
metric spaces, also called R-integral, by using domain theory. He
also proves that a bounded function f is R-integrable if and only if
it is continuous almost everywhere [1, Theorem 6.5], and in this case
R-integral of f is equal to the Lebesgue integral of f [1, Theorem
7.2]. Thus when X is a compact metric space then our R-integral is
equivalent to Edalat’s R-integral, and the values of the two integrals
coincide for every integrable function.



2144 D. ZHAO AND P.Y. LEE

6. Computability of R-integral. Compared with the Lebesgue
integral, a distinct virtue of the Riemann integral is its computability,
as was pointed out by Edalat in [1]. In terms of the definition given in
this paper, computability means that one can choose a fixed countable
collection {A;}52, of ordered open coverings such that for each R-
integrable function f, we have

/fdu: lim S(f, A,) = lim S*(f, An).

For compact metric spaces, Edalat has proved the computability of
R-integral by using the domain theory. Here we provide an elementary
proof for this fact.

In the following we assume that X is a compact metric space with a
normed Borel measure p satisfying the condition (x).

The main step in the proof is to show that if f is R-integrable then
for any € > 0 there is § > 0 such that for each ordered open covering
A = (A1, As, ..., AN), if dim(A;) < 6 for ¢ = 1,2,..., N, then
Su(f, A) — Si(f, A) < e, where dim (4;) = sup{d(z,y) : 7,y € A;}.

To prove the main result we need the following lemma.

Lemma 6.1. Let f: X — R be a real valued function defined on a
compact metric space and w(f,x) < ¢ hold for all x € X. Then there
is an € > 0 such that

[f(x) = fly)l <6

whenever d(x,y) < €.

Lemma 6.2. Let f : X — R be R-integrable. Then for each
e > 0 there is 6 > 0 such that for any ordered open covering A =
(A1, As, ..., AN) if dim (A;) < § for each i =1,2,... N, then

Su(va) _Sl(faA) <e.

Proof. Suppose |f(z)] < B for all x € X. By Lemma 5.1, f is
continuous almost everywhere. Choose a number r > 0 with r < (£/2).
The set D(f;r) = {x € X : w(f,z) > r} is closed and has zero measure.



RIEMANN INTEGRAL 2145

Take an open set U 2 D(f;r) such that u(U) < (¢/4B). Since X is
compact there is an open set V satisfying

D(f;r) SV Cel(V) CU, (V) £U,

where cl (V) is the closure of V. Let §; = inf{d(x,y) : x € cl(V),y €
X —U}. Then 6; > 0 and w(f,z) < r for all z ¢ V. By Lemma 6.1,
it follows that there exists do > 0 such that for any z,y € V¢ if
d(z,y) < g then |f(z) — f(y)| <r < (¢/2). Let § = min{dy,d2}. Now

suppose A = (A1, Ag,... ,An) is an ordered open covering such that
dim (A4;) < § for t = 1,2,... ,N. Then each A; is either contained in
U or is contained in V. Assume that A4, , A;,,... ,A;,, are contained
in U and the rest of them are contained in V¢. Then
m
SU(f,A) = S'(f, A) =Y p(Ay, ) (sup f(Ay) — inf f(A;))
j=1
+ ) u(Af)(sup f(Ag) —inf f(A))
k#ij
- * € *
< QBZ p(Ai") + B Z 1((Ax)").
J=1 k#i;

Note that the sets A;* are pairwise disjoint sets, so

m

> A;) = p(Uj=147,) < p(U).

j=1
Similarly
D uAp) < p(ve).
ki,
Hence
SU(f,A4) = S'(f, A) < 2Bu(U) + S (V) £ S+ 5 ==

The proof is complete.

Theorem 6.3. For each n € N choose an ordered open covering A,
such that each A; in A, has diameter less than 1/n. Then a bounded
function f is R-integrable if and only if

lim S'(f,A,) = lim S“(f, A,),

n—oo
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and in this case

/fdu: lim S'(f, A,) = lim S“(f, A,).

Proof. By Lemma 3.4 the condition is evidently sufficient. The
necessity follows from Lemma 6.2. The equations

[ = lim 874 =t 57, A,)
obviously hold. ]

Remark 6.4. Since X is a compact metric space, for each n > 0
there exists an ordered open covering A4, such that for each A; in
A, dim(4;) < (1/n). Also by Lemma 2.2, if we define B,11 =
Api1xB, forn=1,2,..., then {B,}2, is a sequence of ordered open
coverings that can replace {A4,}52,. In addition, for each bounded
real valued function f we have two monotone sequences S'(f,B,) /
and S*(f,B,) \,, which converge to the same number when f is R-
integrable.
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