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ASYMPTOTIC APPROXIMATIONS OF
EIGENVALUES AND EIGENFUNCTIONS FOR
REGULAR STURM-LIOUVILLE PROBLEMS

HASKIZ COSKUN

ABSTRACT. In this paper, we obtain estimates for the
eigenvalues and eigenfunctions associated with Sturm-Liouville
equation y” + (A — q)y = 0 having regular endpoints under
the condition that ¢ € L[0, 7).

1. Introduction. We consider the differential equation

(1) ' (1) + (A= q(t)y(t) =0,

defined on the interval [0,7] where ¢ € L'[0,7]. We impose the
following boundary conditions

(2) y(0) sina + ¢'(0) cosa = 0
3) y(m)sin 3+ o/ () cos B = 0

where « and [ are real numbers. In the case § = 7/2, the boundary
condition at 7 is known as a Dirichlet boundary condition, and the case
£ = 0 known as a Neumann boundary condition. We make the point
that a more general second-order differential equation

(4) {p()y' (O} +{As(t) —a(®)}y(t) =0

can be reduced to an equation of type (1) by using the Liouville
transformation if p” and s” exist and are piecewise continuous [3]. In
this case, the boundary conditions (2)—(3) do not change their form.

The derivation of asymptotic approximations of eigenvalues for regu-
lar Sturm-Liouville problems has a long history. Motivation for study-
ing eigenvalues and eigenfunctions arise from different types of problems
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including reconstructions of potentials from a knowledge of spectrum,
the general theory of periodic potentials and Hill’s equation. We men-
tion in particular the results of [1, 4-6, 8-11].

In this paper we derive asymptotic approximations for the eigenvalues
of (1)=(3) to within an error term of arbitrary order under the sole
condition that ¢ is a member of L1[0, 7].

We suppose without loss of generality that ¢ has a mean value zero,
ie.,

(5) / " gyde =0,

and denote the real Fourier coefficients of ¢ by A,, and B,, where

1 g 1
n=— q(t) cos(nt)dt, B, = —
2m Jo 2m

(6) / o(t) sin(nt) dt.
0
2. The method. We associate with (1) the Riccati equation
(7) v = -A+q—0%

It was shown in [7] that if v(z, A) is a complex-valued solution of (7)
and

(8) S(z, ) :=Re {v(z,\)},
(9) T(x,A) :=Im {v(z,\)},

then any real-valued solution of (1) may be written as

(10) y(xz,\) = R(x, A) cos(T(z, N)),
where
(11) %/ =S(z,\), ¥ =T(x,N).

Our approach to approximating the eigenvalues A, of (1)—(3) is to
approximate those A\ which are such that

(12) T(m, ) — T(0,\) = /0 " e 2) da.
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We suppose that there exist functions A(z) and n(\) so that

(13) ] J dt] < Am(N), we 0]

where A(z) is a decreasing function of z, n(A) — 0 as A — oo and
A(z) € L'[0,m]. The existence of these functions are established
in [2]. We restate them for completeness. Avoiding the trivial case
ST lq(t)| dt =0, we define

(14)

ST gty ar] /[T ()] dr i [T la(t)] dt £ 0,
0 if [T q(t)] dt =0,

then 0 < F(x,A) <1, and we set

F(z,A) := {

(15) 1 ={gs, o Fla,

n(A) is well defined by (14) and goes to zero as A — oo [2]. We now
approximate to a solution of (7) on [0, 7]. We set

(16) vz, A) == iX/? 4 i vn (2, N),

n=1

and choose v,, so that

vh 4+ 2iN 20, = g,

vl + 2iN 20y = —0?,

and forn =3.4,...,

n—2
vl 4 20N 2y, = — (v,%l +20n-1 Y vm>.
m=1
Solving v,s forn =1,2,3, ...,
(17) v (:L‘, )\) _ _e_gi)\(l/z)z /7r ezi)\(l/Z)tq(t) dt,

(18) va(z, \) = —e~2A?” / 2 (8,02 dt,
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T n—2
(19) vz, \) = _p—2ia/De / 2N/ <Ufz—1 + 20,1 Z vm) dt.

m=1

The following lemma is also going to be used in the proof of the results.

Lemma 1 [2]. There exists a sequence {k,} of real numbers with

[on (2, N)| < kpn(A)™ for X sufficiently large.

It is shown in [2] that Y7 | v, (2, A) is uniformly absolutely conver-

gent for all A > A\g and for all z € [0,7]. It also follows from the

choice of v,s that > 7, v/ (x,A) is uniformly absolutely convergent.

The series iA/2 + 3> v, (z, \) is therefore a solution of (7) and

(20) T(z,A\) =Im {v(z,\)} = A2 + Im (i v (2, )\)),

n=1

(21) S(z,A) =Re {v(z,\)} =Re (Z vn (2, )\))

n=1

Using (5), (19), and changing the order of integration one can easily
obtain that

g 7 i 1 1/2
22) / vy (£, A dt:—/ q(t)e?™ "t dt,
( | ) oz ), (t)
(23) / w(t,A)dt:ﬁ/ V2, A) (1 — 2271 g,
0 0

and, for n > 3,
(24)

- ) . n—2
i y1/2
Un(t, ) dt = / (vi + 20,1 ) vm>(1—62“ *) dt.
/0 oA 1 Pt
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3. Approximations for the eigenvalues. In this section, we
derive asymptotic approximations for \,, the eigenvalues of regular
Sturm-Liouville problem, to within an error term of arbitrary order
under the condition that ¢ € L'[0, 7].

Theorem 2. The eigenvalues A, of (1)—(3) satisfy as A — oo
i) for a #7/2, 8#7/2,

(n41)m = AY21 4 ilm { /OW U (2, \) dx}

n=1

(25) —tan! (ﬁ (S(m,A) + tan ﬁ))

1

+ tan™* (m (S(0,A) + tan a))

ii) fora=p=m7/2

(26) (n+ 1)1 =A"21+ ilm { /07r Un(, \) d:c}

n=1

where T'(xz,\) and S(z,\) are defined in (20) and (21), respectively.

Corollary 3. In the case of the Dirichlet boundary condition,
eigenvalues of (1)—(3) satisfy as n — oo

(27) )\:L/Z =(n+1)-— ﬁ Ag(ng1) + O(n~'n(n)?) 4+ O(n*n(n)),

where n(n), defined by (15), is the order of the Fourier coefficients of
q, and Agn11) is given by (6).

Corollary 4. In the case of the Dirichlet boundary condition,
eigenvalues of (1)—(3) satisfy as n — oo

1 1

+0(n"'n(n)’) + O(n~?n(n)?) + O(n""n(n)),

(28)
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where

F(n) = /O“ sin((n 4+ 1)z) sin(3(n + 1)x)(F2(n,z) — F2(n,2)) dv

(29) x
- 2/ sin((n 4+ 1)x) cos(3(n + 1)) Fe(n, z) Fs(n, x )dz,
0
and
F.(n,z) = i q(t) cos2(n+ 1)tdt
o ’

Fi(n,z) = /Tr q(t)sin2(n + 1)t dt.

Corollary 5. In the case of the Neumann boundary condition,
eigenvalues of (1)—(3) satisfy as n — oo

1

12 _ (p,
(31) A/ =( +1)+(n+1)

As(ns1) +O(n~'n(n)?) + O(n"?n(n)).

Proof of Theorem 2. i) Using (10) we find that for « # 7/2, 8 # 7/2

(32) y(0)sina +y'(0) cosa
= R(0,\) cos(¥(0,\)) sina + R'(0, ) cos(¥(0, A)) cos «
— U0, \) sin(¥(0, \))R(0, \) cos a
= R(0,\) sin(y — ¥(0, \)),

where

(33) siny=sina-+ ]; cosa, and cosy = V¥'(0,))cosa.

Therefore,

(34) tam_( tana R0\ >
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Considering (11) and (34) we see that

(35) v = tan™? <ﬁ (S(0,A) + tana)).

Hence from (32) the first boundary condition (2) is satisfied if

(36) T(0,\) = =tan"! (ﬁ (S(0,A) + tan a)).

Similarly, the second boundary condition (3) is satisfied if

(37) U(m,\) = (n+ 1)7 + tan™* ( (S(m, ) + tan ﬂ))

T(m, \)
for the integer n. The result now follows from (12), (20), (36) and (37).
ii) when o = 8 = 7/2 the first boundary condition (2) is satisfied if

™

(38) (0, A)

)

[\

and the second boundary condition (3) is satisfied if

(39) U(m,\) = (n+1)7r+g

for integer n. Again the result follows from (12), (20), (38) and (39).

Proof of Corollary 3. Using Theorem 2-ii, (5), (17)—(19) and

Lemma 1, we see that the first approximation for /\,1/ % is

A2 = (n+1) +0(n~t(n))

where we have written n(n) for n(n + 1). Also

—1/2 _ 1 B 1 . .
WS GE AT 0w ) G HOr e,
and
(40) 621')\;/215 = exp {21(71 + l)t + O(ﬂiln(n))}

=exp{2i(n+ 1))} + O(n"n(n)).



874 H. COSKUN

Thus by Lemma 1, Theorem 2 ii), (22) and (24)
(41)
A7 = (n41)7 —Im { / vy (t, \) dt} +0(n (V)%
0
1
22,/

=(n+1Dr—Im { /OW 2Nty (1) dt} + 0 'p(\)?)

— (n4+1)7—TIm { 2(n’+ 5 /Oﬂ exp(2i(n + D))q(t) dt}
+0(n"'n(n)?) + O(n"*n(n))
1 s
Nt D) /0 cos(2(n + 1)t)q(t) dt
+0(n"'n(n)?) + O(n"*n(n)).

=(n+1)m—

The result follows from (6) and (41).

Proof of Corollary 4. From (27) one obtains that

—1/2 _ 1
M = ) = (1)) Asey & O =208 + Ot n()]
= Ay + O () + O ().

(n+1)  (n+1)

Also from Theorem 2 ii), Lemma 1, (22) and (24)

(42) A 2r = (n+1)r —Im { /Oﬂ v1(t, ) dt} —Im { /O7r vy (t, \) dt}
+0(n"'n(\)?).

We now evaluate the integral terms in (42). From (22)
™ 1 ™

(43)  Im { / v1(t, \) dt} =7 / q(t) cos(2AY/2¢) dt.
0 20" Jo

By using the second approximation for A% in (27), we see that after
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some calculations

Im { /077 v1(t, A) dt} = ﬁ /OW q(t) cos(2(n + 1)t) dt
+ Asnt1) /ﬂ tq(t) sin(2(n + 1)t) dt
)

" (n—|—1)
“ O(n~2n(n)?) + O(n~*n(n))
= (nl—l— o q(t) cos(2(n + 1)t) dt
+0(n"?n(n)?) + O(n"*n(n)).

The last equality holds since

/Oﬂ tq(t) sin(2(n + 1)) dt = O(n(n)).

Similarly, from (23),

[Tt arf

7 g 7 g iNL/2
_Im{%—lmA U%(t7>\)dt—m/o 'U%(t,)\)82)\ tdt}

After some calculations we find that

Im { /Oﬂ v (t, ) dt}

= —11/2 [/ 005(4/\1/2t)</ q() C08(2/\1/23:) da:) dt
2 0 .

— / i cos(4 Al/%)( /t ! q(z) sin(2\Y/ %) d:c)th
+2 /O sin(4\1/2¢) ( /t " (2) sin(201/25) dx)
(45) X (/t q(x) cos(2AY 2z )d:v) dt

/O cos(2X1/2t) ( / q(x)cos(2)\1/2x)da:>2
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- /0 ’ cos(2/\1/2t)( /t ! q(x) sin(2\Y/ %) d:c)2
9 /0 ! sin(2/\1/2t)< /t " (2) sin(2)1/25) dx)
« ( /t " 4(2) cos(2)12z) da:) dt.

Combining the similar terms in (45), we get

(46) Im{ / vt ) dt}
0
1 T 2
_T{/ [005(4)\%215) cos(2 )\1/215 </ q(z) cos(2\Y/ 2z )d:c) dt
2)\n/ 0
™ 2
+/ [cos(2/\,1/2t) cos( 4/\1/215 </ g(z) sin(2\22) d ) dt
0
—|—2/ [sin(4/\71/2t) sin( 2)\1/215 (/ q(z) sin(2\Y %) d )
0

y ( /t " () cos(2AV/22) dx) dt.

Using (27) and the trigonometric formulas

sin2A — sin2B = 2sin(A — B) cos(A + B),
cos2A — cos2B = —2sin(A — B)sin(A + B),

we see that (46) becomes
(47) Im { /Oﬂ— va(t, A) dt} = _(anl) F(n)+ O(n_Qn(n)S)’

where F(n) is given by (29). Finally, substituting (44) and (47) into
(42), we prove the corollary.

Proof of Corollary 5. From Theorem 2 i) for & = =0 we have

N2 = (n—|—1)7T—Im{/OTr o (8 ) dt} - (S(?T,A))

T(m,\)
—tan~! (;Eg: i;) +O0(n"'n(\)?).

(48)
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Also from (17)—(19), (20), (21) and Lemma 1,

S(z,\) = — (cos(2A1/2a:) ( /m " (1) cos(221721) dt)

(49) + sin(2A1/2z) ( /7T q(t) sin(2A1/?1) dt))
+0(n(N)?)
= —sin(2\%z + &) + O(n(N)?),
and
T(z,\) = A2 — cos(2A'/2z) ( /7r q(t) sin(2XY/2¢) dt)
(50) + sin(2)\1/2x)< / " 4(8) cos(201/21) dt> L0
= M2 —cos(2A %z 4 &) + O(n(N)?),
where

(51) sing, = /7r q(t) cos(2\Y%t) dt, cos &, = /7r q(t) sin(2XY/2¢t) dt.

Hence,
S(x,A) _ sin@2A2z + &) + 0(n(N)?)
T(x,\) AL/2
X [14+ A2 cos(2A 22 + £,) + O(A™Y2p(N)?)]
(52)

= - A"Y2Zsin(2\ 22 + &) — A sin(2AY 22 + &)
x cos(2AY 2z + £,) + ON"/2p(\)?)
= - A"YZsin(2A 22 + &,) + O(A"2p(N)?).
The last equality holds since
sin(2A22 + &) = 0(n(),  cos(2A?z + &) = O(n(\).
From (52)

(53) tan~! (S > = A" Y2520 22 4+ £,) + O(AY2(N)?),
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and finally, using the first approximation \/* = (n+1)+0(n"1n(n)),
one observes that

(54)
(S AN -1 2 -2
tan™ (§§8 ii) T (712:1) Aguiny + O~ (n)?) + O(n~2n(n)),

and from (43)

Im { /OTr vy (t, A) dt} = 2(%_’_1) /OTr q(t) cos2(n+1)tdt
(55) L Om-"n(m)

_ ﬁ As(ni1y + O(n"2n(n)).

Substituting (54) and (55) into (48), we prove the corollary.

4. Approximations for the eigenfunctions. In this section we
obtain approximations for the solution of (1)—(3). It is shown in [7]
that any nontrivial real-valued solution, z, of (1) can be expressed as

(56)  2(2,A) = e exp ( /O "5 dt) COS{Cg—l— /O 1) dt},

with
(57)

2 (2, \) = e1S(z, \) exp (/ S(t,A) dt) cos {62 —l—/ T(t, \) dt}
0 0
— ¢y exp (/ S(t, A) dt) (sin {cz—i—/ T(t,\) dt})T(w, A),
0 0
where T'(x,\) and S(x, \) are given by (20) and (21), respectively.

Lemma 6. Let p(x,\) be the solution of (1) satisfying

(58) 90(07 /\) =0, 50/(07 /\) =-1,
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then

(59) oz, \) = T(_O,l/\) exp (/Ox S(t,\) dt) <sin/0z T(t,\) dt>.

Proof. From (56), (57) and (58)

©(0,A) = ¢y cosca =0,
©'(0,\) = ¢15(0,\) coscg — ¢1 sineaT(0, ) = —1,

and it follows that a choice of c; = 7/2 and ¢; = 1/T(0, A) satisfy the

last equalities. Substitution of these constants in (56) will prove the
lemma.

Lemma 7. Let ¢(x, \) be the solution of (1) satisfying

(60) $(0,A) = 1,¢'(0,A) =0,

then

(61) Wz, \) = Coicz exp ( /O ") dt) cos <cQ+ /O T dt),
where

(62) ¢ = tan~! ( g Eg i;)

Proof. From (56), (57) and (60)

(63) P(0,\) =cycosca =1
(64) ' (0,A) = ¢15(0, ) cosca — ¢1 sineaT'(0,\) = 0,
hence

S(0, )
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Therefore c; = tan~1(S(0,\)/T(0,))) and, from (63), ¢c; = 1/cosca.
Substitution of these constants in (56) will prove the lemma.

Theorem 8. Solution of (1) corresponding to the Dirichlet boundary
condition satisfies, as n — oo,
(65)

1 . 1 * 9
o(z,n) = D) sin [(n+1)z — m/o q(t) dt] + O(n"*n(n)).

Proof. We evaluate each term in (59). From (50),
T(0,A) = A2+ 0(n(N)),
and

(66) 1 1

T(0,N)  ANZ10@H(0N) A2 0T In(N).

We now evaluate [ S(t,A\)dt = [ Re(v(t,\))dt. Using (17)-(19)
and Lemma 1, we see that

xT T us
/ S(t, ) dt = —/ cos2)\1/2t(/ cos 222 zq(x) dw) dt
0 0 ¢
(67) —/ sin2)\1/2t(/ sin 22/ 22q(x) dx) dt
0 ¢
+ON (N3,

and after some calculations
(68)

’ _ 1 1/2 T on1/2
/OS(t,)\)dt—2>\1/2 {005(2)\ x+ &) /05111(2)\ x)q(z) dx

+ O 2N,
where sin &, and cos&, are defined by (51). From (68)

(69) exp ( /0 " S dt)

1 T
=1 g o e ) - [T (o) ]

+ON2n(N)).
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Similarly

(70)

/ T(t,\) dt = X2z — sin(2)\1/2x—|—fz)—/ cos(2AY22)q(z) dx
0

|
2)\1/2 o

- “4(0) dt] O (a2,

(71)
sin (/OIT(t, A) dt) = sin <)\1/2x - 2/\11/2 /qu(t) dt> + O\ Y2(N)).

Substituting (66), (69) and (71) into (59) we get

(72) @z, A) = =A"2sin (Al/% - 2;1/2 /qu(t) dt) + 0" ().

Using the second approximation for A, given by (27) we prove the
theorem.

Theorem 9. Solution of (1) corresponding to the Neumann bound-
ary condition satisfies, as n — oo,

1 v _
P(z,n) = cos ((n + 1)z — m/o q(t) dt) +O(n"'n(n)).

Proof. We evaluate each term in (61). From (53)

(73) cy = tan~! <§Eg:§;> =_\"1/2 /Oﬂ q(t) cos N2t dt
+O0(A2n(N)?)

- (n2—:—71) Azns1) + O~ n(m) + O™ n(n)%),
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cosco = 1+ 0(n"2n(n)) + O(n"'n(n)?),
=1+0(n ?n(n)) +0(n 'n(n)?),

. 2 _ _
sincg = — ﬁ As(nt1) +O0(n n(n)) + O(n~'n(n)?).

COS Co

Also, from (71) and (31),

sin (/;T(t, A) dt) = sin {(n—l—l)x - 2(%1) /qu(t) dt] +0(n"n(n)),

( / ") dt) ~ cos [mm - ﬁ / ") dt] +0(n""n(n)),

cos (CQ + /OI T(t,\) dt) = cos (/o

= cos {(n + 1)z — ﬁ /Ow q(t) dt}
+0(n"n(n)),

x

T(t,\) dt) +O0(n"'n(n))
(74)

and, from (69),

(75) exp (/Ow S(t,\) dt) =14+ 0(n"n(n)).

Substitution of the values of (73), (74) and (75) into (61) proves the
theorem.

Acknowledgments. The author is grateful to Prof. Bernard J.
Harris for introducing her to the field.

REFERENCES

1. H. Coskun, Some inverse results for Hill’s equation, J. Math. Anal. Appl. 276
(2002), 833-844.

2. H. Coskun and B.J. Harris, Estimates for the periodic and semi-periodic
eigenvalues of Hill’s equation, Proc. Roy. Soc. Edinburgh Sect. A 130 (2000),
991-998.



EIGENVALUES AND EIGENFUNCTIONS 883

3. M.S.P. Eastham, The spectral theory of periodic differential equations, Scottish
Academic Press, Edinburgh, 1973.

4. G. Fix, Asymptotic eigenvalues of Sturm-Liouville systems, J. Math. Anal.
Appl. 19 (1967), 519-525.

5. C.T. Fulton, An integral equation iterative scheme for asymptotic expansions
of spectral quantities of regular Sturm-Liouville problems, J. Integral Equations 4
(1982), 163-172.

6. B.J. Harris, Asymptotics of eigenvalues for reqular Sturm-Liouville problems,
J. Math. Anal. Appl. 183 (1994), 25-36.

7. ———, The Form of the spectral functions associated with Sturm-Liouville
problems with continuous spectrum, Mathematika 44 (1997), 162-194.

8. E.W. Hobson, On a general convergence theorem and the theory of the
representation of a function by series of mormal functions, Proc. London Math.
Soc. 6 (1908), 349-395.

9. H. Hochstadt, Asymptotics estimates for the reqular Sturm-Liouville spectrum,
Comm. Pure Appl. Math. 14 (1961), 749-764.

10. E.C. Titchmarsh, The theory of functions, Oxford University Press, Amen
House, London.

11. J.L. Walsh, On the Convergence of the Sturm-Liouville series, Ann. Math.
24 (1923), 109-120.

DEPARTMENT OF MATHEMATICS, KARADENIZ TECHNICAL UNIVERSITY, 61080,
TRABZON, TURKEY
E-mail address: haskiz@ktu.edu.tr



