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OSCILLATION TESTS FOR CERTAIN SYSTEMS
OF PARABOLIC DIFFERENTIAL EQUATIONS
WITH NEUTRAL TYPE

WEI NIAN LI AND MAOAN HAN

ABSTRACT. Sufficient conditions are established for the
forced oscillation of a class of systems of neutral parabolic
differential equations with deviating arguments. The main
results are illustrated by some examples.

1. Introduction. In the past decades, the fundamental theory of
partial functional differential equation(PFDE) has been investigated
extensively. We refer the reader to the monograph by Wu [12].
Simultaneously, let us note that the oscillation theory for PFDE is
an object of long standing interest.

In 1970, Domslovk [2] introduced the concept of H-oscillation to
study the oscillation of solutions of vector differential equations, where
H is a unit vector in R™. But there are only a few papers [9-11] dealing
with H-oscillation of vector partial differential equations. On the other
hand, in recent years, some results on the oscillation theory for systems
of PFDE were established in [3-8]. However, using the approach in
these papers, it is impossible to obtain the forced oscillation of systems
of PFDE. In this paper, we use a new technique to study the forced
oscillation of systems of neutral parabolic differential equations with
deviating arguments of the form
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— i@, t, (un(z, 1))y, (un(, ok (t))i2s)

l b
=3 [ et usle g6 do(e) + o),

h=1
z,t) €A x[0,00) =G, i=1,2,...,m,

where Q) is a bounded domain in R™ with a piecewise smooth bound-
ary 08, Au;(z,t) = Y0 (0%u;i(z,t)/022), i = 1,2,...,m, and the
integral in (1) is the Stieltjes integral.

We assume throughout this paper that

(Hl) 0iy Air € Cl([0,00); [0,00)), ik, ik € C([07OO),R), aii(t) > 0,
and b;(t) >0,i=1,2,... ,mk=1,2,... m;r=1,2,...,s;

(H2) pir, Tir, oir € C([0,00); R), pir(t) < t, 7 (t) < L, oix(t) <t and
limy o0 pir (t) = limyoo T3k (1) = limy— o0 03k (8) = 00, 7 = 1,2,...,m;
r=12,...,85k=1,2,...,m;

(H3) ¢; € O(G x R*™; R), and

Ci(xatagl,“‘ 751'7"' 7£m,771;"' sMiy v anm)
>0 if¢& and n; € (0,00),
<0 if& and n; € (—00,0),
t=1,2,...,m;
(H4) qgin € C(é X [a?b]7[07oo))a QZh(tag) = minxeﬁ qih(xat7£)7 v =
1,2,... . m;h=1,2,...,1;
(H5) gin € C([0,00) X [aab]aR)7 gzh(t7§) S t7 f € [aﬂb} and gzh(tug)

are nondecreasing functions with respect to ¢ and &, respectively,

thm 5IIFn {gin(t,8)} =00, 1=1,2,...,m; h=1,2,...
—00 g€fa,b

(H6) o € ([a,b]; R) and o(§) are nondecreasing in &;

(H7) fi € C(G;R), i =1,2,... ,m.

Consider the following two kinds of boundary conditions:

Ou;(x,t)

(2) ON =iz, t), (z,1) €I x[0,00), 1=1,2,...,m
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where N is the unit exterior normal vector to 0Q and v;(z,t) is a
continuous function on 9N x [0,00), i =1,2,... ,m, and

(3) ui(x,t) =0, (x,t) €N x[0,00), i=1,2,...,m

Definition 1.1. The vector function u(z,t) = {us(z,t), ua(z,
um(z,t)}T is said to be a solution of the problem (1), (2) (or (1
if it satisfies (1) in G = Q x [0, 00) and boundary condition (2) (

t),..
), (3))
or (3))-

Definition 1.2. The vector solution u(z,t) = {ui(x,t), us(z,t),...,
um(x,t)}T of the problem (1), (2) (or (1), (3)) is said to oscillate in
the domain G = ) x [0,00) if at least one of its nontrivial component
oscillates in G. Otherwise, the vector solution w(z,t) is said to be
nonoscillatory.

Definition 1.3. The vector solution u(z,t) = {ui(x,t), us(z,t),...,
U (z,t)}T of the problem (1), (2) (or (1), (3)) is sald to 0sc1llate
strongly in the domain G = Q x [0,00) if each of its nontrivial
component oscillates in G.

2. Main results. Firstly, we introduce the following fact [1]:
The smallest eigenvalue aq of the Dirichlet problem
{ Aw(z) + aw(x) =0 in
w(z)=0 on 09,
is positive and the corresponding eigenfunction ¢(z) is positive in Q.

For convenience, we will use the following notations:

Ui(t) = /Qui(x,t) dx, / Ui (z,t)dS, Fi(t /fZ x,t)d
Hi(t +Zazk )Wkt +sz‘k )Wk (Tik (1)),
0i(r) = /Q i () do / il g

t>0, i=1,2,.

where dS is the surface element on 0f2.
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{ul(xvt)vu2(xat)a cee 7um(xvt)}T
in G. If there exists some ig €

Lemma 2.1. Suppose that u(z,t)=
)
0,t >ty >0, then U, (t) satisfies

x
is a solution of the problem (1), (2
{1,2,...,m} such that u;,(x,t) >
the neutral differential inequality

( + Z )\zor onr )))/

.S / Gion (1 €V (G101 (1€)) dor(€) < Hy (1),
h=1"v%

(4)

Proof. From the conditions (H2) and (H5), we easily obtain that there
exists a number t; > tg such that u;,(x,t) > 0, w;, (2, piyr(t)) > 0,
Uiy (z, 05,k (t)) > 0, wiy(x,05,k(t)) > 0 and u;y(x, gign(t,€)) > 0 in
QX [t1,00), k=1,2,... m;r=1,2,...,s, h=1,2,... L

Consider the following equation

s @

7 (30 (i 000+ 3 N (s 22 (1))

r=1

Zazok Auk l‘ t +Zb’tok Auk(x Tzok(t))_cio (l’,t, (uk('rvt))z;la
k=1 k=1

l b
(uk (2, 030k (1)) )i=1) — Z/ Gioh (2, §)tiy (z, gign (t, €)) do(§)
h=1"¢
+ fio(z,t), (z,t) € Q2 x[0,0) =G.

Integrating (5) with respect to z over the domain 2, we have
(6)
d (s >
(3 ® [ wia(, ) dw+ 37 N (0) [ i, i (1) dz)

r=1

:;aiok(t)‘/QAuk(wi) dw+;bzok(t)/QAuk(quzok(t))dl'
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- /Q (2, (un (2, )y, (i (3, i (1)) ey ) dl
! b
_f;/g/a qioh(a:,t,&)um(w,gioh(t,f))da(§)dx+/9fio(x7t)dx

t>t.

Green’s formula and (2) yield

/Auk(x,t)dx:/ Qur(@t) yo [ () dS = wa(t),
Q s ON 00

and

(8)

Aug(z, 7505 (t)) dz = / (2, Tigh (1) as = Vi, Tigr(t)) dS
a0 ON a0

= Wp(riok(t), t>t1, k=1,2,....m

Q

Noting that

/ / Gioh (£, )iy (2, gion (£,€)) dor(€) d

- / /Q Goon (£, €)1z, (2, G (£, €)) i dor(€),
t>t, h=1,2... .1

then from condition (H4), we have

b
/Q / Gion (2,1, € sy (1, gion (1, €)) dor(€) dx

b
Zl Qioh(tvf)/Quio(l'vgioh(tvf))dxda—(f)v h:172a al'

Using the condition (H3), we have cio(aj,t, (ug(z, )iy, (ug(z,
oiok(t)));) > 0, then combining (6)—(9), we have

( +Z>\zor Ui, onr )))/

5> / i (1, U 11, 6)) ()

h=1"v%

(t) + Zaiok(t)‘l’k(t) + sz‘ok(t)‘l’k(%k(t))a t >t
k=1 k=1
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which shows that U, () > 0 is a positive solution of the inequality (4).
The proof is complete. i

Using a similar way, we easily obtain the following lemma.

Lemma 2.2. Suppose that u(z,t) ={uy(z,t),uz(z,t), ..., um(z, )}
is a solution of the problem (1), (2) in G. If there exists some
io € {1,2,...,m} such that u;,(z,t) < 0, t > to > 0, then U, (t)
satisfies the neutral differential inequality

(10) (8 (V(0) + 3" MOV (i (1))

l

b
+ZL%W@WM%®W@Z%@~

h=1

Theorem 2.1. If there exists some ig € {1,2,... ,m} such that the
inequality (4) has no eventually positive solutions and the inequality
(10) has no eventually negative solutions, then every solution of the
problem (1), (2) is oscillatory in G.

Proof. Suppose to the contrary that there is a nonoscillatory solution
u(w,t) = {uy(z,t),uz(x,t), ... ,um(x,t)}T of the problem (1), (2). It
is obvious that |u;(x,t)] > 0 for t > tg > 0, ¢ = 1,2,...,m; then
Ui (z,t) > 0 or u;,(x,t) <0, t > 1.

If w;, (z,t) > 0, t > tp, using Lemma 2.1 we obtain that U;,(t) > 0 is
a solution of inequality (4), which is a contradiction.

If w;, (x,t) < 0, t > to, using Lemma 2.2 we obtain that U;,(¢) < 0 is
a solution of inequality (10), which is a contradiction. This completes
the proof. a

Theorem 2.2. If there exists some ig € {1,2,... ,m} such that

t—o0

t
(11) liminf/ Hi (s)ds = —o0, 1 > to,
ty
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and

(12) limsup/ s)ds =00, t1 > to,
ty

t—oo

hold. Then every solution of the problem (1), (2) is oscillatory in G.

Proof. We prove that the inequality (4) has no eventually positive
solutions and the inequality (10) has no eventually negative solutions.

Assume to the contrary that (4) has a positive solution Uj,(¢);
then there exists tg > 0 such that U; (t) > 0, U, (pir(t)) > 0,
Ui, (9ion(t,€)) > 0, t > to, h=1,2,...,l, » = 1,2,...,s. Then from
(4) we have

13) (Gl +2Mrmmmm2mm.

Integrating (13) over the interval [t1,¢], t1 > to, we have

(14) 20 + ZAZ()T 20 onr( ) < C+/ dS7

ty

where C' is a constant. Taklng t — oo, from (14) we have

lim inf [ )+ Z Xior (£) Ui, pzor(t))} = — 00,

t—o0

which contradicts the assumption that U, (¢) > 0.

Assume that (10) has a negative solution U, (). Noting that condi-
tion (12) and using the above mentioned method, we easily obtain a
contradiction. The proof is complete. |

Using the above oscillation results, it is not difficult to derive the
following strong oscillation conclusions.

Theorem 2.3. Suppose that for all i € {1,2,... ,m},

( Zlam« (pir( )))/

+Z/%m@w%mmw@sm@
h=1"%

(15)
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has no eventually positive solutions and

( ) + Z Xir ()V (pir(t ))/

+Z/%W@w%wmw@zmm
h=1"%

(16)

has no eventually negative solutions.

Then every solution of the problem (1), (2) oscillates strongly in G.

Theorem 2.4. Suppose that for all i € {1,2,... ,m},

(17) hmlnf/ H;( =—00, t1>to,
and
t
(18) limsup [ H;(s)ds =00, t1 > to,
t—oo t1

hold. Then every solution of the problem (1), (2) oscillates strongly
in G.

Next, we study the oscillation of the problem (1), (3).

Lemma 2.3. Assume that u(z,t)={ui(z,t), uz(z,t), ... ,Up(z,t)}7
is a solution of the problem (1), (3) in G, and the following hypothesis
(H8) is satisfied:

(H8) aiy(t) = bi(t) =0,i £k, i=1,2,... m;k=1,2,...,m
If there exists some iy € {1,2,...,m} such that w;,(z,t) > O,
t >ty >0, then U, (t) satisfies the neutral differential inequality

(50t +ZMT Vipior(t)))
(19) + @0aigio 1)V (E) + aobigio 1)V (Tigio (1))

+Z/%wm (91 (1,)) do(€) < By (1),
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Proof. As in the proof of Lemma 2.1, consider equation (5). Multi-
plying both sides of (5) by ¢(z) and integrating with respect to x over
the domain 2, and noting the hypothesis (HS8), we have
(20)

d
%(52»0@)/9%0 (z,t)p(z) de + Z)\Zor /uZO (@, pior(t))p(x) dw)
= Qg4 (t / Augy(x,t)o(x) de + bigi, (¢ / Ay (2, Tigio (1)) o(x) do

_ /Q Cio (1, (u (2, )iy, (un (2, 03k (1)) oy ) () d
! b
_’;/Q/a Qioh (2,1, &)uiy (2, gign (t,§)) do(zi)p(x) dx

-|-/in0(x,t)<p(:1:)dx, t>t.

Using Green’s formula and the boundary condition (3), we obtain
(21)
/ Augy(x, t)p(x) de = / iy (2, ) Ap(z) da
Q

=—ap [ ui(z,t)p(r)de,

and @
(22)
/ A (2, T (8)) () de = / iy (2 i (£)) Aep(a) dir
Q Q

:—ozo/Quio(x,noio(t))ga(x)dz, t>t.
It is easy to see that
/ / Gioh (21, €)1y (2, gion (1, €) () dor(€) dx
/ / Qi (2, €1tz (2, gion (1, €)) o (&) dr o (€)
ioh (s io (T, Gion (T, dedo(€), h=1,2,...,1,
z/a diont 5)/Qu (. 9ion (. ©))p(x) i dor(€), T =12
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and

20 ey (ot (@, 0Ny, (wea, 0k (1)), ) (@) > 0.

Therefore,

(30 (0T (1) + Z Niar (0T (i (1))
+ aoaioio ()T (t) + a0bigio () Uiy (Tigio (£))

+z / Qi (1, )Ty (9100 (1,€)) dor(€) < By (0),

which shows that ﬁio (t) > 01is a positive solution of the inequality (19).
This completes the proof. a

Similarly, we also have the following lemma.

Lemma 2.4. Assume that u(z,t)={ui(z,t), uz(z,t), ... ,Up(z,t)}7
is a solution of the problem (1), (3) in G, and the hypothesis (H8)
holds. If there exists some ig € {1,2,... ,m} such that u;,(z,t) < 0,

t >ty >0, then Tj’io (t) satisfies the neutral differential inequality
!/
( )+ Z /\ZOT pzor )))
(25) + aoa’ioio OV () 4 obigio (D)V (Tigiy (1))

+z / Gion (1 )V (Gian (1,€)) dor(€) = Eiy (1),

Using Lemmas 2.3 and 2.4, we easily establish the following results.

Theorem 2.5. Assume that the hypothesis (H8) holds. If there exists
some ig € {1,2,... ,m} such that the inequality (19) has no eventually
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positive solutions and the inequality (25) has no eventually negative
solutions, then every solution of the problem (1), (3) is oscillatory in

G.

Theorem 2.6. Assume that the hypothesis (H8) holds. If there exists
some ig € {1,2,... ,m} such that

t
(26) litm inf/ Ei,(s)ds = —o00, t1 > to,
—00 t
and
t
(27) lim sup/ E;,(s)ds =00, t1 > to,
t—o0o t1

hold. Then every solution of the problem (1), (3) is oscillatory in G.

Theorem 2.7. Assume that the hypothesis (H8) holds. If for all
ie{l,2,... ,m},

( ) + Z Xir () V (pir(t ))l
(28) + Oéoaii( WV () + aobii (1) V (1ii(t))

+ Z/ qm t 5 gzh(tvg)) dU(f) S Ez(t)

has no eventually positive solutions and

( ) + Z Xir ()V (i (t ))l

(29) + Oéoaii(t)V( ) + aobii (H)V (7is(1))
l b

+ Z/ qm t 5 gzh(tvg)) dU(f) Z Ez(t)

has no eventually negative solutions.
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Then every solution of the problem (1), (3) oscillates strongly in G.

Theorem 2.8. Suppose that the hypothesis (H8) holds, and for all
ie{l,2,...,m}

t
(30) litminf/ E;(s)ds = —o00, t; > to,
— 00 t
and
t
(31) limsup/ Ei(s)ds =00, t; > to,
t—o0

hold. Then every solution of the problem (1), (3) oscillates strongly in
G.

3. Examples. In this section, we give some illustrative examples.

Example 3.1. Consider the system of neutral parabolic differential
equations

(32)
5 [u1 (z,t)+uy(z, t—7)] = Auq(x,t)+ éAul (x,t—m)+et Aug(z, t)
2 s
2aw(ei (37))

—(u1(z,t) + up(z,t — 7)) exp{us(z,t) + ua(z,t — )}

—7/2
—/ eluy (z,t + &) dE — e sint cosx — e (sint + cost),

—T

%[uz(ac,t)—l—uQ(ac,t—ﬂ')] = 2Auy (z,t)+ gAul (x,t—7)+et Aug(x,t)

L aw(ni- (37))

3
—(uz(x,t) + uo(x,t — 7)) exp{us (z,t) + uy (z,t — m)}

—m/2
_/ e'ug(z,t + &) dé + e’ sint cosx + e (sint — cost),

—T

(w,t) € (0,7) x [0,00),
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with boundary condition

Ou;(0,t)  Oui(m,t) ,
= e > = .
(33) - - 0, t>0, i=1,2

Here = (0,7), n =1, m =2,s =1,1 =1, 61(t) = 62(t) = 1,
Ai(t) = Aaa(t) = 1, pii(t) = pu(t) =t =7, ann(t) = 1, ara(t) = ¢,
agl(t) = 2, (122(15) = et, bu(t) = 1/3, blg(t) = 2/37 bgl(t) =
bgg(t) = 1/3, Tll(t) = Tgl(t) =1t— ™, Tlg(t) = ng(t) =1t — (37‘(/2),

o1 (b, ur (@, ), ug (@, t), ur (2, 011(1)), uz(x, 012(1)))
= (ul(:ﬂ, t) + uy (z, Ull(t))) exp{us(x,t) + ui2(x, 012(t))},

ca (x, tyuy(z,t), ug(x, t), ur (x, 091(t)), ua(z, 022(15)))

= (u2(:1:7 t) + us(z, ogg(t))) exp{uy(x,t) + uy (z, 021 (t))},

o11(t) = o12(t) = 091 (t) = 022(t) =t =, qui(z, 1, &) = o1 (z,t, ) = €,
a = —T, b= _7T/2) gll(t7§) = 921(t,§) =t +€v ¢1($at) = T/)z(ﬁvt) = 0;
fi(z,t) = —e'sintcosx — e'(sint + cost), fo(x,t) = e'sintcosz +
e(sint — cost).

It is obvious that ¥y (t) = Ua(t) = 0, U1 (711(t)) = Uy(121(¢)) =
Uy (T12(t)) = Wa(ra(t)) = 0, ®1(t) = Po(t) = 0, P1(m11())
‘1)1(721(t)) = O, (I)Q(Tlg(t)) = (I)Q(TQQ(t)) = 0, then

0,

Hy(t)=Fi(t) = /Qfl(x,t) dzx = /OTr fi(x,t)dx = — mel (sint + cost),
Hy(t) = Fy(t) = /Qfg(l‘,t) dzx = /OTr fa(z,t) dz = me' (sint — cost).

Hence

¢ ¢
liminf | Hi(s)ds=—o00, limsup [ Hi(s)ds = oo,
t—o0 t t—00 t
and

t t
liminf | Hs(s)ds = —o0, limsup [ Hz(s)ds = oo,

t—oo  Ju t—oo  Jitg
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which shows that all the conditions of Theorem 2.4 are fulfilled. Then
every solution of the problem (32), (33) oscillates strongly in (0,7) x
[0,00). In fact, u(z,t) = (1 + cosx)sint, ug(x,t) = (1 4 cosx) cost is
such a solution.

Example 3.2. Consider the system of neutral parabolic differential
equations

(34)

gt [ug (@, t) + i (z,t — )] = (€' + 1)Auy (z,t) + Aug (z,t — )
+Aus(z,) + (—1)Auy (x,t - (g)) —ur(z,t) — uy (@, t — )
_/_:rme uy(z, b+ €) dE + ((g) —e cost) cosz— e (sint + cost),
g [tug(x t)+2u2(x t— ( ))} Aui (@, t) + Auy (z,t — )
+Aus(z, t)+3Auz(:z: t— ( )) — up(z, ) —’UQ(I t— (g))

_/7T/2 %uQ(x,t+§)d§+ (12t— (135) +3> cosw,

—T

(z,t) € (0,m) x [0,00),

with the boundary condition (33).
It is easy to see that Hy(t) = —me!(sint+cost), Ha(t) = 0. Therefore,

¢
litminf/ Hy(s)ds = —
— 00 t

¢
limsup | Hi(s)ds = cc.

t—oo t1

Then, using Theorem 2.2, we obtain that every solution of the problem
(34), (33) oscillates in (0, 7) x [0, 00). In fact, ui(x,t) = (1+cosz)sint,
us(x,t) = tcosz is such a solution.
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Example 3.3. Consider the system of neutral parabolic differential
equations

(35)
%[2u1($ t)+ ;ul(x t— W)} = ' Auy (v, t) + gAul (x,t— (g))
~(ur(at) + ws (.t = m) exp {ua(. 1) + ua (.t~ (F))}

—m/2
—/ eluy(z,t + &) dé + e sintsinx,

—T

e+ (Do~ ()]

™

= 2Auy(z,t) + 4Auy (W - (Z))

%)) exp{u (z,t) + w (z, ¢ — )}

—m/2 9
—/ —ug(z,t+ &) d€ + 9tsinx,
T

—T

(z,t) € (0,m) x [0,1),

with the boundary condition

—(ug(x,t) + usg (J;, t—

(36) u;(0,t) = ui(m,t) =0, t>0, i=1,2.

Here fi(z,t) = e'sintsinz, fo(x,t) = 9tsinxz. We easily see that
ag =1, p(z) =sinz. Let ig = 1, then

E;\(t) /f1 x,t)p dx—/ e sintsiandx:getsint.
Hence,
t t
liminf | Ej(s)ds=—1, limsup | FEi(s)ds= 0
t—o0 t1 t—o0 t1

then using Theorem 2.6, we obtain that every solution of the problem
(35), (36) oscillates in (0,7) x [0,00). In fact, ui(x,t) = costsinz,
uz(x,t) = tsinx is such a solution.

Acknowledgment. The authors are very grateful to the referee for
his valuable comments and suggestions.
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