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THE EQUIVARIANT DIRAC CYCLIC COCYCLE

FATIMA M. AZMI

ABSTRACT. In this paper we compute the equivariant
Chern character associated with the Dirac operator using the
cyclic cocycle formula developed by Connes and Moscovici,
when a countable discrete group acts properly on a smooth
compact spin Riemannian manifold of even dimension. Canon-
ical order calculus which is due to Simon is used to simplify the
computations. Finally observing that this equivariant Dirac
cyclic cocycle is a well-defined element of the delocalized coho-
mology, we pair it with an equivariant K-theory idempotent.

0. Introduction. The Chern character theory of K-cycles over
an algebra A, developed as an analogue of the classical index theory
associated to the elliptic differential operators on smooth compact
manifolds, plays a key role in noncommutative geometry.

Connes and Moscovici in their recent paper [8] introduced a universal
local index formula, based on (generalized) Wodziciki residues, for
the Chern character in the cyclic cohomology for finitely summable
Fredholm modules. This formula has numerous implications in many
areas, such as quantization and index theorem on infinite dimensional
manifolds. When using a cyclic cocycle formula, for example the
formula in [14] by Jaffe, Lesniewski and Osterwalder, one of the
complexities we face is the commutation of the operator [D, f] with

sD?

the heat operators e *~" | whereas Connes and Moscovici’s formula

overcomes this difficulty.

The main result of this paper is the computation of the equivariant
Chern character for the entire cyclic cohomology associated with the
Dirac operator and the smooth crossed product algebra C*°(M,G),
where M is a smooth compact spin Riemannian manifold endowed
with a G-invariant Riemannian metric, and G is a countable discrete
group acting properly on M.
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Over the past few years many proofs have appeared concerning
the computation of the equivariant index of the Dirac operator (cf.
[4], 15]). In [15], Lafferty, Yu and Zhang present a very simple
and direct geometric proof for such a computation. They develop a
Clifford asymptotics for the heat kernel and then use the fact that
the geodesic moving frame is related by an infinitesimal holonomy
to the natural trivialization of the normal bundle. Their method is
not directly compatible with our computation of the equivariant Dirac
cyclic cocycle. We face two problems: the first problem arises from our
need to consider the action of the group G on M with each g € G acting
as an isometry on M, whereas they had only one isometry. Secondly,
we are computing a cocycle which involves composition of operators
[D, f]’s and a heat operator e_tDZ, whereas in their case they only deal
with a single heat operator composed with an isometry.

To overcome these difficulties, canonical order calculus that was de-
veloped by Simon [10] and the asymptotic expansion of the heat kernel
together with the cyclic cocycle formula of Connes and Moscovici, are
used to compute the equivariant Chern character associated with the
Dirac operator. The process is as follows:

First, we show that the equivariant cyclic cocycle takes the form of
a single isometry composed with [D, f]’s and a heat operator e~tD?,
Next, we localize the computation of the cocycle; thus, we only need
to consider a small tubular neighborhood of the fixed submanifold.
Restricting the computation to this tubular neighborhood and using
the relation between normal and orthogonal coordinates and frame as
in [15], we compute the equivariant Dirac cocycle. In every step of
our simplification process, some extra terms appear. Canonical order
calculus is used to show that these extra terms have trivial contribution
in the computation of the cocycle. The part which has a nontrivial
contribution is expressed in terms of topological data related to the
manifold and the group action. Finally, we prove that this equivariant
Dirac cocycle is a well defined element of the delocalized cohomology
that was developed by Baum and Connes [2] and compute its pairing
with an equivariant K-theory idempotent.

Although we compute the equivariant cyclic cocycle associated with
the Dirac operator, our method can be carried out for the computation
of the equivariant cocycle associated with the twisted Dirac operator
and for any geometric type operators, for example De Rham or Signa-
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ture operators.

The paper is organized as follows: Section 1 starts with preliminary
and some background material, a brief review of spectral triple and the
main result in Connes and Moscovici’s paper [8]; in Section 2 we briefly
mention the canonical order calculus, and in Section 3 we mention the
normal and orthogonal coordinates and frames and their relation as in
[15]. Section 4 deals with approximating the heat kernel for D? with
the heat kernel for the harmonic oscillator, using Duhamel’s expansion
together with canonical order calculus; most of the computation of the
cyclic cocycle is carried out in Section 5; then in Section 6 we reach
the main results in this paper which is divided into two parts. Part 1
deals with the computation of the equivariant Dirac cyclic cocycle and
in part 2 we review briefly the delocalized cohomology as in [2], then
compute explicitly the index pairing of this equivariant Dirac cocycle
with an idempotent in the equivariant K-theory.

1. Preliminary material. For the convenience of the reader and in
the process of making this paper self-contained, we briefly mention the
spectral triple and the cyclic cocycle attached to it. For more details
one can consult [8].

The spectral triple is a triple (A, H, D) where A is an involutive
algebra represented in the Hilbert space H, and D is a self-adjoint
operator in H with compact resolvent, which almost commutes with
any a € A, with [D, a] being bounded for any a € A. The notion of
dimension for spectral triples, provided by the degree of summability
D=1 € £@>) gives only an upper bound on dimension and cannot
detect the individual dimensions of the various pieces of a space, which
is a union of pieces of different dimensions (A, Hg, Di), k=1,... , N,

A=Ay, H = &Hy, D =&D;.

Consequently, Connes and Moscovici present a new notion of dimen-
sion called the dimension spectrum Sd, where Sd C C.

Definition 1.1. A spectral triple (A, H, D) has discrete dimension
spectrum Sd if

1. Sdc C.
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2. The function
Cb(2) = Trace (b|D|™%)

extends holomorphically to C—Sd, where b lies in the algebra generated
by 0"(a), a € A; here ¢ denotes the derivation 6(P) = [|D|, P] and we
assume that A C N,soDom 6™.

The operator b|D|~* is then of trace class for Rez > p. On the
technical side they assume that the analytic continuation of (j, is such
that T'(2)(p(2) is of rapid decay on the vertical lines z = s + ir, for any
s with Re s > 0.

The dimension spectrum Sd is simple, when the singularities of the
function (,(z) at z € Sd are at most simple poles.

Let (A, H, D) be a spectral triple with discrete dimension spectrum
and D~ € £ then with the following notation
To(a) = [D7a}7 T(CL) = [Dza CL], a(k) = Tk(a)a

Va operatorsin H

The cyclic cocycle attached to the spectral triple is given in the
following theorem, [8, p. 230].

Theorem 1.2. The following formula defines an even cocycle in the
(b, B) bicomplex of A, which is cohomologous to the cyclic cohomology
Chern character ch, (A, H, D):

(1) @plao, ... ,ap)
(- k
= o 0a(m)7 (Yao(To(ar)) ™
»!
e (To(ap))("?p)|D|*(2|k‘+f’))
for p # 0 even, while

vo(ao) = 7-1(vao)-

with m = k| + (p/2), |kl = kv + - + kp, ot = (k1 + 1) (k1 +
ot ky+p), and T (2 + (20 +1)/2) = 32 220 j(m). The 7,(P)
denotes the residue at z = 0 of z9Trace (P|D|™2%).
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The above theorem is the main result in Connes and Moscovici’s
paper. Before using it, we will elaborate on our data.

M is a smooth compact spin Riemannian manifold of dimension 2n,
with a fixed spin (2n) structure. Let SO(M) be the principal SO(2n)
bundle over M, with p a double covering map p : spin (2n) — SO(2n).
Since M is a spin manifold, the coordinate transformations g;;(z) €
SO(2n), can be lifted in a smooth way to g;;(z) € spin (2n), such that
the compatibility condition §;;(x) gjr(z) = gir(x) is satisfied.

Let G be a countable discrete group acting in a smooth proper way on
M. And M is endowed with a G-invariant Riemannian metric [2]. We
also assume the action of G on M preserves the spin structure of M,
i.e, the action of G lifts to an action on the principal spin (2n) bundle
Spin (M), for g € G then ¢g* : Spin (M) — Spin (M) is induced by the
map g : M — M. D is the Dirac operator on the Z; graded Hilbert
space H = L?(E) = L?(E1)@ L?(E7), where £F is the Z, graded spinor
bundle over M, i.e, £t = Spin (M) X spin (2n) S*, with ST being the Z,
graded spinor space.

Since the action of G preserves the spin structure, it acts on the spinor
bundle £ and commutes with the Dirac operator D.

Definition 1.3. The smooth crossed product algebra C*(M;G) is
defined by:

1. As a complex vector space, C*°(M; G) is identified with C>°(M x
G). Thus, any f € C*°(M; G) can be written uniquely as a finite formal
sum f =3 fqlg], where fg € C°(M) and g € G.

2. Addition and multiplication are given by

fi+fo= Z(f; +fg2) (9]

geG
where f1 = fylg] and fo = PO f2lg], and the multiplication is
given by
(fa9)(fn 1) = fo(g-fn) l9h]

where g, h € G and g. f;, denotes the action of g on the smooth function
fr which is given by (g.f3)(x) = fn(g™'z).

3. The differential is defined by df = > s g lg], where df; is the
differential of the smooth function f, on M.
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To simplify the notation, from now on we will denote [g] by g, thus
f € C*(M;G) will be denoted by f =3 ¢ fg9.

Let A be the above algebra, under the norm || f|| = || f ||lco+|[D; f]ll 0>
where ||.||s is the operator norm on H, and there is a representation
of Ain H. Then (A, H, D) is a spectral triple, the dimension spectrum
is simple and contained in the set

{r € Z such that r < 2n}.

Since we have simple poles, thus we only need to consider 7y when
computing the cocycle.

Remarks 1.4. Although we don’t assume the Dirac operator D to be
invertible, in order to use formula (1) we replace D by an invertible

operator Do = DRI + aIQFg, for 0 # o € R, and Fg = (g (1)) (cf.

[9]). Then (A, H&Hc, Dy) is a spectral triple with simple spectrum
dimension, here H¢ is the Z5 graded Hilbert space H, + = C. Thus,
the local formula for the cocycle takes the form

_1)I® _ _
(2) Z%QWO(W+7”)To(7fo(To(f1))(kl)
k . 27
.. (To(fzr))(kw)|Da|f(2\k\+2r))

where the f;’s are in A and f = (é g).

Using the Mellin transform we relate |D,|~° to the heat operator
e~tDa" by

1 & 25 2%
D, = Da2 —s/2 _ / t5/271 —t(D*®I) ,—t(« ®I)dt.
@) Dol = (D)2 = e [T PE0

For fixed ¢ € M and in terms of normal coordinates at &, the heat
operator e *P” has an asymptotic expansion

=P Ea)/at N

(4) P () = — g DU ) + 0.
=0
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Where N > n, p(§,x) is the Riemannian distance between ¢ and z,
and the U; (&, x) : & — &, is a linear transformation satisfying some
properties.

Given an initial value Up(&, £) = id, there exists a unique formal solu-
tion to the heat equation (9/0t) + D?, with D? in its local expression.
Therefore, applying the operators (9/0t) and D? to the asymptotic
expansion in (4) and then equating the coefficients of powers of ¢, we
conclude that the number of Clifford variables in each U;(¢,z) and
Uj(z,y) (for z,y in a small neighborhood of §) is at most 25 (cf. [17]).

Proposition 1.5.

70 (7fo(To(f1))*D) - (To(far)) 2| Dy |~ @IRIF2)) = 0

fO’I’ |k|:k1—|—+k2r#0

Proof. 1t is enough to prove this for k1 # 0 and k; = 0 for all j > 1.
Using the definition of 7y, we want to show

lim = T (7/o(To(/1)) ™ (D, fo] -+ [Dar, for | Dal ~3F13274220) = 0,

Let Tr, denote the supertrace, i.e., Trs(A) = Tr (vA). Thus applying
the Mellin transform we get:

(5) ey (fo(To(f1) " [Das fo] -+ [Das for]| Do |~ 1H2r+22))
1

_ - r4+ki+z—1 £ £ ) (k1)
o F(T+k1+z)/0 t TTS(fO(TO(fl))

-+ [Dg, fNQT}eftD“Q) dt

Split the above integral into fol + floo. The second integral is an
analytic function of z; hence, it will vanish when computing the residue
at z =0.

In the first integral replace e =" B by its asymptotic expansion (4). To
have a nonzero supertrace we need at least 2n Clifford variables, each
U; has at most 2j Clifford variables and each [D,, f;] and (To(f1))*)



1178 F.M. AZMI

has at most one. Therefore we need 2r+2j > 2n, ie., r+j—n = 3; > 0.
Consequently,

I Tes (fo(To(f1) ¥ [Das fo) - - [Da, for][Da|~BF1#20422)) |

N 1 ki4z+8—1
thitz+0;
< —— Adt
- Z /0 L(r+k +2) ‘

(6) j=n—r

Il
3

M=

i (i)
F(r+k1+z) k1+2+ﬁj

n—r

J

where A = [, tro(fo(To(f1))*) -+ [Da, for]U;) (€, €)dE (here d€ is the
volume form on M and try is the pointwise supertrace). Because
k1 + B; > 0, formula (6) is an analytic function of z, which remains
bounded as z tends to zero. Hence the residue at z = 0 vanishes. a

By Proposition 1.5, the cocycle formula (1) reduces to
(7) ¢2T(f07 LR f27") = O-O(T)TO(’Y.]EO[D(X) fl] e [Dom fQTHDa|72T)

where 7y is the residue at z =0, i.e.,

70 (7o [Das Far)| Da| 7")
= lim 2T, (folDas fi] -+ - [Dees far]| Do =37 +29)

which will be denoted by
Re S2=0 Trs (fO[Dou fl] e [-Dou f~2r] |Da|_(2r+2z)) .
By the Mellin transform we get:

(8) Try (.fO[Da, f~1] . [-Da, fQT”Da‘f(ZTJer))

1 Rl . ~ ;1 D,
_m/o trt 1Trs(f0[Daaf1]"'[DavaT]e i )dt-
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Split the above integral into fol + floo. As before the second integral
vanishes and the first integral in (8) becomes:

9) F(rl+z) /OltrJrz1Trs{<fo[D,fl].O..[D,f2r} 8)

et(D2§1)6t(a2§1)] dt

(10)
1
+ T(r+z)

1 ~ ~
/ grtz—1 Tr, (E(a) eft(D2®I) eft(a2®l)) dt
0

where F(«) is a sum of 2 X 2 matrices with the parameter « showing up
in every nonzero entry. Since D, was defined for any nonzero o € R,
the above formula holds for any such «. Taking the limit as o tends to
zero, formula (10) vanishes, whereas formula (9) is identified with

1 1 ]
m/o grta—1 Trs(fo[Dafl] .- [D, far] e tD )dt.

Our goal in this paper is to find an explicit expression of

(11) £ Tr (fol D, fi] -+~ D, far] e™P°)

in terms of topological data related to the manifold and the group
action.

Express each f; € A in formula (11) as f; = > gicG fg: 9iy where
fg: € C°(M), then from the properties of the crossed product algebra
(D, fg] =g[D,(g.f)] (here g.f denotes the action of g on f) we get the
following theorem.

Theorem 1.6.
(12)
Z tT TI'S (fgogo[D7 fg1gl] e [D’ fg2rg27"} eitD )
go,---,92r
= Z t"Trs(go -~ g2r ((90 - - g2r)-Fao ) [D, ((91 - - - gar)-fg.)]
9o,---,92r

<D, (gor-fou ) €7P%)
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where the fq,’s are smooth functions on M, g;’s in G and

(9igi+1 -~ g2r)-Fo, (x) = fo,((9i -+ - gor) '),
We simplify the notation by letting
(13) fj =(9j9j+1- - 92x).fg, forj=0,... 2k

Then each fj is a smooth function on M, and [D, fi] = c(df;) is
Clifford multiplication by df;. Let g = gog1 - - g2r € G. Consequently,
with this new notation formula (12) takes the form

S > (g oc(dfy) - eldfa)e )

9€G g=go---gar
=Y Y [ Kadwle
M

9€G g=go - gar

where K[ (g,x) is the kernel
(14)
K[ (g,0) = 1" try(g"(2) folgm)e(dfi) (gu) - - c(d for) (gz)e ™" (g2, 7).

Here g*(z) : £5¢ — &, is a smooth linear transformation.

The localization process. The group G acts in a proper smooth
way on M, which is endowed with a G-invariant Riemannian metric.
Thus, each g € G is an isometry of M. Its fixed point set Fy = {z €
M | gz = x } is a submanifold of M which may consist of several
connected components of different dimensions, i.e., F, = UY_, (Fy);,
where each (Fj); is a connected component of F,, which are totally
geodesic closed submanifolds of M of even dimension (cf. [1]). Without
loss of generality, we assume that Fj is a connected closed submanifold
of dimension 2m, and for simplicity we assume Fy, is oriented. Let T'F,
and v(Fy) be the tangent and normal bundles along Fy;. Using the
Riemannian metric on M, we have the orthogonal decomposition

(15) TM|p, =TFy; & v(Fy).
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The next proposition shows that we only need to consider a small
tubular neighborhood U of the fixed submanifold Fj; in M.

Proposition 1.7.
z ! 1
lim —— t*~ K] dvol dt = 0.
250 F(Z+7‘)/o (/M_a (g, m)dvo (x)) ’

Proof. Using the asymptotic expansion of the heat kernel, we get

K} (g,x) dvol (z)
M-U

=P (gz,z) /4t

/ Z 5 L (0 (@) olge)

. c(dng)(gx)Uj(gx, m))dvol (x).

On M —U, p*(gz,x) > € for some € > 0, and as t approaches zero,
(1/(47t)™)e~=/* remains bounded by some constant C' independent of
t. Consequently,

t7"+z+j 1 e—p2(gw,w)/4t
’Z/ T(r+2) /M_ﬁ (4mt)"

- try (g*(:z:) . 'c(dfvm)(gz)Uj (g, x))dvol (z) dt

tr+z+] 1
/ —(A-)dt’
I(r+2)

C A;
I‘r—f—z) r+z+7

where A; denotes [, s trs (g% (x) folgz) - - - c(d far) (g2)U; (g2, ) )dvol(z).
Since r 4+ j > 0, the above formula is an analytic function of z. Hence
the residue at z = 0 vanishes. O

Jj=
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2. Canonical order calculus. For the purpose of making this
paper self-contained we define this calculus and mention some of its
properties briefly without any proofs. For details and proofs, consult
[10, Chapter 12]; see also [1].

Definition 2.1. A family of operators {A4;};~0 on L?(R?", dz), or on
L?(N,dx) where N is a compact 2n-dimensional Riemannian manifold,
is said to have canonical order p € R if and only if:

1. For each t > 0, A; maps H_,, to Hy,, here H_, = U;H;,
H., = NsH;, where H; is the s-Sobolev space.

2. For any ¢ > 1 € {0,£1,%2,...}, there is a constant ¢ so that, for
0<t<l,

- . qg—1
[|Asully < ct™%|lul|;, with a="-p

Remarks 2.2. 1. If the operator A; has canonical order 7, then it has
canonical order p for all p < r.

2. If Ay = B} + -+ B}, where each B} is an operator of canonical
order p;, then A, has canonical order p, where p = mini<;<,(p;).

Proposition 2.3. Let A be the Laplacian on R*" or on A(N), then
(assuming all the operators make sense)

1. e *2 has canonical order zero.

2. The operators (0P /0x%)e™t® and e~'2(9P/9y?) have canonical
order —p/2, where p is some nonnegative integer.

Proposition 2.4. For x,y in a small neighborhood W of the origin
in R?™ with coordinates x;’s and y;’s, respectively, then

1. The operator (x; — y;)? e~*> has canonical order p/2, where p is
some nonnegative integer.

2. The operator (x; — y;)P (99/0x) e~**® has canonical order p/2 —
q/2.

The following theorem will be used frequently as it deals with



EQUIVARIANT DIRAC CYCLIC COCYCLE 1183

composition of operators.

Theorem 2.5. Let A, A}, .-, AV be operators of canonical orders
Mo, M1, ... , My, respectively. Let
B, :/ AV AL - AP dsydsy - - dsy
Ef:l si<t ’
Then the above integral is a convergent integral, where so = t—s1---—5,

and By is an operator of canonical order = p + E?:o m;.

All our computations will be carried out in a small neighborhood
about some point in M, in terms of normal or orthogonal coordinates
at that point. This neighborhood can be identified via the exponential
map with a small neighborhood of the origin in R?". Therefore
the difference between the heat kernels on these two neighborhoods
vanishes as ¢ tends to zero (cf. [10, p. 283]).

3. Normal and orthogonal coordinates and frame. Recall
that F} is the fixed submanifold of M of dimension 2m and v(¢) is an ¢
neighborhood of the zero section of the normal bundle v(F,) along Fy,
ie,v(e)={x ev(Fy) | ||z|| < e} Let m:v(e) — F, be the projection
map, denote by vg(e) the fiber 7=1(&).

3.1 The orthogonal coordinates [15]. Let £ € F,. Then an
oriented orthonormal frame field E = (Ey, ..., Ea,) exists defined in
the neighborhood of ¢ such that

1. for n € Fy, Ei(n),...,Em(n) are tangent to Fy at n, and
Esmi1(n), ..., Ean(n) are normal to Fj at 7.

2. The frame E is parallel along geodesics tangent to Fy, and along
geodesics normal to Fj.

3. The map dg : SO(M), — SO(M),, is expressed as a matrix-
valued function 7 by

dg(Er(z), ..., Ean (7)) = (E1(g2), - - - , Ban(92))T (2).
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We will denote this by dgE(x) = E(gz)7 (x) such that, at the fixed
point &, the matrix takes the form,

L
TO="O= 1
O

where ©(£) € so (2n — 2m), and

cosf; sinb;

06 _ —sinf; cosbq
cosbl,_m Sinb,_,,
—sinb,_,, €o0s0,_m

where 0 < 0; < 2w, fori=1,...n—m.

4. The orientation of E is that of M.

There is a neighborhood V' of ¢ in F such that E is defined on
U = exp(v|y Nv(e)) for sufficiently small €. Let By(e) be a ball of
radius ¢ in R?"72™; then we have homeomorphism ¢ : V x By(g) — U
given by

(16) ¢(n,¢) = exp, (27§m ca(:v)Ezm+a(n)) =1

a=1

This map gives the orthogonal coordinate c,’s of z in the normal
direction at any fixed point n in F, with respect to the frame E.

Lemma 3.1. Under the above notation and homeomorphism, the
action of g is constant along fibers of v(Fy), i.e., T(x) = T(n),
where © = (n,c), and the isometry g assumes the form g(n,c) =
(n,ce=®) = (n,2).

Let E9° = (E{*,... ,E$") be an oriented normal frame field defined
over U by requiring that EY*(gx) = E;(gx) for all i, and that E9 be
parallel along geodesics through gz. Therefore at any point on U the
two frames differ by some rotation, i.e., there is a map ® : U — so (2n)
such that

(17) E%(z) = E(z)e®™®.
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The normal frame E9* will provide us with normal coordinates y;’s of

z €U at gx by
2n
eXPyy (ZylEZ‘”(gx)) = z.
i=1

The relation between normal and orthogonal coordinates and frames
plays one of the key roles in the computation of the cocycle.

Lemma 3.2. For x = (&, ¢) then,

0
— =E/" 40 ori=1,...,2n,
o ()
0
— = Fomta +0(l¢]) fora=1,...,2n—2m
0cq
yi = 0(|c]) fori=1,...,2m,
and
Yomta = Co — Ca +0(|¢|]) for a=1,...,2n—2m.
For the proof consult [15] and [1]. O

Remarks 3.3. For any £ € F,, then g*(¢) € End(&). Because
g*(§) commutes with any section s € I'(F;, TM|Fy), this implies that
g*(&) € Cl(ve(Fy)); hence, it has at most 2n — 2m = dim (v¢(Fy))
Clifford variables [3, Chapter 6]. Similarly, for any « € U with
x = (&, ¢) then the number of Clifford variables in g*(z) is at most
2n — 2m.

Consider an operator k; = g Pe_tD2, where g is an isometry and P is
some bounded operator which contributes to the canonical order. The
kernel of k; has the form k;(g, z) = g*(x) P(gx) e~tP*(gz, z). The next
proposition is one of the key results which we will refer to frequently,
and in those situations the operator P will be given explicitly.

Proposition 3.4. Let ki(g,x) be the kernel of the operator ki as
above. If the canonical order of terms with at least 2n Clifford variables
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in the asymptotic expansion is greater than m = (dim Fy)/2, then

Res.—o /Oltzl(/M trs(k¢(g, ) dvol (3:)> dt = 0.

Proof. From the localization process it is enough to consider a small
neighborhood U of the fixed submanifold F,. Thus

/trs(k:t(gw))dvol(a:)
M
~/ﬁtrg(kt(g,x))dvol(a:)—&—O(tﬂ)

~[ (] il o )00 de ) de + 0(¢")

9
with = = (§,¢), ie, exp;c = =z, d§ is the volume form on F,
dey - - - degp—2m is the Lebesgue measure on the fiber ve(e) and ¢ is
a smooth function. The integral

L(g.€) = / g expe) e de
ve (e

has an asymptotic expansion of the form [3, Chapter 6]

N
Li(g,€) ~ (dmt) ™™ > t79L5(€) + o(t°)

j=0
where £ > 0, N > m and T;(€) € End (&) has at most 2j + (2n — 2m)
Clifford variables. The operator P contributes t¢ power of ¢, for some
q. To have a nonzero supertrace we need at least 2n Clifford variables,
i.e., 2j+(2n—2m) > 2n, from the hypothesis we know that such a term
has canonical order greater than m and this implies that j+qg—m > m.
Hence

N
r t\Y> = mt)” " ita Ts j
[ o, e = Y- [ty e e

j=m
N
_ Jjtq—m 4 .
=Yt A,
j=m



EQUIVARIANT DIRAC CYCLIC COCYCLE 1187

where A; = [, (4m) ™ try(Y;(£)) d¢. Consequently,

/()ltZ1(/Mtr (kt(g,)) dvol (z )> ‘

N
Z‘/ tFrita—m— 1A dt’
TV

:Z

z—i—j—i—q m‘

This is an analytic function, which remains bounded as z tends to
zero. Therefore the residue at z = 0 vanishes. o

4. Approximation of the heat kernel e~tP* . In this section we
approximate the heat kernel for D? by the heat kernel for the harmonic
oscillator. From now on = = (¢, ¢) is fixed, the local expression of D?
in terms of the normal coordinates y;’s at gz is given by (for details see
the Appendix):

D*=-A+a+b+ B

where

0
0
Z J) 8 €€
ol z]aﬁg yzay a€p

J

>

Il
=2} ol
ERRIR

Y vy Rikap(97) Rijyn(92) eacpeqey
i,5,k,a,8,v,n

where Rijap(gz) = —(R(E}*, EJ*)ES", E}")(gr), with R being the
curvature operator on M, and the term B being of the form ¢ + ¢,
where

0
S b e ot

i1,4,p,0, 3
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and
0 .
¢ = Z kpyi, -+ yi; 57—, forj=>2
i1,q,p 9yq

with k;’s some constants. Before using Duhamel’s expansion to ap-
proximate locally the heat kernel we replace the y;’s that appear in
the local expression of D? by bounded smooth functions h;(z) with
bounded derivatives, so that h;(x) = y; in a neighborhood of £. We
will continue using the notation y; to denote h;(x). Thus, by Duhamel’s
expansion we get

t"trs (g% () - - - e(dfor) (92) et (ga, z))
—t"trs (g% () - - e(dfor) (g7) e 2 (g2, )

- <g*<x>fo (g2) - c(dfor) (g)
. / (ef(tfsl)A(—a —b+ B) efSlAdsl) (gz, x))
0
(18) L, (9*(37)f0(933) - e(dfar) (g2)
. /t /81 (e_(t—31—32)A(_a —b+ B) e—slA
0 0

(-a—b+ B) eisQAdSldSQ)(gQ% x)) + -

Our first step is to show that if any term in the above expansion
contains only the operator (a), then the whole term will vanish.

Lemma 4.1. The commutator [e~**

is as above.

,a] = 0, where the operator (a)

Proof. This follows from the fact that the Rija g’s are skew-symmetric
with respect to ¢ and j variables. o

Remarks 4.2. 1. The operator (a) has canonical order zero, of course
by the canonical order of the operator (a) we mean of the operator
ae** and has at most 2 Clifford variables.
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2. The operator (b) has canonical order 1 and has at most 4 Clifford
variables.

3. ¢1 and ¢2 both have canonical order greater or equal to 1/2 and
¢1 has 2 Clifford variables, whereas ¢5 has none.

4. Each c(df;) has one Clifford variable and ¢g*(z) has at most 2n—2m
Clifford variables by Remark 3.3.

Concerning the expansion (18), we only need to consider those terms
with greater than or equal to 2n Clifford variables (to have a nonzero
supertrace) and if the canonical order of these terms is greater than m,
then by Proposition 3.4 they vanish.

Suppose the operator (a) appears g times and (b) appears s times, ¢,
appears p times whereas ¢ appears [ times in expansion (18), such that
they contribute to a total of 2n Clifford variables; hence, by Remark
4.2 we get the equation
(19) 2n —2m + 2r 4+ 2q + 4s + 2p < 2n.

By Theorem 2.5 and Remark 4.2, the canonical order of that term is

r+2s+3/2p+1/24+qg>m by (19).

Theorem 4.3.

Res.—o /01 t21</M trs(H{ (g,2)) dvol (x)) dt =0

where

Hi(g,z) = (t" g"(x) fo- - c(dfar) e 0% (gz, z)
—t"g* () fo - c(dfor) e AV (ga, z)).

Proof. Expand both operators e~ *2° and e~*(—2+b) as perturbations

of e~*2, using Duhamel’s expansion. All the terms that contain the
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operator (b) will cancel out, so what remains are terms containing op-
erator (a) and the ¢;’s € B. From the above computations, we showed
that for terms having at least 2n Clifford variables their canonical or-
der is greater than m. Consequently their residue at z = 0 vanishes by
Proposition 3.4. o

5. Computation of the equivariant cocycle. Recall the two
frames E and E9° were related by an infinitesimal holonomy, i.e.,
E9%(x) = E(x)e®®. The next lemma will give an explicit description
of ®(z) = (®;;(z)) € so(2n). Also, under the identification of &, with
&gz via parallel translation along the unique geodesic joining gz to x
we have ¢g*(z) € End (&;) ~ End (S).

Lemma 5.1. Let x = (§,¢), then

2n—2m

1 _
®ij(2) = —3 > CacsRapii(€) +0(|c)
a,=1
and )
g_* (,’L‘) = exp (5 Z (I)ij (ac)eiej)
1<i,j<2n
(20) LSy
€xXp ) — a€2m+2a—1€2m+2a |-
Here Rapij(§) = —(R(E2m+a,Eom+p)Ei, E;j)(€), where R is the

curvature operator on M.
For the proof consult [15] and [1].

Proposition 5.2. With x = (§,c), then

—%

g (z) = g1 (z) + g3(2)
where

n—m

i) = ( I[ -sin%y)

[e%

2n—2m 2m
1
- exp <_ 4 Z CaCB Z Raﬁij(f)€i€j> Comat " €an

a,f=1 4,j=1
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and g3(x) = Hy + Ho where Hy is a sum of terms of the form
f(0a,0p) cicje®=2m=2PF2 with 1 < p < n —m, and Hy is a sum of
terms of the form c;cjcqacge®™ 2™ 2; here e/ means j Clifford variables
ei, -+~ ¢e;; either from normal or tangent direction and f(0q,08) is a
product of sin(6,) and cos(03).

Proof. This follows from Lemma 5.1 and the fact that

1 n—m
exp <_ 5 Z eae2m+2a—1€2m+2a)

a=1

n—m ) ea
= ( H —&in ?> €2mt1€2m42 -+ - €on + N

a=1

The term N is a sum of terms of the form sin(6,/2) cos(6/2)e?"~2m—2p
with 1 <p<n-—m. O

The heat kernel e *(=2+) hag an asymptotic expansion

=P (gz.x) /4t

@) A gra) =

Z £ Ui(gz, ©) + O(t°)

where the U;(gx, ) = £; — &y, are linear maps. Under the identifica-
tion of &, with &£y, via parallel translation along the unique geodesic
joining gz to x we can consider U; € End (£;) ~ End (S). We let K;
denote the kernel

e—r lgza) /4t N
> U () +0(%).

(22) Ki(x) = NCOE
=0

With respect to the normal coordinates y;’s of  at gz and frame
E9% we write the operator —A + b as

2 1
_A+b_ 282+16 Z]y’byj
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Here
B 2n 5 ~ 2n _ N
Aij = —1/2 Z Rijalg(g.’li) €a€pg, and A?J = ZA”C Akj.
a,f=1 k=1
Also, let
(23) Abz) = yiy; A
4,
Lemma 5.3 [15]. Let A;j = —1/2Y° 2", | Rijap(&)eacs, for 1 <

ij
i, < 2n, where R (&) = —(R(E;, E;)Ey, Ey)(§). Then

A= (Ay) = </g £¢>

where

(Aij)T ==1/2 > Rijap(&)eacs i,j=1,...,2m
a,f=1

(Aij)t ==1/2 > Rijap(&)eaes i,j=2m+1,... 2n.
a,f=1

Lemma 5.4. With A and A as above, then
tr A% = tr (AT)?* 4 tr (A1)2F 4 SF + S8

and
A (z) = (AN (c—e) + TF + Ty

where S¥ contains at most 4k Clifford variables with at least one from
normal direction, whereas S5 has 4k Clifford variables and two c;’s, T¥
contains 4k Clifford variables with at least one from normal direction
and two ¢;’s, and T¥ has at most 4k Clifford variables and four cj’s.
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Proof. The proof is straightforward. It follows from Lemma 3.2 and
the fact

Rijap(97) = Rijap(gz) = Rijap() +o(le]). o

The next lemma is also a consequence of Lemma 3.2.

Lemma 5.5. 1. c¢(df.)(gz) = c(dfa)(€) +0(|¢|) > €5
2. c(dfa) () = c(dfa) T (&) + c(dfa)*(€), where

2n
dfa Zej fo) and c(dfa)J‘ = Z ejEj(fa).
j=2m+1
Lemma 5.6 [18]. There exists a polynomial F(z1, z2, ... ,w1,wa,...)
such that
e_p2(9$7w)/4t
Kiy(#) = ———

(4mt)"

N
~th F((tr A%, ... tr A%9), (A%(2),... A% (2))) + 0(tY);

moreover, the polynomial F is determined by

n

n 2n
F(— 23 27, (C1)°2) 22 (-1 (2B + 23y)aR, o (—1)°
=1 i=1

k=1

n
Z(ng 1+ 25) 7R, v>

k=1

oll=l2/at H iwgt/2 (it (Zoa +230) o (b))
fo smh(zxkt/2) 2 At 2

From Lemmas 5.3, 5.4, and 5.6 (using the definition of the polynomial
F as in [18]) one can show that, in terms of the orthogonal coordinates
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at &, we have
(24)

N
S HF((tr A% tr A7), (A2 (), .. A% (x))
j=0
N
=3 tP((tr A%, A% (A1) (c—2),... (AY) (e —2)))
k=0

N
+ )ty
p=0

where 7, is sum of terms of the form R;;xi(§) - - - Rhgrs(§)€2mta€iy - -
€iy, 1, 1-€., terms with at most 2p Clifford variables with at least one
from the normal direction. h, also contains sums of terms of the form
iy Cio Rijri(§) -+ Rugrs(§)es, - - - €4y, with o > 2, i.e., terms with at
least two ¢;’s and at most 2p Clifford variables.

Theorem 5.7.

1 zr—1
Reszzo/o %/ﬁtl"s(g*(x)fO(gf)
e dfar) (g) €A (g, ) dvol () d

1 ! z4+r— —% £
:Reszzom/o s 1[/Fg /UE(E)trs(glfo(ﬁ)c(dﬁ)T(f)

—le=cl®> N
e eldfar)T(€) W SRP((tr A%t A%,
k

=0

(AN (c=a),... (ALl (c— c)))) dcdf} dt.

Proof. The proof of this theorem is in several steps and it relies
heavily on the use of Proposition 3.4. Under the identification of &,
with &, via parallel translation along the unique geodesic joining gz
to z, we replace e H(=A1) by the asymptotic expansion (22) and also
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replace g* by g*(z) = g} (z) + g5(x) as in Proposition 5.2. Our first
claim is that the g5 part can be ignored in the computation of the
cyclic cocycle. By Taylor expansion, we express p*(gz, ), the square
of the Riemannian distance between gx and z, in terms of orthogonal
coordinates at & as in [11]

(25) p*(gz,2) = [le = ¢]|* + T(c)

where T'(c) is sum of terms of the form R;;x(§)ciciy---ci, (Cp
—cp)(€q — ¢q) for o > 2. Thus we have

[ thtrg (g;(x)fo(gfc) e c(dfgr)(gx)Kt(x)) dvol (z)

U

N

2 AVRECE

j=0"*g
o lle—z|?/at

g U@ ) de ) de

DY RV BRI CERRTS % (o

+T2(c) + - - )Uﬂ/}(@)) dc] d¢

C(d o

where the smooth function ¢ has an expansion in v¢(e) [11],

(26) () =1- é > Riini(§)exen — % > Rrana(&)exen +0(c?).

k,h,i k,h,o

And the result follows from Proposition 3.4, because a term with 2n
Clifford variables has canonical order greater than m.

Next, write each ¢(df;)(gz) as in part(1) of Lemma 5.5; thus, we get
Jolgz) - c(dfar)(92) = fo(€) - c(dfzr) (&) + P

where P has at least two ¢;’s and at most 2r Clifford variables. Similar
steps as above can be used to show that P has a trivial contribution
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in the computation. Then express each ¢(d fl) as a sum of tangent and
normal direction as in part (2) of Lemma 5.5. Then from Proposition
5.2 observe that g7 contains all the normal direction Clifford variables.
Thus if we consider a term with 2n Clifford variable then the presence of
c(df;)*(€) will drop the number of Clifford variables and the supertrace
will be zero. Finally by Proposition 3.4, h, part can be ignored in the
computation of the cyclic cocycle. ]

6. The main results.

1) Evaluation of the Dirac cyclic cocycle. Let w = (w1,... ,wan)
be a dual frame to the orthogonal frame E = (Ey,... , Es,). And let

Q= () = (QOT QOJ_)

where
1 2m
Q)i = —3 Y Rijap(§)wa Awp 1<i,j<2m
a,B=1
1 2m
()i = ) Z Rijap(§)wa Aws  2m+1<1,j < 2n.
a,f=1

As a complex vector space the Clifford algebra Cl1(R*") @ C is
isomorphic to the complexified exterior algebra A*(R?"). Thus we can
replace AT and A+ by QT and Q-+, and also tr A%*, (A1) (c —¢) by
tr Q2% (Q+)%*(c — ¢) in Theorem 5.7.

The matrix €2 is a skew-symmetric matrix, thus it is similar to a block

diagonal matrix. Without loss of generality we can assume that €2 is of
the form

0 T
—x 0
Q= !
Tn
—x, 0
with ; = u; fori=1,... ;mand x; =v; for i = 1,... ,n — m, where

u;’s and v;’s are indeterminants.
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Hence we have

1 2n—2m 2m
-1 Calp Z Ropij(§)wi Aw;
a,8=1 i,j=1
(27) ] nom
— _Z Z sin ea-va(c%a—l + C%a)
a=1
(28) Tr % = 2(—1)’€<Z“?hr U?k)
i=1 Jj=1
and

_ o Oy
(29) (@5 (e—0) = (-1)F Y 4sin’ 5 Ve (Bamy + Ga)-
Finally, let

(d fa Z w; Ei(fo) where ¢(d fa Z e; B

Let
(30)
Lar(9)(§)

— r —x b3 dv T dv T e(*\|67c”2/4t)
_/U&(E)t trs<g1(expfc)fo(§)c( F)T(E) - e(dfar) (g)W

N
SR O 040 (04 ) ) de

Computing the supertrace in Theorem 5.7 is equivalent to computing
the form of top order 2m on Fy, if we multiply by (2/¢)", (this constant
shows up from Trs(ejes---ea,) = (2/i)™). Consequently, using the
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above observations together with Lemma 5.6 and (30) we get
(31)

Lar(9)(©) = [

ve(e)

<§) ﬁ &) TE) A~ A (dfar) T (€)

[

1 n—m
- exp (— 1 Z Sin 0q.va (5,1 + c%a))
a=1
n—m

—ivgt 05 (c35_1 + €3 gt
- exp ( ﬁz:_l %451112 EBW coth (%)) dc

After some simplifications (for details consult [15] and [1]) formula (31)
becomes

L2y 0)(6) = o g IO (O A+ A ) (€
-1
T ugt)2 T fugt O
. _ sin [ — + = .
(}1 smh(zuat/Q)) {;31;[1 ( 2 2 )]

Computing the residue at z = 0, the only nontrivial term is the one
which contains a 2m — 2r form. Therefore

Res.—g ﬁ /0 1 tz—l( /F Lan(9)(€) dg) dat

9

=i [ L O O A A afer) (€ de
Fg

r(r) (2mi)"
(M siti) (o (5+5)) Jo

Where the notation [ ( [T7", ((iua/2)/ sinh(iua /2))) ([T5=7" sin((vs/2)

+(9g/2)))71] (m —r) means the (m — r)th term of the Taylor series
expansion of ((iuqt/2)/sinh(iuyt/2)) and sin((vgt/2) + (03/2)) with
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respect to t at ¢t = 0. Thus we have proved the main theorem in this
article.

Theorem 6.1. Let M be a smooth compact oriented Riemannian
spin manifold, with fixed spin structure, of dimension 2n. Let G be a
countable discrete group acting in a proper smooth way on M, where
M is endowed with a G-invariant Riemannian metric. Assume the
action is a spin action on M. Let A be the C*°(M,G) algebra under a
certain norm and D the Dirac operator. Then the 2rth component of
the equivariant Chern character of the spectral triple (A, H, D) as an
entire cyclic cocycle is given by

©2r < Z fgogoa ey Z f92r927">
g0 gar
= (ChD.3). (X foao - 3 e )
go

gar

oy {zj:/wg)j [LQT(Q)]”}

9€G g=go---gar

(e 1
(L2 (9)],; = “er)r T (g0 g2r)-fg0) (d(g1 - g2r).fgu) T
A A (d(gar)-foo)

- A(T(F,);) [Pf(sin(i/47 + ©(g)/2) (/(F,),))]

The (Fy);’s are the connected components of the fized submanifold
Fy in M with dim (F,); = m;. T(Fy); is the tangent bundle, whereas
(v(F,);) is the normal bundle of the fized submanifold (F,);. The A-
genus restricted to the tangent bundle is

A(T(Fy);) = (ﬁ %)

a=1

and the Pfaffian restricted to the normal bundle is

[Pf (sin(i2/4m + ©(g) /2)(W(F,),)] " = (ﬁljmn (7" - %’))



1200 F.M. AZMI

2) The index pairing. The cyclic cocycle that we computed in
Theorem 6.1 is an element in the entire cyclic cohomology. Before
pairing it with a K-theory element, we would like to view it as an
element in the delocalized cohomology that was developed by Baum
and Connes.

Let us briefly recall the construction of the delocalized cohomology,
for more details one can consult [2].

Let G be a countable discrete group acting in a proper smooth way
on M, where M is endowed with a G-invariant Riemannian metric.
DeﬁneMCGbey

M ={(g,2) € G x M|gx = x}
then G acts on M by h(g,z) = (hgh™!, hx) where (g, ) € M,heG.

The quotient space under the group action is denoted by M / G. The
action of G on M is proper, so M / G is an orbifold. One can also view
the space M as the disjoint union of Fy’s, i.e.,

M - I—IQGG Fg
where Fy = {& € M|gx = «}, the fixed submanifold of M by g.

Let L = {g1,92,...} be elements of finite order in G such that any
element of finite order in G is conjugate to one and only one of the g;.
Then M/G = UgerFy/Z(g), where Z(g) = {h € G|hgh™! = g} is the
centralizer of g in G.

We denote by Q*( )G the space of all G-invariant differential forms
on M, and 1 by H *(M : C)C the de Rham cohomology of G-invariant

forms on M. The delocalized cohomology is the cohomology of the
quotient space M / G, and we have

H;(M/G;C) = H*(M;C) = @4e, H (Fy/Z(9); C).

For g and h conjugates in G. Then H*(F,/Z(g); C)~H*(Fy/Z(h);C).
Let A4 denote the cocycle as in Theorem 6.1

(T(Fy)) [Pt (sin(i€2/47 + ©(9)/2)(v(Fy)))]

-1
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(for simplicity we assume Fy has only one connected component). The
claim is that A, is a well-defined element of the delocalized cohomology
H*(Fy/Z(g);C). To prove the claim:

Note that the expression of A and the Pfaffian involves the u;’s and
v;’s, which are the Chern roots in the normal and tangent direction
to F, defined in terms of the connection. The Levi-Civita connection
V on TM preserves the decomposition in (15). Therefore it induces
connections Vg and V4 on T'Fy, and v(F,), respectively, which preserves
the metrics on these bundles; hence,

V=Vo&Vi.

Let @ € Z(g), then « induces a diffeomorphism

a:F,— F;, bysending ztoauz.

Therefore, (a™1)*u; = u; and (a~!)*v; = v; for all i and j. The linear
map dg : v(Fy)y — v(Fy), gives rise to an orthogonal decomposition
v(Fy), = &'_{N.(0;) & N,(m) which is constant on each connected
component of F, [16]. Hence it follows easily that a*A, = Ay, and A,
is a well-defined element in H*(F,/Z(g)).

Let A be an algebra over C with a unit and £ is a finitely generated
A-module. Let e be the idempotent corresponding to the finitely
generated A-module &; then the Chern character map takes the form
(cf. [5] and [13])

uie) =3 gy (5 cdeae) |

Using the fact that e(de)e = 0 and e(de)? = (de)?e, the above formula
becomes

o oo

As in [2], the equivariant K-theory is defined by
Kg(M) = Ko(Co(M) x G)
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The C* algebra Cy(M) x G contains the smooth crossed product
algebra C°°(M, G) as a dense subalgebra. In fact it was shown in [2]
that C*°(M,G) is closed under holomorphic functional calculus and
that the inclusion C*°(M,G) C Co(M) x G induces an isomorphism
K. (C®(M,G)) ~ K.(Co(M) x G).

Let e be an idempotent in the matrix algebra M (C* (M, G)); then
e = (e;;) where each e;; € C°°(M, G). Therefore it has an expression of
the form e;; = - f7g7 with f7 € C°°(M). The Chern character

map Chg : Ko(C*(M,G)) — He”(]\/Z/G) is given by:

S]]

1 i\
> 7\ 35 ) Cioia ACirig + - deiy iy

Chg(e

it Ltlﬂé% ]

10,81, si2k
. T
Z Z : )
o ) o o orl\ 27
20,21, 02r q’()”l 7q;2wro
- T

L) (g ).

Then using the fact that
1041 2021 . dfimlo 12Mo

0
Gl DA Sl )

which follows from the properties of the smooth crossed product alge-
bra, here g.f means the action of g on the function f. Thus Chg(e)
becomes:

Cha(e ZZZ D

r=0 dg, iz, gleG gI_g'”l)ll ”g;27'i0
z

. I
(o) g g,

where ¢! = gio™ ... gi2r'o and T = {ig, 41, ... ,io}. Before we compute

the pairing, we extend the map s, into the matrix-valued map s,
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taking values in the s x s matrix algebra M,(A) as follows

¢2T(f~0’f~1’... 7f~27~) — Z <P2r((f0)i0i17(fl)iliQ,... ,(fQT)izrio%

10,815+ 827

where fP = ((f?)"), with (f?)" € A.

Theorem 6.2. With all the assumptions as in Theorem 6.1, let
e € Ko(C™®(M;Q)) be an idempotent, e = e*> € Ms(C>*(M;G)). Then
the 2rth component of the pairing is given by:

CIEXTATINES DD DD DENED DI

Jtoseesiar gT€G gr_giotn | gi2rio
9 =90 " -92r

: CT<A§, ANChg(e) (1,0 [(Fgf)j]>

where C, is some numerical constant and (Fyr);’s are the connected
components of the fived submanifold Fyr in M with dim ((F,r);) = 2m;,

A;I = A(T(Fyr);5) [Pf(sin(z’Q/llw + 6(91)/2)(V(FQI )J))} B

and

() ek,
1 Z " 20? 227 101 117 12 (253
~ (55 et a1

r rio\ T
(g f2 ) ;.

APPENDIX

Local expression of D?. With respect to the orthogonal frame
E97 the Dirac operator D is given by D = Zz 1 € ‘qu, where VEQT

is the spinor connection on the spin bundle £ and the ¢;’s are Clifford
variables. Thus

2n 2n
D (Z vi;) <Z ejvggm> 3 it Vi Ve
2 ) >

:—Z vKa‘ —|—Z vKar Eq:r vK:r VEQGD)

1<J
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after some simplification we get (cf. [17])

D == (Vi) +K/4

2

where IC is the scalar curvature. Next we express the Laplacian (V%QI )?

in terms of normal coordinates y;’s at gr and frame EY9*. But first
observe that

0 1 0
Vazi = o + 1 Jzk I'7;ejex, and 0 EJ* +0ly|.
Therefore

Vi = Viajay) + Oyl
01

Z R (92) yi ejer, + hy + ho
Kl

where hy is the sum of terms of the form k; y;, - - - y;,eqnep, and hy is
the sum of terms of the form kg y;, - - - y;;, for j > 2 where k;’s are some
constants. Thus, after simplification we get

0% 1 « d

1 N i
ta1 > YY) Rikap(97) Rejyn(97) eaepeyey + B.
ijk afyn

And the term B is of the form ¢1 4+ ¢o, where

0
= kpYiy »++ Yi; 57— €a€s,
o) E pYin " Yi; g Cals

ir,k,p,a,0

and

0 :
$2=Y  kpyi, -y, 5, forj>2
i,k,p Oy

where k;’s are some constants.
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