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ON THE SECOND FUNDAMENTAL TENSOR
OF REAL HYPERSURFACES
IN QUATERNIONIC HYPERBOLIC SPACE

MIGUEL ORTEGA AND JUAN DE DIOS PEREZ

ABSTRACT. We study real hypersurfaces with constant
quaternionic sectional curvature in the quaternionic hyper-
bolic space and the action of the curvature operator on the
Weingarten endomorphism. We also introduce examples of
ruled real hypersurfaces.

1. Introduction. A quaternionic Kaehlerian manifold is called a
quaternionic space form if it is connected, simply connected and it is
endowed with a complete metric g of constant quaternionic sectional
curvature c¢. The study of real hypersurfaces when ¢ > 0 is rather
developed (cf. [1], [7], [9]). Besides, these authors deal with both ¢ < 0
and ¢ > 0. Our purpose is to study real hypersurfaces in quaternionic
hyperbolic space (¢ < 0) of constant quaternionic sectional curvature
c=—4, QH™, m > 2, by paying attention to the second fundamental
tensor.

We describe in Section 2 a semi-Riemannian manifold of index 3 that
is a semi-Riemannian submersion (cf. [5]) over QH™ with time-like
totally geodesic fibers as well as a principal fiber bundle over QH™
with structural group S3.

A real hypersurface M of a quaternionic space form is said to be ruled
if its maximal quaternionic distribution D of the tangent bundle of M,
TM, is integrable. This condition is equivalent to g(AX,Y) = 0 for
any X,Y in D, where A is the Weingarten endomorphism of M (cf.
[8]). In Section 4, we construct a family of ruled real hypersurfaces in
QH™, m > 2, which proves that the class of such real hypersurfaces is
not empty, so Theorem 2 is meaningful.

D is a linear subbundle of T'M which inherits two different metric
tensors. The first one is the simple restriction of g, so it seems
natural to keep the same name. The second one comes from the
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1064 M. ORTEGA AND J. DIOS PEREZ

second fundamental form by ¢°(X,Y) = g(AX,Y) for any X,Y € D.
Theorem 2 studies the case in which both metrics are proportional by
a smooth function defined on M. Anyway, the main result of Section 5
is the classification of real hypersurfaces in QH", m > 3, which have
constant quaternionic sectional curvature.

As it is shown in [10], there are no real hypersurfaces in QH™ whose
second fundamental tensor is parallel. So, in Section 6, we consider
the curvature operator R acting as a derivation over the Weingarten
endomorphism. That is, for any X,Y tangent to the real hypersurface
]\47 we define R(X, Y)A = VXVyA—vaxA—V[X7y]A, where V is
the Riemannian covariant derivation on M. Thus, we study condition
(33) that allows us to obtain as a corollary the nonexistence of real
hypersurfaces in QH"™ which satisfy R- A = 0.

2. The quaternionic hyperbolic space. Let Q be the algebra of
quaternions with quaternionic units {ji, j2,j3}. On Q™1 m > 2, let
us consider the Hermitian form b(z,w) = —Zowo + Y-, Zxwy, where
2= (20, ,2m), W= (o, ..., wy) € Q" and 7 is the quaternionic
conjugate of z € Q. The symplectic scalar product § = Reb is an
indefinite metric tensor of index 4 on Q™*!. Let us consider the real
hypersurface in Q™!

H3™ 3 = {2 e Q™ i b(z,2) = —1}.

The tangent space of H§m+3 at a point z is given by

(1) T.H{™ 3 = {a € Q™ : g(a,2) = 0}.

This shows that the position vector X : H3™ " — Q™! is a globally
defined normal vector field whose length is ||x||> = —1. Therefore,
H§’”+3 is a semi-Riemannian submanifold in Q™*! of index 3. Let
D, D be the Levi-Civita connections of Q™11 and H. g””*g, respectively.
The Gauss formula of X is

(2) DxY = DxY +g(X,Y)x
for any X,Y tangent to H§m+3. As the curvature tensor of Qm*!
vanishes, it is very easy to check that H§m+3 is a space of constant
sectional curvature —1. Next we consider S* = {\ € Q : A\ = 1} and
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the action S% x H3™ "3 — H§m+3 given by A € 83, 2 = (20,... ,2m) €
H§m+3, Az = (Azg,... ,Azp). This action is free and the quotient will
be denoted by QH™. Moreover, H§m+3 is a principal fiber bundle
over QH™ with structural group S2. Given a point z € H§m+3, the
horizontal subspace is

(3) T, ={X € T,H;"™" : g(X,jxz) =0, k =1,2,3}.

Given X,Y tangent to QH™, we will denote their horizontal lifts
by X', Y’, respectively, and we will define a metric tensor on QH™
by ¢(X,Y) = g(X’,Y’). This metric tensor makes the fibration
be a semi-Riemannian submersion, (cf. [5]). As g(jrX,jxX) = —1,
k = 1,2,3, the fibers are time-like. Note that they are also totally
geodesic. Therefore, (QH™, g) is a Riemannian manifold. Any geodesic
on QH™ is the projection of a horizontal geodesic on H§1m+3, so that
QH™ is complete. Let V be the Levi-Civita connection of QH™. The
set {j1X, j2X, j3X} defines a 3-Sasakian structure on H3™ ™. As it is
shown in [3], the projection m : H3™"® — QH™ induces a structure
of quaternion Kaehlerian manifold on QH™ by J, = m.(jrX). This
means that the three-dimensional vector bundle V = Span {Jy, Jo, J3}
of tensors of type (1,1) of almost Hermitian structures satisfy

JP=J3=J2=-1d, Jidy = — JoJy = J3
(4) VxJi = qu(X)J; — q;(X)Jp, i=1,2,3
for any X,Y tangent to QH™, where (i, j, k) is a cyclic permutation of
(1,2,3) and qx, k = 1,2, 3, are local 1-forms on QH™. One can easily
compute the following formula
. . 3
(5) DxY' = (VxY) = g(JiY, X)jiX
k=1
for any X,Y tangent to QH". On the other hand, from the fact that

H?‘)“”H has constant sectional curvature —1, it is not hard to check that
the curvature tensor of QH™ is

RIX,Y)Z=—g(Y,Z)X +9(X,2)Y
3
(6) + > {g(Y, 2) X — g(Ju X, Z) Y
k=1
+ 2g(X, JkY)JkZ}
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for any X, Y, Z tangent to QH™. This implies that QH™ has constant
quaternionic sectional curvature —4. Finally, if B is the standard unit
ball of Q™, the identification H§m+3 — B given by (20,...,2m) —
(21/205 .-, 2m/70) lets us construct a diffeomorphism from B to QH™.
Therefore, QH™ is the quaternionic hyperbolic space.

3. Real hypersurfaces in the quaternionic hyperbolic space.
In this section we summarize known facts and notations needed in the
sequel. In this paper M will always denote a smooth connected real
hypersurface in QH™, m > 2, without boundary. For the sake of
simplicity, if we write X € T'M, we denote a smooth section X of the
tangent bundle T'M, or a tangent vector field defined on a suitable open
subset of M. We will use the same notation when we consider some
other linear bundles on M, such as D or its orthogonal bundle D+ on
TM.

Let N be a local normal unit vector field on M. We will denote
U, = —JpgN, k =1,2,3. If X is a (local) tangent vector field to M,
we will write Jp X = ¢pX + fr(X)N, k = 1,2,3, where ¢, X is the
tangential component of Jp X and fi(X) = ¢(X,Uy), kK = 1,2,3. By
(4)

o X = — X + fu(X)Us, fr(oxX) =0, orUk =0,

7
@ k=1,2,3

for any X tangent to M.
(8)
i X = pit10i12X — fira(X)Uip1 = — biy2di1 X + fir1(X)Uiyo
fi(X) = fis1(dit2X) = = fir2(dit1X),
¢’LU’L+1 - U’i+2 - — ¢i+1U’i

i =1,2,3, for any X tangent to M, where the subindices have to be
taken module 3. It is also easy to check

9(¢iX,Y) +g(X,6:Y) =0,
9($iX,0:Y) = g(X,Y) — fi(X) fi(Y)

for any XY tangent to M, ¢ = 1,2,3. If we denote by V the induced
connection of QH™ on M, the Gauss and Weingarten formulae are

(9)
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given respectively by

(10) VXy:VXY—I—g(AX,Y)N
(11) VxN =—AX

for any X,Y tangent to M, where A is the Weingarten endomorphism
associated to N. A vector field X tangent to M will be called principal
if there is a function A on M such that AX = AX. The function A
is called a principal curvature of M. Given a point x € M, we will
denote Ty (z) = {X € T,M : A, X = A(z)X}. From the expression of
the curvature tensor of QH"™ we can compute the Codazzi equation

(12)

3
(VxA)Y —(Vy A)X = {—fu(X)erY + fi(V)op X +29(6x X, Y) U }
k=1

for any X,Y tangent to M. From (4), (10) and (11), we obtain

(13) VxUi = = p;(X)Us + pe(X)U; + ¢, AX

(Vx)Y = p;(X)6iY — pu(X)6;Y + fi(Y)AX — g(AX, V)T,
for any X,Y tangent to M and (i, 4, k) being a cyclic permutation of
(1,2,3). If R is the curvature tensor of M, the Gauss equation takes
the form

(14)
RX,Y)Z =—g(Y,Z)X +g(X,2)Y
3
+> {=9(6rY, Z) X +9(0x X, Z)$1Y +29(61X, V)1 2}
k=1
+ g(AY, Z)AX — g(AX, Z)AY

for any X,Y,Z tangent to M. Let R be the curvature operator of
QH™. We recall that a real hypersurface in QH™ is curvature-adapted
if its normal Jacobi operator Ky = R(-, N)N commutes with the
Weingarten endomorphism. We will denote the maximal quaternionic
distribution of M by D and its orthogonal complement in T'M by D=.
Bendt proved in [1] that the following three statements are pairwise
equivalent:
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a) M is curvature-adapted.

b) D (or equivalently D) is invariant by the Weingarten endomor-
phism.

c¢) D+ is an autoparallel subbundle of T'M.

We note that condition b) is pointwise. That leads to the following
useful notation. Given a subset K of M, we will say that M is
curvature adapted on K if for each p € K, A,D,, C D,, or equivalently,
Aij - Dj. Obviously, if we simply say M is curvature adapted, we
are assuming K = M. The following results can be found in [1].

Lemma A. Let M be a real hypersurface in QH™, m > 2. Let
us suppose that each Uy is principal with principal curvature py, k =
1,2,3.

a) py is locally constant, k =1,2,3.

b) If X € D and X is principal with principal curvature X, then
2\ — px) Apr X = (Mg — 2)x X, kb =1,2,3.

Lemma B. Let M be a curvature-adapted real hypersurface in QH™,
m > 2. If there exists a monconstant principal curvature in an open
subset G of M, then Ajp. = 2Ip1 on G.

Theorem A. Let M be a connected curvature-adapted real hypersur-
face in QH™, m > 2, with constant principal curvatures. Then M is
orientable and locally congruent to one of the following:

a) a tube of radius r >0 over a totally geodesic QH*, k € {0,... ,m—
1},
b) a tube of radius r > 0 over a totally geodesic CH™,

¢) a horosphere.

Table 1 displays the principal curvatures of each model space in the
list of Theorem A.

The distributions T

s © = 1,2, are included in Dt and Ty, i = 1,2,
are included in D.
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TABLE 1.
Model Principal Multiplicities
space curvatures
w1 = 2 coth(2r) 3
a) A1 = coth(r) 4k
Ao = tanh(r) 4(m—k—-1)
w1 = 2 coth(2r) 1
b) o = 2tanh(2r) 2
A1 = coth(r) 2m—2
A2 = tanh(r) 2m—2
c) p=2 3
A=1 dm—4

4. Examples of minimal ruled real hypersurfaces. We consider
a metric tensor on Q given by go(a,b) = Re(ab), where a,b € Q.
Now we can rewrite the metric tensor g as g(z,w) = —go(zo,wo) +
Sy go(zk, wi), where z = (z0,... ,2m), w = (wo, ... ,wy) € QM.
It is easy to see that p € Q satisfies u? = —1 if and only if Reyu = 0
and p € S3. Now, given p € S? such that u? = —1, let us define the

hypersurface in H. §m+3

M= {z = (rcosh(t)qo, 7 sinh(t)q1, Vr2—1ga, ... , V12 —1gy)

m

eH" it eR, r> 1, ol = o =1, Y |al> =1,
k=2
go(cosh(t)qo, sinh(t)qip) = 0}'

It is clear that M is invariant under the action of S® and therefore

M = 7(M) is a real hypersurface in QH™. If z = (zo,... ,2m) € M,
the tangent space of M at z is given by

T.M = {X = (Xo,... . Xm) € Q" g(X,2) = 0,

(15) 90(Xo, 2111) + go(z0, X11) = 0}.
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Let us consider the following tangent vector fields to M:
Er(z) = (cosh(t)jrqo,sinh(t)jrq1,0,. .. ,0), k=1,2,3,
Ey13(2) = (sinh(t)jrq pt, cosh(t)jxqop, 0,...,0), k=1,2,3,
Er(z ) = (cosh(t)qo, sinh(t) ql,rqg/m,...,rqm/\/H)
=(0,0,6Vr2~1qz, ... . jxV12~1qm), k=1,2,3

for any z € M. 1Tt is not hard to check the following properties:
go(Aa,b) = —go(a, Ab), go(ar,b) = —go(a,bA), for any a,b € Q and
any A € S Bearing them in mind, the vectors {Ej,...,Ejy} are
indeed tangent to M and an orthogonal system. Be51des, the linear
subspace W, = {X = (0,0, X,...,X,,) € Q™! : Y, Xpz, = 0}
satisfies T.M = W, @ Span{E1(z),...,Eio(z)} for any z € M. A
global unit vector field N to M in Hj 4m+3 is

(16) N, = (sinh(¢)q1p, cosh(t)qop, 0, ... ,0), z€ M

which has been computed by using (15) Let A be the Weingarten
endomorphism of M associated to N. By (2) and (11), we get
—AX = DgN forany X € TM. A straightforward computation which
uses this last formula and (16) shows

AB, — - (1>Ek+3, ABps — <3>Ek, k=123
(17) T r

AX =0 if X e W,®Span{FEr,...,E}(z), z€ M.

Eiir(z

Moreover, N = 7w, N is a globally defined unit normal vector field on
M. 1t is easy to see jyN = Ej,3 for any k = 1,2,3. Besides, from
(17), given X € TM, AX € Span {Ey, Ey43 : k = 1,2,3}. Moreover,
from (5) then AX' = (AX)" — Zzzl Je(X)jrX for any X € TM,

g(AX,)Y) = g(AX'Y'), for any X,Y tangent to M

18 _
(18) (AX) = AX', for any X € D.
From (17) an ) we see that M is minimal and, given X,Y € D,
9(AX, Y) = Y’)

§ (AX', Ep13)§(Erss,Y') + g(AX', Ex)g(E, Y')

Il
QI /-\
w |\Mu/\

9(X', —(1/r)Ey13)g(Ep, Y') = 0
=1

=
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and, therefore, M is ruled.

5. On the second fundamental form. We begin by proving a
generalization of Lemma 3.6 of [1] (see also Lemma 5.1 of [7]). We will
denote by (¥)p. and (¥)p the D+-component and the D-component
of (x), respectively.

Lemma 1. Let M be a real hypersurface in QH™, m > 2. There
is a dense open subset M of M with the following property. For every
p € M, there are an open neighborhood G of p on QH™ and a basis
{1, J2, J3} ofV defined on G such thatp € G := GNM C M, and there
are three smooth vectors {Ey, Ea, E3} in D and three smooth functions
wi, k=1,2,3, defined on G such that the corresponding U, = —Ji N,
k=1,2,3, satisfy AU, = u Uy, + Ex, for any k =1,2,3.

Remark 1. If M is curvature-adapted, each vector Ey, k = 1,2, 3,
vanishes on G and the lemma takes the form of Lemma 3.6 of [1]. Also
the vectors {E1, Fa, F3} can be linearly dependent.

Proof. We define the element A° € Hom (D, D+) by the following.
Given X € D+, A°X = (AX)p.. Now we can copy Berndt’s proof of
Lemma 3.6 in [1], but we use AY instead of A. At the end of the proof,
we know AU, = upUs, k = 1,2,3, on G. Now as the projection
map p : TM — D is smooth, given k € {1,2,3}, the orthogonal
decomposition AU, = AUy + p(AU}) yields that the smooth vectors
Ey = p(AUg), k = 1,2, 3, are defined on G and lie in D. This concludes

the proof. i

Theorem 1. Let M be a connected real hypersurface in QH™,
m > 2, such that

(19) App X = ¢ppAX  forany X € D, k=1,2,3.

Then M is an open subset of one of the following.
a) A tube of radius r>0 over a totally geodesic QH", k=0,...,m—1,
b) a horosphere.
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Proof. Let {Uy,Us,Us} be a local orthonormal basis of Dt. Fix
k € {1,2,3}. Given X € D, there is a Y € D such that X = ¢;Y.
Bearing this in mind, by (7) and (19), g(AX,U) = g(AérY,Ux) =
9(¢pr AY,Uy) = 0. Therefore, M is curvature-adapted. Let us suppose
that M admits a nonconstant principal curvature A on an open subset
G of M. By Lemma B, AZ = 2Z for any Z € D+ on G. Take a unit
X € T\. By Lemma A and (19), given k = 1,2,3, (2A — 2)¢p X =
(2X — 2)Ag X = (2A — 2)¢ AX = (2\ — 2)A\¢y X, from which A = 1
at any point of G. Therefore, M has constant principal curvatures and
we only have to check which of the real hypersurfaces in Theorem A
satisfies (19).

a) A straightforward computation shows that the horosphere and the
tube of radius 7 > 0 over a totally geodesic QHF, k = 0,... ,m — 1,
satisfy (19).

b) Tube of radius » > 0 over a totally geodesic CH™. In this
case, D+ = V,, @ V,,, D = V), @ V),, where u; = 2coth(2r),
p2 = 2tanh(2r), Ay = coth(r) and A2 = tanh(r). Given X € Vj,
by Lemma A and (19), M X = ¢ AX = App X = (A1 —2)/(2M —
pr)orX, k = 1,2, from which Ay = (Ajpur — 2)/(2M1 — ug), and now
A2 — A+ 1 = X2 — o) + 1. As Ay # 0, then py = po, that is,
coth(r) = tanh(r). But this equation has no real solutions, which is a
contradiction. This concludes the proof. ]

Now we suggest reading the introduction to remember the definition
of the metric tensors g and ¢g" on the bundle D.

Theorem 2. Let M be a connected real hypersurface in QH™,
m > 3, which satisfies ¢° = ag where a is a smooth function on M.
Then a is constant and M is one of the following:

a) ruled, a =0,

b) an open subset of a tube of radius r > 0 over a totally geodesic
QH™ 1, 0 < a=tanh(r) <1,

¢) an open subset of a horosphere, a =1,

d) an open subset of a tube of radius r > 0 over a point, 1 < a =
coth(r).
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Proof. Our hypothesis is equivalent to

3
(20) AX =aX + > f(AX)U; for any X € D.
=1

Firstly, if @ = 0 on M, then g(AX,Y) = 0 for any X, Y € D,
and therefore M is ruled. Secondly, let us suppose the open set
{p € M : a(p) # 0} is not empty. We recall the dense open subset
M of M of Lemma 1. Clearly the set A = {p € M : a(p) # 0}
is not empty. Choose a point x € A. Let G be a connected open
neighborhood of z in M as in Lemma 1. We will follow the notations
of Lemma 1. Let us suppose that M is not curvature adapted at a
certain point p € G. Then at least one of the vectors Ey(p) # 0, so we
can choose an open neighborhood €2 of p included in G on which M is
not curvature adapted. In the sequel, all computations will be made
in © unless otherwise stated. Let us define V = Span {Ey, E3, E5} and
W the orthogonal complement of V' in D. By (20),

(21) AX =ax forany X € W.

Given XY € W and k € {1,2,3}, we develop g((VxA)Y —
(VxA)Y, Ey), bearing in mind (12), (13), (20) and (21),

3

(22) 0="> g(Ex, E)g(Y, . X)
=1

forany X, Y in W, k=1,2,3, on Q. We can regard (22) as a homoge-
neous linear system whose coefficients are g(Ey, E;), so that we have to
distinguish three cases. We define the matrix G = (g(Ek, E1))k,1=1,2,3-

Case 1. Let us define 3 = {¢ € @ : dimV(q) = 3} = {q €
Q : det G(q) # 0}, which is open. The rank of the matrix G is 3,
so that the linear system (22) has the unique solution 0 = g(Y, ¢; X)
for any [ = 1,2,3 and any X,Y € W. Therefore, p;W C V and
then 3 = dimV > dimW = 4m — 7, that is to say, 4m < 10, which
contradicts m > 3. Therefore, Q; is empty.

Case 2. Let us define Q3 = {¢g € Q : dimV(q) = 2}. We can
suppose without losing any generality that V = Span {E;, F2} on an
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open subset €29 included in 5. We can forget the third equation of
(22) and rewrite the others as

(23)
g(Y, 1 X)g(Er, Er) + g(Y, 92 X)g(E1, E2) = — g(Y, ¢3X)g(En, E3)
g(Y, 1 X)g(Er, E2) + g(Y, 02 X)g(Ea, Ea) = — g(Y, ¢3X)g(Es, E3),

for any X,Y € W on Q3. Now there are two subcases.

Case 2a. There is a point ¢ € 29 and a unit Z € (W N ¢3W)(q).
By computing at ¢, we put X = Z, Y = ¢3Z in (23), obtaining
0 = g(E1,E3), 0 = g(Es, E3). Introducing them in (23), we get
0=g(Y,1X),0=g(Y,¢p2X) for any X,Y € W(q). Now this subcase
is finished by a similar reasoning as in Case 1.

Case 2b. WN¢3W = {0} at some point q € Q. As (psW HW)(q) C
D(q) = (V@& W)(q), then 4m — 6 = dim W = dim¢psW < dimV = 2,
and therefore m < 2. This is a contradiction. We conclude that the set
of interior points of {25 is empty.

Case 3. Let us define Q3 = {¢ € Q: dimV(q) = 1}. Given a point
q € 3, we can suppose without losing any generality that F4(q) # 0.
Then we only write the first equation of (22),

(24) 9(Y,01.X)g(Er, Ev) + g(Y, $2X)g(Er, Es)
+9(Y, ¢3X)g(En, E3) =0

for any X, Y € Woat g Asm > 3, dmW, N (V& a1V & ¢V &
#3V)+(q) > 4. Given a nonzero vector X in this subspace, take
Y =91 X € W, so, by (24), 0 = g(E1, E1)(g), which is a contradiction.
Therefore, €23 is empty.

Summing up these three cases, 2 is an open subset included in G,
Q = Qs, and 3 has no interior points. Therefore, €2 is empty, which
yields that G is a connected curvature adapted real hypersurface in
QH™, and the equation (20) becomes AX = aX for any X € D on G.
This means G is an open subset of one of the real hypersurfaces in the
list of Theorem 1. Table 1 shows that only the horosphere, the tube
of radius r > 0 over a totally geodesic QH™ ! or over a point satisfies
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the fact that there is a constant A such that AX = AX for any X € D.
In particular, a is constant on G, that is to say, a is locally constant on
A. Given a connected component C of A, as A is an open subset of M,
so is C. Besides, a is constant on it and M is curvature adapted on C.
In fact, C' is an open subset of one of the three above-mentioned model
spaces. Let us define Hy = {q € M : a(q) = 0}, and let us suppose it is
not empty. As M is a dense subset of M and A is not empty, there is
a sequence {p, }neN in a connected component of A whose limit ¢ lies
in Hy. But as a is continuous on M, given n € N, 0 # a(p,) = a(q),
which is a contradiction. Therefore, A must be M. Now, as M is a
dense subset of M, a is continuous on M, a is locally constant on M,
and M is connected, then a is constant on M and M is an open subset
of one of the three model spaces that we have mentioned before. This
concludes the proof. i

Given a vector X tangent to M, we will denote Q(X)=Span {X, ¢1 X,
$oX, 03X }. If II is a 2-plane tangent to M, we will say that II is
quaternionic if it admits a basis {X,Y} such that Q(X) = Q(Y).
The quaternionic sectional curvature of M is the sectional curvature
of quaternionic 2-planes tangent to M which are included in D.

Theorem 3. Let M be a connected real hypersurface in QH™,
m > 3, which has constant quaternionic sectional curvature q. Then
M is one of the following:

a) an open subset of a tube of radius r > 0 over a point, —3 < q =
—4 4 coth?(r),

b) an open subset of a horosphere, ¢ = — 3,

¢) an open subset of a tube of radius v > 0 over a totally geodesic
QM™ 1(¢), =4 < g = —4 + tanh?(r) < — 3,

d) ruled, ¢ = — 4.

Proof. Take p € M a point, and let us denote UD,, = {X € D, :
IX] = 1]|. If X € UD,, then ¢ = R(X, ¢ X, 9: X, X), k = 1,2,3.
From (14) we obtain
q=—4+g(AX, X)g(AdrX, 6. X) — g(AX, . X?)

(25)
for any X € UD,,.
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Let X(t), t € (—¢,¢), be a curve contained in a great circle of UD,,
and such that X (0) = X, X’(0) =Y. By (25),

{g(AX(t), X(1))g(APp X (1), o X (1))
— g(AX (1), ¢kX(t))2}t:o-
A straightforward computation shows

J(AX Y )g(Apr X, o X) + g(AX, X)g(AdrY, ¢r X)

(26) — G(AX, 1 X)g((Ay — b A)X,Y) = 0,

for any X,Y € UD, k = 1,2,3. Similarly,

2
0= 5 9(AX (D), X(0)g(A6eX (1), 9 X (1)
— g(AX(t), o X (t))*}i=0,
and, therefore,
(27)
2(q+4) = g(AY,Y)g(Apr X, 9. X) + 4g(AY, X )g(AdrY, pr X)
+9(AX, X)g(AprY, oY) — 29(AX, 9. X)g(AY, 1Y)
—g(Y, A X — ¢ AX)?,

k=1,2,3, for any X,Y € UD. Now let {E1,..., Fyn_4a,U1,Us,Us}
be an orthonormal basis of T'M defined on an open subset G of M such
that

(28) (AEj)p = a; E;

where a;, j = 1,...,4m — 4, are continuous functions on G. In
fact, the functions a; and the vector fields E; can be chosen con-
tinuous on G, but smooth on an open and dense subset of G.
If we substitute X = E;, Y = E;, j # 1 in (26), then 0 =
a;9(AprE;, ¢ E). This yields a; = 0 or g(A¢wE;, ¢rE;) = 0,
j # 1, which implies A¢rE; € Span{¢,E;} & DL. Therefore, we
can find an orthonormal basis of T'M defined on G of the form
{Ey1, 01 By, p2 B, ¢3E1, ..., By 1, 01En 1, 2B 1, $p3E, 1} such that

(29) (AEj)p = a; E; (AppEj)p = ajrorE;,
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where ay, aj, are continuous functions on G, j =1,... , m—1, k =
1,2,3. As before, all these functions are also smooth on an open and
dense subset of G. If we take X = Ej; in (25), by (29),

(30) g+4=qajaj, k=123 j=1,... m—1

If we put X = E;, Y = ¢, E; in (27), by (29),

(31) 2q+4)=a,+a;, k=123, j=1,...,m—1
By (30) and (31), 0 = a3, — 2a;a;, + a3 = (ajx — a;)?, and then
(32) a; =aj1 =aj=a;3, j=1,...,m—1.

Choose X = E;, Y = Ej;, j # [, and introduce them in (27),
bearing in mind (29), ¢ +4 = aja;. From this, by (30) and (32),
wa; =q+4=a} = af for any j # l. If, for some j # I, a; # a; at
some point of G, then a; = —a;. Thus, a = aqja; = —a? and then
a; = aj = 0. Consequently, a1 = --- = a;,—1 = a. Moreover, from (31),
a is constant on G. From (29) and (32), then (AX)p = aX for any
X € D on G, that is to say, g(AX,Y) = ag(X,Y) for any X, Y € D
on G. So we only have to check which of the real hypersurfaces of
Theorem 2 have constant quaternionic sectional curvature. Table 1
and (14) show that all of them satisfy this property. This concludes
the proof. a

6. The curvature operator.

Theorem 4. Let M be a real hypersurface in QH™, m > 2, which
satisfies

(R(X,Y)A)Z + (R(Y, Z)A)X + (R(Z, X)A)Y =0

(33)
for any X,Y,Z € D.

Then M is an open subset of either:
a) a tube of radius >0 over a totally geodesic QH*, k=0,... ,m—1,
b) a horosphere.
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Proof. By the first Bianchi identity, (33) is equivalent to

(34) R(X,Y)AZ+ R(Y,Z)AX + R(Z, X)AY =0,
for any X,Y, Z € D.

By virtue of (14), equation (34) takes the form

3
0= {29(¢xX.Y)prAZ + 29(61 Z, X)px AY + 2g(61.Y, Z)pp AX
k=1
(35) +9((Adr + 0 A)Z,Y )1 X + g((Adr + 0 A) X, Z)prY
+ 9((App + 0 A)Y, X))o Z}

for any X,Y,Z € D. Let {E1,...,Eyun_4} be an orthonormal basis
of D defined on an open subset G of M. For each k,l € {1,2,3} we
define the function ay; = E?fl_4g((A¢k + ¢ A)$E;  E;) on G. In
the sequel, all the computations will be made on G unless otherwise
stated. If we take X = E;, Y = ¢, E;, 1 = 1,2,3, in (35) and adding in
1=1,...,4m — 4, we get

3
0= {—20161(Adk + B A)Z + apdnZ + o Ad1dw Z
k=1
(36) ;
+2) filondi(Adr + pA) Z)U;} + 8(m — 1) AZ,

j=1

for any Z € D, = 1,2,3. If we multiply (36) scalarly by U, by
virtue of (7), (8), (9), (35) and the fact that ¢rdi(Adr + ¢prA)Z +
>51 1i(Sr01(Adr+0rA) Z))U; € D, we see 0 = — 327, g(drAdidr. 2,
U) = 9(Z, $1+2AU112) + 9(Z, p141AU141) for any Z € D, | = 1,2,3,
which yields ¢ 2AU; o + ¢141 AU € D+, that is to say, ¢1 AU +
G AUy = Z7, 9o AUs + ¢3AUs = Zy, ¢p1 AUy + ¢p3AUs = Z3, where
Z1, 2,75 € D+ are defined on G. Easy computations show ¢, AU}, €
D', k = 1,2,3, which imply AU, € D+, k = 1,2,3, that is to say M
is curvature-adapted. By Lemma 1, we can suppose without losing
any generality that the vector fields {Uy,Us,Us} are defined on G
and principal with principal curvatures ug, & = 1,2,3, respectively.
Note that the functions ay; are independent of the basis of D used
to compute them. Besides, if & # [, then ag; vanishes. Indeed, if
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the basis {E; : ¢ = 1,...,4m — 4} is such that AE; = \NE; at
some point of G for certain real numbers \;, i = 1,...,4m — 4,
then 1" g(AdriBi, Bi) = Y07 Nig(owdi i, E;) = 0. On the
other hand, if the basis {E; : ¢« = 1,...,4m — 4} is such that
ApE; = Moy E; for certain real numbers A\;, i = 1,...,4m — 4,
then 1" g(¢p Ad B, Ei) = S Xig(érdi Ei, Ei) = 0. These two
computations prove our assertion. From this, (7), (8), (9) and as M is
curvature-adapted, (36) becomes

(37) 0=andp1Z + (8m—13)p1AZ = 2A¢1Z — p141A¢112Z + P12 AP141
for any Z € D, 1 =1,2,3. Now we apply —¢; to (37) and, by (8),

(38) 0= auZ + (Sm—13)AZ + 26, A0 Z + 11 Adrsr Z + Srsa AdrsoZ
for any Z € D, 1 =1,2,3. If we change Z by —¢;Z in (37), by (8) then
(39) 0=ayZ — (8m—13)p;Ad,Z —2AZ + 111 A1 7 + P2 Adri2Z

for any Z € D, | = 1,2,3. Subtracting (39) from (38) we obtain
0=(8m—11)AZ + (8m — 11)¢;A¢ Z, that is to say, ApiZ = ¢ AZ
for any Z € D, [ = 1,2,3. The rest of the proof is to check which real
hypersurfaces in the list of Theorem 1 satisfy (34).

a) Horosphere, tube of radius » > 0 over a totally geodesic QH¥,
k = 0,...,m — 1. By Table 1 there is a real number A such that
AX = AX for any X € D. Therefore, (34) is satisfied.

b) Tube of radius r > 0 over a totally geodesic QH*, k = 1,... ,m—1.
Table 1 shows D = V), @& V), where Ay = coth(r), Ay = tanh(r).
Besides, Vy,, ©+ = 1,2, is quaternionic. Now take unit X € V,,,
Y = ¢1X and unit Z € V,, and introduce them in (35), bearing
in mind (8) and (9), 0 = =2\ $1Z + 2X2¢1 Z, from which Ay = Aa.
But the equation coth(r) = tanh(r) has no real solutions. This is a
contradiction which finishes the proof. ni

Corollary 1. There are no real hypersurfaces in QH™, m > 2, such
that

(40) (R(X,Y)A)Z + (R(Y, Z)A)X + (R(Z,X)A)Y =0
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for any X,Y, Z tangent to M.

Proof. Let M be a real hypersurface in QH™, m > 2, which satisfies
(40). Then M satisfies (33). So we only have to check which real
hypersurfaces in the list of Theorem 4 satisfy (40). In each case there
are two nonzero real numbers x,y such that

3
(41) AX =2X +y ) fr(X)Uk
k=1
for any X tangent to M. The first Bianchi identity shows that (40)
is equivalent to R(X,Y)AZ + R(Y,Z)AX + R(Z,X)AY = 0 for any
X,Y,Z tangent to M. Now we substitute (41) in this last equation
bearing in mind the first Bianchi identity and y # 0, and then
0= Y {fe(Z)RX, V) Ui+ fu(Y)R(Z, X) Ui+ fi(X)R(Y, Z)Uy} for
any X,Y,Z € TM. Choose a unit Y € D, Z = ¢oY, X = U; in this
last equation. By (14) and (41), then 0 = R(Y, ¢oY)U; = —2U3. This
is a contradiction that concludes the proof. o

Corollary 2. There are no real hypersurfaces in QH™, m > 2, such
that R- A =0.
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