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ON THE WEAK PROPERTY OF
LEBESGUE OF L'(, 3, )

CHONGHU WANG AND KANG WAN

ABSTRACT. A Banach space X is said to have the weak
property of Lebesgue if every Riemann integrable mapping
from the closed interval [a, b] to X is weakly continuous almost
everywhere on [a,b]. In this paper we prove that if (Q2,X, )
is a totally finite, complete and countably generated measure
space, then L'(Q, %, 1) has the weak property of Lebesgue.

In this paper we are concerned with the Riemann integration in
Banach spaces which was first studied by Graves [2]. In [3], Gordon
compiled many results of Graves and others, e.g., Alexiewicz and Orlicz
[1] and studied the interesting problem of determining which Banach
spaces X have the property of Lebesgue, that is, the property that every
Riemann integrable mapping from [a,b] to the space X is continuous
almost everywhere. After encouragement in 1992 by Professor Joe
Diestel of Kent State University, we studied some problems related
to the Riemann integration in Banach spaces and in [6] established
some new characterizations of the Schur property and the H property
of Banach spaces using Riemann integration. Inspired mainly by [3],
in [5] we introduced the concept of the weak property of Lebesgue of a
Banach space X and did some preliminary study, in which we pointed
out that the most familiar Banach spaces enjoy the weak property of
Lebesgue.

In this paper we assume that (£2,%, ) is a totally finite, complete
and countably generated measure space. Since (2, %, u) is countably
generated, there is a sequence {Gy} C ¥ such that for any E € 3,
4 > 0, there exists some Gy satisfying p(EAGE) < 4§, see [4, pp.
168-169]. Under the stated assumptions we prove that L'(Q, X, 1) has
the weak property of Lebesgue. This result, of course, implies that the
well-known space L![0,1] has the weak property of Lebesgue.

Key words and phrases. Riemann integration, Banach space, weak property of
Lebesgue, L1(Q, %, p).
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Throughout this paper X will denote a real Banach space and X* its
dual.

Definition. A Banach space X is said to have the weak property
of Lebesgue, abbreviated WLP, if every Riemann integrable mapping
f from [a,b] to X is weakly continuous almost everywhere on [a, b,
i.e., there exists a subset E C [a,b] with m(E) = b — a where m(FE)
is a Lebesgue measure of E, such that for all z* € X* (f(t),a*) is
continuous at every t € F.

For convenience, if the above is true for all * in a subset M of X*,
we say X has M-WLP.

Lemma 1. Let X and M be as above. If X* is the closure of M
and X has the M-WLP, then X has the WLP.

Proof. Let f : [a,b] — X be Riemann integrable on [a,b], and let
K satisfy the inequality || f(¢)|| < K for all ¢ € [a,b]. Since X has the
M-WLP, there exists a subset E C [a,b] with m(FE) = b — a such that
for all * € M, (f(t), ™) is continuous at every ¢ € E.

For any z* € X*, € > 0, there exists y* € M such that ||z* — y*| <
e/(4K). For any fixed t € E, we have

[(F(s) = f(2),2")]|

IN

f(s) = f(), 2™ —y) [+ [(f(s) = f(8),y7)]
+1(f(s) = F(8),y7)-

IA
N ™

Since (f(t),y*) is continuous at ¢, there exists 6 > 0 such that
[(f(s) — f(t),y")| < €/2 whenever |s —t| < 0, s € [a,b]. Therefore,
we have |(f(s) — f(t),z*)] < € whenever |s —t| <, s € [a, D]

Thus X has the WLP.

Remark [5, Corollary 7]. If X is a real Banach space with separable
dual, then we can prove that X has the WLP easily by using Lemma 1.

Now we are going to prove that L!(Q, Y, ) has the WLP.
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Lemma 2. Let x(-), y(-) € LY(Q, 2, n), A,BEX, ANB=29®. If

/|x<r>|du>c1, /Iy(r)ldﬂ>62,
A B

le+yl| >ci+c2 or |lz—y||>c1+ca

then

Proof. Let x* = Xa(r)sgnz(r), v* = Xp(r)sgny(r). Clearly,
¥, y* € (LY(Q, %, 1))* and |lz* £ y*|| < 1. So we have
[z +yll + llz =yl = <w+y,x* +y*> +<w—y,:c* ")

—2/|x Idu+2/|y )l du

>261+62)

Then ||z +y|| > ¢1 +c2 or ||z — y|| > ¢1 + co.

Lemma 3. Assume that f : [a,b] — LY(Q,%,u) is Riemann
integrable. Then there exists E C [a,b], m(E) = b — a such that,
foranyt € E and any A € X,

/ |f(s) (t)]dp — 0  whenever pu(A) — 0,

s —t forsé€[a,b].

Proof. Suppose that Lemma 3 is not true. Then there exist 5 > 0,
Eg C [a,b] such that Lebesgue outer measure of Eg, m*(Eg) > 0; and
for any t € Eg, any 6; > 0 and any 2 > 0, there exist s € [a,b] and
A € ¥ such that [s—t] < 1 and p(A) < 2, but [, |f(s)— f(t)]dp > 5.

Let P be a partition of [a, b], and let Iy, Io, . .. , I,, be all those intervals
of the partition satisfying m*(I; N Eg) > 0,i=1,2,... ,n. Clearly,

Z m(L;) > m*(Eg).
i=1
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Since m*(I; N Eg) > 0, we can take &1, ny € I; such that [, [f(&1) —
fm)ldp > 8. Thus, [[(f(&1) = f(m))m(L)] > Bm(1L).

Suppose that we have taken &;, m; € I;, i =1,... ,k, 1 < k < n such
that
k k
D (&) = Fa)m(L)|| > B m(T).
i=1 =1

By using absolute continuity of the integral, we can choose § > 0 such
that if u(A) < 6 and A € 3, then

k
W [0 - o) | da
k k
< | S - smm)| - 53 m(n).
i=1 i=1

Since m*(Ix4+1 N Eg) > 0, we can take &pi1, Met1 € Ihy1, Apt1 € %
p(Ag11) < 6 such that

2) /A (F(Exsr) — FOmem)ym(Tsn)| dp > fm(Tes).

Using (1) with Ag41 in place of A, we have

k
/A Z(f(fi) — fm))ym(I;)| du
1= . k
< Z(f(fz) — f(m))m(I;)|| — 52’”([1‘)’
from which we obtain
b k
@ o 120 = sma > 53

By Lemma 2, from (2) and (3) we have

k+1 k+1
S &) — Fm)m)| > 83 m(1,)
i=1 =1
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By induction we have proved that there exist &, n; € I;, 1 =1,2,... ,n,
such that

n

> (&) = fni))m

i=1

>ﬁ§}n ) > Bm*(Ep).

Note that P is arbitrarily chosen, so we have a contradiction of (2) of
Theorem 5 in [3]. The proof of Lemma 3 is complete.

Lemma 4. Let M be the set of all simple functions on . Then
M C (LY, 3, 1)* and LY(Q, %, i) has the M-WLP.

Proof. Assume that f : [a,b] — L'(Q,%, u) is Riemann integrable.
Note that, for any A € X,

/A F) dp = (F(t),Xa) € [ab],

where X 4 satisfies

1 reA

XA(T):{O reQ— A

Since f is Riemann integrable, f is scalarly Riemann integrable. Thus,
J 4 f(t) dp is continuous almost everywhere on [a, b].

If
£, = {t € [a,b] : f(t) dp is continuous at t},
G

where Gy, k = 1,2,... are as at the beginning, then m(Ey) = b — a.
Take F as in Lemma 3, and put

oo
Ey=EnN ( ﬂ Ek)
k=1
Clearly, m(Ep) = b — a.

Now we will prove that, for any y* € M, (f(t),y*) is continuous at
every t € Ey. Clearly we may write

m
= E XA, -
=1



702 C. WANG AND K. WAN

Then

(f(t),y") = <f<t>,iclxm>.
=1

It suffices to prove that (f(¢),X4,), 1 <1 < m, is continuous at every
t € Ey.

Thus, let t be an arbitrary element of Ey. By Lemma 3 we have that,
for any € > 0, there exist §; > 0, 2 > 0 such that if s € [a,b] and
A € ¥ such that |s —t] < d; and p(A) < dz, then

/If () dp <e.

Since (2,3, ) is countably generated by {Gj}, for A; there exists
some Gy, such that p(A;AGE) < §;. Therefore, we have

[(F(8) = F(8): Xa)| < [{f(5) = F(8): X, = X )| + [{f(5) = f(#): X))

</AZAlef( Idu+’/ck ) dp
ICE f(t))du‘-

<e+

Since fG t) du is continuous at t € Ey, there exists d3 > 0 such

that
‘/ du‘ <e
Gy,

whenever s € [a,b] and |s — t| < ds.

So, for any € > 0, let 6 = min(dy, d3) and note that if [s —t| < J, then

[(f(s) — f(t),xa,(8))| < 2e.

Now we have proved that (f(t),X4,), 1 <1 < m, is continuous at every
t € Ey. Hence, for any y* € M, (f(t),y*) is continuous at every t € Fy,
and L'(Q, 3, 1) has the M-WLP.

Theorem 5. If (0, X, i) is a totally finite, complete, and countably
generated measure space, then L'(Q,X, 1) has the WLP.
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Proof. Let M be as in Lemma 4. It is easy to see that the closure of
M = (LY(Q, 3, 1))*. By using Lemmas 1 and 4, we complete the proof.
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