JOURNAL OF INTEGRAL EQUATIONS
AND APPLICATIONS
Volume 13, Number 2, Summer 2001

STABILITY IN DISTRIBUTION OF
FORWARD STOCHASTIC FLOWS

D. KANNAN AND HONG ZHANG

ABSTRACT. We discuss here the stability in distribution

of a forward stochastic flow governed by its B%1.local charac-

teristic. We first study the special case when the local charac-

teristic belongs to the class Bgz)l and is absolutely continuous

with respect to the Lebesgue measure. The stability for the
more general case is obtained via the time change procedure.

1. Introduction. Several stability properties of a Brownian flow
have received reasonable attention in the past few years (see [7]); for
example, a stability in large or asymptotic flatness property of the
Brownian flow has been studied more recently by Basak and Kannan
[3]. Our purpose in writing this article is to establish the stability
in distribution of the stochastic forward flow ¢s:, 0 < s < t < o0,
governed by the stochastic equation

T
(L.1) poel@) =2+ / F(@s s du),

where F is a semi-martingale. Whereas Kunita [7] discusses the weak
convergence of a stochastic flow by considering the joint law of the ¢, ;
and F, we instead consider the distribution of the flow itself. We shall
show, under suitable conditions on the local characteristic of F', that
the forward flow is stable in distribution. We will observe that the
limiting probability is independent of the initial position, the initial
moment, and the local characteristic of F'. We begin by setting up
some basic notations and recalling from [7] necessary definitions.

Notations, Definitions and Remarks.

e (2, F, P) is a complete probability space supporting all our random
variables.

e An Rvalued continuous random field s i(r,w), with z € RY,
w € Q, is called a forward stochastic flow provided there is a null set
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N C Q such that for all w € N€ and all s,¢,u with 0 < s <t < u < o0,
we have

— @s,s(w) is the identity map for all 0 <'s,

~ Psu(w) = pruw) o psi(w), s <t <w,

— ps1(w) : RY — R% is a continuous map for all s, ¢.

We shall suppress the argument w in the above and in what follows, as
is customary. Since the flow is continuous, we treat it as a separable
and measurable version.

ot — F(zx,t) = (Fl(z,t),...,F(x,t)), € R will denote a
continuous semi-martingale with values in C = C(R? : R%) = {f :
R? — RY is continuous}. The semi-norms inducing a Frechet space
topology on C' is described infra (in a more general set up).

o Let Fi(x,t) = M'(z,t) + B'(z,t) be a decomposition such that
M¢¥(xz,t) is a continuous local martingale and B(x,t) is a continuous
process of bounded variation, 1 <14 < d.

e Set B

A (@, y,t) = (M’ (1), M (y, 1)),
where the righthand side is the joint (quadratic) variation of the local
martingales M*(z,t) and M7 (y,t), 1 <4, j < d.
e If A; is a continuous strictly increasing process such that both

A" (x,y,t) and B'(z,t) are absolutely continuous with respect to A,
a.s., fqr any z, y € R?, then there exist predictable processes a® (x, vy, t)
and b'(z,t) with parameters x,y such that, for all ¢ € [0,T],

L. t
A (a,y,t) = / ol (2, y, 5) dA,,
0

¢
B(z,t) :/ bi(x,s)dAs as.
0

o Define a measure o ([0, T]x 2, P) by u(B) = E[[; 1(B)(s,w) dA,],
for all B € P, where P is the predictable o-field and 1(-) is the indicator
function.

o a(z,y,t) = (a¥(z,y,t)), i,j = 1,...,d is a d x d-matrix valued
function with the following properties:
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(a) Symmetry: a¥(z,y,t) = a’*(y, z,t) holds p-a.e., for all z,y, i, j.

(b) Nonnegative definiteness: >, , a% (zp, 2, t)EHET > 0 holds -
a.e., for all z, = (&},... &%), and zg = (&,... €D, p,g=1,2,... ,n.

o b(z,t) = (bl(z,t),...,b%x, 1))

e The triple (a(z,y,t),b(x,t), A;) is called the local characteristic of
F(z,t).

e Let D be a domain in RY, and let m be a nonnegative integer.
Denote by C™(D,R%) = C™ = {f : D — R? is m-times continuously
differentiable}. When m = 0, C° is denoted by C(D,R%). For

the multi-index of nonnegative integers a = (ag,s,...,aq), the
differential operator DY is defined by

lex]
Dy = %,
Ox{" -+ - Oxy*
where |a| =Y a;. Let K C D, and set

12) [l = sup TS pe ).

cex 1+ |f ()] 1<\a\<mIEK

C™(D : RY) is a Frechet space induced by the semi-norms || ||, x-

e Definition 1.1. The local characteristic (a,b, A;) of the semi-
martingale F' belongs to the class Bg’l if a(x,y,t) and b(z,t) have
predictable modifications satisfying the following

Assumptions A: (A.1) For t >0,

o0
[ el aa, < oo, as,
0
where
~ |a’(x7y7t)|
la@®)||} = sup ——2 DL
P yere (L )T+ [y))
+  sup la(z,y,t) — a@’,y, t) — a(z, ¢, t) + a(a’, ', 1)]
oy, y €R |z —a'||ly — |
z#z y#y’
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(A.2) fort >0,

(o]
(1.3) /0 1b(8) |1 dA; < o0, aus.,
where
b(x,t b(x,t) — b(y,t
I = sup PED sy P = SOl o,
zeRI z,yeR? -

(1.4) e

Yw e Q.

The local characteristic (a,b, A;) of F belongs to the class Bg})l
provided there exists a constant L; such that

(1.5) la(®)]|]T < Ly, forallte[0,7] and for allw e Q,
and
(1.6) 16(t)]|1 < Ly, forallte[0,7], and forallw €

in other words, (A.3)

[b(x, 1) = by, t)| < Lilz —yl,
la(z, y,t) = 2a(z, y,t) + a(y, y, )| < Lilz — y|?,
[b(z, t)] < La(1 + [z),
la(z,y, O < Ly (1 +[z)(1 + [y]),

hold for all t € [0,7], x,y € R? and w € Q where | | and || || denote
norms of vectors and matrices, respectively.

o Let tg € [0,7] and 2o € R%. A continuous R%-valued process ¢y, 1,
0 <ty <t <T adapted to (Fy,+) is called a solution of Ito’s stochastic
differential equation based on F(x,t) starting at zo at time ¢y if it
satisfies

t
(1.7) Pto,t = To +/ F(piy,s,ds).
to

Also ¢y, + is said to be governed by Ito’s stochastic differential equation
based on F(z,t).
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e It is known from [7] that, if the local characteristic of F' belongs to
the class Bg’l, then for each ¢y and z¢, the equation (1.7) has a unique
solution.

The following form of Ito’s formula is central to our analysis. A proof
of the formula can be found in [7]. (A discrete-time version of this
formula, due to Kannan and Bo Zhang, will appear elsewhere.)

Theorem 1.2 (Generalized Ito formula). Assume that G(z,t),
z € RY, is a continuous C?-process and also a continuous C'-semi-
martingale with local characteristic belonging to the class B; O Let Gt
be a continuous semi-martingale with values in RY. Then G(g,t) is a
continuous semi-martingale satisfying the formula

' L rtaa :
Gl(gu.t) — Glgo,0) = / Glgods) + Y / ' (905) dgi
0 =1 0 6$
d t 2
1 G o
_ - - g J
(1.9 w3 2 [ g tens) daiad

#3([ 2E o.al)

Comparing this formula with the standard Ito formula, we note that
the last term here is a correction term. When the function G is
deterministic, the generalized Ito formula reduces to the standard Ito
formula. Now, since the solution of equation (1.7) is a continuous semi-
martingale, we apply the generalized Ito formula to a deterministic
C?-function G : R? — R so that

4 rtoac }
Glory) = G) = Y- [ 57 (0r.) il
i=1“to 71

(1.9) o
2 i1 to 837181;] Pto,s wtovs’@to,s .

Since 4, + is a solution of the SDE (1.7), viz. dpy,+ = F (@, ¢, dt), we
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have from the semi-martingale decomposition of F' that

d ¢
oG l.
Zl a_%(¢t07375)F (@t0737d5)
=1 0
d t
oG i
= Z/ %(Sﬁto,s,S)M (@to,s,ds)
+Z/ sato,sv (Sﬁtms,ds).

It follows from Theorem 3.2.4 in [7] that

t t
(Bl Phot) = <x+ | F )t [P0

to

(111) < M (@to,?a / M @to Sad )>
t
t O,.
_/ a”(@toys’s)dAS'

= )
Hence we write d{p¢, .+, 01o.t) = a¥(p,.1,t) dAy. Also, since B(z,t) =
Ji b(x,5) dAs, we shall write this as B(w,dt) = b(z,t)dA,;. We thus

have
(1.12)

G(‘Pto t Z/ (Ptm (@to,s,dS)
oG ;
* Z/ %(thms)b (soto,s; S) dAS
3 Z 89c 89c (19.8)a" (Prg.s, 8) dAs.
? J

In particular, when we take G(x) := [ij LG 0 = (2, Qx)t ™
for a d x d positive definite matrix @ = (g;;), we then obtam, by the
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stopping time argument,

E(@to,ta C)‘Pto,t)l_(S - (l‘, Qm)l_é
t
(1.13) =k /to {(1 - 6)(90&1,87 Q@to,s)_é 2(90%,57 C2b((10t0’S7 S))

(Q@to,Sa a(ﬁpto,Sa S)Q¢t075):| } dA,.

+ Tr QCE 0,515 +26
(Qa(ptg.s,5)) (Pto,s, QPto,s)

In this paper we discuss the stability in distribution of forward
stochastic flow governed by equation (1.1). We first prove in Section 2
that the distribution of ¢, ; converges to a probability measure when
the local characteristic (a,b, A;) € Bg;}. We later extend this main
result to the more general case (a,b, A;) € Bg’l. In the case of
Bg’bl-local characteristic, we first consider the flow when A; = ¢ to
obtain the main stability result. By changing the time scale we get
the stability in distribution of the flow in the general case. Finally,
for a flow governed by a Bg’l—local characteristic, we appeal to a fact
which renders it equivalent to a Bg;)l—local characteristic and obtain
the stability in distribution via conditions in terms of the Bg’l—local
characteristic (a, b, A;).

2. Stability in distribution of the flow. As pointed out in the
introduction, we first establish the stability in distribution of the flow
s+ when the local characteristic belongs to Bg;}. We then address the
more general case where the local characteristic belongs to Bg’l.

We begin by noticing that Assumptions (A.1)—(A.3) assure us of the
existence and uniqueness of a solution of equation (1.1). We also need
the following assumptions to prove the main stability results.

Assumptions B. Put

b(J?, Y, t) = b(l‘, t) - b(yv t),
A(z,y,t) :=alx,x,t) — 2a(x,y,t) + a(y, y, t).

(B.1) There is a symmetric positive definite matrix @ and a constant
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~ > 0 satisfying

(J?—y, QA(J), Y, t)Q(x—y))
(x —y),Q(z —y))
< —(Q(z —y),z —y),

for all t € [0,7] and =,y € RY, x # y, where Tr (A) = trace of A.

2((x—y),Qb(a:,y,t))—2 +Tr (A(J?,y,t)@)

(B.2) For a symmetric positive definite matrix C' we have

(z,Ca(x,z,t)Cx)
(z,Cx)

2(z, Cb(x,t)) — 2 + Tr (a(z, z,t)C) < —a(Cz, z),

for all sufficiently large |z, t € [0,7T] and for some a > 0.

Remark 2.1. The assumptions (A.3) and (B.1) imply (B.2) for C' = Q
and every a € (0,7).

The main results of this article present the weak convergence of the
flow distribution p ¢(z,dy) = P(¢%, € dy), 0 < s < t, to a probability
measure, as t — oo, and the limit being independent of s. Recall
that the weak convergence of probability measures on a metric space S
depends on the topology of S and not on how we metrize the topology.
Dudley observe, in [6], that a nice class of functions to work with is
the space BL of all bounded Lipschitz functions metrized as follows.
Define, for a real-valued function f on a metric space (.5, d),

@) = PO s o)

z#Y

and

1fllBL = ISl + 1flloo-

The space BL is now defined by BL (S,d) = {f : ||fllsr < oo}
Dudley showed that the weak convergence of probability measures can
be obtained as a metric convergence with respect to the BL -distance.

This BL-distance between two probability measures p and v on the
Borel o-field of R? is given by

(22) lw—vlBL = fséugL’/fdu—/fdv
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To establish our first stability result, we need three auxiliary results.
We start with the following estimate.

Lemma 2.2. Assume that A; = t, that the local characteristics
(a,b) € BS}}, and that (B.1) holds. Then, for t > tq, there exist an e
with 0 < e <1 and a B > 0 such that

(2.3) E(Qet, 1> Py )" < (Qu, )" exp(=B(t — to)).

Proof. Let G(z) := (Qx,x)' %, for some positive definite matrix Q
and some 0 < g < 1. Then

L(Qu,x)' % = (1 - 60)(Q, ) (Qx, 2b(x, 1))
+2(1 = 80)(—60)(Qz, )~ (Qx, alw, x,t) Q)
+ (1 - 50)(Qx,m)_5°Tr(Qa(ac,x, t))

=(1- 50)(Qx7x)_50{2(x, Qb(x,t)) +2(1 — o)

(@.Qa(r.0Qx) __ (x.Qalr,z,1)Qu)
(Qz,x) (Qx,x)

+ Tr(a(:c,x,t)cg)}.

Since we have Kq(Qr,z) < (z,7) < K9 (Qz,z) for some positive
constants K¢ and K%, we obtain from (A.3) and (B.1) that

(. Qa(e.2.)Q2) _ [la(z,.1)][(Q. Qu)
Quo) = (Quo)
< |QI(K?)* L1 (Qu, z)
= Aa(Qz, ),

where A\, = ||Q||?(K?)2L;. Thus,

L(Qz,x)' ™% < (1-80)(Qx, 2) " [~a(Qu, x) +2(1=00)Aa(Q, )]
= ﬂ(Qxam)liéoa
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for all sufficiently large x, where 5 = (1 — dp){ax — 2(1 — 09)B1Aa} > 0
for ¢ sufficiently close to 1. Therefore,

sup E(Qx,x)lf‘so < —ﬁQMQ(lf‘sO)
|z|>M

for M large enough, where fg = Sx (minimum eigenvalue of Q). It
is easy to deduce from this that for some & € (8o, 1), (Q¢¥, 1 9F, ) °
is uniformly integrable. We now have by using the standard stopping
time argument that

t
EG(¢%, )~ Glz) = E / LO(oE ) du
to

t
S _ﬂE/ G(Qotzo,u) dua
to

so that p
SE(G(,4)) < —BEG(E, )
This yields
E[G(43,4) exp(B(t — t0))] < G(z).

Therefore, taking e = 1 — 9,

E(Qe}, 1 #1,.1)" < (Qz, )" exp(—B(t — to)).

This completes the proof. ]

Lemma 2.3. Let the assumptions of Lemma 2.2 hold. Then, for tg,
r >0 and all compact K C R%, there exists an e, 0 < € < 1, such that

(2.4) lim su}p; E|oiy t4r(x) — 011 (x)]° = 0.

1—00 3¢

Proof. Let u = @4 11 (x) and v = @y, ¢(x) with ¢t > ¢y and r > 0.

(Qu— ), (u—v)'" = (Qu,u) — 2(Qu,v) + (Qu,v))"
[2(Qu, u) + 2(Qu, v)]'~°
0 max{[2(Qu, w)]' ™, [2(Qu, )]}

<
(2.5) <2
< A"(Quyu)' 0 + (Quv)' ).
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Thus

E(Q(2to,t4+() = Pro.t (1)), Ptottr () = Pro ()
< AP E(Qptg 40 (T), Pro 040 ()70
+ E(Q10,t(x), pro.¢())' ]
< A(Qu, ) P exp(—B(t + 1 — to))

+(Qx,2)' ™ exp(=B(t — to))],
by (2.3),

(2.6) = 4179(Qux, ) 0 exp(—B(t — to))[exp(—3r) + 1]
<2372 (Qu,x)' " exp(—B(t — to))
— 0, (exponentially fast), ast— oo.

Taking into account the quadratic nature of (Qz,z), this implies for
e =1— 6 and for every compact K C R? that

lim sup Elpe, i+r(T) = ¢t.0(7)|* =0,
eK

t—o0 4

and this completes the proof. u]

Lemma 2.4. Let the assumptions of Lemma 2.2 hold. Then, for
to > 0, there exists an €, 0 < € < 1, such that, for every compact
K c R%,

(2.7) tlim sup E|<Pto,t(l’) - @to,t(y”s =0.
TPz yeK

Proof. For z,y € R%, 2 # y and r > 0, define
A= (1 =8y —2(1 = §)(K)Li|QI),
wto, t, ) == exp(A(t — to))(Qux, z)*~°,
Zio t(2,Y) = P10t (T) — Pt0,6(Y),
Tro=1nf{t > to : | Zyy1(z,y)| <71},
77 = inf{t > to, |, (z) — x| > J/3},
T =1nf{t > to : | Zs, (2, y)| > T},
Ty i=TF NTYANTY,

7'711 :=t,. ATy, wheret,:=tAT., fort>tg.
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Let |z|,ly < J/3, 0 <r <r; <|z—y| < J/3,and tg < s <t It
follows from the Assumptions (A.3) and (B.1) and from Ito’s lemma
applied for the random time ¢;, that

w(to, t;"]a Zto,t{ (LE, y))
7

r

ow
= wlta, sty Ly (@) + [ G o, Ze (o) d

"

o exp<A<u—to>>{(1—6>(Zto,u<x,y>>‘6

: |:2(Zto,u (LE, y), Qb(wto,u (x)a Pto,u (y)a u))

(QZsyu(,y), AQZ1, (2, y))] } du

+Tr(QA) —26 (Zsy (@), Q710 (7, 1))

S w(t07 S;"]laZto,tﬂ (I, y))

4 [ A = 10)) Qg (.1 Zr )
+ [ e — 1)) (L= D)y + 201~ HL(K| QI

J
S,,,1

(QZty (2, ), Ziy (2, y)) 70 du.
Using the martingale convergence theorem, as J — oo, one has
(2.9)  Elw(to,tr, Ziyt,. (z, y))\fto,srl] < w(to, Sr1s Dto 50,y (z,y)) a.s.
Letting r | 0 and using Fatou’s lemma, we get

(2.10) E[w(to,t/\i'o,Zto’mfo(a:,y))\fto’grl] < w(to, $ry, Zs,. (z,y)) a.s.

T1

Next letting 1 | 0 and using martingale convergence theorem we
observe that

Elw(to,t A To, Ztg tar (T, Y)) | Fto,sn70]
< w(to, s A To, Ziy,snmy (T, Y)) a.S.
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In other words, {w(to,t A To, iz, (T) — @inr, (y)) : t > to} is a positive
super-martingale, for any § € (g, 1) where § is chosen to be

gl

Soi=1— —
0 2L, (K?[|Ql))2

Therefore,

E(w(t0>t7 @to,t(x) - wto,t(y))‘[toﬁtﬁ‘?o) < w(t07 lo, T — y)

Since @y 1(x) — @i04(y) = 0 a.s., for t > 7o,

E(exp(A(t—10))(Q(Pto.¢ (€)= P10t (1)) Pro,t (1) = Ptot (1) Tiz7,) = 0.

So

(2.11)  E((Q(¢t0,t(T) = ©10,6(¥))s Pto,t(T) = P10,6(¥))%)
< exp(=A(t —1))(Q(z — y),z —y)°.

Hence, from the quadratic nature of (Qx, ), it follows that fore = 1—¢
and every compact K,

(2.12) lim sup Elpi, () — @r,.4(y)|F = 0. O

t—o0 z,yeK

We are now ready to state and prove our first stability result.

Theorem 2.5. Assume A; = t, the local characteristic (a,b) € Bg;},

and (A.3) and (B.1) hold. Then there exists a unique probability
measure ™ such that

Sup{‘|pto(x7dy) - 7"—(dy)HBL X K} — 0

exponentially fast, as t — oo, for every compact K. Here the limit
measure T is independent of the initial moment tg.

Proof. In proving this theorem, we first show that the flow distribu-
tion {ps, (2, dy)} = {P(¢f, , € dy)} is Cauchy (with respect to t) in
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the dpr, -metric and that it converges to a probability measure m;,. We
next show that the distribution ¢, is independent of ¢y.

For all t > tg, and all s > 0,

Pt 145 (x, dy) — peo.i(x, dy)||BL

= sup |Ef(pty,t+s(®)) — Ef(@1,6(2))]
feBL

< sup |Ef(p,t45(@)) — [(pt,(2))]
feBL

< E{letg,t4s() — @rq.6(x)| A 2}

Since the inequality (2.3) renders the family of probability measures

{Pto.t(x,dy) : t > to} tight, there exists for all € > 0, a compact subset
K., of R? such that

€0
/ ptoas(xady) < Z, Vs Z to.
RI-K,.

0

It follows from (2.4) that, for any compact K C R%, for all § > 0, there
exists Ty > 0 such that, for all ¢t > Ty,

sup Plpto,t45(x) = proe(x)| > 0) <
S

N >

Therefore,

E{[¢tg,t4+5(7) — pto,6(7)[ A2}
< E[bto,64+5() = 0ot (X)L {1y 140 (@) o1y 4 ()| <(e0/2)}]
+ E[([pt0,645(2) — @to,t (@) A 2) {11y 140 (@) =10 1(2)[>(c0/2)}]

€0 €o
< —+2—

2 + 4
= £&p-

Hence, for each initial moment s, {ps(x,-)} is Cauchy. Also, p, .(z, ")
— m4(+), as t — oo, in the BL metric dpy, .

Before proving that the limit probability 7, is independent of the
initial moment s, we show that ms does not depend on the initial
position z of the flow. For z,z € R%,

(2.13)  |Ips,e(2, dy) — ms(dy)|BL
< |ps.i(2, dy) — psi(x, dy)||BL + [|ps.e (2, dy) — ms(dy) || BL-
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The second term on the righthand side of the above inequality goes to
zero, as t — 0o. Regarding the first term,

ps.i(2,-) = ps.i(z,)llBL = sup |E(f(ps(2)) = flpsi(x))]
fEBL

< E{|ps,(2) — @s,t(x)| A 2}

It now follows from (2.7) that, for any compact K C R? and for all
0 > 0, there exists ¢/ > 0 such that

(2.14)

Sup P(|010.6(2) = pro.e(x)] > 6) < €.
x,z€

Now a Ty > 0 exists such that for all ¢ > T,
€
(2.15) E{lpt.4(2) — @ro ()| A2} < ZO Va,z e K.

Thus, ||ps.:(z,dy) — 7s(dy)|| L — 0 as t — cc.

Finally we prove that for 0 < s <r, 7y = m,. Fixan r with s <r <t
and an A € B(R?). Keeping in mind that our forward flow is continuous
in x, we notice that

{esi(x) € A} = {pri(psr(x)) € A}
= U {(p'r,t(y) € A}

y=0s,r(x)
2 {prily) € A},

where y = @, ,(z). Thus P(ps.(z) € A) > P(pri(y) € A). Now
letting ¢t — oo, we notice

(2.16) ms(A) > m(A).

To see the reverse inequality, we first note from the separability of the
process that

{ore(a) € A} = | {enilpsnlpir(@) € 4}

0<s<r

U {pailosi(@) € A}

(2.17) 0<s<r

U U {ealv) e

0<s<r yzkp;}_(m)

{ps,t(y) € A},

V)
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ie., P(ori(x) € A) > P(psi(y) € A). Now letting t — oo, we have
(2.18) - (A) < 7, (A).

Hence 75(A) = m(A). This implies that, for any simple function f on
R4,

(2.19) / F(y)ma(dy) = / Fy)m (dy).

Let f € BL; there exists a sequence of simple functions g, € L>(R%)
such that g, — f as n — oo in L*°. This implies

‘ [rwman - | f(y)m(dy)‘
/If — gn(y)|ms(dy) + }/gn )ms(dy) — /gn(y)m«(dy)’

+ [ 156 = gul)lmo ()

/ 50 = ga)lmatd) + [ 1£0) = 90 )l (d)

0, ast— oo.
So
fy)ms(dy) = | fly)mr(dy), V[feBL.
R4 R4
Therefore 7y, = m, = w. Hence the proof. a

The following result of Basak [2] can be deduced as a special case of
our Theorem 2.5.

Corollary 2.6. Assume (A.1), (A.2) and (B.1): there is a symmetric
positive definite matriz QQ and a constant v > 0 such that

(2.20)

2(w—y), Qb(a, y)) — 2 T=H QAL Y@ —y))

T,y
((z—y), Q(z—y))

+ Tr (A(z,y)Q)

<—7(@Q(x—y),x—y)
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holds for all x,y € R%, x # y.

Then there exists a unique invariant probability © for the flow

ou(x) =z + / b(g) du + / S on(6u) dB* (u)

0 k=1

such that the transition probability of the flow converges weakly to .

Proof. The Markovian property of a Brownian flow ¢, implies the
invariance of the limiting measure . O

We next discuss the case where A; is a more general strictly increasing
continuous process that is not necessarily equal to t. We still continue
to assume that the local characteristic (a, b, A) € By,

Theorem 2.7. Assume that the local characteristic (a,b,A) of
F belongs to B%!, and let (B.1) hold. Then there exists a unique

ub ’

probability m for the process ¢y, () and
sup{||pso,i(z,dy) — 7(dy)||pr :x € K} — 0 ast — oo,

for every compact K. The limit probability w is independent of the
initial moment and initial position.

We need the next three lemmas to prove Theorem 2.7. First let us
recall that the topology on C™" = {f € C™ : D*f, |a|] = m, are
~-Holder continuous} is defined by the semi-norm

221)  fli = [flrc + 3 sup 2T =D W

JWEK |z —y|7
la=m 2,

Lemma 2.8. Assume that (a,b, A) € Bg;} and (B.1) holds. Then
the solution ¢y, + to the stochastic equation

pron(z) = 2+ / F(ig »(2), ds)

to



134 D. KANNAN AND H. ZHANG

satisfies the inequality

(2.22) E(QQOtO,t(I)a<Pto,t(513))(17§)/2
< (Qz,2) 2 [Eexp(—B(A; — Ay,

for some 0 <6 <1 and 8> 0.

Proof. Let 7, be the inverse function of A;. Set F o= Fr, and
F(z,t) = F(x,7). F(x,t) is a C®V-semi-martingale for any 0 <
v < 1, and its local characteristic (a(z,y,7),b(z,7¢),t) belongs to
Bg;}l. Moreover, (B.1) holds in terms of a(x,y, ) and b(z,y, 7). This
implies that the solution of the stochastic differential equation based on

F(z,t) has a modification of a stochastic flow @y, ; of homeomorphisms
generated by F(z,t). Therefore, we now know from (2.3) that

El(Q@to,t(%): Gro,t ()" exp(B(t — t0))] < (Qu,2)' .

Also, for t > tg,

El(QPa,y., (), Pay.a, (€)' exp(B(Ar — Ayy))] < (Qu, )~

Noticing that @,+(2) = ¢r,, 7, (¥), We now have

(223)  El(Qwt0.t(2), pro.e ()" exp(B(Ar — Ayy))] < (Qu,2)' .

Therefore,

(2.24)  E(Qp10,4(x), 10,4 (x))170/2
< {E(Q@t0,6(2), P06 () 0 exp(B(Ar — Agy )]}/
- [Eexp(—B(Ar — Ay,))]'?
< (Qu,2) ")/ [Eexp(—B(A — Ay,))]'/2.

This establishes the result. o

Remark 2.9. From Lemma 2.8 and the dominated convergence
theorem, we know that {p, «(z,dy),t > to} is tight if A, — o0, a.s., as
t — oo. Hence there exists a subsequence of {p;,(x,dy)} converging
to a probability measure .
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Lemma 2.10. Assume that (a,b, A¢) € Bg’bl, (B.1) holds and that

lim; o0 At = 00, a.s. If @y, + is a solution to the stochastic equation

t
Ptot =L +/ F(Qotomds)a

to

then for every compact K C R and r > 0

(2.25) lim sup, Elpty t40(2) = @1y4(2)|* =0,

1—00 3¢

for some 0 < e < 1.

Proof. We will first reduce the proof to the case Ay = t by chang-
ing the time scale. Let 7, be the inverse function of A, and put
F(z,u) = F(z,7,). F is a continuous C*7-semi-martingale adapted
to (Fyu) = (F»,) for any positive v < 1. The local characteristic

7

(a(x,y,7u), b(x,74),u) of F belongs to the class BY;'. Therefore, the

solution @y, +(7) = 7, - (¥) to the stochastic equation governed by F
satisfies, by (2.6), the following inequality.

(2.26)
Elexp(B(t—t0))(Q(Bto,t-4r(2) = Br.t(2)), Prottr (x) —Prg e () 0]
< 23_26(Q.’L‘, x)1—67

where t > tg, 7 > 0. Therefore, for 7 = A4q, — A; > 0,

(2.27)
Eexp(B(t—t0))(Q(Bto,t++ (@) = Pro,t(2)); Bro () —Pro e () 7]
< 93725 (Qg, x)' 0.

We thus have
(2.28)
Elexp(B(At — A,))(Q(Pa,,,4,+7(T) — Pa,,, 4, (), Pa,,,a,+7(T)

— Paga (@) <2272 (Qu, )t
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That is,
(2.29)  Elexp(B(Ar — At,))(Q(@to,t4r () = Pt0,6()), Prto,t4r(2)

_ @to,t(m))lié} S 23726(QI,I)176.
Also,

E[(Q(@to,t+r($) o <Pt0,t(1')), @to7t+r(x) - <Pt0,t(x))(17§)/2}

< \/E[exp(ﬁ(At — A ) (Q(Pto. 110 () P10, (), Pro 14 (%) = 10,4 ()]

X \/Eexp(—f(A; — Ay,))
< V23-25(Qu, )1 =9/2 \ /Eexp(—B(A; — Ay,)).

By the dominated convergence theorem we now have
tlim Eexp(—p(A: — Ay,)) = 0.
Now for e = (1 — §)/2, r > 0, and every compact K, we have

(2.30) lim su};; Bl 140 () — @ro.0(2)|° = 0. O

1—00 5

Lemma 2.11. Assume that (a,b, A;) € BY%L, (B.1) holds, and that

ub
lim;_,o0 Ay = 00 a.s. If p1,+ is a solution to the stochastic differential

equation

t
Pto,t — L +/ F(@to,sads)a

to

then, for every compact K C RY,

(2.31) Jm - sup Ele, o (2) = ¢ro.6(y)|” =0,
TPz yeK

where 0 < e < 1.

Proof. We again go to the time change, as in the proof of the
previous lemma. It now follows from (2.11), that the solution @y, +(z) =
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Origome (z) to the stochastic differential equation governed by 1:", satisfies
the following inequality

(2.32)  Elexp(A(t—t0))(Q(Bto.t (x) — Bro.t (1)) Bro,t (1) = Brot (1)) 7]
< Q@ —y),z —y)'~°

Thus, we have for t > tg,

(2.33)
Elexp(A(A¢— A)(Q(010,t(2) = 10,6 (1)) Pt (%) — 10,4 (1)) 7]
<(Qz—y),z—y)°.

Next
E[(Q(#t0,6() = #10,6(%)); #t0,6() = ¢10,6()) 7]
< \/E[exp(A(At—Ato))(Q(soto,t(x)—soto,t(y)), Prot () = Prot(y))' 0]
x v/Eexp(—A(A; — Ary))
< (Qa—y)a =)' VEexp(=A(4 - 4y,)).

The dominated convergence theorem now gives
tli,HoloEeXp(_/\(At — A)) =0.

Now for (= (1 —0)/2), and every compact K, we have

(2.34) lim sup Elpi, () — or,.4(y)|F = 0. mi

=00 4 yeK

We are now ready to prove Theorem 2.7.

Proof. From Lemma 2.8, Lemma 2.10, Lemma 2.11 and following the
steps similar to those in the proof of Theorem 2.5, we obtain that
{p(to,t;x,dy) : t > 0} is Cauchy in the metric dgr,. Its limiting
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probability m;, = 7 is independent of the initial point, initial moment
to, and is unique. That is,

(2.35)  sup{||peo.c(z,y) — m(dy)||lpL : x € K} — 0, ast — oo,

for every compact K. O

Remark 2.12. If there exist constants v; > 0 and §; > 0 such that,
for all s > 0,

Ay — Ay >y (t—5)%,  as. for sufficiently large t,

then the convergence in Theorem 2.7 is exponentially fast.

Finally we discuss the stability in distribution of the flows governed
by equation (1.1) when the local characteristic of F is in By". Toward

this end, we use the fact that a Bg "!local characteristic is equivalent
to a Bg;} local characteristic.

Assumptions.
o Set W(t) = [la(t)ll + b(t)]l:-

e (B.3) There is a symmetric positive definite matrix @ and a
constant v > 0 such that

(l‘—y, QA(:C,y,t)Q(x—y))
((z =), Qx —y))
< =(Q(z—y), z—y)(1 + W(t)),
holds for all z,y € R?, x # y, w € Q.

e (B.4) The following condition holds for some symmetric positive
definite matrix C and all w € Q.

2((x—y),Qb(x,y,t))—2 —l—TI‘(A(J?,y,t)Q)

z,Ca(z,z,t)Cx)
(x,Cx)

2(x, Cb(x,t)) — 2( + Tr (a(z, z,t)C)
< —a(Cz,z)(1+ W(t)),

for all sufficiently large |x| and some « > 0.
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From Assumption (A.1) we know that, for each ¢ > 0 and all w € Q,

la(z, «,t) —2a(z, y.t) +aly, y,O)| < lz—yPlla@®)]y, Y,y € R,
la(z, z, )| < Life[*[la(t)ll,, Yz eRY,

where 0 < [ [la(t)|[; dA¢ < 00, a.s., and Ly > 0 is a constant.

Similarly, the assumption (A.2) is equivalent to

[b(z,t)=b(y, t)| < |z —y[[lb(®)]1, Va,ye R we;
b(z,8)| < Lila|b(t)]1, VaeR4Lwe Q.

Here 0 < [ ||b(t)]l1 dA¢ < o0, a.s., and Ly > 0 is a constant.

Remark 2.13. Notice that the assumptions (a,b, A) € B)"' and (B.3)
imply (B.4) for Q@ = C and every « € (0,7).

Theorem 2.14. Assume that the local characteristic (a,b, A) of
F belongs to Bg’l and that (B.3) holds. Then there exists a unique
probability ™ such that

sup{|lp(t; z,y) — 7(dy)||pr : x € K} — 0, ast— oo,

for every compact K. The limit probability w is independent of the
iatial moment and initial position.

Proof. Let V' (x,t) = (b(x,t))/(1+W(t)), a'(z,y,t) = (a(z,y,t))/(1+
W(t)), and A, = fg(l—l—W(s)) dA,. From [7] we know that (a’,b', A") €
Bg;}, and it is equivalent to the local characteristic (a,b, A). It is easy
to see that (a’,0’, A’) satisfies (A.3). Also, (B.3) implies (B.1) in terms
of (a/,b',A’). By Theorem 2.7, we know that {p(t;z,dy) : t > ¢} is
Cauchy in the metric dgy,. Its limiting probability 7 is independent of
the initial position and initial moment, and

sup{[lp(t; z,y) — m(dy)|pr : 2 € K} — 0, ast— oo,

for every compact K. O
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