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PARABOLIC VOLTERRA INTEGRODIFFERENTIAL
EQUATIONS OF CONVOLUTION TYPE

GABRIELLA DI BLASIO

ABSTRACT. Linear abstract parabolic Volterra integrodif-
ferential equations of convolution type with L! kernel are con-
sidered. Under suitable assumptions it is proved that strict
solutions exist and that many of the maximal regularity prop-
erties of the solutions of parabolic evolution equations are
inherited. The results are then applied to parabolic partial
integrodifferential equations.

1. Introduction. Let X be a Banach space, and let A : D(A) C
X — X Dbe the infinitesimal generator of an analytic semigroup S(t)
on X. Moreover, let B : D(B) C X — X be a linear operator with
domain D(B) D D(A). Given T > 0 we shall consider the following
initial value problem

u'(t) = Au(t) + /0 k(t — s)Bu(s)ds + f(t), te€]0,T]

u(0) =z

(1.1)

where f and x are given. In this paper we do not assume that f is
continuous.

Problem (1.1) arises as an abstract version of parabolic partial inte-
grodifferential equations of the following kind:

u(t,€) = Eu(t, §) —l—/o k(t — s)Lu(s, &) ds + f(t,€),
(t,€) €10, T[x Q
u(0,8) =z(§), €0

with suitable boundary conditions. Here E is an elliptic operator in 2
and L is a differential operator of order less than or equal to the order

(1.2)
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of E. Moreover, (2 is a bounded subset of R™ with regular boundary
of.

The main object of this paper is the existence of differentiable
solutions of problem (1.1) in the sense of L'. By this we mean a
function v € W11(0,T; X) N L'(0,T; D(A)) satisfying (1.1). Under
the assumption k € L'(]0,T[) we give existence results for solutions of
(1.1) and prove that they satisfy many of the regularity properties of
the solutions of the differential problem (see [5] and the Appendix)

o' (t) = Au(t) + f(1), t€]0,7T]

(1.3) 0 s

under the same assumptions on the data.

We use the following notation. X (8) := (D(A), X)g1, 6 € 10, 1], are
the real interpolation spaces between D(A) and X, X (0 + 1) := {z €
D(A), Az € X(0)}, X(0) denotes an intermediate space between D(A)
and X and W%1(0,T; X) are the Sobolev spaces of fractional order (see
Section 2).

In particular in Section 4 we prove the following results.

If f belongs to a Sobolev space we prove that:

(A) Let f € W90, T; X) for some 0 €10,1[. Then if x € X(0) the
solution u of (1.1) satisfies

(i) we C(0,T;X(0)),
(i) o', Au € W%(0,T; X),
(iii) ' € LY(0,T; X(9)).

We note that the assumption x € X(6) is also necessary in order to
get a solution satisfying (ii). This result proves that W?1(0,T; X) is a
space of maximal regularity.

If f takes values in some interpolation space we will show that:

(B) Let f € L'(0,T; X(0)) for some 0 €0,1[. Then if x € X(6) the
solution u of (1.1) satisfies

(i) we C(0,T;X(0)),
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(i) Au e W9%1(0,T; X)
(iii) o € LY(0,T; X (0)).

If in addition B : X(0 + 1) — X (0) (for example if B = A) then
(iv) Au e LY(0,T;X(0)).

Also in this case the assumption = € X (6) is necessary in order to
get (ii). Moreover, in case (iv) this result proves that L'(0,T; X (0)) is
a space of maximal regularity.

Finally, if k satisfies the additional assumption
T T
k(t) —k
(1.4) / dt/ dsM < +o0
0 0 |t — s

then we can prove the following result:

(C) Let f satisfy the property

g R IOEFIO]
/Odt/o d57|t—8\ < 400

then if x € X(0) the solution u satisfies
(%) u', Au € LY0,T; X).

Again we note that the assumption z € X(0) is also necessary for
()-

For k = 0 assertion (C) gives an existence result for differentiable
solutions in L' to problem (1.3) (see Theorem 7.6) which seems to be
new. This result is analogous to the one proved by Webb [16] for the
case u(0) = 0 and f of bounded variation.

Next we study in the case where B = A the following weak form of
problem (1.1):

u(t)=St)z+A [ St—s)ds ) k(s —o)u(o) do
o]

+/O S(t—s)f(s)ds.
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When f € L'(0,T; X) and # € X we prove that the solutions u of
(1.5) satisfy u € W%1(0,T; X) N L*(0,T; X(6)), for each 6 € )0, 1[. If,
in addition, (1.4) holds, then u € C(0,T; X).

Finally, in Section 6 we apply the above results to the partial inte-
grodifferential problem (1.2).

Problem (1.1) with noncontinuous f has been studied by various
authors under different assumptions on k£, B and X.

Concerning maximal regularity results we refer to Clément and Da
Prato [3] who study (1.1) on the whole line, with B = A and a kernel
of monotone type, in the spaces W%P?(0,T; X) and LP(0,T; D(6,p));
Di Blasio [6] considers (1.1) in the nonautonomous case in the spaces
LP(0,T; D(6,p)), p > 1, under the assumptions D(B?) = D(A?%) and
k € L”'(]0,TY); in Lorenzi and Paparoni [9] (1.1) is studied in the spaces
Wor(0,T; X) with k € L'(]0,T]), p,q > 1; and, finally, Priiss and Sohr
[13] study (1.1) in the spaces LP(0,T; X) in the case where p > 1 and
X is (-convex.

Regularity results are obtained in [11] by Priiss who considers (1.1)
with the integral term fot k(t — s)Bu(s) ds replaced by fot dB(t—s)u(s),
where B(t) is a family of linear operators of bounded variation satis-
fying D(A) C D(B(t)). Given f in a suitable subspace of L'(0,T; X),
denoted by B*(0,T; X), Priiss gives sufficient conditions to u(0) for
the existence of solutions u such that v/, Au € B*(0,7;X). In [11] a
result similar to (C) is also proved in the case where «(0) = 0 and f is
of bounded variation.

Finally, we recall the recent monograph of Priiss [12] where maximal
regularity results for integral equations of parabolic type are obtained.
From these results it is possible to deduce assertion (ii) of (A) under
additional assumptions on f.

We refer to [12] and the references therein also for results for problem
(1.1) in the case where f is continuous which has not been considered
in this paper.

2. Notation. Let X be a Banach space with norm || - || and let
A : D(A) € X — X be the infinitesimal generator of an analytic
semigroup S(t). Without loss of generality we assume that 0 belongs
to the resolvent set of A. This can always be achieved by replacing A
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by A — al, for suitable .. From this we have that there exist M and
w > 0 such that for t > 0 and z € X

(2.1) I1S(t)zl] < Me™[zl|,  t|AS(t)z]] < Me™!||]].
Moreover, D(A) is a Banach space under the norm
H33||D(A) = \|A$H~

For 6 € [0,1] we denote by X (6) the intermediate space between
D(A) and X defined as (see [2] for the case 6 € ]0,1[ and [8] for the
case 0 = 0).

+oo
(2.2) X(0) = {x € X : Hy(z) := /0 o ?|AS(0)z|| do < —I—oo}

with norm

lzllo = [J|| + Ho ().

It is known that for § € ]0, 1[ the spaces X () are real interpolation
spaces between X and D(A). We refer to [2] and [8] for a detailed
description of the properties of these spaces and to [14] for the case in
which A is the realization of the Laplace operator. Here we recall the
following inclusions which will be used throughout

D(A) C X(#) C X(0) C X, 0<6<6 <1.

We denote by X (0 + 1) the Banach space
XO+1)={xeD(A): Az € X(0)}

with norm
lz[lo+1 = [z + [[Az]]o-

In what follows we shall be concerned with the following spaces of
functions u from an interval [0, b] into a Banach space Y.

i) L'(0,b;Y) is the Banach space of integrable functions u on ]0, b
with norm

b
ull 220y = / ()]l dt
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ii) C(0,b;Y) is the Banach space of continuous functions on [0, b]
with norm

|ullcpyy = sup [lu(®)|ly
0<t<b

iii) We(0,b;Y), for a € [0,1], is the Banach space of functions u
in L1(0,b;Y) such that

[lu(t) = u(s)lly
NX(0,b;u) : / dt/ \t—s|0‘+1 ds < +o0

with norm
||uHW"<~1(0,b;Y) = HuHLl(O,b;Y) + N{ (0, b; u).

For a € ]0,1] it can be proved (for a proof see, e.g., [5]) that if
u € W*L(0,b;Y) then u(t)t— € L'(0,b;Y) and we have

b
N3 (0, b;u) ::/ = lu(@®)ly dt < c(b)[[ullwer(0,pv)-
0

Therefore if we denote by /Wa’l(o,b; Y) the space of functions u €
WeL(0,b;Y) with norm

||UHV/[\/Q’1(O,I);Y) = Hu||W“»1(0,b;Y) + NS(07b§ u)

we have that W1(0,b;Y) ~ Wo1(0,5,Y) (o €]0,1]).
iv) WH1(0,b;Y) is the Banach space of functions u in L'(0,b;Y)

with their first distributional derivative v/ in L*(0,b;Y) with norm
[lullwrropv) =l + 11l 06v)-
3. Properties of the convolution operator. Let k € L'(]0, 7]

for given T > 0. In what follows we denote by K : L'(0,7;X) —
L'(0,T; X) the operator defined as

(Ku)(t) = (k*xu)(t) := /0 k(t — s)u(s) ds.
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The following lemmas collect some properties of the operator K.

Lemma 3.1. Let u € L'(0,b; X(0)), with b < T. Then Ku €
LY(0,b; X(0)) and we have

(3.1) 1K w21 0,0:x0)) < [Elbl[wl[1(0,0:x(0))

where we have set

b
Ky = / Ik(s)) ds.

Proof. Interchanging the order of integration, we have

b t
K w21 (0,6:) S/ dt/ [[k(t — s)u(s)|| ds < [klp||ul| L1 0,5:x)-
0 0
Moreover

do

g¢

(K)o = | Lt / +°° HAs<a> / k(e — shu(s) ds

< [klpl[wl[1(0,6:x (0))

and the result follows. u]

Lemma 3.2. Let u € W*1(0,b; X), with o €0,1[ and b < T. Then
Ku e W*(0,b; X) and we have

(3.2) 1K ullwe0:x) < 2lE[ [N (0, b5u) + o~ N5 (0, b )]
and
(3.3) N$(0,b; Ku) < |k|pN5' (0, b; u).

Proof. Interchanging the order of integration we have

b t
||Ku||L1(0’b;X)§/ dt/ k(= s)u(s)|] ds
0 0

< |klpllul| L1 0,6:)-
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Moreover,

b
N7 (0,b; Ku) :2/0 dt
X/t(t—iﬁ /Otk(a)u(t—a) da—/osk(o)u(s—a) do

<2/dt/ T /Osk(a)[u(t—a)—u(s—a)]da
+2/Odt/oﬁ

I < |k|pNT(0, b; u)

/tk(a)u(t —o)do|| =1 + I.

Now

and .
< 2a—1|k|b/ 10 [u(t)]| dt
0

and (3.2) follows.

Finally,
N3 (0,b; Ku) H/ ds/ut—sto‘dt
< |k‘|bN2 0, b; u),
and the proof is complete. a

4. Solutions of the integrodifferential equation. We now
investigate sufficient conditions for the existence of solutions of the
problem

(4.1) u'(t) = Au(t) + /0 k(t — s)Bu(s)ds + f(t), t€]0,T[
u(0) ==z

where A satisfies the assumptions of Section 2, k € L'(]0,T[) and
B:D(B) C X — X is a linear operator with D(B) 2 D(A) satisfying,
for some G > 0,

(4.2) ||Bz|| < B]|Az||, Vz € D(A).
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Given f € L'(0,T; X) we say that u is a strict solution of problem
(4.1) if Au, v’ € L1(0,T; X) and (4.1) is satisfied. It is easy to see that
if u is a strict solution of (4.1), then w verifies the integral equation

u(t) = x—i—/St—s)(k*Bu)()d

/St—s s)ds.

Conversely, if u € L'(0,T; D(A)) N Wh1(0,T; X) and satisfies (4.3),
then w is a strict solution of (4.1). Therefore we study equation (4.3).
To this end we introduce the operator

(4.3)

t

(4.4) (Tw)(t) = / S(t — s)(k * Bu)(s) ds.
0

The following lemmas describe the properties of T'.

Lemma 4.1. For each 0 € )0, 1] the operator T' maps W%1(0,T; D(A))
into itself and there exists ¢y = ¢1(0,T) such that for each 7 < T

(i) Tullwe.r(o,rpeay) < calkl-[NY (0,75 Au) + N3(0, 7; Au)]
and

(i) N§(0,7; ATu) < c1|k|-[Nf(0, 75 Au) + NS (0, 75 Au)].

Proof. Let u € W%'(0,7; D(A)). From (4.2) we have that Bu €
W%(0,7; X), so that by Lemma 3.2 we get k * Bu € W%1(0,T; X).
Hence, using Lemma 7.5 (ii) we get AT'u € W%1(0,T; X) and assertion
(i). Let us prove (ii). We have

6 T U ! —0 ' —s x Bu)(s)— * bUu S
Ng(0,7; AT >s/0 dtt /AS(t )[(k * Bu)(s)— (k * Bu)(t)]d

0
i
+/ dtt=?
0

Using (2.1), we get

/tAS(t—s)(k' * Bu)(t) ds|| =: J1 + Ja.

0

J1<M/ dt 1" / ((k  Bu)(s) — (k + Bu)(0)||(t — 5)~" ds

< MN{(0,7; (k * Bu))
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and .
Jo = / t=9 dt[S(t)(k * Bu)(t) — (k % Bu)(t)]
0
< (1+ M)NJ(0,7; (k + Bu));
therefore, assertion (ii) follows from Lemma 3.2 and (4.2). O

Lemma 4.2. Let B € L(X(0+1),X(0)). Then the operator T' maps
LY0,T; X (0 + 1)) into itself and there exists co = co(0,T) such that
for each T <T

IITul| L1 0,7 x (0+1)) < c2lklr||ullr0,m5x (041))-

Proof. Letu € L'(0,T; X (6+1)). By assumption Bu € L'(0,T; X (0))
so that by Lemma 3.1 we get k x Bu € L(0,T; X (0)). Therefore, the
result follows from Lemma A.4 (ii). O

Remark 4.3. The assumption B € L£(X(0 + 1), X(0)) is obviously
verified in the case in which B = A.

We now investigate the properties of the operator I' if the kernel
function k satisfies the additional assumption

T T k(s
(4.5) [kl ::/0 dt/o dsw < +o00.

For example, assumption (4.5) is satisfied if k is of bounded variation
on [0,T]. Another example is the function k(t) = ¢t~ for v €]0,1[.

Then we have the following result.

Lemma 4.4. Let k also satisfy (4.5). Then if u € L*(0,T; D(A)) we
have Tw € L*(0,T; D(A)) and for each 7 < T,

Tl L1 0.mp(ay) < (14 M)B[E|- + [[Ell-][[ullL10.7D(a)

where 3 is given by (4.2).
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Proof. As

ATu(t A/ S(t—s ds/ k(s — o)Bu(o) do

we get
t s
/ ds [ AS(t— s)k(t — o)Bu(o)do
0

/ ||AFu(t)||dt§/ dt’
0 0
/ dt/ ds/ do
0 0

% ||AS(t — 8)[k(t — o) — k(s — o) Bu(o)]|
=11+ Is.

Interchanging the order of integration and using (2.1)

I = T dtH /t do /t dsAS(t — s)k(t — o) Bu(o)

_ dtH/ (t — o) — Ik(t — o) Bu(o) do

(1+M EL-Bul| L1 0,r:x)

and
T t s k(t — —_k _
Ing/ dt/ ds/ do ™ ")_S(S U)|||Bu(a)||
~ k(s —
—M/ do||Bu(o |\/ dt/ (s = o)l
t—s
< M{[E[|-[[Bul| L1 (0,7:x)-
Therefore
HFAUHLl(O,T;X) < (L+ M)kl + ||kHTH|Bu||L1(O,T;X)
and hence the conclusion follows from (4.2). O

We now turn to the problem of finding solutions of (4.1).
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The following result concerns the case in which f takes values in some
interpolation space.

Theorem 4.5. Let f € LY(0,T;X(0)) for some 6 € ]0,1[. Then if
x € X(0) there exists a unique strict solution u € W%1(0,T; D(A)) of
problem (4.1) and we have:

(i) uwe C(0,T;X(0))
(i) u' € LY(0,T; X (9)),
(iil) Au € W91(0,T; X).
Moreover, there exists c3 = c3(0,T) verifying
(iv) lulle,rx @) < eslllzllo + [ flLro.r:x0))]
) [lu'l[zr0.1:x0)) < eslllzllo + [ £z 0,1:x(0))]

(vi) [Aullwero,7,x) < esll|zlle + | f[lLr0,75x (0))]

Proof. Set

and
up(t) = /0 S(t—s)f(s)ds.

If v € X(A) and f € L'(0,T; X(A)) by Lemmas A.2 and A.4 (ii) of the
Appendix we have that Aug, Au; € W%1(0,T; X). Moreover, there
exist as = as(f) and by = by (0, T) verifying

|[uollwe.1(0.7:D(a)) < a2(0)|lzllo
and

[t llwor 0,704y < 0208, )| fl|L10,7:x 6))-

Therefore using Lemma 4.1 we obtain that wg + u; + ' maps
W10, 7; D(A)) into itself, for each 7 < T. Let us now prove that
there exists 7 < T such that ug + u; + I' is a contraction with respect
to the norm

|| : ||I//I\/9’1(0,7—;D(A)) = || ’ ||We’1(0,T;D(A)) + N29(0>7—5 )
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As it has been recalled before, we have

I| - HW971(07T;D(A)) ~ |- HVAV"J(O,T;D(A))

but the use of this latter space is more convenient in this context. From
Lemma 4.1 we have that if 7 satisfies

= (O, T) k], (14+67) < 1/2

then ug + u1 + T is a contraction on W“(O,T; D(A)). Consequently
there exists u € W%1(0, 7; D(A)) satisfying

u=ug+ u; + Iu;

moreover, we have
1
@6)  Nllgnaorippay < 7= lszllzllo + bellfllesomxcon)

Now from Lemma A.5 (i) and (iii) we get T'u € C(0,T; X (0)) and
(Tu)" € L'(0,7; X(0)). Moreover, from Lemmas A.2 and A.4 (i) and (ii)
we have that ug,u; € C(0,T; X(0)) and u,u; € L*(0,7; X (0)). Hence
u is a strict solution on [0, 7] of problem (4.1) and satisfies assertions (i),
(ii) and (iii) on [0,7]. If 7 < T we use standard continuation method
and consider the following equation for the function v(t) := u(t + 7)

v(t)=SEt+ 1)z + /0 S(t— s)(KBv)(s)ds
t+7
(4.7) + /0 S(t+ 7 — )(K Bii)(s) ds
t+1
+/0 S(t+7—s)f(s)ds

where 4(t) = u(t) if t <7 and a4(t) =0 if t > 7. It is easy to see that
@ € W%(0,T; D(A)). Moreover, it can be seen that if a function w
belongs to W%1(0,T; D(A)) then the function ¢ + w(t + 7) belongs to
W9L(0,7 A (T — 7); D(A)) and moreover

lJw(- + T)HW‘QJ(O,T/\(T—T);D(A)) = |\w||W9,1(T,T+TA(T—T);D(A))~
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Therefore the functions ¢ — wug(t 4+ 7), t — u1(t + 7) and
t+1
Fs up(t+7) = / S(t+ 7 — ) (K Bi)(s) ds
0

belong to W%1(0,7 A (T — 7); D(A)), and we have

(4.8)

l[uo (- + T)HWGJ(O,TA(T—T);D(A)) = |\uo||W911(T,T+TA(T—T);D(A))
(4.9)

[Jur (- + T)HWBJ(OJ/\(T—T);D(A)) = |\u1||W8v1(T,T+TA(T—T);D(A))
and

(4.10)  [Jua(- + 7)|lwe.1 (0,7n(T—7);D(A))
= luallwos (rr4ra@—r);p(a))
< uzllwo.1 (0,04 rAT—1);D(A))
< c1lklrqrn@—mllullwes 0,7

1
< 1|kl riyrnr—ry ——laz2l|z]|o + b2|| fl| 21 (0,7 x (0))]
1—m

where we used Lemma 4.1 and (4.6).

Hence, by an argument similar to the one used above we can prove
that ug(- +7) +uy(- + 7) +ug + T is a contraction on W%1(0,7 A (T —
7); D(A)). Consequently, we find that there exists v € Wg’l((), TA(T -
7); D(A)) which satisfies (4.7). Therefore, the function U(t) = u(t) if
te€0,7],and U(t) =v(t—7),if t € [r,7+7 A (T —7)] satisfies (4.1) on
[0, 747 A(T —7)]. Moreover, using (4.6), (4.8), (4.9) and (4.10) we get
that U satisfies an estimate similar to (4.6) on [0,7 + 7 A (T — 7)].
Iterating this procedure we then obtain the existence of a unique
solution u € W?%1(0,T; D(A)) of (4.1); moreover, u satisfies (i), (ii)
and (iii) and

[ullwo.ro,m;payy < eslllzllo + [ f]lLro,7:x0))]-

Finally, assertion (iv) can be accomplished by using Lemma A.4. O

If B preserves spatial regularity, then Theorem 4.5 can be improved
by the following.
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Theorem 4.6. Let f € L'(0,T;X(0)), for some 6 € ]0,1]. Assume
in addition that B € L(X(0+1),X(0)). Then if x € X(0) there exists
a unique strict solution u € W%1(0,T; D(A)) of problem (4.1) and we
have

(i) weC(0,T;X(0)),

(i) o, Aue L1(0,T; X(0)),

(iil) Aue W%L(0,T; X).

Moreover, there exists ¢y = c4(0,T) satisfying

(i) Nulleorix o)) < calllzllo + 11l 0.7:x0)]

(V) Wl ox o)) [[Aullzrorx0)) < calllzllo + £l 0.7:x(0))]

(vi) [ Aullworo,rx) < calllzllo + I1f11Lr0.r:x 0))]-

Proof. Let ug and u; be the functions introduced in the proof
of Theorem 4.5. By Lemmas A.2 and A.4 (ii) we get Aug, Au; €
L'(0,T; X(A)). Hence by Lemma 4.2 we find that ug + u; + I' maps
LY(0,T; X (0 + 1)) into itself. Moreover, using Lemma 4.2 and a
fixed point argument we get that if 7 is sufficiently small then there
exists u € L1(0,7; X (0 + 1)) satisfying (4.3) on [0,7]. Furthermore,
using Lemma 5.1 and Lemmas A.2 and A.4 (iii), we get ATu, Auo,
Au; € W90,7;X) and hence u € W%(0,7;D(A)). If 7 < T
the result can be extended on [0.7] by using the usual continuation
procedure. Finally the remaining assertions can be proved by using
Theorem 4.5. u]

The following result concerns the case where f belongs to a Sobolev
space.

Theorem 4.7. Let f € W%(0,T; X) for some 0 € ]0,1[. Then if
x € X (0) there exists a unique strict solution u € W%1(0,T; D(A)) of
problem (4.1) and we have

(i) uwe C(0,T; X(0)),
(i) o', Au € W%(0,T; X),
(iii) ' € L*(0,T; X (9)).

Moreover, there exists cs = c5(0,T) verifying
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() llullowrsxey < esllllo + 1 llgon .z
) I llwons o,z el oz, < eslllzlo + 1F11gs o rox)

(vi) [[e'l[Lromix 0y < eslllzlle +[1f 1150 0.2.x))

Proof. Let ug and u; be the functions introduced in the proof of
Theorem 4.5. Then by a computation similar to the one used in
Theorem 4.5 we get the existence of a unique u € W?%1(0,T; D(A))
satisfying v = up + u1 + ['u and

[lullwo.r0.r:pa)) < eslllzllo + 111150, 0. 1.x))-

Furthermore, from Lemmas A.2 and A.5(i) we have that ug,u;,T'u €
C(0,T; X(0)) and that uj, Aug,u}, Auy, (Tu) € W(0,T;X). Fi-
nally, from Lemmas A.2 and A.5 (iil) we get ug, Aug, v}, Aug, (Tu) €
L'(0,T; X(0)). Therefore, u satisfies (i)—(iv). o

Remark 4.8. If f € L*(0,T; X (0)) it follows from (4.3), Lemmas 3.2
and 7.4 that Au € W%(0,T;X) only if z € X(#). Therefore, the
assumption z € X(0) is also necessary in Theorem 4.5. Similarly, if
fewol(o,T; X).

From Theorems 4.5, 4.6 and 4.7, we get the existence of a solution
u € W91(0,T; D(A)). The following result concerns existence of strict
solutions.

Theorem 4.9. Let k satisfy (4.5). Let x € X(0), and let f €
WOL(0,T;X). Then there erists a unique strict solution of (4.1).
Moreover, there exists cg satisfying

(1) [lullzr0,m;pca)y) < cslllzllo + [[fllwo0,r,x)]s

(ii) ||’UJHW1‘1(O,T,X) < csll|x|lo + Hf”WOvl(O,T,X)}'

Proof. Let u be a strict solution of (4.1). Using Lemmas 4.4 and A.6,
we find that if 7 satisfies

(4.11) Y2 = (L+ M)B[E|- +[|k][-] < 1/2
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then

3M
[[Aul|L1(0,753x) < H[H%"Ho + [ fllwor 0,753

Therefore, if x = 0 and f = 0 we have u = 0, which implies uniqueness.
To prove existence, let {z,} C X(0) and {f,} < W%0,T, X)
verifying x,, — z in X(0) and f, — f in W%1(0,T, X). From Theorem
4.7 there exists v, € W%1(0,T, D(A)) satisfying
¢
(0 = Avn(0) + [ K= 9)Bon(s)ds+ Fu(0). 10,1
0
v (0) = 2.

Moreover, using Lemma 4.4 and Theorem A.6, we find that if 7 satisfies
(4.11), then

3M
[ Avn|[Lr0,7x) < 1— [znllo + [ fallwor0,mx)]
V2
and
3M
||Avn_ Avm”Ll(O,T;X) < 1— Hlmn_ xm”O + an_ fm”Wle(O,'r;X)]-

Therefore we find that v,, is Cauchy in L' (0, 7; D(A)). Since A is closed
we have that there exists u € L'(0,7; D(A)) such that

vp — u, in L'(0,7; D(A)).

Moreover,

1 Aul[L10.7:x) < [Hllo + 1flTwo.r0,m:x))-

T lem

This in turn implies that « € W(0,7; X) and v/, — ' in L*(0,7; X).
Therefore w is a strict solution of (4.1) on [0, 7] that satisfies (i).

Finally, from (4.1) we obtain

[/ L10,7:3) < [[Aul|L1(0,7x) (1 = 2) + 1 fllLr0.1:%)
< cslllz|lo + [ fllwor0,1,x))

so that u satisfies (ii) on [0, 7].
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If 7 < T we can iterate this procedure and obtain the existence
of a function u € LY(0,T; D(A)) N W11(0,T; X) satisfying (4.1) and
assertions (i) and (ii). O

Remark 4.10. If f € W%1(0,T; X) it follows from Theorem A.6 and
Lemma 4.4 that if w € L'(0,T; D(A)) then z € X(0). Therefore the
assumption z € X (0) in Theorem 4.9 is also necessary.

5. Solutions of the integrodifferential equation in the case
B = A. We now study the existence of solutions of the following
problem

u'(t) = Au(t) —I—/tk;(t—s)Au(s) ds + f(t), 0<t<T
0
u(0) = x.

(5.1)

As before, a function u € L' (0,T; D(A))NW11(0, T; X) which satisfies
(5.1) is called a strict solution of (5.1). It is easy to see that if u is a
strict solution of (5.1), then we have

(5.2) ult) = S(t)e+ A /0 S(t— 8)(Ku)(s) ds + /0 S(t— 8)f(s) ds.

Equation (5.2) will be called the mild form of (5.1). A function
u € LY(0,T; X) such that

t— /0 S(t—s)(Ku)(s)ds

belongs to L'(0,T; D(A)) and that (5.2) is satisfied will be called a
mild solution of (5.1).

Existence results for strict solutions of (5.1) have been obtained in
Section 4; we now study the existence of mild solutions. To this end,
we introduce the operator

(5.3) (Tu)(t) = A /0 S(t — 5)(Ku)(s) ds.

The following results concern the properties of the operator T.
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Lemma 5.1. For each 0 € 0, 1], the operator T' maps L*(0,T; X (6))
into itself, and for each T < T we have

ITull L 0,rix(0)) < balklrllullLr o, x(0))

where ba = by(0,T) is given by Lemma A.4.

Proof. Let uw € L'(0,T;X(0)). Then by Lemma 3.1 we have that
kxu € LY(0,T;X(0)). Moreover, by Lemma A.4 (ii) there exists
by = ba(0,T) verifying

[Tul| L1 0,m5x(0)) < ballk * ullL1(0,mx(0))-

Hence the conclusion follows from (3.1). o

We now study the property of the operator I' in the case where k
satisfies the additional assumption:

(5.4) llr = /OT dt /OT PALIOL Gl

|t — s

‘We have

_ Lemma 5.2. Let k also satisfy assumption (5.4). Then the operator
T maps C(0,T; X) into itself and we have for each 7 <T

Tulleqo,rx) < (14 MK + [k ulloo,rx)-

Proof. We have

[Tu(®)|| < H /Ot ds/os AS(t — $)k(t — o)u(o) do

+/O ds/o dol|AS(t — )[k(t — o) — k(s — o)]u(o)
=: Il+[2.
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Now . ;
I = H/ da/ dsAS(t — s)k(t — o)u(o)
H/ (t — o) — Ik(t — o)u(o) do
< (L4 M)kl |ullco,mx)
and
12<M/ ds/ —Fls - ”H()H
t—s
k(t—o)—k(s—o
= ljullegrx) M / ds / R
0 0 -
< M{|&[+|[ullco,mx)-
Therefore
[Tl < (1 + M) 1kl + [l lleq.rs
and the result is proved. m]

We are now able to prove the following existence result.

Theorem 5.3. For each v € X and f € L'(0,T; X) there exists a
unique mild solution u € L'(0,T; X () for some o € 10,1], of problem
(5.1). In addition, u € L*(0,T; X (0))NW?1(0,T; X) for each 6 € ]0, 1],
and there exists di = d1(0,T) satisfying

1) [lullzrorxe)y < dalllzll + |[fllLro,7:x)]5

(i) [fullweo.romx) < dulll2l] + [1f]]2r 0.7:x)]-

Proof. Let u € L'(0,T; X (a)) be a mild solution of (5.1). Using
Lemma 5.1 and Lemmas A.1 and A.3(i) we get that if 7 satisfies

(5.5) balkl < 1/2,

then )
a1 + 01
ul| L1 0,7,x () < WHWH [ f1 L2 0,75)]-
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Hence, if £ = 0 and f = 0 we get v = 0 on [0, 7], which implies
uniqueness.

To prove existence, let {z,,} C D(A), {fn.} € L*(0,T, D(A)), z,, — =
in X and f,, — f in L'(0,T, X). By virtue of Theorem 4.5 there exists
v, € W0, T, D(A)) satisfying

(5.6) vn(t) :S(t)xn+A/0 S(t—s)(Kvn)(s)ds—k/O S(t—5)fa(s) ds.

Moreover, using Lemma 5.1 and Lemmas A.1 and A.3(i) we get that if
T satisfies (5.5) then

a+b
H”n”Ll(O,T;X(é’)) < mmxnn + ||anL1(O,T;X)]

and

a1 + by
an_ UMHLl(O,T;X(é’)) < ﬂmxn_ xm” + ||fn_ fm”Ll(O,T;X)]‘
2| |7'

Therefore, {v,} is Cauchy in L'(0,7; X (6)) for each 6 € ]0,1[. Conse-
quently, there exists u such that

v, — u  in L0, 7; X(6))

and b
ay 1
ullzr0,mx0)) < 2l + £z 0,73
1—bolkl|,

Furthermore, passing to the limit as n — oo in (5.6) and using the fact
that A is closed, we obtain that v is a solution of (5.2) on [0, 7].

If 7 < T we can iterate this procedure and obtain a solution u €
LY(0,T; X (0)) satisfying (i).

Finally, using Lemmas A.1 and A.3(ii) and Lemma A.4(iii) we find
that u € W%1(0,T; X) for each 6 € ]0,1[. Using (5.2) and (i), we get

[ullwe.10,x) < arl|zl| + b1l fllLr0,7:x) + b2kl |ull 10, 7:x (6))
< const [|[z|| + || fllz1(0,7;x)]

so that u satisfies (ii). o
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From Theorem 5.3 we have the following uniqueness result for strict
solutions.

Corollary 5.4. The strict solution of (5.1) is unique.
If k is assumed to be more regular we can prove the following.

Theorem 5.5. Let k also satisfy property (5.4). Then there exists a
unique mild solution u € C(0,T;X) of (5.1). Moreover, there exists dy
satisfying

lulloo,rx) < d2fllzl] + 1 f1]Lo0.rx)]-

Proof. Let u € C(0,T;X) be a mild solution of (5.1). Using (2.1)
and Lemma 5.2 we find that if 7 satisfies

(5.7) Vs = (1+ M)[[k|- +[|k[|-] <1/2

then

lulleorx) < [l + 11 f 112 0,mx))-

R e

Therefore if z = 0 and f = 0 we have « = 0 on [0, 7], which implies
uniqueness. To prove existence we use a density argument similar to
the one used in the proof of Theorem 5.3. o

6. Parabolic partial integrodifferential equations. Let 2 be a
bounded subset of R with C? boundary 952, and let E be an elliptic
operator in €2 which, for simplicity in notation, we take of order 2

n n

Eu= Z (aij(E)ug,)e, + Zbi(f)u& + c(§u

i,j=1 i=1
where a;;,b; and c are given functions satisfying the properties
Qi € Cl(ﬁ), b; € O(ﬁ)

Let L be a linear differential operator on 2 with suitable regular
coefficients, and let k£ € L*(]0, T[).
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We want to study the following problem

w(t,€) = Bu(t,€) + / Bt — s)Lu(s,€) ds + f(1,6),

(6.1) (t,€) €10, T[ x ©
u(t,€) =0,  (t,€) €]0,T[x 99
u(0,§) =z(§), L€

It is well known that the realization of E' with homogeneous Dirichlet

boundary conditions in the spaces C'(2) or LP(Q), 1 < p < o0,
generates an analytic semigroup. Hence, using the results of the
preceding sections we can study (6.1) in these spaces. As an example,
we choose X = L!(Q) since this case seems to be less studied in the
literature.

We introduce some notation. Let A be the operator defined by

D(A) = {ue Hy' (Q) : Buc LY(Q)}
Au= Fu

where Fu is understood in the sense of distributions. Then it is known,
see [1, 10, 15] that A generates an analytic semigroup on L'(Q).
Moreover, we have the following characterization of the interpolation
spaces X (0), 6 € 10, 1[, defined by (2.2) (see [7])

H?:1(Q), if20<1
(6.2) X(0) =4 BY(Q), if20=1
HZHQ), if20>1

where H%1(Q) are the Sobolev space of fractional order and B%!(€Q) is
the Besov space.

If & = 0 then we do not have a simple concrete characterization of
such spaces. We refer to [14] for the case E = A.

Finally, if the order of L is < 2, we denote by B the following operator

D(B) ={ue L'(Q): Lu € L'(Q)}
Bu = Lu

3
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whereas if L has order 2 we define

D(B) ={ue HY'(Q) : Lu e L'(Q)}
Bu = Lu.

In what follows, we assume that
(6.3) D(B) 2 D(A).
For example, assumption (4.2) is satisfied if the order of L is < 2 or if

L and F have the same principal part.
Using the results of Section 4 we get the following:

Theorem 6.1. Let f € W%1(0,T; L}(Q)), for some 6 € ]0,1], and
let x € X (0), where X () is defined by (6.2). Then the solution of (6.1)
satisfies

(i) we C(0,T: X)),
(i) u, B, € WOL(0,T; LY(Q)),
(i) w; € L1(0,T; X (0)).

Proof. The results follow from Theorem 4.7. o
If f is regular with respect to £, we have

Theorem 6.2. Let f € LY(0,T;X(0)) and x € X(0) for some
0 €10,1[. Then the solution of (6.1) satisfies

(i) we C(0,T: X(9)),
(ii) u € LY0,T; X(0)),
(iii) Fu e W%(0,T; L*(Q))).
If, in addition, L = a(§)E, with « regular and o > ag > 0, then
(iv) Eue L'(0,T;X(0)).

Proof. Assertions (i), (ii) and (iii) follow from Theorem 4.5. Assertion
(iv) follows from Theorem 4.6 and from the fact that if v € z(0 + 1),
then Bu = aFu € X (0) if « is regular. O
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We now consider the case where k also satisfies

T t
(6.4) .A ﬁA|M@—k@ﬂ@—Q*w5<+m.

We have:
Theorem 6.3. Let k also satisfy (6.4), let x € X(0) and

/OT dt/ot(t_s)—l ds/g|f(t’§) — (5,6)] dE < +o0.

Then the solution of (6.1) satisfies u;, Eu € L1(]0,T[ x Q).
Proof. The result follows from Theorem 4.9. o

Finally we consider the case L = F.

Theorem 6.4. Let f € L'(]0,T[ x Q), and let x € L*(Q). Then
there exists a function u € L*(0,T; X (0)) nW%1(0,T; L' (), for each
0 €10, 1], satisfying in the mild sense (6.1) with L = E. If, in addition,
k satisfies (6.4), then u € C(0,T; L'(12)).

Proof. The results follow from Theorems 5.3 and 5.5. u]
APPENDIX

In this section we recall the results for abstract parabolic equations
which have been used before.

Let A: D(A) C X — X be the infinitesimal generator of an analytic
semigroup S(t) in a Banach space X satisfying the assumptions of
Section 2. Given f € L'(0,T; X) and x € X, we consider the following

problem
u'(t) = Au(t) + f(1), 0<t<T
(A1) u(0) = z.

A function w is called a strict solution of problem (A.1) if u €
LY(0,T; D(A)) n WHY0,T; X) and we have u'(t) = Au(t) + f(t) for
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almost every t € 10,7 and w(0) = x. It is known that if u is a strict
solution of (A.1), then for each t € )0, T[, we have

(A.2) u(t) = S(t)x + /0 S(t—s)f(s)ds.

Conversely, if the function u given by (A.2) satisfies u € L1(0,T; D(A))
NAWLL(0,T; X) then u is a strict solution of (A.1). As usual, we call
the function u given by (A.2) the mild solution of (A.1). The regularity
properties of the mild solutions of (A.1) are widely investigated in [4]
and [5]. In the following we summarize the results that are used in this
paper. To this end, it is useful to introduce the functions

and

We have:

Lemma A.1. For each x € X we have that ug € C(0,T;X) and
that ug € L*(0,T; X (0)) N W%L(0,T; X) for each 6 € ]0,1[. Moreover,
there exists a1 = a1(0,T) verifying, for each 7 < T,

(1) [uollzr0,mix 0y < a2 (6, T)[|]|
(i) uollwo.1(0,7:x) < a1(6,T)]|zl.

Proof. For the proof we refer to Theorems 2 and 7 of [5]. o

Lemma A.2. Let z € X(0) for some 60 € ]0,1[. Then we have
that ug € C(0,T; X (0)) and uy, Aug € L*(0,T; X (0)) N W1(0,T; X).
Moreover, there exists as = as(0) verifying, for each T < T,

(i) [luolleqor:x o)) < az(0)z[lo,
(ii) [luollzr0.m:x(8)): |[Auol[L1(0,7:x(8)) < a2(0)][xllo,

(i) [y o1 0.2:x)» || Aiol [woos0.rsx) < a2(0)]lo-

Proof. See Theorems 5 and 15 of [5]. O
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Lemma A.3. For each f € L'(0,T; X) we have that u; € C(0,T; X)
and that uwy € LY0,T;X(0)) N W%L(0,T; X) for each 6 € 10,1[.
Moreover, there exists by = by (0, T) verifying, for each 7 < T,

(1) ||u1||L1(0,T;X(9)) < bl(oaT)HfHLl(Oﬂ';X)

(i) [luallwor(o,rx) < 01(0, DI fllLr(0,7:%)-

Proof. See Theorems 17 and 18 of [5]. o

Lemma A.4. Let f € L*0,T;X(0)) for some 6 € ]0,1[. Then
uy € C(0,T; X(0)), uy, Auy € L*(0,T; X(0)) and Auy € W9(0,T; X).
Moreover, there exists by = ba(0,T) verifying, for each 7 < T,

(1) Nuilleorx @) < 0200,T)z(|o,
(i) [[uillrro.x0)) 1Autl|L10,7x0)) < b2(0, D) fllL1 (0.7 x(0))5

(iil) [[Aur|lwo.r(o,rx) < b2(0, )| flL10,m:x(0))-

Proof. For the proof we refer to Theorems 20, 21, 22 and 23 of [5].
O

Lemma A.5. Let f € W%(0,T;X) for some § € ]0,1[. Then
up € C(0,T; X(9)), vy, Auy € W10, T; X) and v} € L*(0,T; X(0)).
Moreover, there exists bs = b3(0,T) verifying, for each 7 < T,

(i) ||u1||C(O,T;X(9)) < b3(6‘7T)[||fHW9»1(O;r;X) + Ng(O,T; )]7

(11) ||u§.||W6’1(0,T;X)7 HAulHWB‘l(O,T;X) < b3(97T)H|f||W9'1(O,T;X) +
N{(0,7; f)],
(111) Hu/luLl(O,T;X(@)) < b3(07T)[||fHW9‘1(07T;X) + N29(077-a f)]

Proof. See Lemma 2 and Theorems 25 and 27 of [5]. O

Finally we prove the following existence result (which seems to be
new) for L!-strict solutions of problem (A.1).

Theorem A.6. Let x € X(0) and f € W%'(0,T; X). Then we have
ug,u1 € C(0,T;X(0)) and ug,u; € L*(0,T;D(A)) N W1,1(0,T; X).
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Moreover,

(1) Muolleo,rx0)) < Mllz[lo

(i) luollzro,m;pa)wrr0,m:x) < llZlos
lurlleqo,rmx ) < [2M + M(Tw) = || fllwoso,7:x)s

(iii)
(iv) lu1llzr0,m;p(aynwra(o,mx) < 3M||fllwo.o,1:x)-

Proof. We have

T
(A3) HAuduqmﬂX):nuauuQﬁX):i/ |AS(t)z]| dt < Ho(z)
0

and hence ug € L1(0,T; D(A)) N WH1(0,T, X), and (ii) is verified.

Moreover,
—+oo
|mamm=/’ |AS(t + 0)zl| do < MHy(x)
0

and (i) follows.

To prove u; € LY(0,T;D(A)) N WHL(0,T, X), we use a density
argument. Let {f,} c W11(0,T, X) verifying f,, — fin W1(0,T, X),

and set
/St—s (s

We have v, € L'(0,7;D(A)) n WL1(0,T,X) and v, — u; in
L'(0,T; X). Moreover, using (2.1), we get

T t
\M%MmeSA ﬂpésa—ﬂn@—anS

+/T dtHA/tS(t—S)fn(t)dS

<M/dﬁWn ~ Fu(s)li(t— )"V ds

+A aH[S(8) — 1) f (1)

< 2M||fallworo,1,x)
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and hence

[|Avn, — Avp || 0,03x) < 2M || fr = frnllworo,7,x)-

Therefore Av,, is Cauchy in L'(0,7;X) so that u; € L'(0,7; D(A))
and Av,, — Aup in L'(0,T; X) since A is closed.

Finally, from the equality v/, = Av, + f,, we get that u; €
WH0,T; X) and that uj = Auy + f. Therefore, u; satisfies (iv).
Let us prove (iii). We have

T t
Ho(ul(t)):/o /OAS(U—l—t—s)f(s)ds do

+/T+OOH/OTAS(U+t—s)f(s)ds do

=1 + L.

By a computation similar to the one used above we find

I <2M|[fllwoao,1;x)-
Moreover,

—+o0
I < MT-! / e dor|| {1l 1 (0.7,
T

and (iii) follows. O

Remark A.7. Tt follows from (A.3) that the assumption z € X(0) is
also necessary for property (ii).
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