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REMARKS ON THE EXISTENCE AND UNIQUENESS
OF SOLUTIONS OF VOLTERRA FUNCTIONAL EQUATIONS
IN L? SPACES

MARIAN KWAPISZ

1. Existence and uniqueness problems for the Volterra integral
equations were discussed by many authors. Usually the solutions were
sought in the space of continuous functions.

In the literature on the subject there is not much more than the
classical result for integral equations in LP or L? spaces which one can
find in [5, 10]. Similar results for multidimensional integral equations
in L? spaces appeared in [2]. Recently, the author of the present
paper has shown [8, 9] that Bielecki’s technique of weighted norms
[3] (which was successfully employed by many authors dealing with
integral equations in the space of continuous functions—see [6] and a
review paper [4]) can be applied fairly well to integral equations in LP
spaces.

The aim of the present note is to show how the comparison method
works in the case of Li,. spaces (for an abstract formulation of the
method consult the paper [7]) and to discuss different approaches to the
problem in the case of a linear comparison function Q (see Assumption

A).

2. Let a,b € R", a = (a1,...,a,), b= (b1,...,by); we write a < b
ifa; <bj,i=1,2,...,n. Put

I=la,b)={t:teR", a<t<b}.

The case when b = (+00,...,400) is accepted. We call this set
an interval. Let B be a Banach space with a norm | -|. The
symbol LY (I, B) will denote the space of all locally Bochner integrable
functions = (Bochner integrable on every compact subset I, of I) for
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which the integrals
/ |z(s)|P ds, I. C I (I.-compact), p>1,
Ic

are finite. From now on we will write

t1 to tn t
/ / / x(81,82,...,8p)dspdsp—1---ds; as / x(s) ds.
al az Ay a

Let the operator F : LY (I,B) — LY
the equation

(I, B) be given. We consider
(1) x(t) = (Fx)(t), tel.

We assume

Assumption A. Suppose that the function Q : I x Ry — Ry,
R, =[0,+00) has the following properties:

(i) Q(t,-) is nondecreasing and continuous for almost all ¢ in I.

(ii) (-, u) is measurable for all uw € R4, and, for every constant M,
there is a locally integrable function vas : I — R4 such that

Qt,u) <ypm(t), tel, 0<u<M.

(iii) For any nondecreasing and continuous function ¢ : I — R,
there is a nonnegative and continuous solution ug of the inequality

¢
(2) u(t) > 2P~ 1. / Qs,u(s))ds+q(t), tel.
(iv) The function u(t) = 0, t € I, is the only solution of the equation
¢
(3) u(t) = / Q(s,u(s))ds, tel.

(v) For every z,y € LY. (I, B), the inequality

loc
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(1) (Fw)(t)—(Fy)(tnpssz(t, / x(s)—y(sw’ds), ter,
holds.

Observe that LY (I, B) is a complete locally convex space with the

family of seminorms

t 1/p
||| = (/ |x(s)|pds> , tel.

3. Take any z¢9 € L} (I,B), and define a sequence {F¥zq},

loc
E = 0,1,..., of iterations of zy by the operator F : FOxy = x,
Fk+1l‘0 = F(Fkl‘o)

Let ug be a solution of inequality (2) with ¢ defined by the equation

(5) at) =27 [ faa(s) - (Fro)(o)Pds, tel.

Define the sequence {ug}, k=0,1,..., by the formula

(6) ugt1(t) :/ Q(s,ur(s))ds, tel, k=0,1,....

Observe that the sequence {uy} is nonincreasing and, by condition (iv)
of Assumption A and the Dini theorem, it converges to zero uniformly
on every compact subset of I.

Now we are in a position to formulate the main result of the paper:

Theorem 1. If Assumption A holds, then there is a unique solution
of equation (1), say x*, and x* is the limit in L}, (I, B) of the sequence
{F*¥zo}, k=0,1,... . Moreover,

(7) / 2% (8) — (F*x0)(s)|Pds < ug(t), te€l, k=0,1,...,

with uy, defined by equation (6).
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Proof. We show first that, for z;, = FFx,

(8) / lon(s) — zo(s)Pds < wolt), tel, k=0,1,....

We do this by induction. It is clear that (8) holds for k£ = 0. Assuming
that (8) holds for a given k, we get

|zr41(s) —20(s)|P < 2P7 1 (|(Fag)(s) — (Fo) ()P + [(Fao) — wo(s)[P)
because
(a4 pB)P <2071 . (aP + BP) for every o«,3>0and p> 1.

Using (4) and (8) yields

2a(s) — ao(s)]P < 27 n( JAECE xo<e>|Pde)

+ 271 | (Fg)(s) — xo(s)|P
< 2P71 Qs up(s)) + 207 [(Fag)(s) — mo(s)[P-

The integration of this inequality over the interval [a,t] gives

[ lats) = aa(o)ds <22t [ s ua(s)) ds -+ a(t) < wa(t),

which, together with the induction assumption, means that (8) holds
forall k =0,1,....

Now we prove that

t
(9) / |Thtm(s) — xi(s)|Pds <wug(t), tel, kkm=0,1,...,
a

doing this by induction again (with respect to k). By (8) we see that
(9) holds for k = 0. Assuming that (9) holds for a specified k and any
m=20,1,..., we get

[Tkt 14m(8) = Th41(8)1P = |[(FTpim)(8) — (Fap)(s)[F
< (s, [ rin(® - n@P d
< Q(s,ug(s)).
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The integration of this inequality over the interval [a,t] = I; results in
t t

[ ltin(s) = ()P ds < [ 9o u(s) ds = w0

a

a

This, together with the induction assumption, shows that (9) is proved.
However, (9) means that the sequence {z;} is a Cauchy sequence
in L (I,B), so it converges to some element z* € L} (I,B). The
inequality (7) is implies by (9) when m — 4o00. Now,

/ 27 (5) — (Fa*)(s)P ds

< / 15°(5) = k1 (5) + s (5) = (Fa) () ds
[ ) - s
+ 2r~1 /|ka ) (s)|P ds

<Py () 4 20 /Q(s,uk(s))ds:Zp-ukH(t),

a

tel.

Taking the limit as kK — oo gives that z* is a solution of equation (1).

To prove the uniqueness of z*, let us assume that there is another
solution z** of (1). Let uf be a continuous solution of the inequality

(10) u(t) Z/a (s,u(s ds+/ |[x** (s (s)|Pds, tel.

‘We have
z*(t) = (Fa)(t), 2™ (t) = (Fz™")(1),
and, by (4),

) e e P (s [ o e ©r )
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(12) /at el /at Q<S / [#7(€) = w"(&)l”d&) ds

t
g/ Qs,uy(s))ds, tel,

because, by the definition of ug,

t
/ |z**(s) — a*(s)|P ds < wug(t), tel.
Put
t
u;+1(t)=/ Q(s,ui(s))ds, tel, k=01, ...

One can see easily that the sequence {uj} behaves as the sequence
{ux }—it is nonincreasing and converges to zero. Moreover, by the
definition of uf, (11) and (12), it follows that

¢
/ |[**(s) —x™(s)|Pds <wuy(t), tel, k=0,1,...;

this implies that z** = z*. Thus, the proof of the theorem is complete.
O

4. Let us now consider the very important special case when the
function € is linear with respect to the second variable, i.e., the case
when
(13) Q(t,u) = M(t)u, tel,
with some locally integrable function M : I — R,. The conditions

(i)—(iv) of Assumption A are evidently satisfied. For ug we can take
the function

(14) uo(t) = q(t) exp (2p_1 : /: M(s) ds), tel

This is implied by the following (see [1]):
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Lemma B. If a function D : Ry — R has nondecreasing derivative
D’ and the function M : I — R is locally integrable, then

(15) /atM(s)D’(/: M(€) dg) ds < D(/: M(s) ds) —D(0).

Indeed, applying this inequality for D(z) = exp(z), we get

2r~t /at M(s)q(s) exp (2”1 : /a M(€) dé) ds +q(t)
< qlt) [ / M (s) exp (2 [ M ds) ds + 1]
< q(t) exp <2p—1 - /atM(s) ds).

Now the sequence {uy} can be evaluated by formula (6), and clearly
the assertion of the theorem holds if the condition (v) of Assumption
A is satisfied.

Observe that the function Q defined by the formula (13) appears, for
instance, when the operator I’ has the form

(16) (Fa)(t) = g(t) + / f(t.s,x(s)ds, tel,

and the function f : I x I; x B — B satisfies the Lipschitz condition of
the form

(17)
|f(t,5,$)_f(t,8,y)| SL(t,S)|$—y|, tEI’ SEItv x,yEB,

with L being a measurable and nonnegative function such that

t s p/4q 1 1
/ </ L"(s,ﬁ)d§> ds <400, tel, p>1; —+==1.
a a p q
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Now, using the Holder inequality, we have

(Fa)(t) — (Fy)0)P < ( / (15 2(5)) — F(t,5,y(s)) ds>
L(t, s)|x(s) — (s)ds>

p/q
< < Lq t,s) ) / |z(s) s)|P ds

/—\

for
¢ p/q
q
(18) M(t) = (faL(t,s)ds) , tel, p>1,
ess-sup,eg, L(t, s), tel, p=1.

It is assumed that the function M is locally integrable over I. The
inequality

(19)  [(Fa)(t) = (Fy)()" < M(t)/ lz(s) —y(s)|Pds, tel,

Lemma B, applied for functions D;(z) = z%/i!, and the induction
assumption imply

(20)
Ea-yor < 2O ([aeras) [ -t as

tel, forany z,y € L (I,B)and k=1,2,....

5. The inequality (20) is very important in a classical discussion of
the existence and uniqueness problems for equation (1). The following
conclusions can be drawn from (20) immediately:
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(a) The sequence {F¥zo}, k = 0,1,..., of iterations of zy €
LY (I,B) by F converges absolutely for all ¢t € I for which M(t) is

finite. Indeed, put, in (20), * = ¢y and y = Fxg to get

|(FE ) (8) = (F*ao) (1)

i / M(s) d) |/ '[(Fzo)(s) — zo(s)IP ds.

From this inequality it follows that the series

IN

o0

wo(t) + D _[(F*ag) (1) — (FFao)(t)]

i=0
converges absolutely if M (¢) is finite. Let

(21) *(t) = lim (F*zo)(t), tel.

k—oo

From the Lebesgue theorem it follows that {F*z¢} converges to z* in
LP (I,B). This and the inequality

loc
|(Fk+1a?0)(t) — (Fz") ()P < M(t)/ |(Fka:0)(s) —a*(s)[P ds

(which follows from (19)) imply that z* is a solution of equation (1).

(b) z* defined by (21) is the unique solution of equation (1). Indeed,
put, in (20), x = 2* and y = x**, x**—is supposed to be another solution
of (1); then

) - < oo ( M(s) d) |/ ot (s) — 2™ (s) ds.

for k = 1,2,.... This inequality implies that x*(t) = 2**(¢) for all ¢
for which M (t) is finite.

(c) The error for F¥x, approximation to * has the form

(22
t k-1 t
(Fra0-a @ < o ([ areas) - [lat-a 9P as
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t el for k=1,2,.... Indeed, we get this by putting x = z¢ and
y = z* in (20).

The integration of (22) over the interval [a, t] leads us to the inequality

(23)
[ - pas < & ( [ o) ) [ 1o as.

6. However, there is another conclusion of (20) which permits for
different treatment of equation (1). Integrating (20) gives

en
[ - nora < b [yew) [ lao -vora

tel, k=0,1,....

Take any b’ < b and assume that &’ is sufficiently large to get

P =%(/(1/M(s)ds>k/ <L

For such &’ and k" (k' depends on b") we can conclude that the operator
F* considered in LP(Iy, B) is a contraction with the coefficient o so
that it has a unique fixed point z* € LP(Iy, B).

It is easy to observe that x* is also a unique fixed point of the operator
F considered in LP(Iy, B) (i.e., a solution of equation (1) defined on
Ib/).

Putting z = zg, y = 2*, t € Iy in (24), we get

/| £0)(s) — ()PP ds < ,%(/M )k/atuo(s)—:c*(s)wds,

k=0,1,....

This means that the sequence {F¥zq} converges in LP(Iy, B) to z*.
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To obtain the unique solution of equation (1) in the whole space

LY (I,B) it is enough to employ the continuation process. It is clear

that, for the global solution z*, the inequality (25) holds for all ¢t € T
and £ =0,1,.... Observe that the term

/ wols) — 2* ()P ds

appearing on their right hand side of inequalities (22), (23) and (25)
can be easily eliminated by employing the Gronwall inequality. Indeed,

|27 (s) — wo(s)[? < 2P - |(Fa™(s ) — (Fzo)(s)[”
+2P71 - |(Fao)(s) — wo(s)I”

/|x — mo(©)P de

+ 2771 |(Fao) (s) — wo(s) P

Integrating this inequality over the interval [a, t] obtains

[ —sras< [ (20 a0 oo i) s

4 or- / (Fz0)(s) — zo(s)|? ds,

which implies the inequality

[ a6 = motopp s
< 2P~ 1/ |(Fzo(s) — (20)(s)|P ds - exp(?p 1/ M(s d>

Finally observe that, in LP(Iy, B), one can introduce the metric

k' —1

1
, i Fz _ Fz =,
dp.k ; B - H z ||p7 B k\/a
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It is easy to check that F'is a contraction in LP(Iy, B) with respect
to this metric. Indeed, we have

k'—1
dp i (Fz,Fy) =Y B |[F 'z — F ||,
i=0

k'—2
=3 B IFTF e — Yy, + o e — yll,
1=0

k' —1
=3 BT |Fz = Flyll, + 87 |z = yll,
i=1

T

1
BTEY B It = Flylly = B dp e (2, y).

%

Il
=]

7. Now we will present conditions under which the existence and
uniqueness result for equation (1) can be established simply by an
application of the Banach contraction principle when the appropriate
norm is employed. This will be an extension of Bielecki’s technique for
the LY (I, B) spaces.

loc

‘We have

Theorem 2. If the function M : I — Ry is locally integrable and
the conditions

(26)  [(Fa)(t) = (Fy)(0)[° SM(t)/ [z(s) —y(s)|Pds, tel,

for every x,y € LY. (I, B), and

loc

(27) /:|(Fo)(s)pds§C-exp</atM(s)ds), tel,

where C' is some constant, are fulfilled, then there is, in L}, (I,B), a
solution x* of equation (1) and a constant Q such that

(28) /at |x*(s)|pds§Q-exp</atM(s)ds), tel.
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The solution x* is unique in the class of functions x € L (I,B)
satisfying the condition

29 s { /at ((s)[P ds - exp (_ /at M(s)ds>} < +oo.

Proof. Let L%,(I,B) denote a subspace of all z € LY (I,B) for

loc

which (29) holds. Introduce in L%, (I, B) a family of norms defined by
the formula
(30)

2] = (i?f{/j |x(s)|pds~exp(—/\/atM(s)ds> })w, A> 1.

It is easy to check that F : Lt (I,B) — L%,(I,B). Indeed, for
z € LY, (I, B), we have

[ 1Eseas
< [ 1)~ o) + Fo) )7 s
< [ 26 - FAP + | Fo ) ds
<ot [ (3160 [Tutereae) as 2t [ Eoysyeas
< 21’—1/:1\4(5)13 - exp (/:M(g) dg) ds+2P~1 . Cexp (/:M(s)ds)
< (P +C)exp (/t M(s) ds),
where C and P are some constants (P depends on z). Now we show

easily that F is a contraction in L%, (I, B).

In fact, for every z,y € L%, (I, B),

[(Fz)(s) = (Fy)(s)|" < M(s) / |[2(&) — y(E)|" d€.



396 M. KWAPISZ

After integration of this inequality over the interval [a, t], we get

[ - Epas< [ () et - wor ac) as
S/:<M( exp( /M d§> exp( /M d£>

[ 16t6) - o de ) s
<l =yl - e (3 [ arce)de).

Hence, we find that

1Fe = Fylf < 5 lle — ol

1
e Pyl < {5 e =yl

which means that F' is a contraction because A > 1. Thus, the proof
of the theorem is complete. O

and
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