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ABSTRACT. For a linear Volterra equation of scalar type
in a Banach space, sufficient conditions are given for the
operator norms of three associated resolvent kernels to be
integrable with respect to a weight on the positive half-line.
The results and methods extend those introduced by Priiss
for integrability with respect to ordinary Lebesgue measure.
The estimates are applied to the estimation of precise decay
rates for energy in a viscoelastic solid when the memory kernel
decays algebraically and creep modes dominate the oscillating
modes. It is shown that boundary feedback is ineffective in
promoting decay in such cases.

1. Introduction. We give sufficient conditions for three resolvent
kernels associated with the problem

wp) 0= L0+ % /Ot a(t — r)Lu(r) dr ( - %) ,

u(0) =up, u(0)=uw

to be integrable with respect to certain weight functions on RT =
[0,00). Here E > 0, L is the generator of a strongly continuous cosine
family in a Banach Space X, and a satisfies

(12) a € C(0,00) N L(0,1) is positive, nonincreasing and
' log-convex on (0, 00) with 0 = a(00) < a(0") < oo.

The resolvents in question are defined formally by

(1.3) u(t) = U(t)ug + W(t)u;, V=TU.
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(In fact, W = U as well.) We shall assume

(1.4) /100 a(t)]p(¢) dt < oo

for some subexponential weight function p(t) (such as p(t) = (14 t)",
0 <r < c0) as well as a stability condition (e.g., L < 0 in the Hilbert
space case) and show, for example, that

(15) / T IO+ () di < o

(Il - || = the operator norm in X). Using resolvent formulas we will be
able to deduce corresponding integrability results for solutions of (1.1).

Our results extend those for the special case p(t) = 1 given by Priiss
[18, 19]. Indeed, our proofs are based on the methods developed in
[18, 19], together with local analyticity (a method for establishing
integrability in a weighted space for scalar functions [13]) and the
Paley-Wiener Lemma in Banach space [9].

Our results have natural applications to problems in linear viscoelas-
ticity. For example, the viscoelastic wave equation (in a solid)

d t
(1.6) Ut (2, t) = Bug, + 7 / a(t — T)uge(x,7)dr
0

fits our framework, and we get results on rates of energy decay. We
develop this connection and compare the decay rates obtainable for
(1.6) with homogeneous boundary conditions to those for the same
equations with stabilizing boundary feedback (as examined, e.g., in
[15], [14, Chapter 6]). We show, in particular, that such feedback
is nearly irrelevant to the decay rate unless the kernel a(t) decays
exponentially; in the latter case, feedback can even slow the rate of
decay.

As the analysis of [11] shows, decay rates correspond essentially to
the largest real part of the singularities of the Laplace transform of
the solution. When the dominant singularity has a nonzero imaginary
part, we get oscillations that can be damped via boundary feedback.
Viscoelastic materials exhibit “creep modes” that appear as real singu-
larities that are insensitive to such feedback; the phenomena studied in
this paper relate mainly to cases where these singularities are dominant.
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Our main results on resolvents are stated in Section 2 and proved
in Section 3. Section 4 concerns integrability and energy decay of
solutions of (1.1), while Section 5 is devoted to the example (1.6) with
and without boundary feedback.

2. Statement of main result on integrability of resolvents.
In this section we state our main result, Theorem 2.1, on integrability
properties of the operator resolvent U, its derivative V, and its definite
integral W. This result extends to weighted L' spaces recent results
of Priiss [18, 19] on the integrability of resolvents. Theorem 2.1 is
actually a corollary of the more technical results stated and proved in
Section 3.

Throughout Sections 2 and 3, X denotes a Banach space, and L is a
closed linear operator in X with dense domain D(L) which generates
a strongly continuous cosine family C(¢). We consider the first order
X-valued integrodifferential equation

(2.1) u(t) = /0 At —m)Lu(r)dr + £(t), t >0, u(0) = uy,

where f € C(R*,X), and the scalar kernel A has the form A(t) =
E+a(t) with E > 0 and a satisfying (1.2). Under these conditions [18,
Theorem 6], problem (2.1) admits a resolvent U(t), that is, a strongly
continuous family {U(¢)};>0 in £(X), the bounded linear operators in
X, such that U(0) =T (the identity operator), U(t) commutes with L,
and the resolvent equation

(2.2) U(t)x = /Ot A(t —7)LU(7)xdr, t >0, x € D(L),

is satisfied. In addition, Priiss [18, 19] showed that, under these
conditions, U(t) and its derivative V(t) = U(t) (strong derivative)
are integrable (in a sense to be made precise below) on R*. U and
V are important in the study of the abstract equation (2.1) since the
solutions are given by various “variation of constants formulae.” For
example, all solutions of (2.1) are given by

u(t) = Ut)ug + /0 Ut — n)f(r) dr,
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while V(¢) occurs in a similar formula for solutions of the integrated
version of (2.1) [2]. (See also [20] where similar formulae arise in the
study of bounded solutions to infinite delay equations on the whole line
R.)

As stated in the Introduction, we are interested in precise decay
rates when a(t) decays subexponentially. For this purpose we consider
weights on R of the following type (see [9]):

The function p(t) is a (regular) weight on R if p is

(W) positive, continuous and nondecreasing on R, p(0) = 1,
p(t+s) < p(t)p(s) and p, := — tlim t~1log p(t) = 0.

Interesting examples of weights satisfying (W) are provided by

p(t)=01+t)", r>0,
(2.3) pa(t) = (L +1og(1+1))7p1(t), ~ =0,
p3(t) = exp(t*)p2(t), 0<a <l

We let L'(R™; p) denote the space of complex measurable functions ¢
that are integrable with respect to p, that is, for which

/ " le(®)lolt) dt < 0.

When p(t) = 1 we denote L' (R™; p) by L*(R*). Laplace transforms of
functions in L*(R*; p) are denoted by L!(RT; p)".

Since X is infinite dimensional, there are several different notions of
integrability for resolvents (cf. [19] when p(t) = 1):

DEFINITION 2.1. Let X and Y be Banach spaces, let {S(¢)}i>0 C
L(X,Y) be a strongly measurable family of bounded linear operators,
and let p(t) satisfy (W). Then S(t) is

(i) p-strongly integrable if

/ IS(t)x|p(t) dt < 0o, for each x € X.
0
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((;1) p—integrﬁble if there is a ¢ € L'(R™; p) such that [|S(¢)[|z(x,v) <
©(t) a.e. on R™.

(iii) p-uniformly integrable if S € L*(R*, L(X,Y); p).

The integrability results for V(¢) = U(t), as well as the integral W ()
defined (strongly) by

t
W(t) = / U(7) dr,
0
are stated in terms of the space (see [19])
X; ={xeX:C(t)x € C*(R",X)}
with norm

(2.4) Ix[[y = [|x]| + sup [[C(t)x].
0<t<1

It is well known that X; is a Banach space. Moreover, for any
w1 > wo(L), where wo(L) > 0 is the growth type of C(t) defined by

wo(L) =
inf{w >0 there exists M € R* such that ||C(t)|| <Me*!" for t R},

the estimate
(2.5) IC(H)x[| < Ke*![|x[1, >0, x € Xy,

holds for some K = K(w;) > 1. (These facts concerning cosine families
may be found in [21] and [8, Chapters 2 and 3].) In the following,

A(s) = E/s + a(s) denotes the Laplace transform of A(t).

With these preliminaries we have

THEOREM 2.1. Let A(t) = E + a(t) where E > 0 and (1.2) holds.
Set = /JA(0+), and k = —A(04)/2u when p < oo. Assume
that L is invertible and that s/A(s) € R := resolvent set of L for
sell:={s:Rs >0}, s #0, in case wo(L) > 0. Let p(t) be a weight
satisfying (W), and assume that a € ACZ . (0,00) satisfies

(2.6) /100(a(t) + ti(t) + [t2d (1)])p(t) dt < oo.
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(i) If p+ Kk = oo, then (1 +t)U(t) € LY(RT,L(X);p) and both
LW (t) and (1 +t)?>V(t) belong to L' (R*, £(X1,X); p).

(i) If u+r < oo and wo(L) < k/pu?, then (1+t)U(t) is p-integrable
in L£(X) and both LW (t) and (1+t)2V (t) are p-integrable in L£(X1,X).

We remark that s/A(s) € R, s € II, s # 0, automatically holds
when wy(L) = 0 since (see [21, Proposition 2.6]), 2 € R whenever
a complex number z satisfies Rz > wy(L), and B(s) = (S/AA(S))l/2
satisfies R3(s) > 0, s € II, s # 0; this can be deduced from RA(s) > 0,
(3s)(SA(s)) <0, Rs >0, Is # 0 [10].

We finish this section with a discussion of Theorem 2.1 and, especially,
hypothesis (2.6).

First note that if p(t) is a differentiable weight satisfying (W) and

(2.7) tp(t) < Mp(t), t>1,

for some M < oo, then

(2.5) [ latolote) de < o

together with monotonicity conditions on a(t), can be used to show
that the other integrals in (2.6) are also finite. For example, since a is
nonincreasing and convex, an integration by parts yields

Ammwawﬁs—mnan+1wauﬂmm+wmwu<m

when (2.7) and (2.8) hold. If, in addition, —a(t) is convex, then
t2a(t) € LY(R*;p) also follows from (2.7) and (2.8). (Use the fact
that (14t)p(t) satisfies an inequality of the form (2.7) when p(t) does.)
Note that the weights p; and ps in (2.3) satisfy (2.7).

On the other hand, for general weights satisfying (W), (2.6) does
not follow from (2.8) and monotonicity conditions on a. An example
of this is provided by taking p(t) = exp(t®), 0 < a < 1, and
a(t) = [Z(1+7)7?/p(r)dr with 1 < p < 1+ a, for which it is easily
checked that a(t) € L'(RT; p) but ti(t) ¢ L'(RT; p).
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Finally, we note that in the case where p(t) = 1, Theorem 2.1
sharpens the results of Priiss in [18] and [19] since there the conclusion
is that U and V are integrable, whereas Theorem 2.1 deals with the
integrability of (1 + ¢)U(¢) and (1 + ¢)>V(¢). One power of (1 + t)
in our results depends crucially on the fact that £ > 0, and, in fact,
the conclusions of Theorem 2.1 do not in general hold when E = 0.
The reason for this will become clear in the proofs that appear in the
next section. However, analogues of Theorem 2.1 for U(t) and V()
in the case when F = 0 can also be derived. The basic change in the
conclusion is that (1+¢)U(t) must be replaced by U(t) and (1+t)?V (¢)
by (14 ¢)V(t). We leave it to the interested reader to state precisely
and prove these results.

3. Proof of Theorem 2.1 and some extensions. This section
is organized as follows. First, in Section 3.1 we prove Theorem 2.1(ii),
that is, the regular case where y + k < co. In Section 3.2 we turn to
the singular case, i.e., 4 + k = oo. Here we prove the more general
Theorem 3.2 and show that Theorem 2.1(i) follows from Theorem 3.2
and the decomposition Proposition 3.1.

3.1 Proof of Theorem 2.1 in the reqular case. In this section we assume
that p + k < oo and prove Theorem 2.1(ii).

(a) Proof that (14+¢)U(¢) is p-integrable in £(X). Following the proof
of the regular case of Theorem 11 in [18], write U(¢t) = Uy(t) + U (t),
where

Uy (t) = C(ut) exp(—rt/p).

(We remark that, due to the weight p(t), we cannot in general assume
w.lo.g. that © = 1 as is done in [18].) By definition of wy(L),
if ¢ € (0,ku™2 — wo(L)), there exists M > 0 so that ||C(t)]| <
M exp{(kp=2 — €)t}, t > 0. Hence,

(3.1) IO @] < Met, >0,

and it suffices to prove that

(3.2) (1+1)Uo(t) € L' (R*, L(X); p).
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To do this, use the fact that C(s) = s(s2 — L)™' and the operational
calculus to get

(3.3) Uy (s) = %{g*(s) CG(sL), sell

where §(s) = pu?(us + )71 is the transform of g(t) = pexp(—rt/u).
We now obtain a convolution equation for Ug(t), and use the Paley-
Wiener Lemma for abstract equations with weights due to Gripenberg
[9, Theorem 2] to deduce (3.2). Following the argument in [18], note
that

(3.4)

Now, we can divide both sides of (3.4) by (1+kA(s)) and rearrange as in
[18] to see that Uy satisfies the convolution equation whose transform
is

(35) Uo(S) = Rl(S) + RQ(S)ﬁO(S),
where
Ri(s) = (14 rA(s) 'R(s)U(s),
Ra(s) = (1+ wA(s)) " (R(s) + #A(s)).
Notice also that

Ul(s) U 7'(s) = g +{(57 () Als) — w)g(s)L}.

Making the substitutions

(3.6) sA(s) = p? +a(s), a(s) = sa(s) + 2kpu,

we can now rearrange terms as in [18] to verify that

R(s) = [~ {1*(s) + 2uai(s) + 2 A(s)}
— W {ub(s) + wA(5) YOT ()]0 ()
— 1M 2i(s) + 26p1d(s) + K2 A(s)} 0L (5)
1w ud(s) + rA(s)).
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Next, we use Theorem 6.1 of [13] to deduce the following lemma for
the scalar functions appearing in the expression (3.5). V(R™; p) denotes
the Banach algebra formed by adjoining the unit ¢ (point mass at 0) to
LY(RT; p), and V(R™; p)" denotes the algebra of Laplace transforms of
these measures.

LEMMA 3.1.  Under the assumptions of Theorem (2.1), A(s)(1 +
kA(s)7Y, a(s)(1 + kA(s))™! and a(s)(1 + kA(s))™' all belong to
LYRY: (1 -+ Dp(0)"

PROOF. First, note that xA(s)(1+#A(s)) ! is the Laplace transform
of the integral resolvent

r1(t) = kKA(t) — 1 * KA(L) = KA(t) — KA * 11(1).

As an application of Theorem 6.1 of [13], it is shown on p. 770 of that
paper that our hypotheses imply that ry € LY(R*; (1+1t)p(t)), and the
proof for A(s)(1 + xA(s))~! is complete.

A closely analogous argument to that on p. 770 of [13] yields the
claim for py(s) = a(s)(1 4 kA(s))~!. Namely, near sy = 0, write

pa2(s) = sa(s)(s + kp® + ra(s))

and note that ¢s(s) is locally analytic w.r.t. V(R™; p) at so = 0, and
that the order of dependence of s on s with respect to a(s) at (0,a(0))
is at least m = 1 [13, Definition 4.1]. Near nonzero points of II as well
as near co, write

p2(s) = (s)(1 + mpts ™ + ks~ a(s)) 71

thus, @(s) is locally analytic w.r.t. V(R*;p) on I = II U {oc}
and ©2(0) = 0. Finally, note that, by (2.6) and u + k < o0,
la(t)] + ta(t) € LY(RT;p), so a satisfies condition (6.8) of [13] with
m = 1 and zp = s9 = 0. Thus, using [13, Theorem 6.1] with m = 1
and zg = sg = 0, we conclude that ps € L*(RT; (14 t)p(t))".

The same reasoning can be used to show that p3(s) = a(s)(
s

+
kA(s))™' € LY (RY; (1 4+ t)p(t))". Alternatively, we can write ¢3(s) =

1
)
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a(s)(1 — 71(s)) and use the fact that a(s) and 71(s) both belong to
LY(RY; (1 +t)p(t))" to conclude that @3 does too. O

Returning to the proof of (3.2), use (3.1) and Lemma 3.1 to conclude
that R (s) and Ry(s) both belong to L' (R, £(X); (1+t)p(t))". (Here
and below we use the fact that the convolution of a locally integrable
function with a strongly continuous operator (U; here) is measurable.)

As in [18] we see that
I—Ry(s) = (1+rA(s) (s — A(s)L)Uy(s), sell,

so I —Ry(s) is invertible for each s € IT. Now, by [9, Theorem 2], there
exists Q1 € LY (RT, £(X); (1 + t)p(t)) such that

Ql(t):Rg(t)—l-Ql*RQ(t):RQ(t)-l-RQ*Ql(t), t>0.

Thus, solving (3.6) for Uy, we see that Up(s) = Ri(s) + Qi1 (s)R4(s)
and (3.2) is proved. O

(b) Proof that (1+ )2V (t) and LW (t) are p-integrable in £(Xy, X).
First consider V (t). Pick wy € (wo(L), i) and note that, by (2.5),
IC(#) |l z(x,,x) < Me“rt. Define

Vi (t) = pC(pt) exp(—rt/p)
and write V() = Vo(t) + V1(t). Since
Vi)l xyx) < M exp(plwr — rp?]t)
is exponentially decaying, it suffices to show that
(3.7) (14 t)*Vo(t) € L' R, L(X1, X); p).

To prove (3.7), note that é(s) =L(s>-L)7} so0

(3.8) Vi(s) = C(3 () = L(g%(s) - L),
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where, as before, §(s) = p?(us+r)~1. Combining (3.3) and (3.8) yields

(3.9) L'V (s) = ug(s) Ui (s).

Since V(s) = A(s)L(s — A(s)L) 1,

Vo(s) = (Vii(s) = V7H(s))Va(s)V(s)
= {97%(s) = s/A()}LTIVi(s)V (s),

and after some manipulation we see that
(3.10) Vo(s) = Ra(s) + Ra(s)Vo(s),

where
Rs(s) = w2 2§(s)Un(s) + pio(s)Us (s),
R4(S) = Rg(S)vl(S),

and 7¢(t) is the scalar function whose transform is

Po(s) = wo(s) = §(s){g*(s) — s/ Als) = */u}.
Theorem 6.1 of [13] can be used to show

(3.11) ro(t) € LY(RY; (141)2p(t)).

Assuming (3.11) for the moment, we now use Gripenberg’s version
of the Paley-Wiener Lemma to obtain (3.7). To do this, first observe
that, by (3.1), (3.11), and the definition of g, Rz € L*(R™, £(X); (1 +
t)2p(t)). To see that I — Ry(s) is invertible for s € II, note that
V(s) — Vi(s) = Vy(s) = Rs(s)V(s); so I — Rs(s) = Vi(s)Vi(s)
and clearly this is invertible for s € II. By [9, Theorem 2], there exists
Q2 € LY(RT, L(X); (1 +t)?p(t)) such that Q2 = Rz + Qa * R3. Since
IR3(t)llx,.x) < [Ra(t)ll(x), Ra = RaxVy € LN (R, L(Xy, X); (1+
t)2p(t)); hence, solving (3.10) for V gives Vo = R4 + Qa * Ry, and
(3.7) is proved once we verify (3.11).

Turning to LW (t), note that from (2.2) and the definitions of V and
W, LW(s) = V(s)/(sA(s)). We claim that

1 1

3.12 = = — + k(s here k € L'(R™T; p).
B12) =g the) v (®*:p)
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To verify (3.12), simply note that 1/(sA(s)) — 1/u? = 1/(u? + a(s)) —
1/p? is locally analytic w.r.t. V(R*;p) on all of II and equal to zero
at 00, so (3.12) is a consequence of Proposition 2.3 in [13]. Thus,
LW (t) = p=2V(t) + k x V(t) is p-integrable in £(Xy, X).

It remains to give the

PROOF OF (3.11). By the first part of (3.6) and the definition of r¢(¢),
it is easy to verify that

11252

(s + K) (% + a(s))

is locally analytic w.r.t. V(R™;p) on II, and that the order of depen-
dence on the transforms used in this expression at sy = 0 is at least 2.
At oo use the second part of (3.6) to write

1 (1s + 2) (* + a(s)) — p°s
#ols) = plp+ K /s) { 12+ a(s) }

B 1 (i (s) 4 2ka(s)
plp+ K /s) (2 + a(s) '
Write a(t) = a1(t) + az(t) where ay has compact support and az(t)
vanishes on some interval (0,7"). Then, using (2.6), it is easy to check
that all the functions whose transforms appear in the representation
for po(s) satisfy (6.8) of [13] with m = 2, zg = s9 = 0, and (3.11)
follows from Theorem 6.1 of [13]. O

vo(s) = M(MS—‘FH)(MS + 2k) —

REMARKS. An examination of the proof of Lemma 3.1 shows that
the assumption that t2@(t) € L'((1,00);p) was never used. Hence,
the conclusion that (14 ¢)U(t) is p- integrable remains true with (2.6)
replaced by the weaker assumption that a(t) and ti(t) € L'((1,00); p).

It is also interesting to note that the assumption that a(t) be log-
convex may be dropped in Theorem 2.1(ii) if we are willing to relax
the requirement of strong continuity and settle for resolvents that
are only p-integrable and that are defined by their respective Laplace
transforms. An examination of the proof above shows that we have
proved
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THEOREM 2.1 (ii)’. Let the hypotheses and notation of Theorem
2.1(ii) hold except that (1.2) is replaced by

a € AC*[0,00) with a(0) > 0,a(0) < 0 and a(t) — 0 as t — oo,

(2.6) is replaced by

/ " 1at)] + ta(0))p(t) dt < oo,

and

14+ kA(s)#0, sell, s#0,

s assumed to hold. We must now assume that S/A(S) € R forsell,
s # 0, even when wo(L) = 0. Then there is a strongly measurable
family U(t) in L(X) defined by U = (s — A(s)L)™!, s € II, s # 0, such
that (1 +t)U(t) is p-integrable in L(X).

If, in addition, a € ACE,_(0,00) and

/Ooo(ld(t)l +[ta(t)] + [t a (1)])p(t) dt < oo,

then there are strongly measurable families V (t) and LW (t) in £(X1,X)
defined by V(s) = A(s)L(s — A(s)L)™', LW(s) = s 'L(s — A(s)L)" 1,
s € I, s # 0, respectively, such that (1 +t)>V(t) and LW(t) are p-
integrable in L(X1,X).

We note that if —L is a positive definite self-adjoint operator in a
Hilbert space X, and if a satisfies the conditions of Theorem 2.1(ii)" and
is positive, nonincreasing and convex, then U(t) and V(¢)(—=L)~/2 are
bounded and strongly continuous in X by [1, 2].

3.2 The singular case. We now consider the singular case where
i+ £ = oo. In Theorem 3.1 we show that if A;(t) = E 4 a1(¢) is as in
Theorem 2.1(i), but with a1 decaying exponentially fast as t — oo, then
the conclusion of Theorem 2.1(i) holds for any weight p;(¢) satisfying
(W). Theorem 3.2 shows that the conclusion of Theorem 2.1(i) holds
for “perturbed” kernels of the form A(t) = Ai(t) + aa(t), when Ay
is as in Theorem 3.1, and as(t) satisfies no monotonicity conditions,
but vanishes near t = 0 and has derivatives belonging to appropriate
weighted L'-spaces. Theorem 2.1(i) follows from the decomposition
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Proposition 3.1 which shows that if A is as in Theorem 2.1(i), then it
may be decomposed in the form A(¢) = A;(t) + a2(t) so that Theorem
3.2 applies.

(a) Exponentially decaying kernels. We prove

THEOREM 3.1. Let A1(t) = E + a1(t) where E > 0 and a; satisfies
(1.2) with a1(04) = —o0, and a; € ACL_ (0,00) if p1 = /A1(0+) <

0o. Assume that

(3.13) etar(t) € LY(RY)  for some € > 0.

Assume that L generates a Cy cosine family, L is invertible, and
(3.14) s/Ai(s)eR forsell, s#0, in case wo(L) > 0.

Let Uy, V1, W7 be the analogues of U, V, W, respectively, with the
kernel A(t) replaced by Ai(t). Then, for any weight py(t) satisfying
(W), Ui(t) € LY R, L(X); p1) and both LW1(t) and V1(t) belong to
LNRF, L(X1, X); p1)-

PROOF. The proof of Theorem 3.1 combines the technique used by
Priiss to prove the singular kernel case of Theorem 11 of [18] with the
methods used in Section 3.1. We begin by recalling some notation from
and consequences of results in Section 2 of [18].

As an easy consequence of [18, Proposition 2] we get

LEMMA 3.2. Let Ay be as in Theorem 3.1 (without the requirement
that a1(0+) = —o0), and set

a1 (s) = (sA1(s))"Y2 (principal branch).

Then we can write

1 1 2
(3.15) ORTRE

where k1 is nonnegative. Moreover,

oo . 1 1
3.16 ey (8) dt = -~ <
( ) /0 1( ) al(T) M1
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for —oo < r < n, where n is any number such that 0 < n < € and
E —nai(—n) > 0.

PROOF. The representation (3.15) for s > 0 is simply Proposition
2(iv) of [18] applied to the kernel A;(t). Since k; > 0, the real point

of the axis of convergence of ki(s) is a singularity of ki (s) by [22; p.
58, Theorem 5b], so (3.16) holds. O

Next set
Bi(s) = s/au(s),

and define ho(s,x) and h(s,z) for the kernel A;(t) as on p. 327 of [18]
by

1
(3.17) ho(s,x) = exp(—zf1(s)), h(s,x)= ho(z, s).
a1 (s)
By Theorems 3 and 4 of [18], we can write
(3.18) Wor(s,x) = ho(s,x), We(s,x) = h(s,x),

where wo(t,z) and w(t,z) are the functions in Theorem 3 of [18]
corresponding to A;(t). Notice, in particular, that, for each z > 0,
wo(t, ) and w(t, z) are nondecreasing and continuous functions of t > 0
that are absolutely continuous for ¢ # x/u;.

Now let w; be a positive number satisfying wy; > wo(L) (the growth
type of C(t)), and fix a positive number w > wy — f1(—n) where n > 0
is chosen as in Lemma 3.2. Define Uy ,(¢) and Ry ,,(¢) as in (7.7), (7.9)
of [18], respectively, by

Ui .(t) :/ e UTC(T)w(t, 7) dr,
0
Ryo(f) = / =T C(r)wou(t, 7) dr-
0
Similarly, define V1 ,,(¢) by

Vi) = /0 - e~ T C(T)woy(t, 7) dr.
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Note that, by the definition of wo(L) and (2.5), there is a K > 1 such
that _
ICHIl < Ke', O]l exix) < Ke', >0

(Here ||C(¢)|| is the norm in £(X).) Combining this with the fact that
wy and wp; are nonnegative, we can deduce that

(3.19) Uy, (t) and Ry, () belong to L' (R, £(X);e™),
(3.20) Vi.,(t) € LYRY, L(X,X);e™).

To verify the first claim in (3.19), simply note that

/ " Uy (1) dt < K/ / e@r=Tentyy (¢, 1) dr dt
0 o Jo

= Kal_l(—n)/ elr=ArEm=alr g oo,
0

where we have used (3.17) and (3.18). The other claims in (3.19) and
(3.20) are proved in an analogous fashion.

Since C(s) = s(s*> — L)™', s > wo(L), some calculation, as in [18],
using (3.17) and (3.18) (see [18, formula (8.3)]), yields

(3.21) U1 (t) = Sl(t) + SQ * Ul(t),
where R R

S1(s) = h(s)Uq ,(s),

Sa(s) = w(l + h(s))Riw(s).
Here, as on p. 341 of [18], h(s) denotes

h(s) = Bu(s)w + Ba ()]~

Similarly, as in the derivation of (3.10), we can write V; — Vi, =
(ViL = ViY)Vi, V. Using (3.17), (3.18) and C(s) = L(s2—L)~! for
Rs > wo(L), we get that VvV, — \A/'Lw = (W + 2w61)L_1V1’wV1. Since
L'V, = (w+ 51) "Ry, it is easy to verify that

(322) Vl(t) = Vl,w(t) + SQ * Vl(t)
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Next note that, with 7 > 0 as above,

/ et / e~ “Fwo(t, x) da
0
/ / Twor(t, z) dt e dx

_/ e~ @HBU) g < oo,
0

dt

where we have used wq; > 0, (3.17), (3.18) and w + B1(—n) > w1 > 0.
But using (3.17), (3.18) again, we see that

[w+/61(8)]_ :/‘X’ _(W+51(s))xdx

/ _St/ Two(t, x) drdt, s> 0.

Thus, the scalar function h(s) = 1 — w(w + B1(s))~! belongs to
V(R™; e, so, by (3.19),

(3.23) S (t) and Sy(t) belong to L*(RT, £(X);e™).

Now, as shown on p. 341 of [18],

. _ h(s) s - S s
I—Sg(s)—ﬁl(s) (Al(s) L) Riw(s), sell,

so, by hypothesis (3.14), I — Sy(s) is invertible for s € II. Since
LY(RT, £L(X);e") C LY(RT, £(X); p1(t)) whenever p; is a weight sat-
isfying (W), [9, Theorem 2] gives a Py € L1 (R*, £(X); p1(t)) such that
P; =Sy + Py %Sy = So + Sy« Py. Thus, solving (3.21) and (3.22)
for Uy and V3, respectively, and using (3.23) and (3.20), we obtain
U;=S:1+P1%S; € Ll(R+, ,C(X), pl(t)) and V; = V17w +Py *Vl,w S
LYR*,£(X1 X): pr (1),

Finally, LW; = V(s)/a3(s) = (1/p1 + 12;1(5))2\71(3) by (3.15), and,
using (3.16), we also get

LW, € L'(R", L(Xy,X); pi(t)). O
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(b) Perturbed kernels. The conclusion of Theorem 3.1, together with
local analyticity and Gripenberg’s Paley-Wiener Lemma, can be used
to obtain

THEOREM 3.2. Let A1(t) = E+4a1(t) and L satisfy all the hypotheses
of Theorem 3.1. Assume that p(t) is a weight satisfying (W), and let
A(t) = A1(t) + az(t) where ag € ACE, (0,00) is such that as(t) =0 on
some interval (0,T), az(t) — 0, t — oo, and

a2 " (ant)] + tlis(t)] + 2@ (0)])plt) it < oo,

In addition, assume that s/A(s) € R for s € 11, s # 0. Then U,V and
W satisfy the conclusion of Theorem 2.1(i).

PROOF. We first remark that the existence of the strongly continuous
resolvent U(t) corresponding to A(t) is guaranteed by Corollary 4 of
[18].

Since U — U; = (ﬂl_l — U_l)ﬂlﬂ = 4,LU, U, an easy calculation
shows that

(3.25) U(s) = Sa(s) + S3(s)Us),
where

5(5) = AW o),

Si(s) = Uy(s) — SZQ(S) Wi (s).

(Of course, throughout this proof Uy, Vi and W correspond to the
kernel A;.) Also, using V(s) = A(s)LU(s) = A(s)L(s — A(s)L)~" and

the corresponding expression for V(s), we easily see that

(3.26) V(s) = Vi(s) 4+ Ss(s)V(s).
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Theorem 6.1 of [13] can be used to show that the scalar functions
occurring in the expressions for S; and S4 satisfy

(3.27) Z(S) € L'(RT; (1+)p(t)",
s%3(s) _ A
(3.28) o © LY(R*; (1 +1)2p(1)".

To verify (3.28), set ¢(s) = s2as(s)A"(s), and note that, since
az(t) =0 on (0,T), ¢ can be rewritten as

p(s) = s”an(s)[E + sau(s) + aa(s)] .

Clearly, this expression is locally analytic w.r.t. V/(R™; p) on I, and the
order of dependence on the transforms used in the expression at sg = 0
is at least 2. Near oo, recall that a2 = s/il, and use the operational
calculus and Lemma 3.2 to write

o(s) = s%aa(s)[E + sax (s) + saz(s)] "
= @y(s)[ai(s) + aa(s)] "

oS YOI

By (3.13) and (3.16), a1 (t) and k (t) belong to L' (R*; (1 +1t)!p(t)) for
any [ > 0. Since (3.24) also holds, all the functions whose transforms
appear in the representations for ¢(s) satisfy condition (6.8) of [13]
with m = 2, zp = sp = 0, and (3.28) follows from [13, Theorem 6.1].
The proof of (3.27) is similar (here the order of dependence at so = 0
is 1) and details are left to the reader.

For each [ > 0, (1+t)!p(t) is a weight satisfying (W) so, by Theorem
3.1,

Uy e D'RY, LX) (1+0)'p(t), >0,

ﬂ:A%mﬂmz—[wuva

it is easy to check that W (¢) also belongs to L' (R*, £(X); (1+t)!p(t)),
I > 0, and then, using (3.27) and (3.28), we see that S4(t) belongs

Since
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to LY(R*, £(X); (1 + t)p(t)), and S3(t) belongs to L'(RT, £(X); (1 +
t)?p(t)).

Since

I-S85(t) = |(s— Ay (s)L) — 8Ga(5) i

we can use the fact that

s(L—ao(s)/A(s) s

Al(s) Als)

belongs to the resolvent set R for s € II, s # 0, and the invertibility of
L to see that I—Ss(s) is invertible for s € II. By [9, Theorem 2], there
exists Py € LY(RT, £(X); (1+1)2p(t)) such that Py = S3+P2*S3, and
it follows that U = S, + Py * Sy belongs to LY(R*, £(X); (1 +1)p(t)),
and V = V7 + Py * V; belongs to LY (RT, £(Xy, X); (1 +t)2p(t)).

Finally, since LW (s) = V(s)/(sA(s)), we get LW (¢) € L*(R*, £(X4,
X); p(t)) provided that
1

(3.29) yios

c V(R p)™.

To verify (3.29), note that

1

= [E + say(s) + as(s)]
is locally analytic w.r.t. V(R™; p) on II. At co use Lemma 3.2 to write

—— = [a¥(s) + ax(s)]

_ (:_1 +;21(5))2 {1 + a(s) (i +1§:1(s)>2}_1,

and note that this expression is locally analytic w.r.t. V(R™;p) at
00. (3.29) now follows from Proposition 2.3 of [13], and the proof
of Theorem 3.2 is complete. O
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(¢) Proof of Theorem 2.1(i). We conclude this section by stating
and proving the following decomposition proposition which shows that
Theorem 2.1(i) is a special case of Theorem 3.2.

PROPOSITION 3.1. Let A(t) = E + a(t) where E > 0, and a satisfies
(1.2) with a(0+) = —oc and a € AC.(0,00), where J = 0,1 or 2.
Let L generate a Cy cosine family, let L be invertible, and assume that
s/A(s) € R for s € 11, s # 0, in case wo(L) > 0. In addition, assume
that
(i) wo(L) =0 or (ii) J =1 or 2 and a is (or extends to) a

(3.30) , L
function of bounded variation on [c,00), ¢ > 0.

(We normalize a to be left continuous in (3.30(ii)), J = 1.) Then A
can be decomposed as

A(t) = E+ a1 (t) + ax(t) = A1 (t) + az(t),
where

(3.31) a1 (t) € AC} . (0,00) satisfies (1.2),

there is a T > 0 such that as(t) =0 on [0,T],a; € C*[T, )
(3.32) with @1 <0 on [T,00), and there is an € > 0 such that
ai(t)=o(e™ ), t - 00,5 =0,1,..., and

(3.14) holds.

PROOF. If (3.30(ii)) holds, to see that (3.14) can be satisfied, assume
(3.31), (3.32) for the moment and recall that, by (3.17) and (3.18)
with 2 = 1 (for the kernel A(t) in place of A;(t)), e P() = 1bg,(s, 1),
where wg(t,1) belongs to L'(R*) by [18, Theorem 3(v)]. Thus,
by the Riemann-Lebesgue Lemma and Lindel6f’s Principle [3, p. 2],
exp(—0(s)) — 0, i.e.,, RB(s) — oo as s — oo, uniformly in II. Since
(%(s) € R when RB(s) > wo(L), this fact and a compactness argument
using the assumption that 3%(s) € R, s € II, s # 0, show that

D = dist (8*(11), o (L)) > 0.
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Since Ra(s) > 0 and (Ss)(Sa(s)) < 0, with the same inequalities
holding for aq, (3.32) yields

204) _ 32()] — S&QES)
1B3%(s) — B1(s)] As)As(s)
(3.33) _ |saa(s)| _ |dis(s)
=72 B2

<5 [l

T

(Again, the convention is do(7T") = d2(T—).) Thus, in addition to (3.31)
and (3.32), we will get (3.14) if

(3.34) /TOO |di2(t)| < E*D/2.

To obtain (3.31) and (3.32) write

335 . a(t), 0<t<T
(3.35) a(t) = {a(T)exp(f;q(x)dx), T <t< oo,
where T and ¢ are to be chosen. We have

(3.36) a1 =qa1, a1 =(4+q*ar, @1 =(G+3qq+q*)ar, etc.

If (3.30(i)) holds, T is an arbitrary positive number. If (3.30(ii))
holds, choose T so large that

(3.37) / " \da(t)] < E2D /A,

Now pick ¢ € C°°[T, 00) with bounded derivatives of all orders, with
(=1)7qU=D(t) > 0, j = 1,2,3,t > T, subject to the identities obtained
by equating a)(T+) to agj)(T—l—) in (3.36), 1 < j < max{J,1}, and
a(T+) = a1 (T+) under hypothesis (3.30(ii)) with J = 1. We require
as well that

(3.38) ) _ (7)< glo0) < —e < 0.
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Note that ¢(T') = a(T+)/a(T) < 0, and that

o W(TH)a(T) — a*(T)

when J = 2 or (3.30(ii)) holds, by log-convexity, so our sign conditions
on qU~1 are consistent with the matching conditions at T

With these choices, the sign and matching conditions on ¢, together
with (3.38), yield (3.31) and (3.32), so the proof is complete under
(3.30(1)). When (3.30(ii)) holds, the matching conditions and (3.32),

(3.37) imply
jﬁ, i ()| “Jétkddz(tﬂ

= [ 1aatt s oy

T+

< [Tl - [

_ /Oo i (6)] + a(T+)

T+

< 2/ \di(t)] < E*D)2
T
0 (3.34) holds and we are done. 0

4. Asymptotic behavior in viscoelastic materials. In this
section and the next we regard (1.1) as a model for vibrations in a
viscoelastic solid. Here X is a Hilbert space and L a negative definite
self-adjoint linear operator with spectrum in (—oo, —\g], where A\ > 0.
When a is bounded, this is a special case of the model developed
and studied by Dafermos [4]. More recently, J.E. Lagnese [14] and
G. Leugering [15] have used energy methods to study decay rates
for models similar to those of Dafermos but with boundary feedback
conditions that improve the decay rates of oscillations. Our purpose
is to show that, when a(t) does not decay exponentially, the results of
Sections 2 and 3 above yield decay rates without boundary feedback
that are essentially as rapid as those obtained with feedback. We also
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show that there are cases (with exponentially decaying a(t)) where
such “stabilizing” feedbacks lead to slower decay. These phenomena
reflect the fact that energy in a viscoelastic medium dissipates in part
through a “creep” mechanism that interacts with boundary forces in
a way that is entirely different from that exhibited in purely elastic
materials. Attempts to separate the creep behavior from oscillatory
motion analytically (with applications to controllability, for example)
are underway [6, 16, 17].

We assume throughout this section that A(t) and p satisfy the
conditions of Theorem 2.1. The cosine family C(t) = cos Mt, with
M = (—L)1/2, can be defined via the spectral theorem, and one sees
that wg = 0 and X is the domain, D(M), of M with norm equivalent to
[|[Mx||. We take ug € X1, u; € X. (Alternatively, in the regular case,
one can use Theorem 2.1(ii)" and the remarks following that theorem
to deduce the estimates needed below and weaken the log-convexity
requirement on a(t) to ordinary convexity.)

The results of Section 2 lead to the following representation theorem
and estimate.

THEOREM 4.1. Under the above assumptions, the function
(4.1) u(t) = Ut)ug + W(t)u; € HL, (RT, X)N L, (RT, X;)
is the unique mild solution of the integrated form

t T
(4.2) u(t) =up + uit + / / A(r —r)Lu(r)drdr
o Jo

of (1.1) in X, and

u(t) = V(t)uy + U(t)uy

(4.3) = V()M (Mug) + U)uy, ¢> 0.

Moreover, we have the estimate

(4.4) /OOO(IU(t)Ill +a@)[)et) dt < C(fluollx + [laal]),

for some constant C.
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PROOF. The assertions involved in (4.1), (4.2) and (4.3) follow di-
rectly from the properties of U and V developed, e.g., in [1] and [2].
For (4.4) the estimate is

/0 " (la®)lh + a@Da(t) di

</ (U@ Mugl| + [MW (|
0
@5 V(M Mug|| + [U(E)w () dt
< (ol -+ ) [~ (00 + MW )|
0

+HIVEOM (L) dt

= C([[uollx + [aa ),

where the operator norms are in £(X) and Theorem 2.1 has been
used in the last step. (In Case (ii) of Theorem 2.1, we modify the
estimate to reflect that the operators are p-integrable. Actually, the
operator norms of U(¢), MW/ t) and V()M ™! are measurable here, as
may be seen from a spectral representation of these resolvents.) O

Now define

£(1) = S AW Mu(D)]> + J a(0)|?
(4.6)

-3 | =) - u)|ar

Leugering [15] studied a case of (1.1) but with stabilizing bound-
ary feedback (in a history space setting, with corresponding modifi-
cation of (4.6)) with a € C?[0,00), but not necessarily log-convex.
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He showed that
/ E)(1+t) dt < 0o
0

(j = positive integer) provided

/OO a(t)(1 4ty dt < oo.
0

We shall derive a comparable estimate for the homogeneous problem
(1.1), where there is no initial history.

LEMMA 4.2. Under the hypothesis of Theorem 4.1, if a(0+) < oo,
then £(t) < £(0), t > 0.

PROOF. If Lug and u; belong to D(M), then u(t) € CY(RT, D(M))
by [5]. Then [|[M(u(t) — u(7))|| = O(t — 7), 7 — t, and the standard
energy computation [4] yields

(1) = a0 - 5 [ i = )M (a(e) = u(r)) [ dr

for t > 0, so our result follows. An approximation argument, using
the continuity of Mu(t) and u(t) in X as functions of Mug and uy,
together with Fatou’s lemma, completes the proof in the general case.
O

THEOREM 4.3. Under the assumptions of Theorem 4.1, if a(0+) < oo,
then we have

/Oog(t)p(t) dt < oo.
0

PROOF. By Theorem 4.1 and Lemma 4.2,

[T oM+ o0 < o
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For the integral (viscoelastic stored energy) term, the estimate is

ey ()] M) — (e - 7)) drde
<2 ) / iit)(|MU(t)|2 +[Mu(t — 7)[?) dt dr
<2 f e /%o M) 2p(0) dt
+2/0 B(T)|/O ot + 7)|[Mu(t) |2 dt dr
< 24(0) £ [Mu(®)]26(t) &
2 [ ity ar [ M) Po) de < . o

5. An example with boundary feedback. To see the limitation
of boundary feedback in the stabilization of creep deformations, we
consider a special problem consisting of the viscoelastic wave equation

d t
(5.1) uge(x,t) = Bugy(x,t) + pn /0 a(t — T)Ugy (z, 7) dT,

0<t<oo, 0<2x<,
with boundary and initial conditions
(6.2) w(0,t) =0, t>0; wu(z,0)=ug(x), w(z,00=0, 0<z<1,

and the feedback condition
d t

(5.3) Eu,(1,t) + pn / a(t — T)ug (1, 7) dr = —kuy(1,1),
0

where a satisfies (1.2) and (to permit comparison to [11, 12] and for
simplicity) is completely monotone on (0,00). We assume that E > 0,
k > 0 and, to make existence equations easy,

(5.4) up € C2(0,1).
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Let )
El(t):/o [uZ (z,t) + u?(z,t)] dt.

When k = 0, (5.1)-(5.3) is an example of (1.1) with X = L2(0,1),
L = d?/dz? on
D(L) = {u € H?(0,1) : u(0) = v/(1) = 0}.

From Section 4 we get u(t) = U(t)ug, u(t) = V(t)ug, so the estimate
of Theorem 2.1 yields (as in (4.5))

(5.5) ‘Awey%ﬂu.+wmndt<ny%o%

provided (2.6) holds.

We shall take p(t) = (1+4¢)7", where j is a nonnegative integer and
0 <n <1, so that (2.6) reduces to

(5.6) /100 la(t)|(1+ )7 dt < oo

(see (2.8)).

When k > 0, we can proceed as in [12] (i.e., directly via the complex
inversion formula) to define u(x,t) in terms of its Laplace transform
@(xz,s), to establish existence. In particular, one gets the explicit
formula

Jy woy)sinh Bydy

(5:7) i(l,s) = acosh B+ ksinh 8’ -7

with o = a(s) = (sA(s))"/2, a(0) > 0, and § = s/a. Using (5.4) we
find that u(1,-) € L? N C*°[0,00) and u(1,t) = fol ug(z,t) dx, so that

(5.8) &7 (1) = Ju(L, 1),

by the Schwarz inequality.

Now suppose the feedback condition (5.3) enables us to improve (5.5)
to

(5.5+¢) /lﬁﬂ@ﬂ+ﬁﬂ“”ﬁ<w
0
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with 7 < n+ e < 1. Then, by (5.8), we have

11%1+s*’7*6[aj+1(1, s) — a1 (1,0)]
(59) 0 ) —st __ 1
= lim [ w(l,eUtHmoS __— g
s=0+ /o (st)nte

by dominated convergence. For expressions like (5.9) we use right-hand
derivatives at 0 and we say u € C/T1+7+¢ By decomposing (1, s), we
shall show that if j > 0 (see note below), then

(5.6+¢) /1 (67 dt < o

for every positive € < ¢, so that (5.5+¢) holds for all such €, even
when k = 0.

Write a(t) = b1(t) + ba(t), where both by and by are positive,
decreasing and convex, but by(t) = 0 for ¢ > 1 and b3(0+) < oo (for
example, by can be linear on (0,1)). Then, with Ag = E + by (0+), we

have
1 s

A(s) g+ sbi(s) + ba(s)
Since by is analytic at 0 and by = a for t > 1, so that
(5.10) by(s) € CIFN
(as in (5.9)), it follows that
(5.11) w(s) = A(s)™t e IHI,
(Here and below we use the formula
(59(s)V ]s=0 = (j + 1)g¥(0)  when g € C7[0,51) N C7H(0,51).)

In the present case,

9(s) = (Ao + sby (s) + ba(s)) .
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The hard terms in the proof of (5.11) are

s |G+ (50 -8 0) +ab ).

The first of these tends to 0 by (5.10), while

2(3+1)

517"b2 (s)

< / (s8) e b ()| dE — 0, 5 — 0+,
0

again by dominated convergence.

Now write
1 1
i(1,s) = Al J “O(y)ﬂk Slfifllﬂ_ydy
(s) cosh B + Ts)ﬂ sinh 3
o1 h(sw(s))

wlSs

( )C’(sw(s)) + kw(s)S(sw(s))
D(s,w(s)) = h(0)w(s)+ T(s,w(s)).

Then <I>(s w) is analytic at (0,0) with ®(0,0) = 0, ®,,(0,0) = h(0) =
fo yuo(y) dy, so ¥ has the form (s, w) = w¥(s,w) with ¥ analytic at
(0,0) and ¥(0,0) = 0. Using (5.11) we get ¥(s,w(s)) € CIH1H for all
A <1, s0(5.9) and (5.12) yield

(5.13) w(s) € CITIHnte,

Now decompose w(s) as
(5.14) w(s) = wy(s) — by (s)wi(s)w(s),

where wq(s) = s(Ao +b 2(s))7L.  As above, wi(s) € CITH and
wi(s) = O(s) (s — 0+), so it is clear that

by (s)wy (s)w(s) € CIHIFA N <1,
and, in particular, for A =7+ €. Thus, (5.13) and (5.14) lead to

(5.15) wi(s) € CITItnte,
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But

(5.16) wy(s) = —Sb;(;) + % + wg,(:) (132(8) - 22(0))2.

When j > 1 or € < 7, the last term here is in C/T1T77¢ 50 (5.15) gives
us

0= Jim s~ [(sha(s) V1) = (sha(5) U)o

. .7+1 > —st il
SE%LLW+6/O (e~ — 1)(—t)bo (1) dt

+51*"*f/ e (=) by () dt}
0

Since both terms inside the bracket have the same sign, both tend to
zero. In particular,

1—6_1/2 1/s .
Z(S) = W 1/25 t]|b2(t)| dt

is bounded for s € (0,1). But
, 2" . ;.
2"z -y [ ),
2n—1

when € < €, since

s > g€ —epnte’ _ (2")(6—6')15714'6/

in this situation. Finally, then,

/ FHI (1) dt = / by (1) de < MY 27 < oo,
1 1

n=1

as claimed.

2 2 2
NoTE 1. If j = 0, then (bg(s) - bQ(O)) adds only 2n degrees of
smoothness to the last term in (5.16). If > 0, this is enough, since



526 K.B. HANNSGEN AND R.L. WHEELER

we can assume that 7 is maximal in (5.6) and get a contradiction to
(5.5+¢€). The case j = n = 0 is not covered.

NOTE 2. When A(t) = E+~(14+t)"", j <r < j+1, j = nonnegative
integer, we can derive an asymptotic expansion for u(1,t) valid for ¢
near oo which gives the precise dependence on k > 0 for fixed initial
data ug(y). Namely, use (5.7) to develop 4(1, s) in an asymptotic series
valid near s = 0, and then use the theory relating the behavior of 4(1, s)
near s = 0 to that of u(1,t) near t = oo (e.g., [7, Theorem 37.1]) to
deduce an asymptotic expansion for u(1,¢) valid for ¢ near co. An easy
calculation shows that the dominant term in this expansion for u(1,t)
is actually independent of k£ > 0.

NOTE 3. For the case where
/ eta(t)dt < oo
0

for some positive J, we can even arrange matters so that the exponential
decay rate when k > 0 is slower than that for k¥ = 0. For example,
with A(t) = E + ve~% and an appropriate choice of the parameters
E,~,d, one sees from the numerical estimates of [11, Section 4] that
the singularity for @(1,s) with the largest real part is the “Class 4”
eigenvalue on the negative real axis that moves to the right from
o, = —FE0/(E+~) as k increases from zero.
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