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To John Nobhel for his sixty-fifth birthday

1. Introduction. There has been a great deal of work in recent
years on evolution equations which contain memory terms. The most
interesting situation occurs for wave propagation in elastic materials.
One starts with a model which conserves energy and then modifies it
by including a memory term which produces damping (viscoelasticity).
John Nohel has been a major figure in these studies and the results are
summarized in his book with Hrusa and Renardy [7].

The present paper is concerned with a closely related but slightly
different idea. Here we maintain an energy conserving equation but
produce damping through boundary conditions. Let us describe the
problem and then we will indicate why it is of interest.

We deal with one-dimensional longitudinal motions of a bar which has
uniform cross section but may be inhomogeneous. The basic balance
law, in the absence of body forces, is

(1.1) PULL = Oz,

where p is density, u displacement and o stress. The specific problem
we consider is this:

(P(p,v)) u(x,0
u(0,t) = p(t), p(L)uz(L,t

I
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Here, ¢ and % are given and F denotes a functional of the history

u'(L,7) =u(L,t — 7).
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The differential equation in (P(¢,)) is energy conserving. We seek
conditions on F so that the boundary conditions at x = L produce
dissipation, that is damping. This means, roughly, that if ¢ and
tend to zero as t tends to infinity, so should u. (See Remark 2.3.)
These ideas are also described in [2] and [8].

Let us motivate the above problem. Suppose the bar is actually semi-
infinite, 0 < & < oo, but is inhomogeneous with o(z,t) = p(x)uy(x,1).
It starts from rest (for ease of exposition) with a prescribed displace-
ment at the left end, = 0. The total problem is then like (P(¢, 1))
on 0 < z. There is no second boundary condition but the solution
needs to be outgoing. Suppose we are only interested in a finite inter-
val 0 < 2 < L. Then one could (in theory) solve the equation on = > L
and obtain a relation between the stress at x = L and the displacement
at x = L. This relation will have the history form in (P(yp,v)). We
carry out this calculation in Section 4. Since energy is flowing off to
infinity we expect to have damping on (0, L), and this can come only
from the boundary condition at x = L.

A second idea is this. Suppose the bar is composite with an abrupt
change at * = L. Let o(z,t) = p(z)uy(z,t), 0<z < L, and suppose
the portion = > L is homogeneous but viscoelastic. Once again one
could solve on x > L to obtain a relation between o(L,t) and the
history uf(L,-). Since both u and o are continuous across x = L this
yields a problem of the form (P(p,4)). This case is also treated in
Section 4.

The final notion is what really prompted this study, the idea of
approximate boundary conditions. This is a numerical device. Even
if one knew what the functional F was, (P(p,v)) would be difficult
to handle numerically because of the time non-locality. What we seek
are approximate functionals which are more localized in time to use
instead of F . This idea has been pursued for wave scattering problems
in exterior regions by many authors, starting with Engquist and Majda
[4, 5].

In [1] the authors studied the application of this method to the semi-
infinite bar problem. It serves as a very simple model problem. The
main difficulty is to devise approximate conditions which preserve the
dissipativity. We discuss this in Section 5, examining some possible
approximations and giving some partial results on their validity.
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In Section 2 we discuss dissipativity of the boundary function F. We
first give conditions in the time domain and show how they produce
damping. In Section 3 we give alternate conditions in the frequency
domain. These are conditions which are familiar in viscoelastic theory,
and they are the ones most useful in the applications.

2. Dissipative boundary conditions. The functionals F in
(P(p, 1)) will be assumed to have the form

d
(2.1) F ¢ = = 5 (ac®) + (b O)(®)),
where k * ( denotes convolution. We make the following hypotheses:
(Hy) a>0, k=kow+ K, ko>0, KEeL(000).

There is a v > 0 such that, for any 7" > 0 and any (,

M) [ eco+ @ owew = [ cora
Hypotheses (Hy) and (Hz) yield the following estimate if ¢(0) = 0:

T T T

. N LTIV .
| coFia=—a [ dera- [ wioaa
T . .
2.2 — *
(2.2) | oo
T . 1
< / {0 dt — ShaeC(T)

For technical convenience we will assume that the functions ¢ and
1 have derivatives of all orders, continuous on ¢ > 0, and vanishing
when t = 0. It is easier to state our results if we make a preliminary
transformation. Let vg(x) = (1 — x/L)? and, for any solution u of
(P(p,1)), put w = u — pvg. Then w satisfies the problem

pwy = (pwy)e + f, 0<z <L,
w(oa t) =0, H(L)wx(Lvt) = f[wt(Lv )} + 1/)(15),
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where
(2.3) f=(ug) — ppuo.

We will need the following hypotheses:

(Hs)s % € L1((0,00) : La(0, 1)) N La((0,00) : La(0, L))

¢(]) € LZ(O,OO)v .7 S k

For (f, ) satistying (Hs)x, we set
(2.4)

k 9 f
||<f,w>||i—j§_%{Hﬁ

o1

2
|

L1((0,00):L2(0,L)) L2((0,00):L2(0,L)

. |w<f‘>|ig<o,m>}-

For the functions w, we introduce the norms

k+1 8]w 2 k 8]’(1) 2
(2.5) j=0 L2(0,L) =0 H,(0,L)
k T k 2
€ plw) = [ (£Mw](t)* dt.
0

All of our theorems hold under hypotheses (H;) and (Hz). They
are stated for solutions w of (P(f,)) but, from (2.3), they are easily
translated into theorems about solutions u of (P(p,%)). The first two
results are energy estimates:

THEOREM 2.1. There is a constant M > 0 such that, for any (f,)
satisfying (Hz)g,
(2.6)

k

EXl(T)+ 3

Jj=0

2

< MI(f, )i, YT € (0,00).
L2 (0,T)
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THEOREM 2.2. If ko, = 0, there is a constant N > 0 such that, for
any (f, ) satisfying (H3)g,

(2.7) Exlw] < N||(f,9)l[§ YT € (0,00).
From these theorems we obtain immediately two decay results:

THEOREM 2.3. For any (f,v) satisfying (Hs)1,

(2.8) w(L,t) = 0 ast— oo.

THEOREM 2.4. If ko, = 0 then, for any (f,v) satisfying (Hs)1,

(2.9) w(z,t) -0 ast—o0 Vze(0,L).

PROOF OF THEOREM 2.3. By Theorem 2.1, wy(L,t) and wy(L,t)
both belong to L4 (0, 00) from which (2.8) follows. O

Proor oF THEOREM 2.4. By Theorem 2.2, the maps t —
[lw(, )|l &, 0,0) and t — [|we(-, )| #, (0,) are both in Ly(0,00). Hence
[lw(, )|l a0,y — 0 as t — oo and (2.9) follows since w(0,t) = 0. 0

REMARK 2.1. We are not sure of the status of decay of solutions
if koo > 0. Notice that, in this case, Theorem 2.3 says only that the
velocity at & = L goes to zero as t tends to infinity. In the examples of
Section 4 we will have ko, = 0 so that we get the strong decay result
(2.9). When we deal with the approximate condition in Section 5,
however, it will not always be true that k., = 0. We comment further
there. We suspect there is decay even if ko # 0.

REMARK 2.2. Theorem 2.4 admits an extension to the case of
approach to steady state. Suppose ko, = 0 and consider P(p,0) when

(2.10) o(t) = poo + ().
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Let w(x) be the solution of the problem
(') =0, 0<z<L,
0) = poer  p(LYT (L) = 0.

If w is the corresponding solution of P(¢p,0), put v = v — . Then one
readily checks that v is a solution of P(®,1)), where

(2.11)

(2.12) W(t) = Fla] = — %( /O k(t = 7) dT>E(L) — _K)u(L).

It will be seen in Section 3 how to insure that k and k are in Ly (0,00).
It is then easy to see that, if one suitably restricts ® in (2.10), one can
apply Theorem 2.4 to conclude that v(x,t) — 0 as t — oco.

PROOF OF THEOREM 2.1. We multiply the equation in (P(f,%)) b
wy and integrate by parts to obtain
L L
[ o = (el do = [ fpuwneda + uwwi) do
0 0
- ﬂ(L)wx(L7 t)wt(La t)

rdf (* )
e O(Pwt+ﬂwx)dx

— p(L)wi (L, t)(F [w' (L, )] + 1 (t))

L
z/ we f dx.
0

Now integrate with respect to ¢ from 0 to T and use (2.2):

(213) i
%/0 (pw?(z, T) + pw?(z, T))dx—l—”y/ w?(L,t)dt

g,u(L)/ we(L, )Y dt+/ / wef dedt < = /wt(L,t)dt
+/0 (/0 gwt(x,t)dx)m/oT</oL@«m)lmdt.
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Put

=73 [ e tyde, X(0) = ( / ’ md:c)w,

p
2 T
C= %/0 WA(1) d;

then (2.13) yields

b g 2 T 1/2
(214)  (T) < 2/0 wt(L,t)dtSC—I—/O XAC)Y2 dt.

From (2.14), we obtain

T T
C(T)+%/ w?(L7t)dt§2C+%/ X(t) dt,
0 0

and this yields (2.6) for k = 0.

In order to obtain the higher k estimates we simply differentiate the
problem (P(f, 1)) with respect to ¢t. The vanishing of the derivatives of
¢ at t = 0 implies, by (2.3), that the ¢ derivatives of f vanish at ¢ =0
and hence, by the differential equation in (P(f,)), the vanishing of
the derivatives of w at t = 0. Since the derivatives of v also vanish at
t = 0 we have, by (2.1),

(%) (F [0 (L) + 6(6) = Fl(w! (L) + 0 (1),

Thus §7w/dt7 is a solution of P(87 f/0t7,4U)) and we can apply the
estimate (2.6) for k =0, for j = 1,..., k, to obtain (2.6). O

PROOF OF THEOREM 2.2. Put

L
Zlu)(t) = / g(2)ws (z, tyw(z, ) dz,
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where g is to be chosen, subject to g(0) = 0. We have

N

E

=
I

L
/ |:gwtwtz + i(ﬂwz)pwtt} dx
0 PH

L L
s [ owhass | [iwwm)(uwm)ﬁngf] da

Q(L) 2
AL (m(L)wz(L, 1))

1 (L 1 (L / L
- —/ g’wgdx——/ (i) uwidw—i—/ I w,f da.
2 Jo 2Jo \pp o P

When ko =0, we have, by (2.1) and (Hy),
(2.16)

/ (u(L)wa (L, 1))2 dt = / (awi(L, t) + Kwi(L,-)(t) + () dt
0 0

< C{a+ 1Kl 0,00 1w (LI 0,7y
+ 19l1Lq 0.1 -

2

1/L{ 2 9 2 29 }
5 |o L), +

1

2

We have also, for any € > 0,
r g 2 1 2
(2.17) /0 ;ww(ﬂ%t)f(%t) dr < ellw(- )5, 0,0) + 4—6\|gf/P||L2(o7L)-

We choose g so that ¢’(z) > 0 and (g/(pp))’ () >0on 0 <z < L,
and we choose € so small that

1 [F g !
218) 5 [ () e = cllwt 0l > o100l 00

with § > 0. Now integrate (2.13) from 0 to T and use (2.16)—(2.18) to
obtain the estimate

(2.19) ZIw|(T) + € plw] < C"{a+ ||K|| L, (0,00) |we (L, )7, 019
+ 118l 01) + 1f1l Lao.1:L2(0,1)) }-
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From Theorem 2.1 and the hypotheses on f, the right side of (2.19)
is bounded independently of T. We see also that Theorem 2.1 implies
that Z[w](T) is similarly bounded. Hence we obtain (2.7) for k = 0.
Once again we can obtain the higher order estimates by successive
differentiation with respect to t.

REMARK 2.3. The use of the functional Z[w] was suggested by
Professor J. Lagnese.

3. Frequency domain methods. For any function ¢ we write
&(s) = Lp](s), s = E+1in, for its Laplace transform whenever it exists.
We put IT = {s : £ > 0}. The functions we study will have transforms
which belong to a space we call A. A = set of all functions ¢ : II — C
such that

¢ € CA(T), ¢ analyticin II, ¢ real on n =0,
(3.1) B(s) = pos ' + 1572 +0(s73), @'(5) = —p15 2+ 0(s73)
¢"(s) =0(s7%) as s — oo.

LEMMA 3.1. Suppose ¢ satisfies the following conditions
0 e CP0,00), o™ e L1(0,00), 7=0,1,2, k=0,1,2.
Then ¢ has a transform ¢ € A.

PROOF. We have @(s) = [~ e *p(t)dt. This is well defined and
continuous in II and is analytic in II. We have

@(s) = p(0)s™ 4+ p(0)s™2 + 572 /000 e Stp(t) dt.

We have, further, U)(s) = [ e™*!(—1)7t/(t) dt, and the estimates
n (3.1) follow. o

LEMMA 3.2. Suppose ¢ € A and

+oo
(3.2) o(t) = (2m) ! / ¢ (i) iy

— 00

Then o € C1[0,00) N Ly1(0,00) with ¢(0) = @g, $(0) = ;.
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PROOF. Let X (t) = t*e~t. Then Xy (s) = (k—1)!(s+1)~%. We then
have 3(s) = poXo + (1 — o) + o where 1(s) = 0(s—). Then (3.2)
yields

P(t) = poe™" + (p1 — po)te™" + (1)
+oo

(1) = 2m) ! / a5 ds,

— 00

with ¢ € C1[0,00). Thus ¢ € CM[0,00),(0) = ¢o,$(0) = ¢1. Next
we integrate (3.2) twice by parts to obtain,

1 oo
B(t) = / ¢ 5 i) dy.

2mt? J_

It follows that (t) = 0(t=2) as t — oo, hence ¥ € L1(0,00). O
The following result is established in [10].

LEMMA 3.3. Suppose k has a transform ke A. Given any T > 0 and
any ¢ € C[0,TY], put {r(t) =C((t), 0 <t <T,(p(t) =0,t >T. Then

33 [ como@a=2 /OOORe/%unn&T(nﬂdn

s

where 6(77) is the Fourier transform of (r.

The non-local boundary condition in (P (¢, 1)) can be formally trans-
formed to yield the relation

(3.4) W(L)ay(x, 8) = F ()a(L, 8) + 3 (s).

F is actually a distribution, and if it has the form (2.1),

(3.5) F(s) = —s(a+k(s) = —s(a+koos™t + K(s)).

We want to establish conditions on the transform which will guarantee
that F has the form (2.1) and satisfies (H;) and (H3). Let us do the
formal calculations first and then we will state the theorem.
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We assume that F (s) has the form
(3.6) F(s)=—as+pB+7(s), a>0,
where 7 € A. We rewrite this formula as

F(s) = = s(a+koos™! + K(s))
37) oo = = (34 7(0)) =~ (0)

k=00 _FO-FO)

Let us study K(s). If 7 € C2(II) then K € C2(I1\{0}). Since
F(0) — F(s) vanishes at s = 0, K will still be once differentiable
at s = 0 if K'(s) is defined by its limit at s = 0. If, in addition,
F e C®(7), then K € C (7). If # € A, one can readily check that
K satisfies the appropriate behavior at infinity so that K € A. Thus,
for (3.6) with F € C®)(7), # € A and F (0) < 0, we will have F[¢!] =
—0la + (k*Q)(t)]/0t with k(t) = koo + K(t), koo > 0, K € L1(0, 00).

We have, from (3.7),

. Im F (i
(3.8) o + Reli(in) = — P Gn).
n
For large n, (3.8) and (3.6) yield
. 1
(3.9) a+Rek(in) =a+0 (5> as 1 — oo.
For small 7, (3.8) yields
(3.10) o+ Rek(in) = — F'(0) +0(n) asn— 0.
Suppose we impose the conditions
(3.11) —signn Im F (in) >0 foralln #0, F'(0)<O0.

Then from (3.8)—(3.11) we see that there is a 4 > 0 such that

(3.12) o+ Rek(in) >~ for all .
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By Lemma (3.3), (3.12) implies (Hz). We summarize our result.

THEOREM 3.1. Suppose the transform F of the non-local boundary
conditions has the form (3.6) with F € CO)(F) and F satisfies the
conditions

(3.13)

F(0)<0, F'(0)<0, —signnImF(in)>0 for alln#0.

Then F has the form (2.1) with (Hy) and (Hs) satisfied.

REMARK 3.1. The importance of the behavior of F (s) when s is
small was suggested by the work in [3].

4. Exact dissipative boundary conditions.

ExampLE 1. Composite elastic-viscoelastic bar. This example is
suggested by [9]. We suppose our bar is elastic, but inhomogeneous,
on 0 < x < L so that u satisfies the differential equation in (P(p,)).
Suppose that the portion z > L is viscoelastic but homogeneous. This
means that, for ¢ > L,

o(z,t) = %a * Uy (x,)(t)

poust(z,t) = oz (x,t).

(4.1)

If we use the Laplace transform, we obtain

s)

G(x,s) = sa(s)(zx,
Uge (2, 5).

(4.2) posZi(z, s)

sa(s)

We want the solution u to be outgoing in x > L, which means we
want @(z,s) to tend to zero as s — oo. From (4.2) we obtain the
relations

i(z,s) = e 7OELG(L s)

(4.3) .
6(L,s) = —sa(s)y(s)u(L, s) := F (s)a(L,s),
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where 4(s) = \/pos/a(s). We give conditions which guarantee that F
in (4.3) satisfies the hypotheses of Theorem 3.1.

The conditions on a in (4.1) are dictated by viscoelasticity theory.
Typical hypotheses, which we will adopt, are

a(t) e CD0,0), (=1)YaP(t)>0, j=0,1,2

(4.4) _
a(t) = aso + b(t), as >0, b9 e L;(0,00).

We will assume, in addition, that /) € L;(0,00) so that, according
to Lemma 3.1 b € A. We also assume #3b € L;(0, 00) which means that
b e CON(T).

Clearly F € C3(7\{0}). We have

sa(s) = a(0) 4+ a(0)s + 0(s~2),
() = V/Pos (1 1 4(0)

(4.5) 7 a0\ 2a(0)s

F(s) = —+/a(0)s + % a((z(zz)) +0 (é) ;

+ 0(3_2)) as s — 00,

56(8) = ao + 5b(0) + 0(s?)
(4.6) A(s) = % +0(s%) ass—0.
F(5) = — ams + 0(s?).

Equation (4.5) gives the relation (2.1) with o = —+/a(0) and
B = —a(0)/(24/a(0)). Equation (4.6) shows that F (0) = 0. If the
expansion in (4.6) is continued, it will show that F is three times dif-
ferentiable at s = 0.

It follows from results in [8] that conditions (4.4) imply
(4.7)  Rea(in) >0 for all n, —signn Ima(in) >0, n#0.

We have F (in) = —iny/ina(in). It follows from (4.7) that Re /ina(in)
> 0, hence signn ImF (in) > 0 for n # 0. From (4.6)3 we have
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F'(0) = —/ass < 0. Thus, all the conditions of Theorem 3.1 are
satisfied.

REMARK 4.1. An interesting question is what happens if the compos-
ite bar is finite and viscoelastic on L < x < L. We conjecture, but have
not yet proved, that the resulting nonlocal condition is dissipative.

REMARK 4.2. A special case of the viscoelastic problem is that in
which a(t) = as, that is, the bar is elastic and homogeneous. This
case was considered in [6] when the bar on 0 < x < L is nonlinearly
elastic.

EXAMPLE 2. Inhomogeneous semi-infinite bar. This was the problem
studied in [1]. We assume that the bar is ultimately homogeneous, i.e.,
p(x) = po,o(x,t) = p(z)u,(x,t) for x > L. The outgoing condition is
that pous(z,t) = —\/uopous(z,t) for x > L, in particular, at z = L.
Thus the problem is

(4.8) u(z,0) = u(x,0) =0

(4.9) p(x)s’U (@, s) = (u(2)Us(2,5))s, L <z <L,
U(L,s) =1, 110U (L, 8) = \/iopo s U(L, s).

Then the transform @ of the solution of (4.8) satisfies u(z,s) =
U(z,s)a(L,s) on L <z < L. Thus,

(4.10) (L)t (L, s) = p(L)Us(L, 8)i(L, 5) = F (s)i(L, s).

We will establish the following result.

THEOREM 4.1. F, as defined by (4.9), satisfies the hypotheses of
Theorem 3.1.
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The proof is more complicated here since we do not have an explicit
formula for F. We begin with

LEMMA 4.1. Problem (4.9) has a unique solution for any s € 1.

PROOF. To show that (4.9) has a solution for a given s, it suffices to
show that the only solution if U(L, s) = 1 is replaced by U(L,s) =0
is U(z, s) =0 (see Appendix). Suppose U is such a solution. Then we
have

z I
(4.11) 32/ p|U|2dx+/ 1Us? dz + /jopo s |U (L, 5)*| = 0.
L L

If s = &,¢& > 0, one sees immediately from (4.11) that U(z,s) = 0. If
s = {+1in, & > 0 we take the imaginary part of (4.11) and conclude
fLL plU2dz = 0, hence U(x,s) = 0. If s = in, taking the imaginary
part of (4.11) yields U(L,in) = 0. Hence U.(L,s) = 0 also. But
ps?U(z,s) = (uUy(z, 8)4, hence U(x,s)) =0. 0

LEMMA 4.2. F, defined by (4.10), is in CUM(T) for any m, is
analytic in I1 and real for s real.

PROOF. Suppose that one formally takes the derivative of U in (4.9)
with respect to 5. Then one sees that Us satisfies the homogeneous
problem, hence is zero, meaning U is analytic. This argument can be
made rigorous by taking different quotients. Similarly, suppose one
differentiates in (4.9) with respect to s. Then V = U, satisfies

(112) o)V — (u(x) Ve = — 2500z, )
V(L,S):O, MOVX(L,S):—MSV(L,S)—Mﬁ(L,S).

Once again the fact that the homogeneous problem has only the zero
solution guarantees a solution of (4.12) in II. Again, one makes this
rigorous with difference quotients and one can continue differentiating
to obtain all derivatives. The reality on s real is immediate. 0

LEMMA 4.3. F satisfies — signnF (in) > 0 for n # 0.
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PROOF. We multiply the equation in (4.9) by E(x, s) and integrate
by parts, using (4.10) at @ = L. This yields

(4.13)

L T
P / POz, in)? do + / (@) Ul im)|2 + /g0 infU (T, in)|?

+ F (in)|U(L,in)> = 0.

~We cannot have U (L, in) = 0, for then, as above, we would also have
U.(L,in) = 0 and, hence, U(x, s) = 0. The same argument shows that

U(L,in) # 0, and the conclusion follows by taking the imaginary part
of (4.13).

What remains is to study F for large and small s. The large s
situation was considered in [1]. What was found was that the solution
of (4.9) has a formal asymptotic expansion,

(4.14) Uz, s) ~ e 5@ Z Up(z)s™*, ¢ (z) = /p(x)u(z).

Formulas were given to compute the coefficients Uy, recursively. Then
formal differentiation of (4.14) yields

(4.15) F(s) = w(L)Ur(L,s) ~ —as— B = ags ™"

k=0

The coefficients «, 8 and «y, are determined by values of p and p and
their derivatives at z = L. In particular, o = /popg > 0. O

We will review this procedure briefly in the Appendix and will also
establish its validity by the following results.

LEMMA 4.4. Put .7:"N(s) =—as— [ — chvzo ars™*. Then
(4.16) F(s)—Fn(s)=0(s"N)  for large s.

This result shows that F has the correct behavior, for large s, to belong
to A.
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Let us consider the small s situation. This was not done in [1]. We
seek a formal expansion of the solution of (4.9) as a power series in s:

(4.17) Ulz,s) = iUk(x)sk.
k=1

The Ui can again be determined recursively. We write down the
expressions for Uy and Uy:

(u(x)Ug(x)) =0, Uo(L)=1, pUyL)=0
w(@)Ui(z) =0, U(L)=0, pUi(L)=—/popo Uo(L).

One sees that Up(z) = 1, Uy (z) = —/popo [, 1(£)~!d€. Thus

(4.19) F(s) = w(L)U, (L, ) = —/popios + 0(s?).

We will again establish the validity of (4.19) in the Appendix.
Equation (4.19) shows that

F(0)=0, F'(0)=—/popo < 0.

Thus we have established all the hypotheses of Theorem 3.1, and we
have a dissipative boundary condition.

5. Approximate boundary conditions. The idea discussed in [1]
is based on the formula (4.15). This idea is to truncate the series by
using the Fy of Lemma (4.4). If we translate back to the time domain,
these correspond to nonlocal boundary conditions of the form

0
_5(

1
a = +/pofo, k‘N(t)Zﬁ-FZEtkH-
k=1

Fnl¢'] = a+ky*(),

(5.1)

It is clear that (5.1) does not fit the form (2.1) since ky is not in
L1(0,00). It was shown in [1] that the use of Fn numerically produces
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exponential error growth. What was suggested in [1] was a stabilization
procedure. This amounts to replacing Fy by a function £ y such that

(5.2) Ly(s)—Fn(s)=0(sN 1) ass— oo,

but with the associated operator £ y stable. In the language of the
present paper this means we want Ly to satisfy the conditions of
Theorem 3.1.

We illustrate the idea of [1] in the case N = 1. In order for our idea
to work it is essential that the constant 8 in (4.15) be positive. The
calculations in [1] show that

B (1)’ (L).

 4p(L)
Thus we must assume that the bar is such that the product ppu is
increasing. We set

ag

(5.3) ﬁl(s):_as_ﬁ_s—l—é'

Thus £ (s) — Fi(s) = 0(s2) as s — oo for any §. We have

Li0)==B-5,  Li0)=-a+5.

If we choose § > 0 so that
loa] Joa['/?
(54) 6 > max (7, a1/2 5
then £1(0) and £4(0) will both be negative. Furthermore, for 1 > 0,

A . aq aq
Im L4 (in) = —m(a— m) < —n(a— 5—2)

Thus (5.4) also insures that —signn Im £ 1(in) > 0 for n #£ 0.

_The choice (5.4) thus guarantees that the operator £ associated with
L 1 satisfies (H;) and (Hg) so that Theorems 2.1 and 2.3 apply. We see
that the operator £ is given by

(5.5) L4[¢"] = —al(t) - BC(t) — ay /0 e 0t=T)¢(7) dr.
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It was observed in [1] that the boundary condition at x = L can be
localized. In the transform domain,

u(L)ig (L, s) = — (as + 06+ sc_k:&>ﬁ(L,s) + X(s)

(s 4+ 0)u(L)iy(L,s) = [—(as + B)(s 4 0) + ar]a(L, s) + (s + 6)X(s).

Thus,
(5.6)
(L)t (L, t) + p(L)ug(Lyt) = — aug (L, ) — (ad + B)ug(L, 1)
+ (01 + B)u(L, ) + X(t) + x(t).

It is shown in [1] how to implement (5.6) in a Galerkin method
procedure.

We note that, although £, satisfies (H;) and (Hsz), we have L 1(0) =
—0 — «1/d which is not, in general, zero. Thus Theorems 2.3 and 2.4

do not apply. We give here an alternative approximation. Define Hy
by

~ a1—5
(5.7) Hl(s)—s{—a—%+ﬁ}.

We have H1(s) — Fi(s) = 0(s~2) as s — oo. We also have 7 1(0) = 0
and H1(0) = —a < 0. We assert that, if § is chosen sufficiently large,
we will have

(5.8) —signn H1(in) >0 forn#0.

We have
. ) 81— 6B)(6% — n?
ImH (in) = 77{_ o — 626_ 2 + (((52 — 775))2(4' 45;’,72}
I U R (| R T
77{ 2 {((1—77/5)2)”4(77/5)2]}'

The quantity in square brackets is bounded for all n/§ and our
conclusion follows. Relation (5.7) translates into a condition like (5.6)
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in the time domain. Both £ and H have generalizations to larger
values of N, but we will not write these explicitly.

Let us summarize our conclusions. The method of [1] yields a se-
quence of approximate boundary conditions Fy satisfying the estimate
(5.3). These satisfy the hypotheses of Theorem 2.1 so that, if they are
used in (P(g, 1)), one has stability. They do not satisfy .7:"N(0) =0, so
one does not have the dissipation result of Theorem 2.3. The idea used
for 1 can be extended to yield a sequence also satisfying (5.3) but
with H x(0) = 0, so that the hypotheses of Theorem 2.3 are satisfied
and one obtains the decay result. All of these in the time domain can
be expanded in differential forms like (5.6) but with higher order time
derivatives.

We can use our results to give some indications of the validity of the
approximate boundary conditions. Suppose uy and vy are solutions
of (P(¢,%)) with conditions £ y and H y, respectively, at x = L, and
let u be the solution of (P(¢p,)) with the exact condition F at x = L.
Let UY = u —uy and VY = u — vy represent errors. Thus we will
have

pUN = (nUN),, UN(z,0)=UN(z,00=0, 0<xz<L,
(5.9) UN0,t) =0, w(L)UN(L,t) =L N[UN(L, )]+ N (1)
t )

PV =WV )e, 0<z<L, VN( )

(5.10)  VN(@,t)=0, pNL)VVN(EL,t)=HN[VY
V() =(F - H )( (L, )

The problems for UY and V¥ are both of the form P(0,%)) but with

different functionals at = L. We can accordingly use Theorem 2.1
for UN and Theorems 2.2, 2.3 for V.

We will establish the following result in the Appendix.

LEMMA 5.1. For each integer N, there is a constant My such that,
for any

¢ e CW(0,00)), with¢(0)=0 and (€ Ly(0,00),

(5.11) t t ,
[[F[C] = H N [CN an+1(0,00) < MNIIC] 22 (0,00)-
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Suppose now that u is a solution of (4.8). Then it will be a solution
of P(p,0) with F defined by (4.10). We assume ||(p,0)||o exists, then
Theorem 2.1 yields ||us(L,-)||1,(0,00) < M||(¢,0)]]o. It follows from
(5.9)—(5.10) that there is a constant M}, such that

M| 310,00y < Ml (0, 0)lo-

We can now apply Theorem 2.2, with the device of differentiating with
respect to ¢, to obtain the result we want.

THEOREM 5.1. Suppose ||(¢,0)||o exists. Then, for any integer N,
there is a constant Ly such that

(5.12)  [Ju — ™| a+2((0,00):L(0,1))

+ = o™ 0,001 0.2)) < Lvll(2, 0)lo-

REMARK 5.1. We want to comment on (5.12). It is an error estimate
but not of a usual type. It does not say that the errors, u—v", become
small as N becomes large. What it does say is that these errors become
small as ¢ becomes large. Equation (5.12) implies that

(5.13)

Haw (=) =0 forj=0LN+1 ast— o,

L>(0,L)

N(-,t))H —0 forj=0,...,N ast— oo,

H ot ! H1(0,1)

Btﬂ( u(z,t) — o™ (z,t)) = 0 for each 2,y =0,...,N ast— oco.

Thus, increasing N makes an increasing number of time derivatives go
to zero.

The above result is not too striking since both u and v™ are going
to zero anyway. What makes it more striking is the result in Remark
2.3. Thus, if ¢(t) is tending to @ so that u tends to a steady state,
the estimates (5.11) will still hold. This is the crucial role of the
condition F (0) = 0. We cannot draw the same conclusions for the
approximations

5.11
LN
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APPENDIX

ASYMPTOTIC EXPANSIONS

We consider the problem in Section 3, which was

psQU = (,uffm)m, L<z<TI,
Al _ . .
(A1) U(L,s) =1, Uy(L,s)=—,2s0U(L,s)
Ho

where p(L) = po, u(L) = o, and we assume all derivatives of p and u
are zero at = L. In [1] we derived an asymptotic expansion for large
s. It has the form

(A.2)

U(a,s) ~ e ””)ZUk ;@) = Vo)), G(L)=

The functions Uy are determined recursively by the formulas

2u¢'Ug + (p¢') Up =0, Uo(L) =
2u¢'Up 1 + (0¢") Uyr = (0U)', Upya(L) =0, k>0.

Recall that the quantity we want is F (s) = U,(L, s). From (A.2) and
(A.3) one obtains, formally,

(A.4) F(s) ~ u(L {—sqb +Z Ui (L } = —as—ﬁ—z s "
k=1

We see that a = ¢'(L) = /p(L)u(L). The other coefficients can be
computed by using (A. recurswely to determlne U,.(L). In particular,

)
% W) L (L) (D) + (L) 1 ().

f=—pD)s(L) =5 == = dp(L)

In order to prove Lemma (4.4) we need first to show that (A.2) is a
valid asymptotic expansion. Put

N
UN (z,5) = e 50@ Z Up(z)s™*.
k=0
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Then one verifies that
(A.5) $2pUN — (uUN)e = — (uUy)'s™ .

We assert that, for any N, one has UN L,s) = —/(pos/uo)UN (L, s)

The reason for this is that all derlvatlves of any of the U vamsh
at @ = L. To see this consider the equation for Uy in (A.2). Since
(n¢’) =0 at & = L we have U}(L) = 0. Differentiating that equation

repeatedly, we see that Uéj )(f) = 0 for all j. The equations (A.3), for
k > 0, then show that all derivatives vanish at x = L.

We set VNV = U — UV and have
ps?VN — (wVN), = N, N = —(uUl)' sV

VN(L,s) =0, VNI, s)=—,/2svN(L,s).
Ho

We need estimates for solutions of (A.6). These are easier if we first
make a Louisville transformation

a0 = [ ES V) = e ).

It is not difficult to see that this transforms (A.6) into

(A.6)

(A~8) sPwN — wtt + q(t)w N =

N,s) =0, wM(T,s)=—sw™( / U

Consider the problem
Ztt—SZZ:h,, 0<t<T,
Z(0)=0, Z'(L)=-sZ(L).
One verifies that the solution is
T
Z(t) = 5/ G(t,7,s)h(7)dT
0

—festm) et o<1 <t
G(t,1,s) = _
Temslt=m) _Le=s(THn) <7 <T.
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Note that we have, for some M > 0,

(A.10) |G(t,7,8)| < M, |Gy(t,T,s)| < M|s| for any s € II.

Now (A.8) is equivalent to the integral equation
(A.11)

N —lf T:8)q(T NTSTlf 7:8)FN(t)dr
w (t,s)—s/og(t, 28)q(T)WH (1,8)d +2/0G(t, :8)FY (¢) dr.

REMARK A.l. The equivalence of (A.8) and the integral equation
(A.11) confirm the statement in the proof of Lemma 4.1 that uniqueness
implies existence.

In view of the bound (A.10) we see that (A.11) can be solved by
successive approximatives for |s| sufficiently large. This shows that
there is an sg > 0 and P > 0 such that

P
(A12) I oy < I Oll oy for 1512 so

We can obtain an estimate for W}¥ by differentiating (A.11) and using
(A.12). This yields

(A~13) ||WtN('73)||Lx(of) < QHFN(')HLDQ(QT)'

It we translate (A.13) back to the original variables, one obtains the
result (4.16).

PROOF OF LEMMA 5.1. Since H n differs from _7:'N by terms of order
s~N=1 as s — 00, we have, from (A.13),

|‘7:_(5) - 7'AfN(S)\ <Q|s|™N for large s.

We also have F(s) — H n(s) = 0(s) for small s. Since the difference
F — H n is bounded on any compact set in II, we conclude that, for
some constant My,

My |s|

W for all s e II.

(A.14) |F(s) —Hn(s)| <
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It follows that, for any ¢ € C1[0,00),¢(0) = 0 and ¢ € Ly(0, o),

“+oo R R
17 (¢ = H ¢ v+t (0,00 = / | (in) — Fx(im) 2 dy

— 00

“+o0 R
< My / E(im)I? dn = M lICl|Lao.00):

which is (5.9).

We also comment on the small s approximation. One proceeds in
a way quite similar to the above proof. Set up the formal series and
truncate to get an approximate solution Uy. Then the error U—UN will
satisfy a problem which, after Louisville transformation, is equivalent to
an integral equation which can be solved by successive approximations
for s small.
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