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AN ABSTRACT GRONWALL LEMMA AND
APPLICATIONS TO GLOBAL EXISTENCE RESULTS
FOR FUNCTIONAL DIFFERENTIAL AND
INTEGRAL EQUATIONS OF FRACTIONAL ORDER

HUSSEIN A.H. SALEM AND MARTIN VATH

1. Introduction. The aim of this paper is two-fold. On the one
hand, we prove an abstract generalization of a Gronwall lemma which
gives a priori estimates for various (functional) differential and integral
equations, of Volterra type, under a linear growth condition on the
nonlinearity. We believe that this result is of independent interest and
discuss it in a rather general setting. On the other hand, we apply
a simple special case of this abstract result to obtain the existence of
global solutions of the functional differential equation of fractional type

(1)
Dx(t) = f(t,z(t—c1),... ,x(t—cp), D ax(t—ar),..., D*z(t—ay),
Pt —by),... . IPmx(t — b))

under a linear growth condition on f. Here, a;,b;,c; > 0, and a >
a;; > 0 denote the, not necessarily integer, order of the corresponding
(either Riemann-Liouville or Caputo) differential operators while 5; >
0 denote the, not necessarily integer, order of the (Abel) integral
operators. We also consider inclusion problems of the type (1).

For n = m = 0, i.e., if the righthand side depends only on (¢, D**z(t—
ai),...,D*x(t —ay)), equation (1) has provoked some interest in the
literature [1, 2, 7, 9-12, 14, 25]. In comparison with the existence
results in these references, our assumptions are more natural. In
contrast to these references, we only require that f has a linear growth
and need not assume that this linear growth is sufficiently small. Of
course, we can do this only because we obtain the required a priori
estimate for the solution by means of our Gronwall lemma. We also
drop the requirement that f is real-valued and consider the general
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case of a vector-valued Carathéodory function f. In [1, 2, 11, 14], the
function f is assumed to be continuous while in [7] it is assumed that
f is a real-valued Carathéodory function and in [9, 10, 25| and [12]
the case of a Carathéodory function with a monotonicity condition,
respectively, a function of bounded variation, was studied.

The plan of the paper is as follows. In Section 2 we prove the abstract
Gronwall lemma which will be our main tool. After recalling some
properties of the fractional (Abel) integral operator in Section 3, we
prove our main existence result in Section 4. The particular case of
equation (1) is treated in Section 5. Finally, the multi-valued case is
discussed in Section 6.

2. The abstract Gronwall lemma. The Gronwall lemma can
be interpreted as a result which gives a priori bounds for the norm of
a solution of an implicit inequality under the assumption of a linear
growth estimate.

In order to obtain such a result for fractional differential equations,
we formulate the Gronwall lemma in an abstract form. We consider
the following setting.

Let Xgr be a (real) Banach lattice, and K: Xg — Xgr be a positive
bounded linear operator. We recall that the spectral radius of K is
defined as the number

(2) r(K) = inf {/[K7] = lim /K"

It is well known that this limit always exists and that r(K) < 1, or,
equivalently, || K™|| < 1 for some n, if and only if the Neumann series
> K™ converges in operator norm; in this case the series converges to
the inverse of I — K (which is then an isomorphism onto Xg).

Proposition 2.1. If K is linear and positive with r(K) < 1, then
we have for each b € Xgr that

0<y<Ky+b= |yl < (- K)"b|.
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Proof. Since K™ is positive, a trivial induction shows that 0 < y <
Ky +bimplies 0 <y < K™y + Zz;é K*b, and so

n—1

ZK’%

k=0

lyll < 1™yl +

‘—>O+|(I—K)1b|, n—oo. O

This result is particularly useful in view of the fact that a linear
0-Volterra operator K, see below, has, if it is compact, in all interesting
situations spectral radius 0, see [30]. However, we intend to generalize
Proposition 2.1 to the nonlinear situation and for more general spaces
than Banach lattices, in particular for spaces of vector-valued functions.

Let X be a linear vector space, let I be a linearly ordered set with
a smallest element 6, and let P;: X — X, i € I, be a family of linear
projections with the property that P,P; = P;P; = P; for i < j, i.e., the
ranges of the projections P; are nondecreasing and the null spaces are
nonincreasing with respect to the index ¢ € I; assume also that Py = 0.
According to [30], we call a, not necessarily linear, operator V: X — X
a 0-Volterra operator if P;Vx depends only on P;x, i.e., if

PV =PVP, i€l
With the particular choice
(3) I.={0,1}, Pp:=0 and P :=id

each map V: X — X becomes a 6-Volterra operator, so the following
result is actually not a result restricted to a particular class of operators.
However, for the applications we have in mind the statement about the
uniformity in 4 € I plays an important role.

Theorem 2.1 (Abstract Gronwall lemma). Let in the above situation
X be a normed space, and let V: X — X be a 0-Volterra operator, with
respect to a family (P;);e; of projections. Let Xgr be a Banach lattice
with positive cone C, and assume that there is a map |-[: X — C such
that for some constant N < oo the estimate

el < N Jelll, =€ X
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holds. Assume in addition that there is a map A:C — Xgr with

|PVe[<Alz[, z€X, i€l

1. If the implication
(4) 0<y<Ay— |yl <M
holds, then we have the a priori estimate
(5) |Piz] < |PVz]| = ||Piz|| < NM, ze€X

uniformly for all i € I.

2. If Ax = Kx + b where b € Xr and K: Xr — XRr is positive and
linear with r(K) < 1, then (4) and (5) hold with M := ||(I — K)~1b||.

Proof. 1f

then (4) implies || |P;z[|| < M, which gives the estimate | Pz|| < NM.
The second claim follows from the first and Proposition 2.1. u]

Let us first observe that the Gronwall lemma is indeed a special case
of this result.

Let Xgr be an ideal space of measurable functions x: [0,7] — R, i.e.,
a Banach space of measurable functions with the property that for each
x € Xgr and each measurable y: [0,T] — R with |y(s)| < |z(s)| almost
everywhere we have y € Xg and ||y|| < ||z

Let (Y,]-]) be a Banach space, and let Xy be the space of all
measurable functions z:[0,7] — Y with |z| € Xr, endowed with the
norm ||z|| :=|||z|||. Then Xy is an ideal space (in particular complete,
see [26]).

For example, if Xg is the Lebesgue-space Xr = L,([0,7]), 1 <p <
00, then Xy is the Lebesgue-Bochner space Xy = L,([0,7],Y) with
the usual norm.

Let f:[0,T] x [0,T] x Y — Y satisfy the Carathéodory condition, i.e.

1. f(-,-,y) is measurable for each y € Y, and
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2. f(t,s,-) is continuous for almost all (¢, s) € [0,T]2.
Let us assume that we have the linear growth condition
|f(t,s,9)] < K(t, s)|yl +b(t, 5)

where k, b are nonnegative and measurable and
t

Ky(t) :z/ k(t,s)y(s)ds
0

maps Xg into itself, and the function B(t) := fot b(t, s) ds belongs to
Xr.

Then, with I := [0, 7], and
z(t) ift <,
6 Px(t) .=
©) i(?) {o it >,

the integral operator

Va(t) :/O F(t, 5, 2(s)) ds + o(t)

defines a nonlinear 6-Volterra operator V: Xy — Xy for each ¢ € Xy.
Putting |z[ () := |z(t)|, we obtain the following result.

Corollary 2.1 (Gronwall lemma for Volterra-Urysohn equations). If
in the above situation K is compact or r(K) < 1, then I — K is an
isomorphism and for each i € [0,T] the following holds: Each function
x € Xy which solves the implicit inequality

jz(t)] <

/0 f(t,s,2(8)) ds + c(t)

for almost all t € [0,1] is subject to the a priori estimate

1P| < (I = K)~H(B + e

Proof. If the linear Volterra operator K is compact, then r(K) = 0,
see [27]. Hence, r(K) < 1 in both cases. It is no loss of generality
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to assume that for s > t the values f(t,s,y), k(t,s) and b(¢, s) vanish.
Then |P;Vx(t)| < Kl|x|(t)+ B(t)+|c(t)| for almost all ¢ € [0,T]. Hence,
the result follows from Theorem 2.1. O

If we assume that k can be chosen independent of ¢, which is possible
if f is sufficiently regular, Corollary 2.1 takes a more familiar form. In
fact, in this case we can calculate (I — K)~! explicitly:

Lemma 2.1. Let the ideal space Xr contain the constant functions,
and let k be a (real or complex-valued) measurable function such that
k - x is integrable for each x € Xy . Then the operator

Ku(t) ::/0 k(s)x(s)ds

is a bounded linear endomorphism of Xy with spectral radius 0, and
the formulas

. B 1 t t n—1 B
(7) K"z(t) = m/o (/s k(o) do) k(s)x(s)ds, n=1,2,...,
and
® =B =)+ [ OV k) ds
hold.

Proof. By [26, Theorem 3.4.3], the function k belongs to the associate
space of X, i.e., the functional f(z) := fOT |k(s)|z(s) ds is bounded on
Xy. Hence, |Kz|r_o1,y) < Iflll*]x,, and since Lo ([0,7],Y)
is by our assumption continuously embedded into Xy, it follows that
K: Xy — Xy is bounded. Formula (7) is proved by induction. For the

induction step, observe that by Fubini-Tonelli
Kn+1l'(t)

_ ﬁ/;x[oyt]mkm /O (/;k(a) da)n_lk(s)x(s) ds dr

_ /Ot { /: ﬁk(r) ([k(a) da)n_ldr} k(s)a(s) ds.
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The expression in curly braces is absolutely continuous with respect
to t, and its derivative is (a.e.) the same as that of the absolutely
continuous function

o o(1) = %(/t k(o) da)n.

Since the values for ¢ = s coincide, we conclude that

1420 = [ nstin(orats)ds = [ ([ woda ) wopats) ds

and the induction step is complete. Hence, (7) is proved. From (7), we
obtain by a straightforward estimate that || K™| < 1/(n — 1)'Hk||2:1 7
which implies that the spectral radius of K is 0. Finally, using the
Neumann series, we obtain (8) from (7) by interchanging the order of
summation and integration. The latter is justified by Lebesgue’s domi-
nated convergence theorem and Levi’s monotone convergence theorem,
see, e.g., [31, Theorem 1.18]. O

As a consequence, Corollary 2.1 takes for Xg = Lo a form which
contains the usual Gronwall lemma as an obvious special case. The
only reason why the following proof requires some reasoning concerning
Lebesgue points is that we do not restrict our attention to the usual
situation that x is continuous.

Corollary 2.2 (Gronwall lemma for nonsingular Volterra-Urysohn
equations). If f:[0,00) x [0,00) X Y — Y satisfies a Carathéodory
condition and |f(t, s,y)| < k(s)|y|+b(t, s) with nonnegative measurable
k and b, then each bounded measurable function x which solves the
implicit inequality

t
o0 <| [ S6sa(s) s +c(0)

0
for almost all t € [0,T) is for almost all t € [0,T] subject to the explicit
a priori estimate

j2(t)] < esssup (B(s) + [e(s)]) + / oS HO k() (B(s) + le(s)]) ds
s€[0,t] 0

with B(s) := [; b(s,0) do.
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Proof. Apply Corollary 2.1 with Xy := Lo ([0,7],Y). Then Kz(t) =
fot k(s)x(s)ds, and so Lemma 2.1 implies

(I — K)'y(t) = y(t) + / S HO 5y (s) ds.
0
‘We obtain that
]| < |IB + le||| + / "k (B(s) + Le(s))) ds.

Hence, if a is a Lebesgue point of |z|, we obtain the required estimate
for ¢ = a. Since almost all points of |z| are Lebesgue points, see, e.g.,
[24] or [31, Theorem 7.3], the claim follows. O

3. A mapping property of the fractional integral operator.
It is a well-known consequence of an inequality of Young that the linear
fractional integral operator

Igy(s) = ﬁ / (t — 5)*1y(s) ds,

with o > 0 and I' denoting Euler’s gamma-function, sends L, ([0, 1)
continuously into L,([0,T]) if p,q € [1,00] satisfy ¢ > 1/(ac+ (1/p)),
see, e.g., [13] (a deep result from interpolation theory implies that even
g =1/(a+(1/p)) is allowed if 1 < p < oo, but we will not make use
of this fact. This stronger result was first proved by other methods
in [15]). Since I§ is positive, and thus a regular integral operator, it
is clear by a straightforward estimate that this acting property carries
over to the vector-valued case, i.e., I§: Ly([0,T],Y) — L,([0,T],Y)
(boundedly) for each Banach space Y. The following lemma is folklore
in case Y = R, but to see that the equicontinuity also holds in the
vector-valued case, we provide a proof.

Lemma 3.1. The map I§:L,([0,T]) — L,([0,T]) is compact for
p,q € [1,00] if ¢ > 1/(a+ (1/p)) and either ¢ > 1 or p < co. In
particular, I§: L,([0,T]) — L,([0,T]) is compact for each p € [1,00].

Moreover, if ¢ > max{1,(1/a)} then I§ sends bounded subsets of
L,([0,T],Y) into bounded equicontinuous subsets of C([0,T],Y) (if we
define I§x(0) := 0).
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Proof. Assume first ¢ > 1 and p < co. Then the assumptions hold
also if we replace ¢ by go € (1,¢) and p by py € (p,0). By the above
remarks, I§: Ly, ([0,T]) — Ly, ([0,T]). Since I§ is a positive, and thus
regular, integral operator, it follows that I§': L,([0,T]) — L,(]0,T1]) is
compact, see, e.g., [18].

Let now ¢ > max{(1/«a),1}. Then we have by Holder’s inequality
with1/g+1/¢' = linview of ¢'(a@—1) > —1thatforeach0 <t <7 < T
(in view of 1 < ¢’ < c0) that

(15 (T) = Ig ()| ()
/ T—5)*"ta(s) |ds—|—/ |(T—8)*"t — (t—s)*"|2(s)| ds

1/q
/ e ds> lella
t
t 1/q
[ lr=st = = ds) lolla
0
(r—

< 1/d
(y

t 1/q
+( [ lr=s)(em — sy |ds) lelly
0

< C(a,q)(|Jr—t|>= /0

q

<
<

+ |(r =)t (emDd _ plt(a=1)d" | yl+(a—1)d Il/q') [Zllq

with some finite constant C(a,q), depending only on « and ¢, from
which the equicontinuity of the image of bounded sets under I§ is
obvious; in view of I§fx(0) = 0 also the boundedness follows. Note that
in case 0 < a < 1 the above estimate implies

| I (r) — 1§ a(t)| (@) < 20(a, @)|7 — ¢*~ VP,
and so I§ is bounded from L,([0,7],Y) into the Holder space

C’g‘fl/q([o, T),Y), a result which is of course well known in case Y =R.

By the Arzela-Ascoli theorem, it follows that for ¢ > max{(1/«a),1}
the map I§: Ly ([0, T]) — C([0, TY) is compact, and so also I§: Ly([0,T])
— L,([0,T]) is compact.
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Let now ¢ = 1. Then our assumption states p < co and a+(1/p) > 1.
By Schauder’s theorem, it suffices to prove that the adjoint operator
(16)": Ly ([0,T]) — Loo([0,T]) ((1/p) + (1/p") = 1) is compact. A
routine calculation of the adjoint of I§ (which is a regular integral
operator, see, e.g., [18]), shows that this adjoint has, up to the
composition with transformations x — z(T — ), the same form as
I§, and the latter is compact as we have seen before, because p’ >
max{(1/a),1}. o

Corollary 3.1. If p < oo, then, in the operator norm of linear
endomorphisms of L,([0,T)),

(9) 1Pp, 1511 10, Dn | @
where Ppx(t) := Xp(t)x(t). Moreover, if 1 <p < oo also

(10) 116 Pp,, I 1 0, Dy | @.

Proof. Since I§ is a compact positive integral operator, the claim
follows from [6] (in the case 1 < p < oo this is also contained in [20]).
O

Unfortunately, (10) does not hold in case p = 1. Indeed, the norm
of I§¢Pp, is the norm of the adjoint operator Py (I5)* = Pp, (I§)*
(in the space of linear endomorphisms of L. ([0,7])), and the latter
can tend to zero for every sequence D, | @ only if (I§)* = 0 which
evidently is not the case.

4. Gronwall lemma and global existence for Volterra-
Urysohn functional equations of fractional type. In a Banach
space Y, we consider now the nonlinear functional Volterra-Urysohn
operator

Va(t) = — /0 (t—s)*"Lf(t,s, (Viz)(s),...,(VNz)(s)) ds + c(t)
te[0,T].
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Here, f:[0,7] x [0,T] x Y1 x -+ x Yy — Y (with Banach spaces

Y1,...,Yn) is a function satisfying the Carathéodory condition, ¢ €
L,([0,T],Y) with 1 < p < o0, and Vj: L,([0,T],Y) — L,([0,T],Y%),
k=1,...,N. We assume that all V}; are continuous and bounded,

i.e., map bounded sets onto bounded sets, and that there are linear
positive operators Kj: L,,([0,T]) — L,([0, T]) which satisfy the Volterra

property

(11) zljog = Yloy ae. = Kipzlog = Krylosy ae.
and majorize Vj in the sense that

(12) [Viex(t)| < Ki|z|(t) for almost all ¢ € [0,T]

for each = € L,([0,7T],Y). Moreover, we assume that o > 0 and that
f satisfies the linear growth condition

(13) [f(t s,y yn) < Ol + -+ [ynl) +0(E, 5)

with C € [0, 00) and a, necessarily nonnegative, measurable b with the
property that the function

(14) B(t) ::/O (t —s)*'b(t,s) ds

belongs to L, ([0,T]).

Note that by our above assumptions and the remarks at the beginning
of Section 3, the operator V sends L,([0,7],Y) into itself.

Theorem 4.1 (Gronwall lemma for Volterra-Urysohn functional
equations of fractional type). Let 1 < p < oo. There is a constant M <
oo depending only on the above data such that each x € L,([0,T],Y)
which satisfies

(15) lz(t)] < [V (t)]

for almost all t € [0,T] is subject to the norm estimate ||z| 1o, 1]) <
M.
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Moreover, if all Vi, and thus also V', satisfy also the Volterra-property
(11), then each x € L,([0,T],Y) which satisfies (15) only for almost all
t € [0,i] with i € [0,T] must satisfy the norm estimate |||z (j0,i) < M.

Proof. Putting Ky := K1 + - - + K,,, we have, since K}, are positive,
that

1 ¢ o
\Vrﬂ(t)\ﬁm/o (t — 5)* " (CKolz|(s) + b(s)) ds + |c(t)].

Hence, putting
Az = CI§Kox + B + ||,

we have the required estimate [V x(t)| < A|z|(t). The claim thus follows
from Theorem 2.1 (with either the trivial family of projections (3) or
the canonical projections (6)) if we can prove that the spectral radius
of K := CI§Ky in Ly([0,T]) is less than 1. We show that actually
r(K) = 0.

Assume first that p < oo. Since K is clearly a linear compact 6-
Volterra operator with respect to the canonical projections Pz :=
X0,i) - Z, then [29, Theorem 2] implies that 7(K) = 0 if K is partially
additive, which is trivially satisfied by the linearity, and the range of
K is regular in the sense that for each ¢ € [0,T) and each function z in
the range we have

(16) inf [|P; jz|| =0
>t

where P; j := P; — P;. Condition (16) means that inf;~; ||X}; jyz|l, =0
which holds for each € L,([0,T]) by Lebesgue’s dominated conver-
gence theorem (in the case p < 00).

Assume now that p = oo or at least p > max{1,(1/a)}. In this
case, Lemma 3.1 implies that the range of K is contained in the space
Co([0,T]) of continuous functions vanishing at 0, and so we have in
view of the Gel’fand formula (2)

T(K):i%f sup "W |Kmy| < inf  sup "KMy .

y=Kz y€Co([0,T7])
llz|l,<1 Iyl <K
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Hence, it suffices to prove that K has spectral radius 0 in the space
Co([0,T7]). In this space, we consider the canonical projections

x(t) ift <i,
x(i) ift >,

Pa(t) = {

and it is clear that (16) holds for these projections. Since K is compact
by Lemma 3.1 and the Arzela-Ascoli theorem, the same argument as
above shows that the spectral radius of K in Cy([0,7]) vanishes, as
required. ]

One could try to obtain a global existence result by Theorem 4.1
analogously as one does for ordinary differential equations: One could
first prove that each solution on some interval [0, ), ¢« = 0 not excluded,
can be extended to a solution on a slightly larger interval [0,7 + €;).
Then one could look for a maximal solution and apply the a priori
bound of Theorem 4.1, see, e.g., [30, Proposition 6.7] for an abstract
formulation of the principle and [30, Section 7.1] for an example.
However, we proceed in a different way, making use of the Leray-
Schauder principle, see e.g., [8]:

Theorem 4.2 (Leray-Schauder). Let Q be an open subset of a
Banach space X with 0 € Q, and V:Q — X continuous with compact
V(). If AV has for no X € [0,1] a fized point on O, then V has a
fized point in 2.

To apply the Leray-Schauder principle, we only need the following
special case of Theorem 4.1.

Corollary 4.1. With R := M as in Theorem 4.1 the following holds:
If there is a solution x € Ly([0,T),Y) of the equation Az = Va with
llz|l, > R and a scalar X, then |A] < 1.

In order to employ Corollary 4.1, we need a result on complete
continuity of the involved operators. For the extremal cases p = 1
and p = oo, we get such a result if we require in addition that f is
actually independent of ¢ and that we consider functions with values in
a finite-dimensional space:
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Lemma 4.1. Assume, in addition to our general hypotheses,
(13)—(14), that the Carathéodory function f is independent of t and
that the space Y has finite dimension. Then the Volterra-Hammerstein
operator

1 t
Alzr, - n)(t) = —/ (t— )" Lf(5,21(5), . ,an(s)) ds
I'(a) Jo
is continuous and compact from L,([0,T],Y1 x --- x Yn) into L,([0, T},
Y) for 1 < p < oo. The same holds for p = oo if the family {f(s,-) :
s € [0,T)} is equicontinuous on bounded subsets of Y1 X -+ x Yy,.

Proof. Clearly, A is the composition of the superposition operator

F(zy,...,zn)(s) = f(s,21(8),...,2n(8))

and the partial integral operator I§. The growth condition (13) implies
that F acts from X := L,([0,T],Y1 x --- x Yy) into Z := L,([0,7],Y)
and is bounded. Moreover, if p < oo, then, since f is a Carathéodory
function, X is an ideal space and Z is a regular ideal space, F: X — Z
is automatically continuous, see [26, Theorem 5.2.1]. If p = oo, the
continuity of F' is obtained by a straightforward calculation from the
equicontinuity assumption. Since I§ is compact in L,([0,T],Y) by
Lemma 3.1 (because Y has finite dimension, one can consider the
coordinates separately), the claim follows. a

If Y has infinite dimension or f depends also on ¢, we can treat only
the case 1 < p < 00, and we have to require the following additional
assumptions:

(A) f is a strict Carathéodory function in the sense of [30], i.e.,
the function g(¢,s) := f(t,s,-,...,-) is measurable as a function from
[0,T] % [0,T] into the space C(Y; x - -- X Y,,Y) of continuous functions,
endowed with the topology of uniform convergence on bounded sets.

(B) For almost all (¢,s) € [0,7T] x [0,T] the map g(¢, s) is compact,
i.e., for each bounded M}, C Y} the image g(t,s)(My x --- x M,) is a
precompact subset of Y.

These are no additional assumptions, i.e., they are automatically sat-

isfied for a Carathéodory f, if the spaces Yi,...,Y, have finite dimen-
sion, see [5]. In general, we have only:
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Proposition 4.1. The Carathéodory function f is a strict Cara-
théodory function if and only if there is a set S C [0,T] x [0,T] of full
measure such that for the function g above the image g(S) is separable
inC(Y1 x---xY,,Y).

Proof. In view of [30, Proposition 8.8] this is an immediate conse-
quence of [30, Theorem 8.5]. O

Unfortunately, if one of the spaces Yj has infinite dimension, then the
space C'(Y1 x -+- x Y,,,Y) is never separable (for Y # {0} of course)
even if Y = R, see [28]. Nevertheless the assumption that f be a strict
Carathéodory function is not so severe for applications as one might
guess from this observation at a first glance: For many applications,
compact operators like g(¢, s), for fixed ¢, s, come from Urysohn integral
operators as, e.g., when Y; = --- = Y, is an ideal space (over some
measure space S) and also Y is an ideal space and

o(t, 5)(x)(r) = /S o o7, 0, 3(0)) dor

In this situation, if (¢,s,7,0,u) — hy (7,0, u) is a strict Carathéodory
function also f is a strict Carathéodory function under very mild growth
conditions; for more details, we refer to [30, Section 10].

Lemma 4.2. Let conditions (A) and (B) hold, in addition to our
general hypotheses (13)—(14). If 1 < p < 0o, then the Volterra-Urysohn
operator

1 t
Az, ... ,zn)(t) := —/ (t—8)*" f(t,s,21(5),...,xNn(5))ds
0= s | (t. 521 (
is continuous and compact from L,([0,T],Y7 x --- x Yy) into

L,([0,7],Y).
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Proof. Endowing Y7 X -+ x Y with the sum-norm |(y1,... ,yx)| :=
ly1]+ - - -+ |yn| and putting Ppa(t) := Xp(¢t)x(t), we have the estimate

/ |(t—s8)*"1f(t,s,21(5),... ,2n(s))|ds
D,,N[0,¢]

< T(@)I§ Pp,)(Cl(x1, ... )(E) + / (t—5)2b(t, s) ds.

DnN[0,t]

As D, | @, the norm, in L,([0,T]), of the righthand side converges
to 0 by (10) uniformly for x = (x1,...,2n) on bounded subsets of
L,([0,T],Y1 x -+ x Yy). Similarly, (9) implies that

Yo, () / (= )™ f(t,5,21(5), .., 2x(s))] ds

converges in norm to 0 as D, | &, uniformly for z = (21,... ,zn)
on bounded subsets of L,([0,7],Y1 X -+ x Yn). Also, we obtain
immediately from (13) that

t
/ sup ‘(t_s)ailf(tasaylw"ayN)|dS<OO
0 [(y1,---,yn)|I<n

for each n € N and almost all ¢. In view of [30, Proposition 9.13], in
particular the formula (9.11) in the subsequent remarks, it follows that
A is uniformly regular in the sense of [30, Definition 9.2]. Hence, the
claim follows from [30, Theorem 9.10] (the assumption (9.8) in that
theorem is satisfied with 7, = 0 by [30, Proposition 9.11]). u]

Lemma 4.3. Let conditions (A) and (B) hold, in addition to our
general hypotheses, (11)—(14). If 1 < p < oo, then the Volterra-
Urysohn functional equation

(17)
2(t) = ﬁ/o (t— )2 L F(t 5, (Viz)(s), ... » (Vwa)(s)) ds + ()

for almost all t € [0,T]

has a global solution x € L,([0,T],Y) for each c € L,([0,T],Y).
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If f is not a strict Carathéodory function but independent of t, and if
Y has finite dimension, then an analogous result holds for 1 < p < oo
and also for p = oo if the family {f(s,-) : s € [0, T} is equicontinuous.

Proof. Up to the constant function ¢, the operator V on the righthand
side is the composition of the continuous operator L: L,([0,71],Y) —
L,([0,T],Y1 x -+ x Yy) defined by

(18) Lx(t) := (Vix(t),. .., Vax(t))

and the continuous compact operator A from Lemma 4.2, respectively
from Lemma 4.1. Hence, V: L,([0,T],Y) — L,([0,T],Y) is continuous
and compact, and its fixed points are precisely the solutions z €
L,([0,T],Y) of (17).

To see that V has a fixed point, we apply the Leray-Schauder principle
(Theorem 4.2) with X := L,([0,7],Y) and Q := {z € X : |z|| < R}
with R asin Corollary 4.1. We have to verify that the equation x = A\Vx
has no solution with ||z]|, = R and 0 < A < 1. But this follows
immediately from Corollary 4.1. Hence, the Leray-Schauder principle
implies that V has a fixed point in 2 which is a required solution. |

The assumption p < oo can be dropped if the operators Vi are
“sufficiently well behaved” for at least some finite p > 1. This is our
main existence result.

Theorem 4.3 (Global existence for Volterra-Urysohn functional
equations of fractional type). Let 1 < p < oo and Yi,...,Yy and
Y be Banach spaces. The Volterra-Urysohn equation

—Lt—so‘_lsxs x)(s))ds+c
gy = Ty [ (=9 s (). (V) () dselt)

for almost all ¢ € [0,T)]

has a (global) solution x € L,([0,T],Y) under the following assump-
tions:

1. ce Ly([0,7,Y).
2. f is a strict Carathéodory function, i.e., (A) holds, and
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3. f(tys,+ ..., ): Y1 X+ XYy is a compact map for almost all (t, s).

4. f satisfies the linear growth estimate (13) with C' € [0,00) and a
measurable function b such that the function (14) belongs to L,([0,T]).

5. Vi Lp([0,T),Y) — Lp([0,T1,Y%) are linear and bounded for
k=1,...,N.

6. There is some ¢ < p with 1 < q < oo such that also
Vi Ly([0,T],Y) — Ly([0,T),Yy) are linear and dominated in the sense
(12) by positive linear operators Ky: Lq([0,T]) — L4([0,T]) which sat-
isfy the Volterra-property (11).

If Y has finite dimension and f is independent of t, then it suffices
that f is a Carathéodory function, not necessarily a strict Carathéodory
function, and also the choices ¢ = 1 or even p = 1 are admissible. If
additionally the family {f(s,-) : s € [0,T]} is equicontinuous, then also
the choice ¢ = p = 0o is admissible.

Proof. Observe first that a variant of the Riesz-Thorin interpolation
theorem for Lebesgue-Bochner spaces implies that, for each r € [g, p]
the operator Vj, is also bounded from L,([0,77,Y) into L,([0,T], Y%)
(this follows, e.g., from slight variations of the proofs in [17, Chap-
ter IV]). Hence, the estimate

[Va(t)] < (C-Ig|(Viz, ..., VNa)|)(t) + B(t) + |c(t)]

shows that V maps L,([0,7],Y) into L,([0,7],Y) whenever ¢ <
r < p < pand 1/p > (1/r) — a (because, as remarked earlier,
152 Ly ([0, T]) — L, ([0, T1))-

In particular, each solution of = Vz in L.([0,T],Y) automatically
belongs to L,([0,T],Y) if ¢ <7 < p <pand 1/p > (1/r) —a. A
trivial induction by n thus shows that each solution of z = Vz in
L,([0,T],Y) automatically belongs to L,([0,T],Y) if r € [¢,p] and
1/r > (1/p) — na. Hence, the solution automatically belongs to
L,([0,T],Y). Since Lemma 4.3 implies the existence of a solution in
L,([0,T],Y), the claim follows. O

Remark 4.1. The proof shows that Theorem 4.3 remains valid
for nonlinear operators Vi, provided one assumes in addition that
Vi Lo([0,T],Y) — L.([0,T],Y%) is continuous and bounded for each
r € lq,pl.
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5. Application to functional differential equations of frac-
tional order. We recall that the fractional integral operator of order
a > 0 with lefthand point a is defined by

— /at(t — )l (s) ds.

Using the known relations between the Beta- and Gamma-function,
a well-known calculation with the Fubini-Tonelli theorem shows that
I8Py = [218% for each x € Ly([a,b]) and each o, 3 > 0. In particular,
I is the nth iterate of the usual integral operator, and so IS may
indeed be considered as a corresponding fractional integral. We define
the corresponding (Riemann-Liouville) differential operator

(20) Dnte .= priifl-e

when n € Ng :={0,1,2,...} and a € [0,1). Here, D denotes the usual
differential operator. This is an appropriate definition of a fractional
derivative by the following observation.

Lemma 5.1. For 0 < o < § we have
D% =2 ae., x¢€Li(a,b],Y),
and for each x € Ly([a,b],Y) we have
(21) DPI%z = DS~z a.e.,

and either both sides of (21) are defined or none. In particular, when
a = 3, (21) means that the operator DYI is defined on Li([a,b],Y)
and that D§ is the left-inverse of I&. For an integer o = 8 = n and

x € I?(L1(]a,b],Y)), we have D'z = D"x.

Proof. The first claim, i.e., DIlz = x, follows from the fact that
almost all points of x € L;([a,b],Y) are Lebesgue points, see, e.g., [31,
Corollary 7.1]. Let § =n+~v and § — a =m + § with n,m € Ny and
7,6 € [0,1). Then we have in view of DIz = z that

DIz =D e = DM T e = DR 0y

= pmtlpn-mnompl=dy, — pmHll=0, — phay. o
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We consider the functional differential equation of fractional type

(22) Dfx(t) = f(t,z(t—c1),... ,z(t—cn), DYy 2(t—ay),...,

DYy w(t—ay), 1% x(t—b1),... . I7% 2(t—bn))
for t € [0,T] when 0 < o < &, Bi1,...,0m > 0, 0 < a; < Aj,
OgbjSBj,andchO.

In order for problem (22) to make sense, we have to assume that the
initial values w[_ 4,0 := Xo are given where A := max{Ay,... , A, By,
., Bm}.
) m

Proposition 5.1. Assume that 0 < f < « and that z:[-A,T] =Y
is a solution of the Volterra-Urysohn functional equation of fractional
type

(23) z=15"Gx
where Gz € L1([0,T],Y) with

(24) Gx(s) := f(s,Iga:(s—cl), o I x(s—cy), DC_”AlIéBa:(s—al), ceey
Df’;‘klgac(s—ak),IélBIIga:(s—bl), . ,I[_B%mloﬂx(s—bm))

Then y := Ifx solves (22) almost everywhere on [0, T).

Proof. We have y = IJ(I$°Gz) = I¢Gx which, in view of
Lemma 5.1, implies that Dfy is defined almost everywhere and equal
to Gz which gives the claim. o

Theorem 5.1. Let n,k,m € NU{0} and T € (0,00) and suppose
1. f:0,T) x Yntktm Y s q strict Carathéodory function.
2. f(s,-): Y™™ Y s a compact map for almost all s € [0,T).

3. [ satisfies the linear growth estimate

(25) 1f(s591, - s Untktm)| < CUyr| + -+ + [ynl) + b(s)

with C € [0,00) and some b € L1([0,T],Y).
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Let §:= max{ai,...,ap} < a witha; >0, B1,...,Bm >0,0<a; <
Aj, 0 < bj < Bj, Cj > 0 and A := maX{Al,... ,Ak,Bl,... ,Bm}.

Then for each initial data Xo:[—A,0] — Y which is contained in
the range Ig(Ll([—A,OLY)) there is a function y:[—A,T] — Y with
Yl[(—a,00 = Xo which solves (22) almost everywhere.

Proof. Note first that by the remarks in Section 3 we have for any
b € Li([0,T],Y) that the function (14) belongs to L,([0,T],Y) for
1<p<1/(1-a) (if @ <1, in case o > 1 the function belongs even
to C([0,77,Y)). In particular, the function belongs to L,([0,T],Y") for
some p € (1, 00).

Our assumption on the initial data implies in view of Lemma 5.1
that there exists a function Zy € Li([—A,0],Y) for which DgZO = Xo,
almost everywhere, where the lefthand side is defined. In order to apply
Proposition 5.1, we restrict our attention to functions x which satisfy
z|—a,0) = Zo. With this additional requirement, we can rewrite the
arguments of f in (24) for s > 0 as the sum of a fixed function h; ;
(depending on Zy but not on x) and a linear operator of Volterra type
V;,; which depends only on z[(g 71. More precisely, we substitute in (24)

(s = ¢j) = haj(s) + Vi ;2(s)
D%, Igw(s — a;) = ha j(s) + Va,ja(s)
17 w(t = by) = hy j(s) + Vaja(s)

where we put

Zy(s—¢j) ifs<gy,
0 if s > ¢j,

Vo 0 if s <¢j,
ix(s) =
15%(%) z(s—¢;) ifs>¢y,

Df’AjIOﬁZo(s —a;) if s <aj,

D%, 1) Zy(0) if s > aj,
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0 if s<a;, 0 if s< ay,
VQ’jx(S) = D“J’Iﬁ . if . - B—aj; . if .
o’ Iox(s—aj) if s>aj, Iy Va(s—aj) if s> aj,
) 17 1§ Zo(s—b;) if s <y,
3,5(8) ‘= )
1% 1§ 75(0) if s > b,
0 ifsgbj, 0 ifsgbj,
Vaja(s) =9 5, =91 5
Igjloﬁx(s—bj) if s > b;. Ig]Jrﬁa:(s—bj) if s > b;.

The crucial point is that the operators V; ; are linear operators, of
Volterra type, and depend only on z|j, 7). Moreover, in view of 3 > ay,
all the operators V; ; are bounded in L,([0,77,Y). The function

Flsyuny e Uy U1y e Vg, W1, .oy Why)
= f(S, h171(8) + U, ... ,hl,n(s) + Un,hzl(s) +v1,... ,h27k(5)
+7)k,h3’1(8) + wy, ... ,h3’m(8) —i—wm)

satisfies (25) (with b := b+ C'>_, jhij), and now it is evident that (24)
has the form (19) where all assumptions of Theorem 4.3 are satisfied
(with ¢ = p and the Volterra operators V; ;). Hence, Theorem 4.3
implies that we find a solution = € L,([0,7],Y) of the rewritten

equation. Putting y(t) := IJz(t) for t > 0, the claim now follows
by Proposition 5.1. O

Besides the fractional Riemann-Louville derivative (20) also the Ca-
puto derivative
drtoy

a
dtnta

is of interest for applications. The connection with the Riemann-
Liouville derivative is well-known and easy to see:

(26) =D"I,"*Dzx, n=0,1,...,0<a<1

Proposition 5.2. If z:[a,b] — Y is absolutely continuous and the
derivative Dz exists almost everywhere with Dx € L1([a,b],Y), then

(e}
dsz

dt—a:D3+a(l’—IQ)7 a>0
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where x, denotes the constant function with value x(a) (and either both
sides exist or none if o > 1).

Proof. We note first that under our assumption on Dz the absolute
continuity of x is equivalent to the fundamental theorem of calculus,
see, e.g., [31, Theorem 7.6], i.e., equivalent to I! Dz = x — x,. Hence,
in view of Lemma 5.1, we have for each « € [0,1) and each n =0, 1, ...
that

drteg
a
dtn-i-oz

= D"(DXI) I}~ Da = (D"D2)(IST %) Dx:
= (DrTirlmyeti=epy — prte(IlDg) = DY (z—x,). O

Remark 5.1. It is well known that, if Y has finite dimension, then
the absolute continuity of x already implies that Dz exists almost
everywhere and is integrable, see, e.g., [31, Theorem 7.5]. However,
in general, e.g., for Y = Li([a,b],R), there are Y-valued absolutely
continuous functions which are nowhere differentiable. The question of
whether absolute continuity of a Y-valued function implies the existence
of an integrable derivative is related to the geometry of Y.

The above definition (26) has the disadvantage that it completely
loses its meaning if z fails to be (almost everywhere) differentiable.
For this reason, we use the property of Proposition 5.2 to define the
Caputo derivative in general, i.e., we put

dox
dte

(t —a)"
I'a+1)

(27) (t) := Dia(t) — Dyx,(t) = Dex(t) —

a a z(a).
Proposition 5.2 implies that, for absolutely continuous functions with
an integrable derivative, this definition coincides with the usual defini-
tion (26) of the Caputo derivative.

For more remarks concerning the connection of the Riemann-Liouville
and the Caputo derivative, we refer to [22, 23].

Theorem 5.2. Theorem 5.1 remains true if we replace in (22)
in some, or all, occurrences the Riemann-Liouville derivative by the
Caputo derivative (in the sense (27)).
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Proof. We insert (27) into all occurrences of the Caputo derivative,
in equation (22), using always the corresponding initial value X for
the second term in (27). Thus, we can rewrite the given initial
value problem into an equivalent problem where only the Riemann-
Liouville derivative occurs. This new problem can also be written in
the form (22) with a slightly modified function f (similar as in the
proof of Theorem 5.1). This modified function evidently satisfies all
requirements of Theorem 5.1, and so the existence of a solution follows
from Theorem 5.1. ]

6. The multi-valued case. In this section, we extend some results
of the previous sections to the case of inclusions. For the corresponding
Gronwall lemma we need no hypothesis concerning the continuity or
measurability of the involved multi-valued maps. Concerning existence
results, we consider only lower semi-continuous maps. As usual in
this case, the philosophy is to apply an appropriate selection theorem.
However, under our assumptions, it is not clear whether one can find
corresponding Carathéodory selections so that the existence results of
this section do not immediately follow from our previous results.

Let us first discuss the results of Section 4 in the multi-valued setting.
We consider the inclusion

I a1
(28) x(t) € Ta) /0 (t—8)* " F(t,s, V1z)(8),... , (VNx)(5)) ds+c(t),

where Vi L, ([0, T],Y) —o L,([0,T],Y:), k = 1,...,N, and F:Y; x
- X Yy —o Y are multi-valued (with nonempty values) and ¢ €
L,([0,T],Y). Here, the righthand side is understood as the set

Va(t) ::U{/O (t—8)* 'E(t, 8,91(5),. .. ,yn(s))ds + c(t)
typ E Vi for k=1,... ,N},

where, as usual, the integral of a multi-valued function is understood
as the family of integrals of all measurable selections of the integrand.

We understand the hypotheses (12) and (13) correspondingly for each
value of the set Vi, respectively of the set F(t,s,y1,...,Yn), at the
lefthand side.
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Theorem 6.1 (Multi-valued a priori estimate). With the above
interpretation of the formulae, Theorem 4.1 continues to hold with the
above operator V where we replace (15) by the hypothesis that there is
a measurable selection y of Vx such that

(29) z(t)] < |y(t)| for almost all ¢ € [0, 7.

Proof. As in the proof of Theorem 4.1, one obtains for each mea-
surable selection y of Vx the estimate |y(¢)] < Alz|(t) with Az =
Kz + B + |c| where K is a linear positive operator in L, ([0, T]) with
spectral radius 0. Choosing here y corresponding to z with (29), we
obtain with z(¢) := |z(t)| and the usual order in Xg := L,([0,T)
that 0 < 2 < Kz + b with b:= B+ le|.  Proposition 2.1 implies
[l =l < (1 = K)~*b]. o

For the rest of this section, we assume that F' is independent of . Re-
call that F' is called a lower Carathéodory function if F(-,uq,... ,un) is
measurable and F(s,-,...,-) is lower semi-continuous. Unfortunately,
even if N = 1, this does not imply that for each measurable function
Y1, ... ,yn the multi-valued map G(s) = F(s,y1(s),...,yn(s)) ad-
mits a measurable selection, see [3, Example 7.2]. Therefore we have
to require slightly more.

We restrict our attention to the case that Y has finite dimension.
In this case, the above multi-valued function G is measurable if and
only if its graph is measurable or, equivalently, if {s : G(s) C M} is
measurable for each open set M C Y or, equivalently, for each closed
set M CY, see [16]. According to [3], we call F' sup-measurable if the
above function G is measurable for each choice of measurable functions
Y1,--.,yYn- If we require in addition that the values of F, i.e., of G,
are closed sets, then the Kuratowski-Ryll-Nardzewski selection theorem
[19] implies that G has a measurable selection.

Now we are in a position to formulate a multi-valued version of
Theorem 4.3.
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Theorem 6.2 (Global existence for lower semi-continuous Volterra-
Urysohn functional inclusions of fractional type). Let Yi,...,Yy and
Y be finite-dimensional spaces, 1 < p < oo, and let F be independent
of t. Suppose in addition:

1. c€ L([0,T),Y).

2. F assumes only nonempty closed convex values and is a lower
Carathéodory function which is sup-measurable and satisfies the linear
growth estimate

(30)  sup{lyl:y € F(s,y1,---,yn)} < C(lya| + -+ ynl) +b(s)

with C € [0,00) and b € L,([0,T7).

3. Ve L,([0,T],Y) — L,([0,T],Y%) are lower semi-continuous for
k=1,...,N with nonempty closed conver values and dominated in
the sense that

ly(t)| < Kg|z|(t), for almost all t € [0,T]

for each y € Vyx where Ky: L,([0,T]) — L,([0,T]) are positive linear
operators satisfying the Volterra-property (11).

Then the inclusion (28) has a solution in L,([0,T]).

Proof. Put Z := L,([0,T],Y1 x --- x Yn) and X := L,([0,71,Y),
and define £: X — Z by the formula (18). By Michael’s selection
theorem [21], each V}, has a continuous selection, and so also £ has
a continuous selection Ly: X — Z. As explained above, F' induces a
nonlinear superposition operator F: Z — X with nonempty values, i.e.,
the value Fz consists of all measurable selections of s — F(s, z(s))).
In view of (30), F' assumes only compact values, and F sends order-
bounded sets into order-bounded sets. Since in addition X is regular
and F' is sup-measurable and lower Carathéodory, it follows from [4]
that F is lower semi-continuous. Clearly, Fz is closed and convex for
each z € Z. Applying Michael’s selection theorem once more, we find
a continuous selection Fp: Z — X of F. We do not know whether
Fy is a superposition operator induced by a Carathéodory selection
of F. However, since V = I§FL, the operator Vy := I§FyLo is a
continuous and compact selection of V. Choosing the constant M as
in Theorem 6.1, we apply the Leray-Schauder theorem (Theorem 4.2)
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with the operator Vj and Q := {z € X : ||z|| < M}. For each x € X
and each A € [0,1] with = AVpz we have with y := Vox € Vy that
(29) holds, and so z € Q. Hence, the Leray-Schauder theorem implies
that x = Vpa has a solution which thus satisfies x € V. ]

As a consequence of this theorem, we obtain the following “lower
semi-continuous” variant of Theorems 5.1 and 5.2 for functional differ-
ential inclusions of fractional type. Since the argument is only a slight
variation of the arguments used in Section 5, we skip the proof.

Theorem 6.3. Let Y be a finite-dimensional space, n,k,m €
N U {0} and T € (0,00). Suppose that F:[0,T] x YnTrtm oy s
a lower Carathéodory and sup-measurable function which assumes only
nonempty closed convex values and satisfies the linear growth estimate
(30) with C € [0,00) and b € L1([0,T]).

Let f := max{a,... ,ap} < a with a;j > 0, B1,...,6m >0, 0 <
a; <A;,0<b; <Bj,¢; >0, and A :=max{A,... Ay, B1,... ,Bnp}.

Then for each initial data Xo:[—A,0] — Y which is contained in
the range Ig(Ll([—A,O],Y)), there is a function x:[—A,T] — Y with
z|—a,0 = Xo which satisfies
(31)

Dga(t)eF(t,x(t—c1),. .., x(t—cn), DYy x(t—ar),..., D% x(t—ay),
1% w(t=by),..., 1% 2(t—bm))

almost everywhere. An analogous result holds if we replace in (31)
in some, or all, occurrences the Riemann-Liouville derivative by the
Caputo derivative in the sense (27).
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