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UNIQUENESS OF POSITIVE SOLUTIONS
FOR A CLASS OF SCHRODINGER SYSTEMS WITH
SATURABLE NONLINEARITY

XIAOFEI CAO, JUNXIANG XU, JUN WANG AND FUBAO ZHANG

ABSTRACT. This paper is devoted to the study of the
nonexistence and the uniqueness of positive solutions for a
class of the following nonlinear coupled Schrédinger systems
with saturable nonlinearity

u1 (p1u? + Bu3)

— Aui + Mup = nRN,
T+ s(ure? + ud)
2 2
~ Aup ot Agup = 2292 ¥ BU)
1+ s(pouj + Bug)
ul,uzeHl(]RN), up >0, ug >0 inRN,

where Aj,pj,7 = 1,2, are positive constants, s is a positive
parameter and § is a positive coupling parameter. Moreover,
we will show that any positive solution is a priori bounded.

1. Introduction and main results. Much attention has been
focused on mnonlinear optics which provide good knowledge of the
transmission of light at high velocity. The propagation of a beam with
two mutually incoherent components in a bulk saturable medium in
the isotropic approximation can be described by the following, time
dependent two-component coupled nonlinear Schrodinger system with
saturable nonlinearity

0F o247 N

—i5 P = 1+(|¢‘2;HI,‘2;/10<I> fort >0, x € RY,

-0y — _ a(®F+7%) N

(1.1) —ig5V = 1+(|<1>|2+\1/|2)/10\IJ fort >0, z € RY,

O =9(t,z) e C,¥ =¥(t,z) € C for t >0, x € RV,
O(t,z) — 0, ¥(t,z) — 0 as x| = +o0, t >0,
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where ¢ is the imaginary unit. Physically, the solutions ® and ¥ de-
note the amplitude of the first and second components of the beam
in photorefractive crystals, see [14, 16], « is the strength of the
nonlinearity, Iy is the saturation parameter and (|®|?+|¥|?) is the total
intensity created by all incoherent components of the light beam. In
order to obtain solitary wave solutions of the forms ® = \/ae*1tu, (),
U = Jae?tuy(x) with u; and ug real-valued functions and A;, Ay the
propagation constants associated to the mode profile, system (1.1) is
transformed into the following system of two weakly coupled elliptic
equations:

uy (uf + u3)
1+ s(u? + u3)

ug (uf + u3)
1+ s(u? +ul)
Uy, U € Hl(RN),

—Aui + \u; = n RY,

7A7.L2 + AQUQ = in RN,

where s = a/Iy. If I tends to co in system (1.1), i.e., s tends to 0 in
system (1.2), system (1.1) reduces to the Manakov model, where the
solutions ® and ¥ denote the first and second components of the beam
in Kerr-like photorefractive media, see [1, 4, 17], which also appears in
the Hartree-Fock theory for a double condensate, i.e., a binary mixture
of Bose-Einstein condensates in two different hyperfine states [9, 19].
System (1.2) with s =0, i.e.,

—Aup + Muy = up(u? +u3) in RY,
—Aug + Aguz = ug(ud +u3) in RV,

Uy, Ug € Hl(RN)

has been extensively studied, see, e.g., [3, 5, 6, 12, 20, 24] and the
references therein. Recently, more physicists and mathematicians have
become interested in the model (1.1), i.e., s # 0 in system (1.2).

As far as is known, the only results concerning system (1.2) are those
in [2, 7, 14, 15]. de Almeida Maia, et al. [7] stated that the vector
solutions U = (uy, us) with different L? weights on the components can



A CLASS OF SCHRODINGER SYSTEMS 1817

be described by the general problem:

uy(pui +buz) .y
“Aup 4 Auy = A TR
A 1+ s(cu? + du3) R
(1.3) u (buf + pou3)
1+ s(cu? + duj)

Uy, Uy € Hl(RN),

—A'LLQ + )\2“2 n RNa

where s is a positive parameter, and b, ¢, d, Aj, p1;, j = 1,2, are positive
constants. In order to use the variational method to study the problem,
the authors [7] were led to study the following, two-component coupled
nonlinear Schrédinger system:

au (au? + fuj)
1+ s(ouf + Bu3)
Bug(auf + fuz)
—Auz + Aug = in RY,

1+ s(auf + pu3)
U1, U € I‘Il(]RN)7

—Aul + )\1’&1 = n RN,

(1.4)

which is variational, where s is a positive parameter, and A1, Ao, a, 3 are
positive constants, N > 2. The authors of [7] first considered the spe-
cial case with o = § = 1 and A; = Ay := A, then proved that, if s > 1/A,
then system (1.4) has no nontrivial solutions, and, if s € (0,1/X), then
the totality of ground state solutions of system (1.4) can be given in a
somewhat explicit manner (see [7, Theorem 2.1]). For the case where
a > f and Ay > Ay, they proved that system (1.4) has a semi-trivial
ground state solution if s € ((a — 8)/(A\1 — A2), max{a/\1, B/A2}),
and no nontrivial solution if s > max{a/\1, 8/A2}. However, if s € (0,
(a—PB)/(A —A2)), they conjectured only that system (1.4) should have
semi-trivial ground state solutions. This conjecture was later settled
by Mandel [15]. Moreover, the author of [15] also applied bifurca-
tion theory to find positive and seminodal solutions for system (1.4).
The authors of [14] considered L2-normalized solutions for system (1.4)
under the constraint condition

/ (u? +u3)de =1
R2

in R? with & = B, A\; = A2 and s = 1, where A; and Ay correspond to
the corresponding Lagrange multipliers. Recently, the authors of [2]
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considered the prescribed L2-norm solutions for system (1.4) with
/ wlde =C; >0, i=1,2,
R2

in R?, where o # 3 and A;, Ao correspond to the corresponding
Lagrange multipliers.

Motivated by the above work, we study the nonexistence and
the uniqueness of positive solutions for the following form of the
Schrédinger system with saturable nonlinearity

i (pauf + Buj)
1+ s(uyui + Bu3)
uz(p2u3 + Bui)
L+ s(pou3 + fui)
Ul,UQEHl(RN), u; >0, ug >0 inRN,

—Au1 + )\1’LL1 n RN,

—Aug + Aaug = n RY

)

where A;, 115, 7 = 1,2, are positive constants, s is a positive parameter
and g is a positive coupling parameter. Physically, the positive con-
stant p; exists for self-focusing in the jth component of the beam. The
coupling constant [ refers to the interaction between the two compo-
nents of the beam. This interaction is attractive if § > 0 and repulsive
if g <0.

In the present paper, we address another situation concerning sys-
tem (1.3) which is substantially different from systems (1.2) and (1.4).
Obviously, system (1.5) is another case of the general problem (1.3),
which may have no variational structure. We prove the nonexistence
and the uniqueness of positive solutions with different ranges of param-
eters § and s. By the strong maximum principle [11, Theorem 3.5] and
the form of system (1.5), we can see that any nontrivial, nonnegative
solution (u1,uz) of system (1.5) must be positive. Moreover, we can
verify that

9 up(piu? + Bul) 2Buqus

_— = >0
Qug 1+ s(paud + fu3)  (1+ s(uiui + fu3))? ~

and
0 uz(pou3 + Bu?) B 2Buqus

. — > 0.
Our 1+ s(pou + pu?) (14 s(poul + pu?))? —
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Then, from [8, Theorem 2.1], [23, Theorem 1], we can see that the
positive solutions of system (1.5) are radial and decreasing.

When 8 ¢ [min{u, po}, max{p, ua}], it is not difficult to verify
that system (1.5) with A\; = A3 = A and 0 < s < 1/\ admits a positive
solution of the form

B — 2 )1/2 ( B — )1/2
1.6 U= | ———— w, vg = b — w,
(1.6) ’ (52 — paph2 0 B?% — papi2

where w is the uniqueness (see [22] for existence and [13, 18] for
uniqueness) of radial positive solution

3

_ v N
(1.7) Aw+ \w = T in RY,

w(0) = max,cpny w(z), w(x) — 0 as |z| = 400,

with 0 < s < 1/\. In general, in the following, we partially generalize
the previous results of nonexistence and uniqueness of the positive
solutions for s = 0 [3, 12, 20, 24] to the case of s # 0.

Theorem 1.1. Assume that \y = Ao =: A\, p1 # p2, s > 0 and
B € [min{u1, po}, max{p1, u2}t]. Then, system (1.5) does not admit
any positive solution for N > 1.

Theorem 1.2. Suppose that A\ = Ay =: A.

(i) If B > max{pi, p2}, 0 < s <1/X and N > 1, then (ugp,vo), given
by (1.6), is the unique, up-to-translation positive solution to system
(1.5).

(ii) If 0 < B < min{py, po}, then there exists a § > 0 such that,
for 0 < s <min{l/\, 0} and N = 1, system (1.5) has a unique, up-to-
translation positive solution (ug,vo), given by (1.6).

Remark 1.3 ([7, Theorem 2.1]). In system (1.5), if \y = A2 =: A,
= pe = B =1and N > 2, then, for 0 < s < 1/), all positive
solutions of system (1.5) have the following form:

(u1(x),us(x)) = (weosb,wsinb), 6 e (0,7/2),

where w is given in (1.7); for s > 1/, by the Pohozaev identity, there
are no nontrivial solutions of system (1.5).
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The remainder of this paper is organized as follows. In Section 2,
we give the proof of Theorem 1.1. In Section 3, we obtain an a priori
estimate, which plays a crucial role in the proof of Theorem 1.2. The
proof of Theorem 1.2 is given in Section 4.

2. Proof of Theorem 1.1. We first provide the proof of Theo-
rem 1.1.

Proof of Theorem 1.1. Multiplying the equation for u; in system
(1.5) by us, and then integrating over RV, we have

uua(pru? + Bul)
2.1 Vu1V A = .
( ) /]RN( uLVuz + UIUQ) /]RN 1 + s(ulu% + Bu%)

Similarly, multiplying the equation for us in system (1.5) by u1, and
then integrating over RY, we have

uyug (pou3 + fuf)
2.2 VuiVug + Augu :/ .
22) [ (Ve = [

Subtracting (2.1) by (2.2) gives

(41— B + (B — )i _
(2:3) / N s Gaad + B) (11 s+ Bud)

from which we obtain the result of Theorem 1.1. O

3. A priori bounds. In order to avoid technicalities, and without
loss of generality, we assume that Ay = A\ := A = 1. As pointed out
in the introduction, any nontrivial positive solution of (1.5) is radially
symmetric. Then, any positive solution (u1,us) of system (1.5) satisfies
the following system with N > 1:

(3.1)

N—1,7\ | .N—1 FN-1 u(pui + Buz)
—(r uy) +r U n (0, 400),
e T s g O

N-1,/ N-1 N1 ug(poud + fui)
—(r 2) + 1 T tuy = T+ s(aud + Bud) in (0, +00),
u(r), uz(r) > in (0, 4-00),
uj(0) = u2(0) =0 and wuy(r),us(r) —0 as r — +oo.

The next lemma is useful in deriving the rate of decay of u1, us.
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Lemma 3.1. There exists an M >0 such that uy,us < Myr(=N)/2e=1/2
for r sufficiently large.

Proof. Here, we only prove the exponential decay of u;. Then, the
exponential decay of us can be similarly proven. Let

i + Bul
q(r)=1- 2 2
1+ s(pug + Bu3)

By using simple calculations, we can show that u; satisfies the following
equation:

and 1wy = r(N-D/2y

(N=1)(N=3) _

W = () + ).

It follows that

where

(N -1)(N-3)

——

Since uq (), uz(r), p(r) — 0 as r — 400, we have that g(r)+p(r) > 1/2
for r large enough. Let ¢ = u2. Then, by a similar argument to that
of [21, Theorem 3], we can show that ) = O(e™"). Therefore, there
exists an M > 0 such that u; < Mr(=N)/2¢=7/2, O

p(r) =

Next, we prove that any radial positive solution of system (1.5) is
L*°-bounded.

Lemma 3.2. Given 0 < 8 ¢ [min{uy, po}, max{u1, us}], there erists
a constant C = C(3) such that, for any radial positive solution (u1,us)
of system (1.5), we have that

llur] Loo vy, luz || oo mry < C.
Proof. We proceed by contradiction, assuming that there is a se-
quence of solutions (u,,vy,) to system (3.1) with

max u,(r)+ max v,(r) — +oo asn — 4oo.
re(0,400) r€(0,+00)

We follow a blow-up procedure introduced by Gidas and Spruck [10]
for scalar equations which has already been generalized to a class of
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nonlinear Schrédinger systems [5, 6]. Without loss of generality, we
may assume that

M, = u,(0) = max wu,(r) >v,(0) = max ov,(r).

r€(0,400) r€(0,400)
Set r =7/M,, and define U, V;, by

un(F/Mn)

_ v (T/My)
M, '

U, (F) = Va(m) = T

Then,

max V,(7) < max U,(F) =1,
7€(0,400) 7€(0,400)

and (Uy, V,,) solves the rescaled problem

Ny qu& — pN-1 Un(mUp + BV,})
" M M2(Mi? + s(mU2 + pV;2))
—(TN_1V')' + TN—lﬁ — pN-1 Vn(N2VnQ + BU’IQL) )
" M3 M2(M 2 + s(p2Vi2 + BU2))

Passing to a subsequence, if necessary, we see that (U,, V,,) — (Up, Vo)
locally uniformly as n — 400, and (Uy, Vo) is a nontrivial and nonneg-
ative bounded radial solution of

~ENT) =0, (YY) =0,

Integrating over (0,r), we have Uj(r) = 0; thus, Up(r) is a constant.
By U, () = 0 as T — 400 and U, (F) — Up(T) as n — +00, we can see
that Uy(0) = 0, which contradicts Up(0) = 1. O

4. Proof of Theorem 1.2. Now we are in a position to prove
Theorem 1.2 by virtue of Lemmas 3.1 and 3.2.

Proof of Theorem 1.2. Let (u1,u2) be a positive solution of system
(1.5) with A; = A2 := X and s < 1/A. By the assumptions of Theorem
1.2, we can define v = ((8 — p1)/(B — p2))*/? and uy = % /7. In order
to prove the uniqueness of the positive solution of system (1.5), it is
sufficient to prove that us = uq for all » > 0 for the uniqueness result
of the single scalar equation (1.7). Then, uy, us satisfies the following
system:
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7(7,N71 /)/ 4+ A N1y, = N1 ul(:ulu% + 572714%)

' 1+ s(puf + By%u3)’

—(TN Ly )/ + AN 1u2 PN-1 u2(ﬂ27 u2 +BU1)
1+ s(pay2ui + Bu?)’

uy(r), uz(r) >0 in (0, 4+00),

u)(0) =u

50)=0 and wuy(r),us(r) —0 as r — —+00.

Multiplying the equation for w; in system (4.1) by ug, we can deduce
that
(4.2)
2 2,2
N-1,1 N-1,71 7 N-1 Wu2(pug + By us)
+r +ar = -
() iy + AT e =1 + s(uui + By?u3)

Similarly, multiplying the equation for us in system (4.1) by u1, we can
deduce that
(4.3)

—(T‘N_l

N1 U1z (2’ Uz + puf)
1+ s(p2vy? UQ, + ﬂul)

upud) + Nl e N T ugug =

Subtracting (4.2) by (4.3) gives

(4.4)  — (N (Wug — ugub))
N1 fruf+py uj p2y u2+5u1
=T Ui1Ug 3 )
14s(pu1ui+ By UQ) 14-s(p2y? U2 IBU1)

Integrating (4.4) over (0, +00), and, by the definition of v, we have
(45)  — ¥ () |

+o0 2—u3
o N—1 urus(ui —u3)
= (m @A T WsGuud+Bv7u3)) (T s (uan?ud + Buid)

Integrating the equation for u; in system (3.1) over (0,r), we have

TN_lu/ r) = " N_1u
() At (t)q(t) dt

where ¢(t) is defined in the proof of Lemma 3.1. Then, from Lemma
3.1, we can deduce that

(4.6) rN "l uy — 0 as 7 — +oo.
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Similarly, 7N ~lujub — 0 as r — +o00. Combining with Lemma 3.2 and

u}(0) = u4(0) = 0, we can deduce that the left-hand side of (4.5) is
equal to zero. Then,

(4.7)

[ e

0 (14 s(uug + Bv2u3)) (1 + s(p2y?uj + Bui))

Since 8 # p1, it is sufficient to prove that uy > ug or u; < usg.

=0.

In the following, we prove that wi(r) > ua(r) or ui(r) < us(r) for
all . Suppose, to the contrary, that (u; —us) changes sign. Subtracting
the first equation of (4.1) by the second, we can see that (u; — uz)
satisfies

(4.8)
(1 —n) L (0 ) A1 —z) = p(r) (w1 —z) i [0, +00),
where

o(r) = prui + (1 — Busus +poy*ui + s ui + By u3) (pay*ui +puz) ’

(I+s(uui+Bv2u3)) (1+s(uay*u3 +ui))

and uq(r) — ua(r) = 0 as r — +oo. Then, by the maximum principle,
u1(r)—uz(r) changes sign only in finite time. Without loss of generality,
we can assume that uq (1) > us(r) for r large enough. Thus, there exists
an 7 > 0 such that

(4.9) () —u2(™) =0 and wui(r) —us(r) >0 forr>T7,
which implies that

(4.10) ui (7) — uy(7) = 0.
Integrating (4.4) over (7, +00), then using the definition of v and (4.6),
we have

(4.11)

N (g — ugub)(7)

400 2 2
B B N_1 uyug (Ui — u3)
= (m /3)/F T Ut s(ued + Br2ud)) (1 + s(par2ud + fud))’

which yields
(4.12) uy (7) — uhy(7) > 0.
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Otherwise, if u} (7) — u4(7) = 0, from (4.9) and (4.11), we can obtain a
contradiction for 8 # p.

If 8 > max{pi,p2}, then, from (4.9) and (4.12), the value of the
right-hand side of (4.11) is less than zero, and the value of the left-
hand side of (4.11) is larger than zero. This is a contradiction.

If 0 < 8 < min{p, pu2}, when N = 1, we divide the situation into
two cases:

Case 1. For all r > 7,
(4.13) (uyus — ugub)(r) > 0.

This is due to the fact that (u}jus —ujuj) is continuous in [0, +00) and,
from (4.9) and (4.12), (vjus — uiub)(7) > 0. Multiplying the equation
for uy in (4.1) with N =1 by u, we obtain

(114) — ()Y + GARY

_ (/A)pa (u) +(1/4)B* (uiud) +(1/2) By urug (uy us —usu)
1+ s(uaui + By?u3) .

Multiplying the equation for ug in (4.1) with N = 1 by u), we obtain

(115)  — ()Y + ZAY
U + (08 +0/2) sy —s)

1+ s(p2y?u3 + pui)

Subtracting (4.14) by (4.15) and integrating over (7,4o0), we can
obtain that

(416) 5 (~ (4 (4 Mo~ M)
(L R 2 sl
" 1+ s(paui+By2u3)
RULTRRC RUDL RPN
1+s(ppy?u3 +Buf) ' '

Obviously, F'(s) is continuous with respect to s > 0. Moreover, since
s —0,
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+oo
F(s) — / (mul) + 5% udu) + LBy urunuus — ey

- (iuﬂQ( ) + 5(”1 3) —;Mluz(uiuz—ulué)»

1
= —(pui + By uius — poy us — Buiui)

7>
1

1 [tee
+ §B/~ (Y2uqug (W ug — urulh) + upus (uhug — uiuh))

“+oo
= §ﬁ/~ (Vurug (ufug — uruh) + ugug(ujug — uyuy)) > 0,
s

where the last equality follows from wuy (7) = ua(7), ui(+00) = uz(+00)
= 0 and the definition of v, and the last inequality follows from (4.13).
Thus, there exists a § > 0 such that the value of the right-hand side
of (4.16) is not less than zero for 0 < s < §. Since uy(7) = ua(7),
up(400) = uz(+00) = 0 and u)(4+00) = uh(+00) = 0, the value of
the left-hand side of (4.16) is equal to ((u})? — (u4)?)(7)/2. Then, by
0 > u}(7) > uh(7), the value of the left-hand side of (4.16) is less than
zero. This is a contradiction.

Case 2. There exists an 7 > 7 such that
(4.17) (ujug — urub)(F) = 0.
Integrating (4.4) with N =1 over (T, +00), we obtain

0 = (ujug—uyub)(T)

B B * o1 uyug (uf —uj)
= (1 B)/F r (1+s(pru? +B72u3)) (1+s(pu2y2uz + fu?))

>0,

where the first equality follows from (4.6) with N = 1 and (4.17), the
last inequality follows from (4.9) and 0 < S < min{puq, u2}. This is a
contradiction.

Therefore, the proof of Theorem 1.2 is complete. O

Remark 4.1. If 0 < § < min{py, p2}, in this paper we only prove the
uniqueness of the positive solution for system (1.5) with N = 1. When
N > 1, we cannot obtain similar equations to (4.14) and (4.15) since
system (1.5) may have no variational structure.



A CLASS OF SCHRODINGER SYSTEMS 1827

Acknowledgments. The authors would like to express their appre-
ciation for the valuable comments and suggestions of the editor and
reviewers.

REFERENCES

1. N. Akhmediev and A. Ankiewicz, Partially coherent solitons on a finite
background, Phys. Rev. Lett. 82 (1999), 2661-2664.

2. X. Cao, J. Xu, J. Wang and F. Zhang, Normalized solutions for a coupled
Schrédinger system with saturable nonlinearities, J. Math. Anal. Appl. 459 (2018),
247-265.

3. Z. Chen and W. Zou, An optimal constant for the existence of least energy
solutions of a coupled Schrédinger system, Calc. Var. Part. Differ. Eqs. 48 (2013),
695-711.

4. D.N. Christodoulides, T.H. Coskun, M. Mitchell and M. Segev, Theory of
incoherent self-focusing in biased photorefractive media, Phys. Rev. Lett. 78 (1997),
646-649.

5. E.N. Dancer and J. Wei, Spike solutions in coupled nonlinear Schrédinger
equations with attractive interaction, Trans. Amer. Math. Soc. 361 (2009), 1189—
1208.

6. E.N. Dancer, J. Wei and T. Weth, A priori bounds versus multiple existence

of positive solutions for a nonlinear Schridinger system, Ann. Inst. Poincare 27
(2010), 953-969.

7. L. de Almeida Maia, E. Montefusco and B. Pellacci, Weakly coupled nonlinear
Schrédinger systems: The saturation effect, Calc. Var. Part. Differ. Egs. 46 (2013),
325-351.

8. D.G. De Figueredo, Monotonicity and symmetry of solutions of elliptic
systems in general domains, Nonlin. Differ. Eqs. Appl. 1 (1994), 119-123.

9. B.D. Esry, C.H. Greene, J.P. Burke, Jr., and J.L. Bohn, Hartree-Fock theory
for double condensates, Phys. Rev. Lett. 78 (1997), 3594-3597.

10. B. Gidas and J. Spruck, Global and local behavior of positive solutions of
nonlinear elliptic equations, Comm. Pure Appl. Math. 35 (1981), 525-598.

11. D. Gilbarg and N.S. Trudinger, FElliptic partial differential equations of
second order, Springer, Berlin, 2015.

12. N. Ikoma, Uniqueness of positive solutions for a monlinear elliptic system,
Nonlin. Differ. Eq. Appl. 16 (2009), 555-567.

13. M.K. Kwong and L. Zhang, Uniqueness of the positive solution of Au +
f(u) =0 in an annulus, Differ. Int. Egs. 4 (1991), 583-599.

14. T.C. Lin, M.R. Beli¢, M.S. Petrovi¢ and G. Chen, Ground states of nonlinear
Schrédinger systems with saturable nonlinearity in R2 for two counterpropagating
beamns, J. Math. Phys. 55 (2014), 011505.

15. R. Mandel, Minimal energy solutions and infinitely many bifurcating

branches for a class of saturated nonlinear Schrodinger sysytems, Adv. Nonlin.
Stud. 16 (2016), 95-113.



1828 X. CAO, J. XU, J. WANG AND F. ZHANG

16. J.H. Marburger and E. Dawesg, Dynamical formation of a small-scale
filament, Phys. Rev. Lett. 21 (1968), 556-558.

17. M. Mitchell, Z.G. Chen, M.F. Shih and M. Segev, Self-trapping of partially
spatially incoherent light, Phys. Rev. Lett. 77 (1996), 490-493.

18. T. Ouyang and J. Shi, Ezact multiplicity of positive solutions for a class of
semilinear problem, 11, J. Differ. Egs. 158 (1999), 94-151.

19. C. Riiegg, N. Cavadini, A. Furrer, et al., Bose-FEinstein condensation of the
triplet states in the magnetic insulator T1CuCl3, Nature 423 (2003), 62-65.

20. B. Sirakov, Least energy solitary waves for a system of monlinear Schré-
dinger equations in R™, Comm. Math. Phys. 271 (2007), 199-221.

21. W.A. Strass, Ezxistence of solitary waves in higher dimensions, Comm.
Math. Phys. 55 (1977), 149-162.

22. C.A. Stuart and H.S. Zhou, Applying the mountain pass theorem to an
asymptotically linear elliptic equation on RN, Comm. Part. Differ. Eqs. 24 (1999),
1731-1758.

23. W.C. Troy, Symmetry properties in systems of semilinear elliptic equations,
J. Differ. Eqs. 42 (1981), 400-413.

24. J. Wei and W. Yao, Uniqueness of positive solutions to some coupled non-
linear Schrodinger equations, Comm. Pure Appl. Anal. 11 (2012), 1003-1011.

HuAryIN INSTITUTE OF TECHNOLOGY, FACULTY OF MATHEMATICS AND PHYSICS,
Huaian 223003, P.R. CHINA
Email address: caoxiaofei258@126.com

SOUTHEAST UNIVERSITY, SCHOOL OF MATHEMATICS, NANJING 210096, P.R. CHINA
Email address: xujun@seu.edu.cn

JIANGSU UNIVERSITY, FACULTY OF SCIENCE, ZHENJIANG, JIANGSU 212013, P.R. CHINA
Email address: wangmath2011@126.com

SOUTHEAST UNIVERSITY, SCHOOL OF MATHEMATICS, NANJING 210096, P.R. CHINA
Email address: zhangfubao@seu.edu.cn



