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ON THE MAXIMAL INDEPENDENCE POLYNOMIAL
OF CERTAIN GRAPH CONFIGURATIONS

HAN HU, TOUFIK MANSOUR AND CHUNWEI SONG

ABSTRACT. In this paper, we investigate the maximal
independence polynomials of some popular graph configura-
tions. Through careful analysis, some of the polynomials un-
der study are shown to be Chebyshev, which helps character-
ize polynomial properties such as unimodality, log-concavity
and real-rootedness with ease and efficiency. We partially
characterize the bridge path and bridge cycle graphs of
wheels and fans according to their unimodality properties
and propose relevant open problems. Also, to compare with
the usual independence polynomials, we provide analogous
results regarding the vertebrated graph, and the firecracker
graph, as studied by Wang and Zhu [47].

1. Introduction. Throughout this paper, we consider only finite
simple connected graphs. Let G = (V, E) be such a graph with vertex
set V and edge set E. For a vertex v € V, let N(v) = {w | vw € E}
be the collection of its neighbors, and let N[v] = N(v) U {v} denote
the closure of its neighborhood. The reader is referred to [11, 48] for
graph theory terminologies not specified here.

The independence polynomial was introduced in [14] as a general-
ization of the matching polynomial:

I(G;x) := Z in(G)xk,

k>0

where i, (G) represents the number of independent subsets of V' with
cardinality k, i.e.,

ir(G) = {A C V| the induced subgraph G[A4] is an empty graph}|.
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The leading coefficient counts the number of maximum independent
sets, those with cardinality «(G). Important properties of the inde-
pendence polynomial, including real-rootedness, log-concavity and uni-
modality, have been extensively studied, see, for instance, [2, 3, 4, 6]—
[9, 14]-[16, 22, 24, 26]-[28, 33, 40, 42, 46, 47, 51, 52], etc.

In general, the polynomial

is called unimodal if the sequence ag, a1, ..., a, is unimodal, i.e., there
exists some peak index m (the “mode,” possibly not unique, however)
such that

aOgalS"'Sam—lSamzawn+lz"'2an-

When the coefficients ag, a1, ...,a, are all positive, f(x) is said to
be logarithmic concave if, for all 1 < k < n — 1, it holds that
ai > ag_1ak+1, ie., logay > (logak—1 +logaks1)/2. Particularly
interesting to combinatorists, unimodality problems are widely studied
by mathematicians from a vast array of disciplines. It is well known
that real-rootedness is stronger than log-concavity, and the latter is
still stronger than unimodality [41, 47, 50]. Sometimes we find that
the polynomial f(z) has a gap at %, i.e., ax = 0 when [ < k, v > k,
such that a;,a, > 0. Obviously, a polynomial with any gap cannot be
unimodal.

In this paper, we study the maximal independence polynomial as
it makes sense to focus on maximal independent sets instead of taking
arbitrary independent sets that may actually be covered by those which
are larger. Here, by a mazimal independent set (MIS) of G, we require
the set A C V to (1) be independent, and (2) have no strictly super
independent set W such that A C W C V. Accordingly, the mazimal
independence polynomial is defined by

. — E A
Imax(Gﬂx) T xl I
A: A is an MIS of G

We remark that, while maximal independent sets are also widely
studied, see e.g., [10, 12, 13, 17]-[21], [23, 25, 29, 30, 31], [34,
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35, 37, 38, 43, 44, 49], investigation of the notion of the maximal
independence polynomial has been nonetheless sparse.

Apparently, Ina.x(G;x) and I(G;z) have the same degree and the
same leading coefficient, but in general, they are different. Partially
motivated by the study of [47], here we are interested in investigating
Imax(G; ) and the comparison of unimodality properties of I yax(G; )
and I(G;z), and so on.

For usually disjoint subsets Uy, Uy of V, define

LMV (G 2) = > 2,

A: A is an MIS of G
U1 CACV; UsCACV

which will be useful shortly. In standard notation, the overlined U
denotes the complement of U in V; here, in this paper, we use it
differently. If Uy, Us, or both, have cardinality 1, we may use the
shorthand notation Imaxul’Uz(G;x), ImaXUl’E(G;x), Tnax "™ (G5 )
fOr Lo " Y2(G3 1), Inax V121 (G5 ) and Loy (421 (Gs 1), respec-
tively. We allow one of Uy, Us to be empty; thus, the restriction is
one-fold only, in which case, the () is often omitted from the notation:

max (G JI) - Imath (G .T) max (G x) - Imax 2(G;’I).

Clearly, Ina " (G;z) = 0 if B(G[U1]) # 0.

Throughout, we use the convention that, for a,b € Z, the binomial
coefficient (‘g) is taken to be 0 whenever a < b or b < 0.

2. General results. Let v € V(G). For convenience, we introduce
the following notation which reflects a subtle treatment of the situation.

Define I2, (G;z) to be Imagx)(G — v;x). Note that Imﬁx)(G — ;)
is different from a somewhat similar Img(] (G;x), which is the zero

polynomial since G[N[v]] is not an empty graph (recall the assumption
that G is connected from the beginning).

The next lemma establishes a recurrence relation of the maximal
independence polynomial.
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Lemma 2.1. Let G = (V, E) be any graph with an arbitrarily fixed
vertex v € V.. Then,

Luax(Gio) = Y ImB(G —viz) + 2l (G o),
P#ACN (v)
B=N(v)—A

where G — v is the graph obtained by deleting the vertex v from G.

Proof. Straightforward. (Similar to the standard proof of the “usual”
recursive formula for the standard independence polynomial.) O

In subsequent sections, Lemma 2.1 will be used to derive maximal
independence polynomials for various classes of graphs. Here, we
investigate the n-path, i.e., the path on n vertices, and the n-cycle.

Let P, be a path graph with n vertices, say, labeled by 1,2,...,n.
Then, Inmax(Po;x) = 1, Imax(P1;2) = 2, Imax(Pe;z) = 2z and, for
n >3,

(2.1) Imax(Pn; ) = I (Po; @) +I§1ax(P’ﬂ;$)

= xlmax(Pn—Q; x) + xIInax(Pn—?;; .23)

Proposition 2.2. The mazximal independence polynomial of path P,

is given by
Jj+1 .
Imax(Pn;x) = Z < -)xjv
=0 n+1—2j

where, as usual, (‘Z) is assumed to be 0 whenever a < b or b < 0 for

a,b € Z. Moreover, the polynomial Inax(Pp;x) is log-concave, and
therefore, unimodal.

Proof. 1f we define f(t) = >, 5 Imax(Pn; 2)t", then (2.1) gives

f(t) —2xt® —at — 1 = xt?(f(t) — 1) + xt3 £ (1),
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which implies

1+ xt + xt? o )
t)= —— = (1 +at(l1+t T2 (1 + t)7
ft) 1= 2201 1 0) (1+2t(1+ ))va (1+1)
Jj=0
= (L4 t) )2l T (L)
>0 >0

Therefore, the coefficient of ™ in the generating function f(t) is given
by

where the last equality is based on Pascal’s well-known identity

<Z>+<bi1> - <a21>'

Hence, we have obtained the maximal independence polynomial for P,.
Clearly, deg Imax(Pp;x) = [(n 4+ 1)/2], and the lowest nonzero term of
Imax(Pr; x) has degree [n/3].

Straightforward computation shows that log-concavity holds, and

unimodality follows. O

Proposition 2.3. For alln > 3,
n J .
Jj=1
Moreover, the polynomial In.x(Chn;x) is log-concave, and therefore,

unimodal.

Proof. Let C), be the cycle graph on the vertices 1,2,...,n. Then,
Lemma 2.1 for G = C,, gives
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Imax(cn;x) max(cnvx) +Imax(cn7‘r)
:Ilmax(Pn—i% )+Il {n ln}(C )

max

+ Lt O (G ) + L1 (Cs )

max

= @lnax(Prg; @) + Lir 2 H B =3n=tnk(C, )
+ o BTS20 (O ) 4 02 T (Pasi @)
= 2lmax(Pn_3; %) + 202 Lnax (Pn_6; ) + 2° Inax (Pr_s; ),
forall n > 7.

Hence, by Proposition 2.2, we obtain

J+1 i+1 J+1 12
Imaxcn; = I+ 2 I+
(Cus ) Z(HQQ)QC + Z(ng)zj v

o J+1 i1 J+1 e
Imax(Cn,m)—Z<n_2_2j>x +Z n—5—2j x

232

j>0

Direct calculation shows that Inax(Co;x) = 22, Inax(Cs;z) = 3z,
Inax (Cy; ) = 222, Lax(Cs; 2) = 522 and Lay(Ce; x) = 322 + 223,

Therefore, the first statement of Proposition 2.3 holds for all n, based
on which the log-concavity, and hence unimodality, is clear. (|

Definition 2.4. Begin with G = G(V, E), where V = {v1,v2,...,Um }.
Now, G is repeated n times as GV, G?) ..., G GU) having vertices
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’Ul(j), where 1 < i <m, 1 < j <n. Then, we obtain two graphs G x P,
and G x C,,. G x P, is the graph obtained by connecting vertices ’Ul(j )
and vng) with an edge, forall1 <i<m,1<j<n-—1and GxC, is
based on G x P,, obtained by further connecting vertices 051) and vgn)7
1 < i < m. Moreover, for permutation o on the letters {1,2,...,m},

G x C7 is the graph obtained from G x P,, by further connecting the

(€] (n)

vertices v, and Vo (i) with an edge, for all 1 <7 < m.

FIGURE 1. Graph P, x P, P» x C,, and Py x C?).

Proposition 2.5. The mazimal independence polynomials of graphs
P, x P,, P, x Cp,, P, X 07(112) are, respectively,

~1
Inasx(P2 X Pojz) =2 (Z - d)xd7
d

Lnax(P2 % Cpyz) =2 g (n f d)wd,

2|d

(12). ..\ _ n( d d
Iax(P2 x C{M2) =2 ) d(n_d)x :
2|d+1
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Note that, while Proposition 2.5 may also be proven by generating
functions, we give an illustration below of a purely combinatorial proof.

First, let G = Ps.

Proof. (Combinatorial enumeration). We investigate the manner in
which vertices in G = P, x P, or G = P, x C,, are “selected” in an
MIS and determine #{|A| = d : A is an MIS of G} for fixed d. We
address vgl), v§2), . ,vin) by “top” vertices and vél), 1152), ... ,vén) by
“bottom” vertices. Fix an MIS of size d. Observe that, if a top vertex

(4) G-1) G+ ()
Ul 1 ’ Ul ) U2
53;1)

is selected in MIS, then none of v can exist in MIS;

(G-1)
2

therefore, either v is selected in MIS or v is not selected in

MIS. However, véj ~2) must be in MIS. Two conclusions may obtained.

(1) In an MIS, the “top” and “bottom” vertices occur alternately
from left to right.

(2) Regardless of the subscript 4, the index j of vertices vgj ) in an
MIS forms a strictly increasing sequence 1 < j; < ja < -+- < jg < n
with the property ji11 —j: € {1,2}, for 1 <t <d—1.

For the case of G = P> x P,, it is obvious that one of {v%l),vél)}

must be selected in MIS and one of {vln), vén)} must also be selected.
Note that the sequence 1 = j; < jo < --- < jg = n with property
je+1 — je € {1,2} has (¢7) ways to be constructed. In addition, there
are two ways to obtain either {v%l)} or {vél)}, which determines the
oscillating pattern of the “top” and “bottom” sequence of d vertices.
Hence, the coefficient of 2% in Iy (P X Pp; ) is 2(5:3).

For the case of G = P, x C,,, the up-down phenomenon is the same;
however, possibly none of {vgl), vél)} would be selected in an MIS. For
symmetry, the probability that one of {vil),vél)} is selected in MIS
is d/n. Denote this probability by P;. In order to illustrate, suppose
that v\") is in MIS. It is easy to see that either v" " or v{™ must be
selected, and moreover, it follows that d must be even. Next, there is a
bijection between the MISs of P> x C), with vgl) selected and the MISs
of P, x P,y with both vgl) and vE"H) selected. As in the previous

case, there are
d+1 B d
(n+1)—(@d+1)) \n-d
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methods of constructing the subscript sequence 1 = j; < ja < -+ <
Jd < ja+1 = n+1 with property ji+1 —j: € {1,2} (while the oscillating
pattern is already fixed). Hence, the coefficient of 2¢ in Iyay (Psx Chp; )

is
2(d\ 2 d
P\n—-d) d\n-4d)’

where d must be even.

For the case of G = P, X C,(Lm), the proof is similar to the case of

gn—l) or

G = P, x C,, except that the presence of vgl) requires either v
v%n) to be selected, and the bijection is between the MISs of P, x C,,
with vgl) selected and the MISs of P, x P, 11 with both v%l) and vénH)

selected. In this case, d must be odd. O

Maximal independence polynomials Ipax(Pa X Cp;x) and Ipax (P X

C,(Lu); z) are nonunimodal due to their many gaps. Maximal indepen-
dence polynomial I.x(P> X Pp;x) is monotone and log-concave by
checking the coefficients:

(= ()

(with the condition d — 1 > n — d).

Now we focus on the following graphs: G = P3 x P,, G = P35 x C,,
G203><Pn andG:C'ng’n.

Proposition 2.6. The mazimal independence polynomials of graphs
C3 x P, and C3 x C,, are:

Iinax(C3 X Ppyz) =3 x 2" 1™,
Inax(Cs X Cpyx) = (2" +2 x (=1)")2", n>3.

Proof. For the cases of G = C3 X P, and G = C3 x C,, it is
obvious that no two vertices of each C3 {vij ), véj ), véj )} may be selected
in MIS at the same time. In addition, it is impossible that none
of {vy ),véj ),véj )} are selected, for otherwise, either at least two of
{vgj_l),véj_l),vgj_l)} or at least two of {v§j+1),v§j+1),v§j+l)} must

)

be included in order to cover {v%j ),véj ,U:())j )}, which is problematic.

Hence, exactly one of {vij ), vgj ), véj )} should be selected for any MIS.
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FIGURE 2. Graph P3 x P, and C5 X P,.

Finally, note that 3-colorings of P, and C,, are counted by 3 X

27~ and 2" 4+ 2 x (—1)", respectively, [5, page 65], [39, A007283,
A092297]. O

The cases of G x P, and G x C,, here G = Ps, are not as simple
compared with the cases of G = P, and G = C3. In any MIS of P5 x P,

(or of P3xC,,), individual vertices of {Vl(j ), V2(j ), Vg(j )} must be selected
according to one of the five types.

Type 1. {v%j),véj)} are both included.
Type 2/3/4. Exactly one vertex of {v%j), véj), vi())j)} is selected.
Type 5. None of {vij),vgj),véj)} appears.

Type 1 Type 2 Type 3 Type 4 Type 5

FIGURE 3. A visual graph of five types.
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For example, for P3 x P,, we may consider the generating functions,

gz,J:Ey Zzadnxy’

d>0n>2

where a represents the number of different ways of selecting d vertices
from graph P; x P, such that the (n —1)th column has type ¢, the nth
column has type j, and the d vertices form an MIS. Note that

Z Imax(P3s X Py 2) xy" = g13+923+92,4+931+94,2+94,3+951+95,3,
n>2

and recurrence relationships such as g1,3 = zy(gs,1 + g3,1) + 23y? aid
in calculating

Z Imax(Ps x Py z)y" (227 + 223)y?
n>2
+ (42% — 32* + 25)yP + (—dat 4 425 — 225)y?
(2t = 32% — 520 + 27)yP+ (—4a® 4 227y’ + (32 + 2")y”
(1= o) (L — oy — %2 + (o8 — Aa0)y+ (207 — )y + 2yf)
= (222 +223)y* + (823 + 2 + 2°)y+ (102 + 625 + 228y + - -

In fact, 12 recurrence formulas, which are linear equations on g; ;, are
used to derive the above formula. This yields Iyax(P3 X P; 1) = 222 +
223 Inax (P3 X Ps; 1) = 823+ 24 +2° | Ljax (P3x Py; 2) = 1024 +62°+229,
and so on. For an illustration of the MISs of P3 x Ps, see Figure 4.

HEEHBEHBE R

FIGURE 4. MIS in the graph P53 x Ps.

We will skip the calculation of P3 x C,.

For the remainder of this paper we will apply our general results
to several interesting graph concatenation configurations that appear
in [47]. In Section 3, we study the type of bridge path graphs, while
in Section 4, we investigate bridge cycle graphs.

3. Bridge path graph. Let {H;}; be a sequence of finite pairwise
disjoint graphs with specific v; € V(H;) and V(H;)—v; # 0. The bridge
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path graph
B(Hl,HQ,...,Hd) = B(Hl,HQ,...,Hd;’ljl,’l)g,...,’l)d)

of sequence {H;}¢ | with respect to the vertices {v;}¢ ; is obtained
from the graphs Hi,...,Hy by connecting the vertices v; and v;y1
with an edge for all i =1,2,...,d — 1. See Figure 5 for an illustration.

FIGURE 5. The bridge path graph.

Based upon Lemma 2.1, we have the following theorem regarding
the general configuration of bridge path graphs.

Theorem 3.1. Fori=1,2,...,d,d > 3, let H; be any graph of order
> 2. Then, the maximal independence polynomial for the bridge path
graph By := B(Hy, Ha,...,Hg;v1,v2,...,v4) is recursively given by

(31) Imax(Bd;x) = I (Hd;x)lmax(Bd—l;m)

max

+ IV (Hay @) (I (Hg—ys x) + 100 (Hy—15 )

max max

s (Ba—2; ) + I94 (Ha; 2) Y40 (Hy ;)

(I (Hy—o; ) + T342 (Ha—2; 7)) Imax(Ba—3; ),
with Imax(Bo; ) = 1, Imax(B1; ) = Imax(H1;2) and
Imax(BQ;LL') = Iﬁ (f[]_,.’L‘)[ﬁ (HQ;JJ)

max max

+ L (Has ) (I (H @) + L (Hos @)

+ L (Hy; ) (I (Ho; @) + I (Ho; ).
Proof. By Lemma 2.1 and the fact that . (G;2) = IY,.(G;x) +
IY . (G;x), we have

(3.2) Lnax(Ba; o) = 1Y% (Ba; ) + 104 (Bg; ),

max
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where

(33) I (Basx) = Lk (Ba; x)

max max

= ]élg(,vdfz},m(Bd; x) + I'Uda{vdflﬂ)d—2}(Bd; $)

max

= Iyt (Ha; o) (Init (Ha—1; )

max max

+ Lt (Hao1: ) 12 (Ba—o; @)

max

+ It (Has ) (Inist (Ha—1; @)

max

+ 19 (Hyo 15 2)) 10252 (Ba—2; )

max

= J" (Hd;x)(fm(Hd_1;$)

+ L300 (Hi13 7)) Inax (Ba—23 )
and

(34)  IH(Baiw) = Lt (B ) + 1 (B o)

= (I3 (Hgs x) + 192, (Ha; 2)) 1205 (Bao1; @)
+ I8 (Ha; 2) 104 (Bg—1; )

= ng(Hd; T) Imax(Ba-1; )
+ ng(Hd; )74 (Bg—1; x).

max

Combining (3.3) and (3.4), we obtain
(35) Iih(Basx) = L (Has ) (L (Har; @)

+ 195 (Hy—152)) Imax (Ba—2; @),
(3.6) I (Bg;x) = I (Hg; ) Inax(Ba—1;2)

max
+ Lt (Has 2) 15850 (Ha- 13 @)
(I (Ha—2; @) + T2 (Ha2; %)) Tnax(Ba—3; ).
Substituting (3.5) and (3.6) into (3.2), we have
Imax(Ba; z) = I% (Hy; 2) Imax(Ba—1; @)
+ L (Has ) (I (Ha—15 )
+ It (Ha—152)) Linax (Ba—23 @)
+ I8 (Hy; o) 1052 (Hao1; )

max max

(I3E2 (Hy—2; @) + I35 (Ha—2; %)) Imax (Ba—s3; ).
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Direct calculation gives the initial values of this recurrence relation,
namely, Inax(Bo; 2) = 1, Imax(B1; ) = Imax(H1;x) and

Imax(B2; %) = Lty (H1s ) I (Ha; )
+ L (Ho; ) (I (Hus @) + Ik (Hys )
+ Lot (Hy; @) (I (Hoi @) + 13, (Has 7)),
completing the proof. O
For the remainder of this section, we consider the case where all
H;=H and v; =v for all i = 1,2,...,d. Also, we define
a = I (H; ),
B 1= L (H 2) (I (H; @) + L5 (H @)
and
= Ipax (H; 7).
These parameters play important roles in our consequent derivations.
Corollary 3.2. For the bridge path graph By = B4(H,v)=B(H, H, ...,

H;v,v,...,v) connecting the same component H, |V(H)| > 2, a total
of d > 3 times,

(3 7) max(Bda ) fd+ max(H;‘T)fd—l+I§1ax(H;x)I§nx(H;x)fd—2a
d > 2, where

d min(i,d—1 i . _
-3 X TO)(, Y
J)\d—i—j
with the initial polynomials Imax(Bo; x) =1 and Inax(B1; ) = Imax (H; x).

Proof. Let H; = H and v; =v, i =1,2,...,d. By (3.1), we have
(3 8) m'}x(]de ) - aImax(Bd—l; x)"’/glmax(Bd—% x)"”ylmax(Bd—S; I‘)
with Inax(Bo; ) = 1, Imax(B1; 2) = Imax(H; ) and

IHI&X(BQ;I):(Im'Ix(H I)) +2[r1;nx(HvI)(Ir1;1ax(H x)+Ir11}nx(H7x))
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Let F(t) be the generating function for the sequence I ax(Ba; ), that
is,

F(t) =) Inax(Ba; 2)t%.

d>0

Multiplying (3.8) by t? and summing over all d > 3 with the above
initial values, we obtain

F(t) - Imax(]BQ; z)tz - Imax(Bl; I)t -1
= a(F(t) = Inax(B1; 2)t — D)t 4+ B(F(t) — 1)t? + vF(t)t3,
which implies

o e () 10 o (H )t

1—at— Gtz —~t3
(H;x)t +1°, (H;z)IZ, (H;z)t?)

max max
+ )t o+ Bt +At%)
i>0
=(1+1

max

(39) Pt = L a2 T

=1+1I

max

(H;x) I, (H; 2)t?)

max

2 J . .
+ Z Z Z (;) <i> oI gImsyspitits,

i>0 j=0 s=0

max

(H;z)t+ I

Finally, comparing the coefficient of ¢¢ on both sides of equation (3.9),
we obtain the explicit formula for I, (Bg; x), as claimed. a

Corollary 3.3. Consider the bridge path graph By = Bg(H,v) =
B(H,H,...,H;v,v,...,v) connecting the same component H, |V (H)|
> 2 a total of d times. If H has the feature 1P, (H;x) = 0, whence
v =0, then

(310) Imax(IBd; .73) = O‘Imax(Bd—ﬁ 33) + Blmax(Bd—% 33)’ d> 2,
with the initial values Inax(Bo;x) = 1, Inax(B1;x) = Inax(H;x) and
a:=10 (H;x), B:=1IY, (H;x)a. Moreover, for all d > 0,

(iv/B)4H! a
3.11 Inax(Bg; ) = ————U, - ,
(3.11) (Ba; ) " 1| 575
where i2 = —1, and U,, is the mth Chebyshev polynomial of the second
kind [53].

ax
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Proof. In the case of vIhax = 0, in the above summation of (3.9),
we take s = 0, i.e., i+ j = d, and in (3.7), we have only two terms, or
simply use (3.8) so that (3.10) is established.

Let gq := (Imax(Ba;2))/(iv/B)?. Note that the recurrence (3.10)

may be written as
e

ga = mgdq — 9d-2,
with go=1 and g1 = (I (H; 2))/ (iv/B) =/ (iv/B)+ (L (H: 7))/ (i/B).

Using the fact that Chebyshev polynomials satisfy the recurrence
relation U (t) = 2tUs_1(t) — Us—2(t) with Up(t) = 1 and Uy (t) = 2t, we
inductively derive

ga =Uq—1 (Qif/ﬁ>gl —Ui—2 (25/3)90
B Ud(%iﬁ) i I&?%; i (25/3>

Hence,

Lnax(Ba; ) = (i/B)Uq <226\1/B> Fhax(H ) (1/5) U (Oéﬁ)

_ G/ ( U (233) U (2?/3))
_ (VB Ud+1 <

21‘36) ’

completing the proof of (3.11). |

Some applications of Theorem 3.1 and Corollaries 3.2 and 3.3 are
presented next.

Our first application concerns the vertebrated graph. Its model
widely inspires studies of mathematical biology and bioinformatics, see
[1, 32, 36, 45]. Let H be the star graph K, with center v. Then,
the bridge path graph B(H, H, ..., H;v,v,...,v) (d-times) is called the
vertebrated graph Vd(m), see Figure 6.
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U1 V2 U3 V4 Us Ve

FIGURE 6. The vertebrated graph V6(3).

Corollary 3.4. For alld >0 and m > 1,

(m) d+1 /= (d=1m+d+1 \/Emil
Imax(vd ,I) =1 + \/E Ud+1( % >

[(d+1)/2]
(d +1- k) pdm—k(m=1)
k
k=0

with i2 = —1, and U, is the mth Chebyshev polynomial of the second
kind.

Proof. Note that
Imax(Kl,m;x) :x+~rm7 I (Kl,m;x) =,

max
L (Kym; @) = 2™ and I (K a) = 0.

max

Therefore, a« = 2™, 8 = 2™+ and v = 0. Thus, by (3.11),

d—1)m+d+1 \/:Em_l
Imax(vd(m);x) = id+1\/5( ~hymtdt Ud+1< )

24

For the second equality, we use the well-known fact that Chebyshev
polynomials of the second kind satisfy

[n/2] &
(3.12) Un(t)= > (_1)k< L )(275)"—%.
k=0
Thus,
gy D2
Imax(Vd(m)§x) _ ’L'd+1\/5( —1)m-+d+ Z (_1)k
k=0

ey
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[(d+1)/2]
_ (d +1- k) dm—h(m=1)

k
k=0

which completes the proof. O

Example 3.5. Corollary 3.4 for m = 1 gives ImaX(Vd(l);:c) = jdtigd
Ugs1(1/2i) = Fibgss 27, where Fib,, = Fib,,_; + Fib,_» with Fiby = 0
and Fib; = 1 (the Fibonacci numbers). Thus, in this case, ImaX(Vd(l); x)
is a monomial with order d and coefficient Fib,, ;5. It thus trivially has

only real zeros = 0, log-concave and unimodal. (The graph Vd(l) is
the so-called n-centipede graph due to its appearance.)

Corollary 3.4 for m = 2 gives ImaX(Vd(Q);z) = id+1\/53d71Ud+1
(v/x/24). Using the fact that

U,(t) = H (22? — 2cos nkj_rl)’
k=1

cf., [53], we obtain

d+1
3d— k
ImaX(Vd(Z);x) = z’dH\/Edd ! H (\/E — 92cos -~ )
k=1

i d+2
1 7 ; km
= pd- kl;[l (m—2z\/Ecosd+2>
= pd—(1=(=1)%H/2 L(dﬁm <x2 + 4z cos® i )
P d+2

This shows that the polynomial ImaX(Vd(Z); x) has degree 2d. Further-

more, ImaX(Vd(Q);x) has only real zeros and hence is log-concave and
unimodal.

Also, Corollary 3.4 for m = 3 gives

. — X
Imax(Vd(B);x) = 21y, (m)

d+1

k
:xzd_lkll[l (w—2icosdf2>
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L(d+1)/2]

k
= g2~ ((=(=1)%/2) H (x2 + 4 cos? q JZT2>’
k=1
which shows that not all of the zeros of the polynomial ImaX(Vd(g);x)
are real. In fact, it is easy to see that the coefficients of ImaX(Vd(g);x)

jump in the pattern where zero coefficients are interlaced with nonzero
coefficients and hence cannot be unimodal, let alone log-concave.

Remark 3.6. In [52], it is conjectured that, for all n,m > 0, the
(ordinary) independence polynomial (V") is unimodal, which is con-
firmed in [47] by establishing log-concavity. Also, it is verified in [47,
Proposition 3.1] that, for the cases m = 0,1,2, I(V,”) has only real
zeros. Here, however, in the theory of maximal independence polyno-
mials, the analogous unimodality does not hold for m > 3, as is clear
from the second equality of Corollary 3.4, while real-rootedness holds
true for m = 0,1, 2.

Another application is the following. Keep H as the star graph, but
this time let the connecting vertex v be one of the leaves rather than
the center. In this case, the bridge path graph

By=B(H,H,...,H;v,v,...,v)

(d-times) is the firecracker graph Fém), see Figure 7.
U1 U2 U3 Vg Us Ue

FIGURE 7. The firecracker graph F6(3).

Corollary 3.7. For alld >0 and m > 2,

(3.13) I (FS™ 5 2) = fa+ 2™ fay + 22 fa_a,

where

d min(i,d—i) ,. .
1 Ny ,
(3.14) fa=>_ Y. () <d J ,)x<m1><dz)+z(x g1y,
i=0 =0

J —i—J
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Proof. Note that L. (H;x)=x 4+ 2™, I}

=z and I’ (H;z) = 2™ !, According to Corollary 3.2,

(H;z)=2™, I}

(H;x)

Imax(Fém); z) = fa+a" fa1 + 2" faa,

where

d min(i,d—

i J (m—1)(d—i)+i m—1yj
-2 Z (j)(d—i—j)x (@m0,
which completes the proof. (Il

Furthermore, note that Corollary 3.7 gives

Tax F(m),x) z +2:L'm+1+21'2m L

cx x +31,m+2+41,2m+x2m+1+x3m 2+ 3m71’

(m) )=
(m),x) P 4By g 2m Aty 3 2m 2 9 3m=1y g 3my g Am =2
Remark 3.8. In [47], it is shown that, for all d, m > 0, the
independence polynomial I(FJ") is log-concave and unimodal. Here,
according to (3.13) and (3.14), the analogous properties for maximal
independence polynomials hold if and only if m = 0,1,2; note that
the lowest nonzero term of I.x(FJ*) has degree d, the lowest has
degree d — 1 + m (from both f; and 2™ f;_1), and their difference
is > 2 when m > 3.

We complete this section with three additional examples.

Example 3.9. Let H = K,, be the complete graph on m vertices.
Clearly, Inax(H; x) = mz, I (H; x) = 2, I}, (H;z) = (m — 1)z and

I (H;x) = 0. Thus, Corollary 3.3 gives

max
- 1
Inax(Ba (K, v); ) = 2%/ m — 1d 1Ud+1 (n;z)»

where i2 = —1. Hence, the polynomial I . (Bg(Kpn,v); ) is a mono-

mial in the form of cyz? where ¢4 := i%+1y/m — 1 d_lUd_H(\/m —1/2i)
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is a constant. This, of course, is not surprising. However, now the
coefficient of the monomial is known.

PN

FIGURE 8. The wheel and the fan graphs both on 4 + 1 = 5 vertices with
center v.

Example 3.10. Let H = W,,, be the wheel graph on m + 1 vertices
with center v, see the left hand side of Figure 8 for an illustration.
Furthermore, let the center v be connected to all vertices of the cycle
graph C,,. Clearly, In.x(H;x) =  + Inax(Cm; ), I[P (H;2) = z,

Yo (H; ) = Ipax(Cr; ) and IZ, (H;x) = 0. Thus, Corollary 3.3
gives

. d+1 d—1 Imax Cmax
Ima\x(]Bd(I/Vmav);x):’Ld-i_l\/'E V Irnax(cm;x) Ud+1<2i\(/5)>7

where i> = —1. Then, by (3.12), we have
(3.15)

d+1—-k

k

[(d+1)/2]
Imax(Bd(Wmav);x) = (

)(Imax(C’m; z)) Rk,
k=0

Using the fact that U, (t) = []4_, (2t — 2cos(kr/(n+1))), see [53], we
obtain

(3.16)

Imax(Bd(mev)§‘r) = Imax(CmHC) -

d+1

X kl;[l (\/ImaX(Cm;x) — 24/ cos dkj:r2>

de(1—(—1)¢
— /Toen(Coi ) (1=(=1))/2
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[(d+1)/2] .
. 2
X H (ImaX(Cm,w) + 4z cos d+2>'

k=1

Recall that, by Proposition 2.3,

it -53(, )

Jj=21
Specifically,
Tnax(Crs ) = x, Imax(Co; ) = 2z,
Imax(Cs;2) = 3z, Inax (Cy; ) = 222,
Lnax(Cs; ) = 5%, Imax(Ce; ) = 322 + 223
and

Imax(c’?; $) = 7$3.

By (3.16), the polynomial Ijyax(Bg(Wi,,v); ) contains only real zeros
for m = 1,2,3,4,5. For m = 6, there are non-real zeros if d > 2,
whence, 32 —4-2-4cos? m/(d +2) <9 — 32cos? /4 < 0. Nonetheless,
since every factor of Iinax(Ba(Ws, v); x) is log-concave, the polynomial is
log-concave and thus unimodal. If d = 1, all zeros of I,ax(B1(Ws, v); z)
are obviously real. For m = 7, since \/Iax(C7; ) d=(1=(=1)"/2 g 4
monomial, and every factor of the product

[(d+1)/2] .
. 2
| I (Imax(C7,x)—|—4xcos d+2>

k=1

has a gap at x2; in fact, Iynax(Ba(W7,v); x) is nonunimodal.

Next, we focus on the specific values of d = 1,2. When d = 1,
Inax Ba(Win, v);2) = & 4+ Ipax(Crn; ). As discussed, for 1 < m < 6,
all zeros of Ipax(B1(W,,,v); x) are real; for m > 7, Inax(B1 (Wi, v); )
is nonunimodal since, according to Proposition 2.3, we know that
23 | Imax(Cim; ), and thus, & + Lyax(Chn; o) has a gap at 22,

The above conclusions hold exactly the same for d = 2, except
that, here, Inax(B2(Wg,v);x) is log-concave, unimodal, but not real-
rooted. Based on previous discussions, we only need to prove that
Tnax(Bo (Wi, v); @) is nonunimodal for all m > 8. First, we show that
the polynomial Iy (B2 (W, v); x) is nonunimodal for all m > 13. For
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TABLE 1.

M || Tmax(B2(Wins v); @) = Linax(Cin; ) (22 + Lnax(Cin; @)

8 162* 4 4x® + 6425 + 3227 4 428

9 6zt + 1825 + 925 + 5427 + 8128

10 || 302 + 425 4 22528 + 6027 + 4210

11 || 2225 + 2225 4 12128 + 2422° + 121210

12 || 625 + 4825 + 427 4 928 + 1442° + 588210 + 9621 + 4212

convenience, let ¢, () := Inax(Cim; ), and let pp,(z) := Inax(Bo (Wi,
v); ), noting that p,(x) = 2x¢n(x) + (¢gm(z))?. However, since the
degree of 2xq,, (x) is |[m/2]|+1, the degree of the minimum nonzero term
of (g (z))? is 2[m/3], and the difference of these is at least 2 for all

m > 13, there is a gap at xl™/2/%2 thus implying Pm (2) nonunimodal.

Table 1 shows that Iyax(Ba(Wy,,v);x) is nonunimodal for 8 < m <
12, to complete our discussion.

Question 3.11. Characterize the subset A(Bg(Wy,,v)) of ZT x Z+
such that, when (m,d) € A(Bg(Wn,v)), the polynomial Imax(Ba(Wh,
v);x) is unimodal.

In summary, we have shown above that (m,d) € A(By(W,,,v)) for
1 < m < 6 and any d, that (m,d) ¢ A for m = 7 and any d, that
(m,d) ¢ Aforallm>8and d=1,2.

Example 3.12. Let H = F,, be the fan graph on m + 1 vertices
with center v, see the right hand side of Figure 8 for an illustration.
The vertex v is connected to all vertices of the path graph P,,.
Clearly, Imax(H;x) = @ + Imax(Pm; @), IV (Hy2) = 2, 1D, (H;x) =

Inax (P ) and IP, (H;z) = 0. Thus, Corollary 3.3 yields

max

. d—1 Inax (P )
Lnox (Ba(Fon ) — gd+1 d+1 /Imax P, U Vv Tmaxit my 7/
( d( 71})"’17) 1 \/5 ( ,(E) d+1 27/\/5 )
where i> = —1. Therefore, by (3.12), we have
(3.17)

d+1-k

Imax(Bd(WTT“v);x) = Z k

[(d+1)/2] (
k=0

)”maX(Pm; )% Fak,
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Using the fact that U, (t) = [T;_, (2t — 2cos(kn/(n+1))), see [53], we
obtain

(3.18)
d—1
Imax(IBd(Fm;v);x) = Imax(Pm;x)
d+1 kn
X kl;[l ( Lnax (P ) — 2iy/x cos d—|—2>

d—(1—(-1)% /2

L(d+1)/2]
<

k
Imax (Pm; ) + 4 cos? T > .
P d+2

Recall that, by Proposition 2.2,

. j+1 :
Inax (P ) = Z <m+ L Qj)zn.

Jj=0
Specifically,
Inax(Pr;2) = z, Inax(Py; ) = 2,
Inax(Ps; ) = 2 + 22, Tnax (Py; ) = 322,

Inax(Ps; ) = 322 + 2% and Inax (Ps;z) = z? + 423

By (3.18), the polynomial Iiyax(Ba(Fy,, v); ) has only real zeros for
m = 1,2,3,4. For m = 5, there are non-real zeros when d > 3.
Nonetheless, since every factor of Inax(Bq(Fs,v);z) in (3.18) is log-
concave, the polynomial is log-concave, and thus unimodal, for all
d>1.

When d = 1, by (3.17),
Imax(]Bd(Fma v); 1') =T+ ImaX(Pm§ 1')

As already discussed, for 1 < m < 5, all zeros of Inax(B1(Fn,v); )
are real; Inax(Bi(Fg,v);2) = x + 22 + 2° has non-real zeros but is
log-concave and thus unimodal; Iiax(B1(F,, v); ) is nonunimodal for
m > 7 since 23 | Inax(Ppm; ), and thus produces a gap at z2.

The above conclusions hold exactly the same for d = 2. We only
need to prove that In.x(Ba(Fy,,v);x) is nonunimodal for all m > 6
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and m # 8. First, as in the treatment of Example 3.10, it is not
difficult to see that the polynomial Ipax(Ba(Fim,v); ) is nonunimodal
for all m > 16. A special case is m = 8 since Inax(Ba(Fpn,v);2) =
8z* + 102° 4 162% + 4027 + 252 is unimodal but not log-concave.
For 6 < m < 15 and m # 8, numerical computation yields that
Imax(B2(Fy,,v); ) is nonunimodal; thus, our discussion is complete.

4. Bridge cycle graph. Let {H;}% , be a set of finite pairwise
disjoint graphs with a specifically chosen v; € V(H;) and |V (H;)| > 2.
The bridge cycle graph

C(Hl,HQ,...7Hd) = C(H17H2,...7Hd;1)1,1}27...,1)d)

of {H;}L, with respect to the vertices {v;}¢, is obtained from the
components Hy, ..., H; by connecting vertices v; and v; 1 by an edge
foralli=1,2,...,d—1, as well as connecting vertices vy and v; by an
edge, see Figure 9.

FIGURE 9. The bridge cycle graph.

Now, let us derive a recurrence relation for the sequence of maximal
independence polynomials

{Imax(C(Hla H27 sy Hd), x)}dZO-
For convenience, define I'”

Section 3, By := B(Hy, Ha, ..., Hg;v1,v2,...,v4) represents the bridge
path graph of {H;}¢ | with respect to the vertices {v;}¢_,. Let By
denote B(H,H,...,H;v,v,...,v) when all of the components H; are
the same and v; = v for all 1 < ¢ < d. By definition, it is easy to see
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that
(4.1) I (C(Hy, Ha,. .., Hy);x)
= It (Has 2) i (Ha—1; 2) I, (His @)
 Imax(B(Ha, Hs, ..., Hy_2); x).
Also,
(4.2) I’ (C(Hy, Ha,...,Hy);x)
= [{ova b (O(Hy, Ho, . .., Hy); 2)

+ Lol v (C(Hy, Ha, - Ha)i @)

)
+ Ve v (C(Hy, Hy, ... Hy): x)
)

max

+IW(C(H1,HQ7...,HCI ;T)

= L2 (Hy; 2) 00 (Byq; )
+ Iy (Has ) L= (Bg—1; )
+ Lt (Ha; o) Lt ™ (By—1; @)
+ I (Has ) I Y By @)
=I5 (Ha; @) Imax (Ba-1; @)

— v (Hg; x)I{”l’”d—l}(Bd_l; x).

max max

It remains to find a recurrence for Ié&l};vd’l}(Bd,l;x), which can be
accomplished as follows:

L (Bgyx) = Ihw e v By o) + Lo (By; )
I (Ha ) TG (B )

max
+ I (Has 2) 1™ (Ba-; @).

Thus, by the fact that

ILvat (Bys a) + 1847 (By; o) = I0L (Bg; ),

max max

we obtain

(Ha; 2) 1805 4} (Ba_1; )
=TI (Hg;2)IPL, (Bg_1;T).

max max

(43) 5" (Bas) + 10

max
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Indeed, the recurrences (4.1)—(4.3) with right initial values may be
used to compute I (C(Hy, Ha, ..., Hy);x) for any graph components
Hy, ..., Hy, each of which has at least two vertices.

For nicer exhibitions, from now on, we focus on cases H;, = H
and v; = v for all « = 1,2,...,d. Denote the bridge cycle graph
C(H,H,...,H,v,v,...,v) (d-times) by Cq = Cy4(H,v). Thus, (4.1)-
(4.3) give

Iﬁlax<cd; 1') = Irvilax(H; x)(II/::ax(H7 x))QIHIaX(Bd—ii; .T),
If;lax((cd; CL‘) = Irlr’;}ax(H; x)ImaX(IBdfh x)
— L (Hi ) [0 By ),
L5 (Bas @) + o (H3 2) IS8 (Ba—y; )
= Iﬁax(H;x)Iglax(Bd—l; l‘)
This implies
Lac(Cas @) + Lo (H; 2) I3, (Ca1; )

= Irglax(H; x)(Irl'rql)ax(H; ‘r))QImax(Bdf?); 31‘)

+ Ir?’lax(H; m)Irzlj'lax(H; x)(Irl:aX(H; x))QImaX(]Bdfﬁl; .’E)

Iglax(cd; :17) + Iri}lax(H; ‘T)Iglax((cd—l; I)

= ny/rq;)ax(H; x)(ImaX(Bd—l; J}) + Iglax(H; x)ImaX(Bd—Q; .1?))
— I, (H;x)I'°, (H;2)IY, (By_o; ).

max max

Adding the above two equations, we obtain
Imax(Ca; ) + 12, (H; ) Iax (Cy_1; )
= Il (H; @) Linasc (Ba—15 @) + Lo (H; @) e (H' ) Iy (Ba—2: )
— L (H 3 ) I (H ) I (B2 )
+ Lax (H; @) (1 (H 7)) Linax (B33 )
+ Lo (3 2) (L (H ) I (3 ) Linax (Ba—a ).

Hence, replacing Imax (Bq_2; ) by (3.6), we obtain

Theorem 4.1. Let H be any graph which has at least two vertices.
Let C4 = Cy(H,v) = C(H,H,...,H;v,v,...,v) (d-times, d > 5)

i
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be a bridge cycle graph. The sequence of the mazimal independence
polynomials Iax(Cy; x) satisfies the following recurrence relation

ImaX(Cd; il') + Igmx(H; x)Imax((Cdfﬂ :E)

= I/U(H; z)maxjmax(Bd—l; CE)+II/;1)3X(H, fﬂ)Iglax(H; x)Imax(Bd—Q; ZL’)
+ s (H; @) (Lo (H3 @) I (H s )
— Lo (H; ) Lo (H ) I (B —3; @)
+ (Ir/rTfaX(H; x))2lr€1ax(H; x)Irzxax(H; x)lmax(Bdfﬁ 37)
- (Irllzl)ax(H; x))2(Ir1~;1ax(H; x))z‘[rlr}lax(H; x)ImaX(Bd*E); ‘T)

As a corollary, we have the following result.

Corollary 4.2. Let H be any graph with least two vertices, and let v
be a vertex in H with IP, (H;x) = 0. Let Cq = C4(H,v) = C(H, H,
o, H;vyu,...,0) (d-times) be a bridge cycle graph, and let By =
By(H,v) = B(H,H,...,H;v,v,...,v) (d-times) be a bridge path graph.
Then,

[max(cd;x) = I’E (H;I)Imax(Bd—l;x)

max
+ I:leax(H; x)(IrQ;}lax(H; x))QImaX(Bdf?); JJ),
for all d > 3.

As a consequence of Corollaries 3.3 and 4.2 we have a formula for
the polynomial I1ax(Cy; ).

Corollary 4.3. Let H be any graph with at least two vertices, and
let v be a vertex in H such that I®, (H;x) =0. Let Cq = Cyq(H,v) =

max

B(H,H,...,H;v,v,...,v) (d-times) be a bridge cycle graph. Then, for

ald >3,
(440) Tn(Cait) = (/B)' U (57 ) = (V/B) Va2 57
ld/2] -1

when o =12, (H;z), B:=1I", (H;2)IY, (H;z) and i* = —1.
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Proof. The first equality, i.e., (4.4a), is an immediate consequence
of Corollaries 3.3 and 4.2.

For the second equality, i.e., (4.4b), we observe the following. In
general, the real-rooted polynomial Uy(t) —Ug—2(t) has d distinct roots,
and they are cos (2k + 1)w/(2d), k =0,...,d — 1. In order to see this,
we use the trigonometric representations of the Chebyshev polynomials
Un(t) = sin(n + 1)t/sint and solve for the zeros of (4.4a) from there.
The rest is clear. ]

Now, we present a few examples to show applications of the above
theory.

Example 4.4. Let H = K,, be the complete graph on m vertices.
Recall that Iy (H;z) = ma, 1D, (H;z) =z, IV, (H;z) = (m — 1)z

and I?  (H;z) = 0. Thus, « = (m — 1)z, 8 = (m — 1)2? and (4.4a)
gives, for all d > 3,

€l )52) = (/=D U (Vo ) 0o (Vo)

where i2 = —1. Hence, Iyax(Ca(Kym,v);x) is a monomial of the form
cqz?, where cq is the constant

() ()

21 27

Equivalently, when applying (4.4b), we obtain

S 2k+1
e} — iy 1)\L(d+1)/2] _ 2
Inmax(Ca(Kpmw); ) = 2%(m—1) kUO (m 1+4cos 5 71').

Example 4.5. Let H = K, ,,, be the star graph on m 4+ 1 vertices
where v is its center. Again, In.x(H;z) = + 2™, ID . (H;2) = =z,
Y. (H;x) = 2™ and IY, (H;x) = 0. Hence, for the cyclic vertebrated

graph, a = 2™, B = x™T! and (4.4b) yield that, for all d > 3,
ld/2]—1
m(l—(—1)¢ m m 2k+1)m
Imax(Ca(K1m, v);2) = @ (A=(=1%/2 ,J,IO <x2 +42™ M cos? (Qd))

_ (1)@
(4‘5) :\/E(m+1)d+(m H(1—-(-1)%)/2
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ld/2]-1

_ 2k + )
m—1 4 2 (
X H (a: + 4 cos 72d
k=0
where 32 = —1. Therefore, for m > 3, the polynomial Inax (Cq (K1 m,

v); ) is nonunimodal due to the many obvious gaps. By (4.5), for
m = 1, Inax(Cyq(Pa,v);x) is a monomial Iax(Cy(Pa,v);x) with the

coefficient
ld/2]-1

IT (1 +4cos® 2k + 1))/ (2d).
k=0

For m = 2, we have

ld/2] -1

—(=1* 2%k—+1
B (Ca K g0)ir) =& T (pacos? BT,
7 k=0 2d

implying that the polynomial Inax(Ca(K1 2,v);2) has only real zeros
and is thus log-concave and unimodal.

Example 4.6. Let H = W,, be the wheel graph on m + 1 vertices
with center v, that is, the vertex v is connected to all vertices of the
cycle Cp,. Clearly, Inax(H;x) = & + Inax(Cm; ), IV (H;z) = x,

IV, (H;x) = Lnax(Cr;) and ID, (H;z) = 0. As in the previous

max max
examples, applying Corollary 4.3 yields
(4.6)

Imax((cd(Wm, ’U); :E) = Imax(om; I) [(d+1)/2]

ld/2] -1
2k + 1)m
Tnax(Chm; 4 2(7 .
X kl;[O < ax(Cm; ) + 4x cos 5d >

Recall again, by Proposition 2.3, that Imax(Cmiz) = 3 2;5,(m/j)
(ngj)xj~ SpeCiﬁcaHYa Imax(cﬁx) =, Imax(c2;x) = 2z, ]max(c?);x)
= 3%, Inax(C1; 1) = 222, Lnax(Cs;2) = 522, Lnax(Ce; 1) = 322 + 223
and Iax(Cr; ) = 723,

By (4.6), the polynomial Ipax(Caq(W,y,,v); ) has only real zeros for

m = 1,2,3,4,5. For m = 6, there are non-real zeros when d > 2.
However, Inax(Cqi(Ws,v);z) is log-concave and unimodal for any d.



ON THE MAXIMAL INDEPENDENCE POLYNOMIAL 2249

For m =7, Imax(Ca(W7,v); z) is nonunimodal following the discussion
of Example 3.10.

As for d = 1,2, the polynomial Inax(Ci(Wy,,v); ) is log-concave
and unimodal, the polynomial I;,ax(Co(W,y,,v);2) is nonunimodal for
m > 8. This is due to the fact that, when d = 1, 2, there is no difference
between the bridge path and bridge cycle graphs.

Example 4.7. Let H = F,, be the fan graph on m + 1 vertices
with center v, that is, v is connected to all vertices of the path P,,.
We know that Inax(H;x) = & + Imax(Pm; ), I8 (H;z) = z, IV

(H;z) = Inax(Pp;x) and ID, (H;z) = 0. Similar to Example 4.6,
Corollary 4.3 yields

(4.7)

Linax(Ca(Fin, 0); ) = T (P ) D72

ld/2]-1
2k + 1)
Imax Pm 4 2 ( .
X klzlo ( (P x) + 4 cos 5 >

Again, recall that, by Proposition 2.2, Iyax (P @) = ijo (mf{izj)xj.
Specifically, Inax(P1;7) = @, Inax(P2;2) = 22, Inax(P3;2) = o + 22,

Tnax (Py; ) = 322, Inax(Ps; 1) = 322 + 2 and Loy (Ps; 1) = 22 + 423,

By (4.7), the polynomial I;,ax(Cyq(Fp,v);2) has only real zeros for
m = 1,2,3,4. For m = 5, there are non-real zeros when d > 3.
Nonetheless, Imax(Ca(F5,v);x) is log-concave and unimodal for all
d>1.

Cases d = 1,2 are treated in Example 3.12.

Question 4.8. Questions similar to Question 3.11 may be formulated.
For example, let A(Cq(Fy,,v)) be the subset of ZT x ZT such that, when
(m,d) € A(Cyq(Fum,v)), the polynomial Iax(Ca(Fr, v); x) is unimodal.
By our discussion in Examples 3.12 and 4.7, we have shown that
(m,d) € A(Cyq(F,v)) for 1 < m < 5 and any d, that (m,d) ¢ A
form = 8 and d = 1, that (m,d) ¢ A for all m > 6,m # 8 and
d=1,2. How is A(Cq(Fy,,v)) completely characterized?
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