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LOCALIZATION OPERATORS FOR
THE WINDOWED FOURIER TRANSFORM
ASSOCIATED WITH SINGULAR PARTIAL

DIFFERENTIAL OPERATORS

NADIA BEN HAMADI

ABSTRACT. We introduce the windowed Fourier trans-
form connected with some singular partial differential opera-
tors defined on the half plane [0,400[ X R. Then, we inves-
tigate localization operators and show that these operators
are not only bounded but also in the Shatten-von Neumann
class. We give a trace formula when the symbol function is a
nonnegative function.

1. Introduction. Time-frequency localization operators were first
introduced by Daubechies [8, 9, 10]. She pointed out the role of these
operators to localize a signal simultaneously in time and frequency.

This class of operator occurs in various branches of mathematics and
has been studied by many authors. Indeed, many applications have
been discovered to time-frequency analysis, for example, in the areas
of differential equations, quantum mechanics and signal processing
[5, 11, 12, 18, 27, 32]. In the literature, they are also known as anti-
Wick operators, wave packets, Toeplitz operators or Gabor multipliers
[4, 6, 12, 14]. In [31], Wong showed that the localization operators
introduced by Daubechies are examples of Weyl transforms which enjoy
good mapping properties as compact operators from L?(R") into itself.
He [22] also studied these operators for which he gave the Shatten-von
Neumann properties and trace formula.

Motivated by their impact in real-life signals, in this paper, localiza-
tion operators are defined by means of the most used time-frequency
representation that is the windowed transform connected with singu-
lar partial differential operators also known as the short-time Fourier
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transform introduced in several settings, for example, [7, 16, 17]. For
this, we consider the singular partial differential operators:

A =2,
o 2a+1 9 o
AQ:W_F a:r r T a2 (T,I)G]O,-l-OO[XR, a > 0.

We associate to A; and A, the Riemann-Liouville transform %,
defined on %,(R?) (the space of continuous functions on R2, with
respect to the first variable as well), by

% f711 fil f(rsm, T +rt)
Ro(f)(r,x) = (1 —12)*"12(1 - s?)*"Ldtds if a >0,
LN VT =8+ rt)(dt/NT— 1) ifa=0.

The transform Z,, generalizes the mean operator defined by

1 2w

Po(f)(r,z) = f(rsind, x 4 r cos ) db.

2 Jy
The mean operator %y and its dual play an important role and have
many applications, for example, in the image processing of so-called
synthetic aperture radar (SAR) data [1, 23] or in the linearized inverse
scattering problem in acoustics [13].

In [2], we defined a convolution product and a Fourier transform
F,, associated with Z,, and we established many harmonic analy-
sis results (inversion formula, Paley-Wiener and Plancherel theorems,
etc.). In [20], Hamadi and Rachdi introduced the windowed Fourier
transform associated with the Riemann-Liouville operator, which is a
generalization of the classical windowed Fourier transform. Many har-
monic analysis results related to the Riemann-Liouville operator have
already been proved, for example, [2, 3, 20, 21].

In this paper, we will define a type of localization operator associated
to the Riemann-Liouville operator and show that this operator is not
only bounded but also contained in the Shatten-Von Neumann class.
In addition, a trace formula is given when the symbol is a nonnegative
function.

2. Riemann-Liouville transform associated with the oper-
ators A; and As,. In this section, we recall some properties of the
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Riemann-Liouville transform that we will use in the following sections.
For more details, see [2].

For all (i, A) € C x C, the system

Aju(r,z) = —idu(r, x),
Aqu(r,x) = —pu(r, r),
u(0,0) =1, (Qu)/(0r)(0,z) =0 for all z € R,

admits a unique solution given by

(21) ‘PH,A(T,‘f) :ja(r\/ /1“2 +)\2)exp(7i)\x),

where j, is the modified Bessel function defined by

s = _1\k o\ 2k
ja(S)ZQQF(a+1)JZ£) F(a+1)zk!r((1)( > 7
k=0

+E+1)\2

and J, is the Bessel function of first kind with index «, see [24, 30].
Moreover, we have

sup |eua(r,z)| =1 if and only if (u, ) € T,
(r,z)ER?

where T is the set defined by
(2.2) T = R2U{(ii, N); (1)) € B2, |u] < AT}

Proposition 2.1. The eigenfunction ¢, x given by (2.1) has the fol-
lowing Mehler integral representation

% fil ffll COS(MTSM)e_iA(I+Tt)
pun(rz) =4 (1= )72 (1= s?) Hdt ds if a >0,

1 fil cos(ruy/1 — t2)e= A=+ (dt //T —12)  if a = 0.

This result shows that

Cu(r,x) = Haolcos(u-) exp(—iX-))(r, ),

where %, is the Riemann-Liouville transform associated with the
operators A; and Ay, given in the introduction.
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We denote
e dv,(r,x) as the measure defined on [0, +o00[ x R, by

dve(r,2) = cor?*Tldr @ da,

with ¢, = 1/(v2m2°T (o + 1)).
e L?(dv,) as the space of measurable functions f on [0, +oo[ X R,
satisfying

+o0 1/p
||f||p,ua:< / If(r,:r)lpdva(r,x)> < too ifpell,+o[;
0 R

[flloo,ve = esssup |f(r,z)|<+o0 if p = +o0.
(r,z)€[0,+oo[xR

e v,(1, A) as the measure defined on Y, by

+00
/ F(, A) dya(p, A) —Ca{/ Ty N) (2422 g dpn d
w
/ Flip, YN =) dudA}-

o LP(v,), p € [1,4+0c0], as the space of measurable functions on T,
satisfying

1/p
1fllpre = (/T |f (ks A)Ipd%x(u,k)> < +4oo ifp e [l,+ool,
[ flloo, e = €ss sup | f (i, A)| <+o0 if p = +o0.
(B,A)ET
Definition 2.2.

(i) The translation operator associated with the Riemann-Liouville
transform is defined on L (dv, ), for all (r,), (s,y) € [0, +oo[ x R, by

I'(a+1)
T(r, :c)f(s y)= W

(ii) The convolution product associated with the Riemann-Liouville
transform of f and g € L'(dv,) is defined, for all (r,z) € [0, +o00] x R,

by
“+o0
f*glra) / / Ty F(59) 9(5,9) dva(s, ),

where f(s,y) = f(s,~y).

/ f \/r2—|—32+27"80089 x+y) sin®*0 df.
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The next properties follow from Definition 2.2.
e The product formula

T(r,z)‘p#,/\(su y) = SDH,)\(Tv 1’) SD;L,)\(Sv y)
e Let f bein L'(dv,). Then, for all (s,y) € [0, +oo[ x R, we have

+00 t+oo
/ /T(S7y)f(’f', ) dvg(r,z) = / flr,z) dva(r,x).
0 R 0 R

o If f € LP(dv,), 1 < p < 400, then, for all (s,y) € [0, +oo[ x R,
the function 7, f belongs to LP(dv,), and we have

(2.3) 7wl < Wl -

e For f,g € L*(dv,), f*g belongs to L*(dv,), and the convolu-
tion product is commutative and associative.

e For f € L'(dv,), g € LP(dv,), 1 < p < +o00, the function f *
g € LP(dv,) and

PV

1 * gllpve < Iflvallgllpve-

e Let p,q,r € [1,400] be such that 1/p+ 1/¢ = 1+ 1/r. Then,
for all f in LP(dv,) and g in L9(dv, ), the function f*g belongs
to the space L"(dv,), and we have

If * gllrwe <1 fllpwallg]

q,Va*

Definition 2.3. The Fourier transform associated with the Riemann-
Liouville operator is defined on L!(dv,), for all (u,\) € T, by

+oo
ZaDuN) = [ [ 50210l 0) dvar ),
o Jr
where Y is the set defined by relation (2.2).

The next properties follow from Definition 2.3.

e Let f be in L(dv,). For all (r,z) € [0, +oo[ x R, we have for
all (1, \) € T,

(2'4) ﬂa(T(r,fz)f)(:uv )‘) = @M,)\(Tv x)fa(f)(l% )‘)
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e For f,g € L'(dv,), we have for all (u,\) € Y,

(2.5) Fof % 9) (1, A) = Fa(f) (1, A)-Fa(9) (11 ).
e For f € L'(dv,), we have for all (u,\) € T,

ya(f)(/% )‘) = BO%(]C)(/J" )‘)7

where

+oo
Za0a N = [ [ 1r)iarm exp(-ixe) dv r.2),

(1, \) € R2, and, for all (u,\) € T,

Bf(u,A) = f(V 2+ A% N).

e For f € L'(dv,) such that Z,(f) € L'(7a), we have the
inversion formula for .%,, for almost every (r,z) € [0, +oo[ X R,

frx) = / Fa F) s NPy (7, 270 (11 N).

We denote by (see [2, 19, 25])

o .7.(R?) the space of infinitely differentiable functions on R?
rapidly decreasing together with all their derivatives, as well as
with respect to the first variable;

o Z,(T) the space of functions f : T — C infinitely differ-
entiable, as well as with respect to the first variable and
rapidly decreasing, together with all their derivatives, i.e., for

all khkg,kg € N,
aN" o™
2 k| 9 o
sup_ (1 20 (1) (55) 7)< o

(m,\)ET
where
8f( 3 %(f(nk)) ifp=reR
P
On T2(f@it,N) it p=it, Jt] <A

Each of these spaces is equipped with its usual topology.

Remark 2.4. From [2], the Fourier transform .%, is an isomorphism
from .7, (RZ) onto % (Y). The inverse mapping is given for all
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(r,z) € R? by

FINf) ) = / /T S N (72270 (1 A).

3. The windowed Fourier transform associated with the
Riemann-Liouville operator.

Definition 3.1. The windowed Fourier transform associated with the
Riemann-Liouville operator is the mapping V defined on .7, (R?) x
S (R?) for all ((r,z), (g, \)) € R x Y by

(3.1)
+oo
V(. 0)((rr2), (1 V) = / [ 0050 Tyg(5) ..

Remark 3.2. By means of relations (2.4) and (2.5), the transform V'
can also be written as

(1) V(f, g)((r, x)7 (H“? )‘)) = joz(fT(r,x)g)(Ma )‘)
(i) V(f,9)((r,2), (1, A)) = g * (purf)(r,—x), where g(s,y) = g(s,
—y) and * is the convolution product given in Definition 2.2.

We denote by

o .7.(R? x R?) the space of infinitely differentiable functions
f((r,z),(s,y)) on R? x R? as well as with respect to the
variables r and s, and rapidly decreasing, together with all
their derivatives;

o 7,(R? x T) the space of infinitely differentiable functions
f((r,z), (1, A)) on R? x T, as well as with respect to the
variables 7 and pu, and rapidly decreasing, together with all
their derivatives;

o [P(dv, ®dvy,),1 < p < +00, the space of measurable functions
on ([0, 400[ x R) x T, verifying for p € [1,+o0[,

1 lpan = ( / +°°/R J[ 10 Pz A))l/p<+oo,
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and, for p = 4o0,

[flloo va@ra = ess sup £ ((r, @), (1, A))| < Foc.
(), (1A € ([0, +00 [ xR) X T

Proposition 3.3.

(i) The windowed Fourier transform V is a bilinear, continuous

mapping from Z,(R?) x 7, (R?) into Z(R? x T).
(i) For p €]1,2], we have
IV Dy vawre <]

The transform V can be extended to a continuous bilinear operator,
also denoted by V, from LP(dvy) x LP (dvy) into L¥ (dve ® dvs), where
p' =p/(p—1), is the conjugate exponent of p.

PV ”ng',Va :

For more details about the windowed Fourier transform associated
with the Riemann-Liouville operator, the reader is referred to [20].

Now, we are able to define the localization operators associated with
the windowed Fourier transform, associated with Riemann-Liouville
operators.

Definition 3.4. Let o be in L'(dv, ® dvs) + LT (dvs ® dvs), and
let f,g be in L?(dv,) such that ||g||2.,, = 1. The localization operator
L, (o) associated with the windowed Fourier transform is defined by

Ly(0)(f)(r,z) = / +OO/R J[ oG VL (00 (3)

X @/,L,)\(T7 I)TS,yQ(T: I) dVOt (Sa y) d’YO/ (/’Lv A)a

where o is called the symbol function and g is called the windowed
function.

Using relation (3.1), Ly(o) can be written as

+o0o
Ly(0)(f)(rz) = / [ 0k, (r.0) dva a1,

where k is the reproducing kernel given by

k(e ro) = [ - ][ ot e a0 210

X @p,)\(n :E)T(s,y)g(ra ‘T) dVa (57 y) d’YOé (.U’a )‘)
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Theorem 3.5. Let o be in L'(dv, @ dv,). Then,
Ly(0) : L*(dve) — L*(dvs)
is a bounded operator, and we have ||Ly(0)|| < [|o]|1,v007e -
Proof. Let f and h € L?(dv,). From Proposition 3.3 (ii) and using

the density of .7 (R?) in L?(dv,), we obtain that L,(o) belongs to
L?(dv,). Then,

(3.2)

+oo
LoD W= [ [T [ ol VL0590, (03)
< V(h, 9)((s,9), (1 X)) dva (s, y) dya (. A).-
Now, using Holder’s inequality and relation (2.3), we get
(3:3) V(9 (s, 9)s (1, M)V (hs g)((5,9), (11, )]
< I llzwallsall3 oo lIbllzen < Ifllzve Bl20,-
From relations (3.2) and (3.3), we obtain
[(Lg(@)(f); B2val <ol pasrallfll2.

g(0
Thus, [[Lg(o)[| < lloll1.vewva- -

Theorem 3.6. Let 0 € LT°(dv, ® dv,). Then,
Ly(0) : L*(dve) — L*(dvs)

is a bounded operator, and we have || Ly(0)|| < [|0||o0,va@ve -

Proof. Let f and h € L?(dv,). Using Holder’s inequality and rela-
tion (3.3), we obtain

(Lo(0)(F)s B |
400 1/2
2
wmquAmemmwmmmwb

X (//r -/0+°°R|V(h, 9)(5,9), () 2dva(s, y) d%(%)\))lm

17ll2,v -
This completes the proof. O

g ||O—||O°7Va®')’a
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Now, by the Riesz-Thorin theorem [29], Theorem 3.5 and Theo-
rem 3.6, we obtain

Theorem 3.7. Let o € LP(dv, ® dv,), 1 < p < +o0o. Then
Ly(0) : L*(dve) — L*(dvs)

is a bounded operator, and || Ly(0)| < [|0|lp,ve®qye -

4. Compactness of the localization operator. In this section,
we introduce the notation of the Shatten-von Neumann class S, (for
more details, see [26]), and we will use it to study the compactness of
the localization operator.

Let T be a compact operator from a Hilbert space H into itself;
then, the linear operator
(T*T)Y?: H — H

is positive and compact. Let (¢x)ren be an orthonormal basis of H
consisting of eigenvectors of (T*T)'/2, and let s;(T) be the eigenvalue
corresponding to the eigenvector ¢,. We say that the compact opera-
tor 7' is in the Shatten-von Neumann class S), if

Z sk(T)P < 4o0.
k

The set of all bounded linear operators is denoted by S., and the
set of all compact operators by K. First, we recall two properties of Sy
and Seo; for more details, see [32, Proposition 2.4].

Proposition 4.1. Let
T:-H—H

be a bounded linear operator such that

+oo
> UTwk, )| < +o0,

k=1

for all orthonormal bases (Yx)ken for H. Then T is in Sy.

Theorem 4.2. Let 0 € L' (dvy ® dv,). Then the bounded linear oper-
ator
Ly(0) : L*(dve) — L*(dvy)
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is in S and
(4.1) 1Lg(o)llsy < 4ol va@ra-
Proof. Let (¢)ren be any orthonormal basis for L?(dv,). Then,

by Definition 3.4, Fubini’s theorem, the Parseval identity and rela-
tion (2.3), we obtain

(4 2)

Z| o) (¥r), Yr)2,m, |

k=1

I +o0
<Z// / [ 1o((s.9). G2 MV (.9) (5.8, ()

< [V (i, 9)((5,9), (1, M) dvia(5,9) drya (1, A)

///m 0((5,), (1 V)|

+Z|v i 9) (5, 9), (10 \) P (5, ) v (1 )
—+oo
/ / / / 10((5, ), (11, ) 20T B (5, 9) (1)
< ||U||1,Va®7a||9||2,ua = ||J||1,Va®7a < +o00.

Hence, by Proposition 4.1,
Ly(0) : L*(dve) — L*(dvy)
is in Sl.
In order to prove estimate (4.1), first let o € L'(dv, ® dv,) be
a nonnegative function. Then, (L;(U)LQ(U))1/2 = Lgy(o). Thus, if
(¢x)ren+ is an orthonormal basis for L?(dv,,) consisting of eigenvalues

of
(L (0)Lg(0))/? : L*(dva) — L*(dva),

using relation (4.2), we have

+oo

(43)  ILy(0)lls, = D (L5 (o) Lg(o)"? (W), ) 2.0

k=1
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= Z o) (k) ¥k)2me < Nol1v0@ra

Now, if 0 € LY(dv, ® dvs) is a real-valued function, then the result
follows from the fact that ¢ = o — o_, where

o4+ = max(0,0), o— = —min(c,0).
In fact, by applying inequality (4.3), we get
(4.4) [1Lg(@)lls, = 1Lg(o4) = Lg(o-)ls,
< Lglo)llsy + [[1Lg(-)lls,
<ot veera + llo-llLva@ra
g 2”0”17’/&@7@'

Finally, if 0 € L'(dv, ® dv,) is a complex-valued function, then we
write 0 = 01 + i02, where o1 and o9 are the real and imaginary parts
of o, respectively. Formula (4.4) then yields
[Lg(0)lls, = [[Lg(o1) + iLg(02)l s,
< Lg(o1)lls, + [[Lg(o2)]]s,
< 2(lo1llivaera + o2l veeqa)
<4

This completes the proof. O
Hereafter, we ameliorate the constant given in Theorem 4.2.

Theorem 4.3. Let 0 € L' (dvy @ dv,). Then the bounded linear oper-
ator
Ly(0) : L*(dvy) — L?(dvy)

is in S1 and
ILg(@)lls: < llolltvasya-

Proof. Since o € L'(dv, ® dv,), by Theorem 4.2, Ly(o) is in Sj.
Using [32, Theorem 2.2], an orthonormal basis {vg, & = 1,2,...}
exists for N(Ly(c))*, the orthogonal complement of the kernel of
Ly(0), consisting of eigenvectors of |Ly(0)| and {wg, k= 1,2,...} an
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orthonormal set in L?(dv,,), such that

+oo
Lo(@)(f) = silf | vi)vowr,
k=1

where s, k= 1,2,... are the positive singular values of Ly (o) corre-
sponding to vg. Then, we obtain
+oo
[1Lg(0)lls, = Zsk D (Lg(0)(wr) | @i
k=1

Thus, by Fubini’s theorem, Schwartz’s inequality and Bessel’s inequal-
ity, we obtain

+oo

[Lg(o)lls, = Z<Lg(0)(vk) | Wi,
k=1
+0o oo

x V(wk, (s y) (1, A)) dva (s, y) dya(p; A)

/m///IU ((s,9),(,A) (ZIV Uk,9)( (LM))I)U2

1/2
(wak, O ADF)  dra(s,) v )

< o [ [ 1ot e Al s i

< lollive@qa- O
Theorem 4.4. Let 0 € LP(dv, ® dy,), 1 < p < 4+o0o. Then, the
bounded linear operator

Ly(0) : L*(dve) — L*(dvs)
18 compact.
Proof. Let 0 € LP(dvy ® d7v,), 1 < p < +00. Then, there exists a

sequence

(op)k € S.(R? x T)
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such that (ox)r converges to o in LP(dv, ® dvy,). It follows from
Theorem 3.7 that

[Lg(ox) = Lyg(a)lls, < llok — oll1,va@ra — 0,
when k — +o00. This means that

Ly(ok) — Ly(0) in B(L*(dv,)) as k — +o0.

From Theorem 4.2,
Ly(or) : L*(dve) — L*(dvy)
is a linear operator in S7, and hence, compact. It follows that
Ly(0) : L*(dvy) — L*(dvy)

is compact. ]
Now, we show the Shatten-von Neumann property.

Theorem 4.5. Let 0 € LP(dv, ® dva), 1 < p < 4+o0o. Then, the
bounded linear operator

Ly(0) : L*(dvy) — L*(dvy)

is in Sp and |[Ly(0)ls, < llollp.vaerya-

Proof. From Theorem 4.3, for o € L'(dv, ® dv,), we have

(4.5) 1Lg(@)llsy < ol va@ya
and, from Theorem 3.6, we obtain
(4.6) [Lg(0)Mse = ILg(o)ls,L2(ava) < lolloovamra-
By using Theorem 2.2.6 and Theorem 2.2.7 from [33, Chapter 2],
LP(dve @ dya) = [L}(dva ® dya), LY (dve @ dya)l/p,
Sp = [51, Ssol1/p7

where p’ is the conjugate index of p. Thus, by relations (4.5) and (4.6)
and the inequality from [33, Proof of Theorem 2.2.4], the proof is
complete. |
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Suppose now that ¢ € LP(dv, ® dv,) is a nonnegative function.
Then,
Ly(0) : L*(dve) — L*(dvs)

is a positive and compact operator. Let (¢)r be an orthonormal basis
for L?(dv,) consisting of eigenvectors of Ly(co) : L?(dv,) — L*(dva)
and A the eigenvalue corresponding to the eigenvector 1, k =
1,2,.... From Theorem 4.2, L,(c) : L?(dv,) — L?*(dv,) is in Si.

Thus,
+oo
Z A < 00.
k=1

In fact, we give an explicit formula for
+oo
S
k=1

For a positive operator
T : L?(dvy) — L*(dv,)

with a pure spectrum in which the eigenvalues are counted with mul-
tiplicities, given by {Ag; & =1,2,...}, the trace of T is defined by

“+o0
Tr(T) =) A
k=1

Theorem 4.6. Let o € L' (dv,®dy,) be a nonnegative function. Then,
+oo )
(L) = [ [ [ oo N eraticnslBo, dvals9) drasd).

Proof. Since A\, = (Lg(0) Yk, V)20,

+oo
o= / /T / / o (5:9), (MY (@5:9) (5:), (M) 2 (5,) drva (1, 0).

Hence, by Fubini’s theorem, we obtain

Te(Ly(0)) = :E_ojjxk -/ /T / +°° / o((5,9), (1, 1))
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+oo
+ Z |V(¢kag)((57y)a (:uv )\))|2dl/a(5,y) dﬂ)/a(/ufv >‘)
k=1

_ / /T _/O+OO/RG((87@/),(M7/\))II%L,AT(s,y)m

This completes the proof. O

5 0. Va(s,y)dya (1,N).
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