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ON THE SOBOLEV ORTHOGONALITY OF
CLASSICAL ORTHOGONAL POLYNOMIALS
FOR NON STANDARD PARAMETERS

J.F. SANCHEZ-LARA

ABSTRACT. The discrete part of the discrete-continuous

orthogonality
B(f,9) = Ba(f,9) + Be(fN), g M),
is studied for families of classical orthogonal polynomials
such that the associated three-term recurrence relation
TPn = Pn+1 + Bnpn + YnPn—1,

presents one vanishing coefficient v,, as in the case of
Laguerre polynomials LS;N>7 Jacobi polynomials P,(fN‘B)

and Gegenbauer polynomials C§L7N+1/2) with N € N. It
is shown that the discrete bilinear functional %; can be
replaced by a linear functional, ., or by another bilinear
functional related with .Z, which allows us to reformulate
the orthogonality in a much simpler way in the case of
Laguerre polynomials and in a totally explicit form in the
case of Jacobi and Gegenbauer polynomials.

1. Introduction. Classical orthogonal polynomials play a distin-
guished role in many branches of applied mathematics. Probably the
main reason for this use is that they are polynomial solutions of the
second order differential equation

o(2)y"(x) + 7(2)y' (z) + Any(z) =0,

with ¢ and 7 polynomials of degree at most 2 and 1, respectively, and
An € R. One of the main tools in dealing with classical orthogonal
polynomials, p,,, is precisely its orthogonality, which can be written as

(11) <°§/p7pnp7n> - knén,nu for all n,m Z 0’
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for some linear functionals . and k, > 0. However, it is known that
the existence of such a £ does not hold for all classical orthogonal
polynomials. In fact, it only occurs for Hermite polynomials H,,,
Laguerre polynomials L%a) with @ > —1 and Jacobi polynomials
(Gegenbauer polynomials included) P with a,f € (—1,400).
Hence, a natural problem is whether the orthogonality holds for the
other choices of the parameters, the so-called non standard parameters.
For almost all the rest of the parameters in C, it is possible to find a
linear functional .Z such that equation (1.1) holds but with k,, # 0 (the
path of integration which is used as a contour in the complex plane,
see for instance, [9, 15]), so that it is a non Hermitian orthogonality.

There are only a few cases in which it is not possible to find an
orthogonality of type (1.1) which correspond with the existence of a
vanishing coefficient vy in the three-term recurrence relation

(1.2) P () = pri1(2) + Bnpn(x) + Ynpn—1(z).

Due to the Favard theorem, see [6, Theorem 4.4], a functional ¥
satisfying
(L, pppm) =0, for all n,m >0, n#m,

is uniquely defined, but the condition (%, p?) # 0 does not hold for all
n € N. Indeed, v, # 0 for n < N if and only if (Z, p2) # 0 for n < N.
Thus, a different type of orthogonality is needed. The fact that, for the
given ., the condition (1.1) cannot be satisfied, also follows from the
study of its sequence of moments

Hn = <$,In>

The moments are known for classical orthogonal polynomials (a nor-
malization is needed in some cases) and, for some families with non
standard parameters, there exist some determinants of the Hankel ma-
trices

Ko K1 e uN

M1 H2 C... HN+1
An=|. } R

UN HN+1 s Ha2N

which vanish; hence, a sequence of polynomials {p,},>0 satisfying
equation (1.1) cannot exist, see for instance [6, Theorem 3.1]. Indeed,
A, # 0 for n < N if and only if (Z,p2) # 0 for n < N. The problem
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arises because the family {p,}n>0 is not uniquely determined by .Z.
Some properties of general polynomials {p,} satisfying

(Z,ppz™)y =0, form=0,1,...,n—1,

for a fixed general sequence of moments { i, },>0 such that A, = 0 can
be seen in [10, Section 1].

The families of classical orthogonal polynomials satisfying equa-
tion (1.1), for which the existence of a linear functional .Z is not pos-
sible, are the Laguerre L,(fN), Jacobi Pé_N’B) or P,(La’_N) and Gegen-
bauer polynomials C,(fNH/ ?) Wwith N € N in all cases. These are the
families which we study in this work (the orthogonality (1.1) also fails
for PT(fN’fM) and CffN), but these polynomials are not well defined
for all degrees in the sense of degp,, = n). These polynomials can be
defined for all n € Ny taking an adequate normalization (for instance,
by considering monic polynomials) and all the main properties which
appear in the literature (differential, three term recurrence relations,
hypergeometric representation, etc.) remain true, but the orthogonal-
ity (see, for instance, [4, 14, 24] for properties of these polynomials
with any parameters). These polynomials have been endowed with an
orthogonality through a bilinear functional %, see [2, 3, 16], with the
property

with &k, > 0 so that the family {p, : n € Ny} is characterized by
equation (1.3), i.e., {p, : n € Ny} is an orthogonal polynomial sequence
with respect to %.

This and related problems have been studied from several points of
view in the last two decades, see [1, 2, 3, 5, 7, 8, 12, 16, 18, 19, 20,
21, 23]. We comment briefly on the state of the art.

The first results in this direction were given in 1995 by Kwon and
Littlejohn [16], who established the Sobolev orthogonality for Laguerre

polynomials L™ with N € N (so vyv = 0, or equivalently, Ay = 0)
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through the positive-definite inner product

N-1

Bkj )(F*(0)g(0) + £97(0)g™(0))
(1.4) k=0

4 / SO (@)™ (@) da,

+WMPT

where f() stands for the jth derivative, and

(05
= k—p Jj—0p
By j(N) = for0<j<k<N-1

k 2
1
22( > for0<j=k<N-—1.

The main idea of the previously obtained result [16] is to use the
fact that the derivatives of classical orthogonal polynomials are also
classical and, taking a derivative of adequate order, the parameters
become standard. Then, the bilinear functional £ is expressed as the
sum of two bilinear forms: a discrete %, (the fist term on the right hand
side of equation (1.4)) and a continuous %, evaluated at the derivatives
of order N (the second term on the right hand side of equation (1.4),
with the properties:

Ba(PnsPm) = knbn,m, for n,m € {0,1,...,N — 1},
Ba(pn,pm) =0, form > N or m > N,
B.(p (N),pgyll\f)):kn(sn,m, for n,m > N,

and k, > 0. Thus, the role of % in dealing with the family {p, }n>0 is
to decompose it into two parts: for polynomials with degree < N, %
acts only through %,; while, for polynomials of degree > N, % acts
only through the part with %.. This idea was developed in 1998 by
Alvarez de Morales, Pérez and Pifiar [3], who found a general approach
which establishes the orthogonality for classical orthogonal polynomials
when the parameters are such that the three-term recurrence relation
(1.2) presents some vy = 0, or equivalently, Ay = 0. The bilinear
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functional in [3] is defined by

17 B(.g) = Ball.9) / S ()™ (@) dv(z),

where v is the orthogonality measure associated with the Nth deriva-
tive of the corresponding classical orthogonal polynomial, always with
classical parameters, and %, satisfies properties (1.5)—(1.6). It is easy
to check that, with these assumptions, {p, }nen, is a sequence of orthog-
onal polynomials with respect to equation (1.7), so the main problem
consists of finding a %, satisfying equations (1.5)—(1.6).

The orthogonality of Gegenbauer polynomials C’y(fNH/ Y for N €N
(thus, y2n5 = 0, or equivalently, Ayy = 0) was established in [3]

1
B(f.g) = FAG' + / FEN (@) (1 - )V de,
—1
where

F=(f(1),f(1),.... fNI), f(=1), f/(-1),..., fN "V (=1)),

and G is defined analogously. Since C N+1/2) = const (2 — 1)V

property (1.6) is guaranteed and A is a symmetric positive definite
matrix such that equation (1.5) holds. In the same way, the orthog-

onality of Jacobi polynomials Py~ ™"
(thus, vy =0 and Ay =0) [2] is

with 8 a non-negative integer

#5.9) = FAG+ [ OO+ )
-1

with
F = (f(1), f/(1),..., f""1(1)),

NB) — const (x —1)N.

since P](\f

In [2, 3], matrix A is proven to exist, and it can be constructed
using the arguments of the proofs therein. We show a slightly different
construction of A, or equivalently, of %, for the case of Yy = Ay =0
by using some ideas from [17]. This is valid for general orthogonal
(not necessarily classical) polynomials, too. The first step is to define
P, via equation (1.5) in Pxn_1, the space of polynomials of degree
less than or equal to N — 1, with arbitrary positive constants k,.
This can be done because the polynomials {pg,p1,...,pn—1} form a
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basis of Py_1, and then, the Gram matrix of %y in this basis is a
diagonal matrix K with entries kg, ...,kny_1. The second step is, see
[17], to consider the basis of Py_; composed of the basic Lagrange
interpolation polynomials associated with the roots of py, taking into
account their multiplicities. Thus, %, in Py _1 can be written as

(1.8) Za(f,9) = FQKQ'G',

where Q is a nonsingular matrix and F and G denote the vectors
whose entries are the evaluations of f and ¢ as well as possibly its
derivatives at the roots of py according to their multiplicities (and,
hence, A = QKQ!). The entries of the matrix Q! are the polynomials
Do,---,pPN—1 and possibly their derivatives evaluated at the roots of
pn, which are known. Thus, Q is computed as the inverse of a known
matrix. Finally, %, is considered as the extension of %, to P, the
space of all polynomials (and even to the space of functions with
bounded derivatives at the roots of py), via the representation (1.8).
With this definition, %, satisfies the conditions (1.5) by construction.
Condition (1.6) holds since vy = 0 implies that py is a common factor
of any p, with n > N (this fact could be obtained from the sequence
of moments as well, see [10]). The approach described here has also
been used for little g-Laguerre polynomials [18], big and little g-Jacobi
polynomials [19] and continuous g-Jacobi polynomials [21].

This orthogonality was one of the reasons (among others as in [13])
that motivated the study of orthogonal polynomials with respect to a
so called discrete-continuous Sobolev inner product, see [2]:

B(f.g) = FAG' + / £ (2)g® (2) dv(z),

with A any symmetric positive definite matrix, F and G row vectors
whose entries consist of f and g, respectively, and possibly its deriva-
tives evaluated at some nodes and v a nontrivial probability measure
(a nonatomic Borel positive measure) supported on the real line.

A different method for the discrete portion of orthogonality consists
of the use of a linear functional .Z, satisfying

(1.9) (L, pnpm) = On,m., for n,m €{0,1,..., N — 1},
(1.10) (&, Pnpm) =0, forn> N orm> N,



CLASSICAL ORTHOGONAL POLYNOMIALS 273

instead of the bilinear functional %,;. This method has been applied to
Racah, Hahn, dual Hahn and Krawtchouk polynomials [7], where the
functional .Z was previously known from the literature, and to Askey-
Wilson, big g-Jacobi, dual ¢g-Hahn, big ¢g-Laguerre, g-Meixner and little
g-Jacobi [8], where . was also obtained from the literature and the
relations between these families and their finite analogues (¢-Racah,
g-Hahn, continuous dual ¢g-Hahn, affine ¢-Krawtchouk, quantum g¢-
Krawtchouk and ¢-Krawtchouk, respectively). In all of these cases &
was defined through a discrete measure supported on a finite amount
of nodes and properties (1.9)—(1.10) were clearly satisfied.

Let us comment in regards to the manner of construction of .Z.
Functional .Z is a moment functional. The relations among a given
sequence of moments, orthogonal polynomials with respect to the asso-
ciated moment functional and the search of the largest space containing
P in which the linear functional given by the moments can be defined,
have been classically studied. In particular, moment functionals associ-
ated with classical orthogonal polynomials were studied in [22], where
they are expressed as

£ = i “" A Hn ),

n=0

and, as usual,

(6™, f) = (1" f™(0),

which gives a representation of . using the moments as initial data
for its construction.

Normalization of the moments would be necessary in our cases. For
instance, for Laguerre polynomials, L%a), the moments are usually
considered to be u® = I'(a + n + 1), and hence, u, ™V is not defined
for n € {0,..., N — 1}, but normalizing

oo Dla+n+1)

#nzm (+ 1),

the moments 7i,; "V are well defined for n € Nj.

Now, we shall see a different manner of illustrating the nature of .Z
when 7y vanishes. Since we have the complete sequence of polynomials
{Pn}n>0 with deg(p,) = n, functional .Z can be defined in P via the
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necessary condition

(1.11) (L, pn) = duo,

and Favard’s theorem [6, Theorem 4.4] guarantees the property
(&L, pnpm) =0, for all n,m € Ny and n # m,

but (Z,p%) = 0 (and this is exactly the reason why £ is not sub-
stantial for an orthogonality which covers all the degrees; £ cannot
characterize the entire sequence of polynomials {py}nen,). Further-
more, since vy = 0, using the three-term recurrence relation (1.2), it
is easy to check that py is a factor of every p, for n > N and if, in
addition, vy, # 0 for n < N, then .Z can be represented as

(1.12) (L.p) = C/F - p()z) dz

BT forallpeP,
(2)pv_1(2) P

where I' is a Jordan curve such that the roots of py lie inside I', the
roots of py_1 lie outside of I' and C' # 0 is a constant such that
Z(1) = 1. The proof of equation (1.12) can easily be obtained using
residues and setting

pn=Ppn +Qpn_1 forn< N

with polynomials P, Q such that deg(Q) = N —n — 1 and deg(P) =
N —n — 2 using (1.2), and writing p,, = Ppy for n > N.

Formula (1.12) shows that .Z is essentially an interpolatory quadra-
ture formula associated with py: let z1,..., 2, be the roots of py and
A1y, A their multiplicities

A1
(1.13) (L) =3 A (z)),

j=1 k=0

with A;; computed using equation (1.12). Indeed, this is a type of
generalized Gaussian quadrature (it is a classical Gaussian quadrature
when all the roots of py are simple and real and the Cotes numbers
are Ajo > 0). Hence, we have stated assertion (i) of the next lemma
which is a key to the forthcoming results.

Lemma 1.1. The following statements hold.
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(i) Let a family of polynomials {pn}nen, with deg(p,) = n satisfy
recurrence relation (1.2) with v, # 0 for 1 < n < N —1 and
v~ = 0. Then £ defined as (1.11) can be represented as the
quadrature formula (1.13) associated to the orthogonal polynomial
PN-

(i) Let a sequence {fin}tn>0 of real numbers be such that A, # 0 for
0<n<N-1, Ay = 0. Consider £ the associated moment
functional. If there exists a family of polynomials {pp tnen, with
deg p, = n such that

<$apnpm>207 fO?” all nam6N07 n;ém,

then £ can be represented as the quadrature formula (1.13) asso-
ciated to the orthogonal polynomial py .

In particular, £ can be defined in any space of functions with
bounded derivatives at the roots of py .

Assertion (ii) can be easily proved by taking into account that a
recurrence relation (1.2) also holds for n < N and that py is a factor
for all p,, with n > N as well (expand the remainder of p,, divided by
pn in the basis {po, ...,py_1} and prove that all the coefficients vanish
due to {Z, pyp) = 0 for any polynomial p and (&, p2) # 0 for n < N).
Then (ii) follows using the same arguments as those for (i).

Let us compare both methods:

e The use of %A, allows us to take the discrete part of the orthog-
onality positive semidefinite, since this property is controlled with the
positivity of the coefficients k,,. However, . is positive semidefinite if
and only if v, >0 forn=1,...,N — 1.

e The bilinear functional %, is not of Hankel type (i.e., Bq(xf,g) #
PBa(f,xg) so the matrix of moments is not Hankel) unless the coeffi-
cients k,, are chosen such that k,, = k,,—17,. This means, for instance,
that, with a different choice of the coefficients k,,, the bilinear func-
tional does not directly reveal the structure given by the three-term
recurrence relation. But, if some ~, with n < N — 1 is not positive,
then the semidefinite positivity is incompatible with the Hankel prop-
erty. Furthermore, %, is chosen to be of Hankel type; therefore, it can
be represented as

PBa(-,-) = const (&L, x ).
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e Since the matrix Q in equation (1.8) is computed as an inverse
matrix, By is not totally explicit. The only exception is when all the
roots of py are simple, which implies that, with suitable normalization,
Q can be chosen as an orthogonal matrix. However, usually .Z is totally
explicit.

e The method with %,; can be used even when some v, = 0 for
n < N. However, the method with .Z is applicable when N = min{n :
~n = 0} although an alternative using more than two linear functionals
is common [8] when {n : 7, = 0} has more than one element.

Thus, if v, >0 forn=1,..., N — 1 or we are interested in the Hankel
property for the discrete part, the method with the linear functional
is adequate. However, if v, for n < NN is not positive, and we are
interested in inner products, the method with the bilinear functional
should be chosen although the matrix Q is not explicit.

In this paper, we obtain for the Laguerre LSfN) an explicit expres-

sion for the linear functional . (Section 2), Jacobi piNA) (Section 3)
and Gegenbauer polynomials i) (Section 4) based on equa-
tion (1.12). Also, we consider an alternative form for the bilinear func-

tional
N-1

Ba(f,9) = Z kn( L, pn )L Png),
n=0
which provides new expressions for orthogonalities of the polynomials
under consideration. These expressions are simpler than those existent
in the literature for the case of Laguerre polynomials, and they are
totally explicit in the case of Jacobi and Gegenbauer polynomials.
2. Orthogonality for Laguerre L,(fN)
als L%_N) can be defined as

LM (@) = N+ Ln 1)n1F1 ( g

. The Laguerre polynomi-

n! —-N+1

for all n € N. Those which are monic,
LM (@) = nl(=1)" LT (@),
satisfy the recurrence relation

2LV (@) = L5 (@) + (2n = N+ DIEY (@) +n(n — N)L N (2),

n—1
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so {n : 7, = 0} = {N} and the functional . is defined in P as the
quadrature rule associated with Lg{N) (z) =2V, ie.,

N—1 )
L) =Y A;f9(0)
j=0

for coefficients A;. The following lemma shows that the orthogonality
conditions of the family

(LEN) in=0,...,N -1}

reside in the series coefficients of L( Ne=z at 2 = 0, which is the
essence of all the possible representations of .Z.

Lemma 2.1.

L%—N)(Z) Z—Ne—z _ zN: (_1)N_j(_j + 1)n

1
- — 4+ an entire function.
nl(N — j)! 27 f

Jj=n+1

Proof. Multiplying the hypergeometric representation for LSI_N) and
the Laurent series for z~Ne™% at z = 0, one obtains

L( N)( Z By, -|- entire function,
j=1
with
o 1min{§jan} (—n)k(—N + 14+ k)p—sk (,1)N7kfj
n,]in! =0 k! (N—k—])'

Standard computations yield
(=) (=N +1), -n, —N+j
Boi="—u w2 v T
— (_1)N_j (_.7 + 1)n
! (N — -

Finally, the lemma is proved taking into account that B, ; = 0 for
j=1...,n. O
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The first consequence of Lemma 2.1 are the representations for the
linear functional .Z.

Corollary 2.2. The following representations for £ hold:
()N IV - 1)!

(“Z, )= i /Ff(z) 2 Ne ?dz
N—1
=)L e
=0
N (V1L
> (Yo,

where I" is any (simple and closed) Jordan curve surrounding the origin,
in particular, the unit circle.

The main result of this section is the next theorem.

Theorem 2.3. Laguerre polynomials LEfN) for all degrees n € Ny are
orthogonal with respect to:

(i) The bilinear functional

N—-1

_ . +oo
B(f,9) = Z(—l)j <N . 1) (f9)9(0) —|—/0 FMN (2)g™N) (z)e™™ da.

=0 J
(i) The inner product
+o00o
#(f.9) = FBKB'G' + / F (@)™ (2)e~*dx,
0

where F = (£(0), £(0),..., fN=1(0)) and analogously for G, K
is an arbitrary diagonal positive definite matriz and

- (N =1\ (=)
Bt b= (V) S
In particular, if K =1, then

i -1 -1\ /[i+yg
BKBt — (al,])i\g;IO7 ai; = (_1)1-‘1—] (N . ) (N . ) (l'i_])’
’ 2

J 2
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Proof. The orthogonality given in (i) is a direct consequence of
Corollary 2.2 and the results in Section 1.

Now consider the inner product given by

(2.1)
N—-1

B(f,9) =D knZ(FLSN)L(gLG™) +/+Oof(N)($)g(N)(w)e‘””dw,
n=0 0

with &k, > 0. Using, for instance, the integral representation for . and
Lemma 2.1, it is not difficult to obtain

N-—-1 .
waion =Y e (N ),

Hence, FBKB!G! is the matrix representation of the first term on
the right hand side of equation (2.1) with K the diagonal matrix with
entries kg,...,kN_1.

If the coefficients k,, are chosen such that k,, = 1, then
N-1 o
(N =1\ (N—-1\/[i+7
R . o — (1)t
aw_;bmb”_< ) j( i )( j )( i ) -

3. Orthogonality for Jacobi P,(fN’ﬁ ). In this section, we consider
the Jacobi polynomials PV with B ¢ Z~ (this condition ensures
that deg(p,) = m and that these polynomials are not Gegenbauer
polynomials). These polynomials can be defined for all degrees through
the hypergeometric representation

- (=N +1), —n,n—N+B+1 ]| 1-x
P w) = e —N+1B 2 )

and the monic ﬁé*N,B ) to satisfy the recurrence relation

.’L‘ﬁ(_N’B) _ ﬁ(*Nﬁ) + ﬁQ - N2 ﬁ(—N,ﬁ)
n nt1 2n—N+p)2n—-N+5+2) "
4n(n — N)(n+ B)(n — N + ) S5(—N.B).

T e NtB_Dn-N+B22n-Ntg+1) "t
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thus, vy is the unique vanishing coefficient v,,, and .Z is defined in P
as

N-1
(Lp) =) Ap?
7=0
for some A;, since ]3](\,_N’ﬁ)(z) = (z—-1N.

Lemma 3.1.

N o 9B(_1Vi(_s —B—n)N_;
j=n+1 .

+ an analytic function at 1.

Proof. Multiplying the hypergeometrlc representatlon for P( N.B)

and the Laurent series for (1 —2)~" (1 + 2)? at z = 1, one obtains

N

1
PENA () (1—2) "N (1+2)° Z;Bn,jm + analytic function at 1,
with
min{N—j,n
gy =S CN 4 (et N+ 34 (1)
" = n! (—N + 1) k12F

y 28 (—D)N ()N TR (BN ko
(N =] —R)2N=F

Standard computations yield, see, for instance, [11, page 66] for the
summation of the 3F5 series,

(—1)728(=N + 1) (=B)n—j
IN=Ipl(N — j)!

< —n, n—N++1, —N+j 1
352 ~N+1, f—N+j+1

21—+ a8~ n)y—
2N=Inl(N — j)! ’

By, =

and B, ; vanishes for j < n. O
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Corollary 3.2. The following representations for.,? hold:
(2.1) - [ 1)
(=B)n-— 12m 1 —2)

(—1)N-1gN-1- B gN-1
(=B)n—1  d2N-1 Zzlf(Z)(1+z)ﬁ

= (N-1 2 ()
4 ( j )(ﬁ—N+2>jfj(1)’

Jj=0

where I is any Jordan curve in C\(—oo, —1] surrounding 1 (for instance
a circle around 1 with radius lower than 2).

Theorem 3.3. Jacobi polynomials PT(fN’B) with 8 ¢ Z~ are orthogonal
with respect to:

(i) the bilinear functional

N-1

A(f,9) = Z (N]— 1)(621\;+2‘)(fg)(j)(1)
/ FM2)g™ (@)(1 + 2)" N d.
(i) The inner product
A(f.9) = FBKB'G' + /_11 FN (@) g™ (2)(1 + 2)°+ N da,

with F = (f(1), f/(1),...,fN=1(1)) and analogously for G, K
is an arbitrary diagonal positive definite matriz and

— (b, N1 (N1 (2P (=B —n)N-1-
B - (bj ﬂ) bj,n ( > .

=0 J (=B)n-1n!
In particular, if K = I then BKB? = (ai,j)%_:lo, with

AN N+2?I; N +2); (Nz‘_1> (NJ'_l)

XF _17 _jaﬁ+176+1 1
B\ 1L, B—N+24i,-N+2+j :
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Proof. We focus our attention only on (ii). Consider the inner
product

(L, PN (L, gP NP
(3.1)

f(N) (@)g™ (2)(1 + )" N da,

+
~ L 'MZ

with k, > 0. Using Lemma 3.1,

(L P )
- Nln,JZn( ) 2/ (=3)u(=B = )1 D ().

Hence, FBKB!G! is the matrix representation for the first term of
the right hand side of equation (3.1) with K the diagonal matrix with

entries ko, k1,...,kny—1. Finally, the expression for coefficients a; ; is
obtained using
N—1
aij = binbjn,
n=0
and standard computation. O
4. Orthogonality for Gegenbauer 07(1—N+1/2). The Gegenbauer

polynomials C’,(I_NH/ 2)

(=N+1/2) .y _ (2N 4+ 1)y —n,n—2N+1] 1—-z
Gy () = oy 2 F1 N41 5 )

are defined for all n € N as

since the numerators n — 2N + 1 and (—2N + 1),, compensate the
denominator —N 4+ 1 for N <n < 2N — 1 and n > 2N, respectively.
Those which are monic satisfy the three-term recurrence relation

2CNHYD (2) = O T (2)

n(n —2N) A(—=N+1/2)
tanaN D@ Nt St @

Thus, oy is the unique coefficient 7, which vanishes. Taking into
account the symmetry and the relation C’Q(J_VNH/Q) = (22 -1V, £ can
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be defined in P as
N-1 o
(L, )= A4(fP0) + (1) fP (1),
7=0
with some coefficients A;.

Lemma 4.1. Forn € {0,1,...,2N — 1},

CNHYD () (1 -2~

N . .
_ (2N + Vi (N)n—j (=] + )m Xn__ (=D™T
=2 (—=2)2N=im!(N = j){(=2N + 1+ j)m ((z —07 1) )

j=m+1
+ an entire function,

where m = min{n, 2N — 1 —n} and

1 foro<n<N-1
Xn = —1 for N<n<2N-1.

Proof. Multiplying the hypergeometric representation for 07(L7N+1/2)
and the Laurent series of (1 — 22)™" at z = 1, one obtains

CUNTD (2)(1— 227N = Jiv;Bn,j(z_ll)j + analytic function at 1,
with
b min{%jﬂl} (=2N + 1), (—n)p(n — 2N + 1) (=1)%
" k=0 n! (=N + 1)gkl2>
5 (N)N—j—r

YV~ - WD T
By using standard computations, we can give B,, ; as the Saalschiitzian
hypergeometric series (see, for instance, [11, page 66])

(2N 4+ 1)u(N)n B n, =N +3j, n—2N+1
" pl(=2)2N=i (N — j)! —N+1, 2N +j+1 ’
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which is expressed for n < N as
_ (_2N + 1)n(N>ij(_j + 1)n
" (=2)2N=in)(N — ))Y(=2N +1+4),’
and, for N <n <2N —1, as
B - —(=2N 4+ Don—1-n(N)n—j(=j + Dan-1-n
(=22 (2N = 1= )N = U=2N + 1+ j)an-1-n

Note that B, j vanishes for j < min{n,2N —1—n}. Finally, Lemma 4.1
is proved by considering the singular part at z = —1 using the
symmetry. (|

B

Corollary 4.2. The following representations hold for -

. (N 2N 1
(Z,f) = ( T 147” /f )"Ndz
_9)2N-1 N1
- ((NQ))N—12<(1)N ij—l » f)(1+2)N
del B
- G| f@=2) N)

N (N1 29~ j j G
:]Z—:o< j )2N+2)<f()() + (1) f9(-1)),

where I' is a contour composed by two circles of radius lower than 2,
one of which surrounds z = 1 in the counterclockwise direction and the
other z = —1 in the clockwise direction.
Theorem 4.3. The Gegenbauer polynomials C’T(L_N+1/2)
with respect to:

are orthogonal

(i) The bilinear functional

w0 =Y ("7 g 000 + (1790 1)

+ / 1 FEN (@)g®N (2) (1 — 2°)N da.
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(ii) The inner product
1
(4.2)  #A(f,9) = FBKB'G' + / FOM ()9 (2)(1 — 2*)Vd,
—1

with F = (f(1)7 f/(1)7 e f(Nil)(1)7 f(i]')a f/(71)7 e f(Nil)
(=1)) and analogously for G, K is an arbitrary diagonal positive

definite matriz and B = (bj,n)?,]x;éf

N-1y 27 (=j)n(=2N+D)n ’
( j )n!(72N+é)j(72N+2+j)n fO<j<N-—-1,0<n<N-1,
bj,n = *bj,2N—1—n ZfOSJSNf]-) NS”S2N717

b Nm(=1)"T if N<j<2N-—1.

In particular, if K = I, then BKB* = (a; ;)] =" with

W (N1 (N-1 2i+i—1

B i ) (=2N +2);(—2N +2);
. —i,—j,—2N +1,-2N + 1
1L, 2N 4240, 2N +2+4 ’

fori,5€{0,1,...,N — 1} and

0 ifi € {N,N +1,...,2N — 1},
je{0,1,...,N -1},
aij =40 ifi€{0,1,...,N —1},

jE{N,N+1,...,2N —1}
(—=1)ita; N, n ifi,je{N,N+1,...,2N —1}.

Proof. We focus our attention only on (ii). Consider the inner
product

N-1
B(f.9) = D kal L fOTNTD) (L, 9OV
(43) n=0

1
+ / FEN (@)g®M) () (1 — 2*)N da,
-1
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with k, > 0. Using Lemma 4.1,
(L, Cim M)
= (N - 1> 291 (=) (=2N + 1),
i ) ml(=2N +2);(=2N + 2+ j)m
(en fO (1) + (=)™ fO) (—1)).

Hence, FBKB!G! is the matrix representation for the first term of
the right hand side of equation (4.3) with K the diagonal matrix
with entries Ko, k1, ..., kny—1. Finally, the expression for coefficient a; ;
follows from

j=m

2N—-1

;=Y binbjn
n=0
and standard computations. O

Remark 4.4. The continuous part of the inner product in equa-
tion (4.2) can be replaced by

B (0D g / FOD (@)™ (2)(1 — 22)~N+M g,

with M any integer in {N,...,2N} since the Mth derivative of

C,(L_NH/ Y s a Gegenbauer polynomial with standard parameter, and,

with such a replacement, equation (1.3) is satisfied:

o if n < M, then B(pn,om) = Ba(Pn,Pm) = knOn.m-
o Ifne{M,...,2N — 1} and m # n, then

B(Dn Dm) = Ba(pn, pm) + BY (00, p30) = 0,
but
B(pnpn) = Ba(pn>pn) + B2 (M, pM)) > 0.
e If n > 2N, then
B(pnpm) = B (DM, D01) = kb m.

Note that a replacement cannot be made in equation (4.1) since the
property ZB(pn,pn) # 0 was not guaranteed for n € {M,...,2N — 1}.
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