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ON 2- AND 4-DISSECTIONS
FOR SOME INFINITE PRODUCTS

ERNEST X.W. XIA AND X.M. YAO

ABSTRACT. The 2- and 4-dissections of some infinite prod-
ucts are established in this paper. As corollaries of our results,
we derive the 4-dissections of some continued fractions appear-
ing in Ramanujan’s notebooks and their reciprocals.

1. Introduction and main results. Throughout this paper, we
let |g| < 1. We use the standard notation

oo

(a; Q) = [ J(1 = ag’)

1=0
and often write
(a1,a2,... ,0n;q0)oc = (a1: @)oo (023 @)oo -+ (An; q)o-

The Ramanujan theta function is defined by

(1.1) f(a,b)z Z CLn(n—i—l)/an(n—1)/27

where |ab] < 1. The function f(a,b) satisfies the well-known Jacobi
triple product identity [5]
(1.2) f(a,b) = (—a,—b,ab; ab) .

A special case of (1.1) is

oo

f=a) = f(=q,—¢*) = Y (=1)"¢"C""V" = (g;9)we.

n—=—oo
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For n positive, we denote f(—g™) by f, in this paper for convenience.

Recall that the Rogers-Ramanujan continued fraction is defined by

Rlg=14 LC © _(@050)
I+ 141+ (qvq4;q5)oo

This identity was first established by Rogers [16]. Ramanujan [14]
gave 2-dissections of this continued fraction and its reciprocal, and
these were first proved by Andrews [2]. Ramanujan [14] also gave 5-
dissections of R(g) and its reciprocal, and these results were improved
upon and proved by Hirschhorn [8]. In the same paper, Hirschhorn
conjectured formulas for 4-dissections of R(g) and its reciprocal, and
these were first proved by Lewis and Liu [12]. Hirschhorn [10] also
gave an elementary proof of his conjecture.
Gordon’s continued fraction is
G =1+a+ e ¢ e o (q3,q5;q8)m.
I+ @3+ 14+ ¢+ 1+4¢"+ (2,47 ¢%)

This identity was established by Gordon [7]. Hirschhorn [9] established
8-dissections of G(g) and its reciprocal, thereby demonstrating the
periodicity of the sign of the coefficients in expansions of G(gq) and
its reciprocal, and in particular that certain coefficients are zero, a
phenomenon first observed and shown by Richmond and Szekeres [15].
Alladi and Gordon [1], Andrews and Bressoud [3] and Chan and
Yesilyurt [6] generalized these themes. Recently, Xia and Yao [20]
proved Hirschhorn’s results by an iterative method.

Ramanujan’s cubic continued fraction is defined by

1+ +¢' P+ (0.0°¢")

1.3 RC(q) = .
3 W T (% )

This identity was first established by Ramanujan [14]. 2- and 4-
dissections of 1/(RC(q)) were first given by Srivastava [18]. Hirschhorn
and Roselin [11] also obtained the 2-, 3-, 4- and 6-dissections of
Ramanujan’s cubic continued fraction and its reciprocal.

The objective of this paper is to establish 4-dissections of some infinite
products. As corollaries of our results, we obtain 4-dissections of
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the reciprocal of Ramanujan-Selberg continued fraction, a continued
fraction introduced by Vasuki, Bhaskar and Sharath [19], Ramanujan’s
cubic continued fraction and its reciprocal. We also discovered the
periodicity of the sign of the coefficients in the expansion of the
reciprocal of Ramanujan-Selberg continued fraction. Our main results
can be stated as follows.

Theorem 1.1. Let m be a positive number and v an odd number. If
m =0 (mod 4), we have
(q2u qm72u.qm)oo
(@ q™ "¢ )
2m-+4u

(1.4)

6m—4u. 8m)

q 34 00 (_q6m—4u, _q10m+4u, qlﬁm; qlﬁm)oo

(@™ 4™)oo

((]2mf4u7 q6m+4u; q8m)
(@™ 9™)oo (~a

2m+4u, q6m74u; q8m)

(@™ 4™) oo

2m—4u 6m+4u. 8m
m—+3u (q »q 5 q )

(@™;4™) oo

If m =2 (mod 4), we have

_ g

oo

+q“

6m-+4u 10m—4uw . 16m. 16m
y —q y q 3 q )

oo

m—2u (q

oo

—q (_q2m+4u, _q14m74u’ q16m; qlf)'m)oQ

o0 2m—4u 14m—+4u 16m. 16m
(_q ) )oo

—dq y —q q 1 q

2u m—2u. m
(", q 10" ) oo
(g, g™ ;™) oo

(1.5)

(g g Rug2my (gmA2u gBm—2u gdmy (_ g6m g 10m 16m. 16m
- (qQ'm,7(12771,7(14771,;(14771,)0Q
—2u 2u, 2 —2u c 2u, _4m ) 10m 1 16m
g @2 oo (™ 2 = P10 ™) 0o (=% =000 ) o
(q2m7q2'm7q4'm;q4m)oo
+qm (qm72u 7qrr1+2u ;q2'm)cc (_q'm+2u._ 3'mf2u;q4'm)oo (_q2m7_q14'm 7ql(i'm;qlﬁrm)OQ

(q2'r7;, ’q2'm ’q4'm ;q4'm ) 0o
'm72u7q'm+2u ;q2m)oo (_q'm,72u7 —q
(q2'm, 7q27n 7q47n ;q4'm, ) oo

+ qm+u (q 3m+2u ;q4m)oo (_(12'm7 _q14'm7q16'm ;q16m)x

The Ramanujan-Selberg continued fraction is

1 +q2 3 2+ gt oo
(1.6) S(g) = L LatC @ e (¢:4%)

S+ 1+ 1+ 1 (6%, 4% q")
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Independently, Ramanujan [13] and Selberg [17] discovered this inter-
esting continued fraction. Setting w =1 and m = 4 in (1.4), we obtain
the 4-dissection of 1/(S(q)).

Corollary 1.2. We have

_ (@Y%
S(e)  (¢¢%)
(=%, —q*: )0
= (q47q87q167q24’q28;q32)oo(q32;q64)00
q(—¢*%, —¢*% ¢")
(q87q12;q167q207q24;q32)00(q32;q64)oo
qz(_qm7 52, ¢64)

(1.7)

+

(¢, ¢%,4'%,¢*, ¢ ) (2% ¢%*) oo
B q7(—q12, ¢*")oo
(¢%,4'%,4'%,¢*,q ) (%%¢°)

From (1.7), we immediately obtain the following corollary on the
periodicity of the signs of the coefficients of S™1(q):

Corollary 1.3. Let

2,42 >
51(g _ (5d)s g
@ (¢54%) o 7;)
Forn >0, we have

(1.8) dan >0, dang1 20, dapnyo <0, dyps7 <0.

Vasuki, Bhaskar and Sharath [19] introduced the following continued
fraction

(4:4°:4%) 0
(4% 4% ¢%)
_¢P-¢) (1-¢")(1-¢"?) (1-¢**(1-¢"7?)
(1=¢32)+ ¢2(1=¢*/)(1+¢%)+ ¢*2(1-¢*?) (1 +¢%)+

X(q) =
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Taking v = 1 and m = 6 in (1.5), we obtain the 4-dissection of

1/(X(q))-

Corollary 1.4. We have

2 4. 6
(1.9) (q,q5,q6)oo
(4,6%;4%) 0

_ (64 6% (=¢% —4'% g ) ( 0>, —4%, 4% ¢*)
(¢'2, q12 7**; 6% ) oo

+q(q4,q8;q12)oo(—q4,—q Yoo ( 7*%, —4%°, %% ¢"%) s
(q12 q q 250%) o

+qe(q4,q8;q12) o (—¢* ,—q q )oo( 7%, —¢*,¢"% ¢"%) s
(¢'%,¢'2,¢*% ¢*Y)

+q7(q4,q8;q12) oo(—4%, —q ,q ) (=" =a™, 4" ¢*)oc
(4"%,¢"2, ¢*% )

Theorem 1.5. Let m and u be positive integers. If m =2 (mod 4)
and u is odd, we have

Ligy @ am e
( ' ) U Mm—u.
(g%, ™" q™)oo
B (q2m—4u, q21n+4u7 q ) (qm—Qu, qm+2u; q2m)oo
- (qu7 q4m)4
x ((_qm+2u q3m 2u7q ) + q2u(_qm—2u’ _q3m+2u;q4m)c2>o)
+ qu EZ;Z:Z;Z;% ((q2m74u7 q2m+4u;q4m)go_ qu4u(q4u7 q4m74u;q4m)go).

Letting w = 1 and m = 6 in (1.10), we obtain the 4-dissection of the
reciprocal of the Ramanujan cubic continued fraction.

Corollary 1.6. We have

(1.11)
LN U1 0 S e et ) P C Y et ) F S C T L
RCO(q) (4,4 ¢%) (4'% ¢*)5% (4% ¢*)%
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N 2 (%" —* =, —¢*, = *) e (¢*, 4% ")
q 12. 244
(q'% ¢*)4,

5 (q* % *H%

(a5 ¢*4)4,

Theorem 1.7. Let m and u be positive integers. If m =2 (mod 4)
and u is odd, we have

(@4 4™ ) oo
(@3, g3 q™) o

4 2m—4 2 2 6 3m—6u. ,4m\2
u,(]m u’quru qm u,q ) ( qur u’_qm uvqm)oo

(q2m;q4m)go(q12u q4m 12u.q4m)oo

(1.12)

(g

(q4u’ q2m—4u, qm+2u’ qm 2u7 q ) ( qm—Gu’ _q3m+6u; q4m)c2>o

4 q6u
(qu. qél'rrl)ééo(quu7 q4m 12u; q4m)oo
(_qm72u _q3m+2u q ) ( qm+6u _q3m76u. q4m)c3>o
u ’ 9 ’ 9
o ( (@™ q* )8 (g2, g™ =124 g ) oo

su (_qm+2u q3m Qu,q ) ( qm—6u7 _q3m+6u;q4m)go)

—q (q2m. q4m)6 (q12u q4m—12u. q4m)oo
) o0 ) )
3 (_qm—ﬁu _qm+6u q4u q2m—4u qm—Qu qm+2u.q2m)oo
U ) ) Ll Ll Ll )
i (¢*™; ¢ )3 (q"2, g*m =124 g4 m ) oo

Taking v = 1 and m = 6 in (1.12), we obtain the 4-dissection of
RC(q).

Corollary 1.8.

(1.13)

(@:9%4%) o _ (a%9")% (@ ¢®)a
(@362 (¢'%¢")2(¢8; ¢*8)4,

N G B

q (@12 ¢2%)8,

)

8 (—q8

_8q
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6 (ahah)2 (@ M2 ("8 ¢,
(q12. q12)8
I o0
3 (0" )2 (% )5,
(¢%;¢'2)10

+ 4q

+ 2¢q

Note that Hirschhorn and Roselin [11] also derived the following 4-
dissection of RC(q):
(1.14)

(0:4° %) (g*¢")2(* *H)2E
(@692 (020" 2(¢*3; ¢*)4,
((qg;qs)ﬁo(QQ“;qQ‘*)i@ 4(q4,;q4)§o(q24;q24)io>
(¢'% q*2)5, (4% ¢®)a ("% ¢"2)%
(% q*)% (@ *)2 ("% ¢*®)3,
(¢'%q*2)5,
(¢*5 a2 (% %13
(¢"%¢)8

which is different from (1.13).

+ 4q6

+ 2q3

2. Proof of Theorem 1.1. In order to prove our main theorems, we
will require the following three identities, which were proved by Berndt
[4, pages 45-47], respectively.

Lemma 2.1. We have

(2.1)
f(a,b) = f(a®b,ab®) + af(b/a,a’b?),
(2.2)
f(a,b)f(c,d) = f(ac,bd) f(ad,bc) + af(b/c,ac’d) f(b/d,acd?),
(2.3)
f(a;0)f(c,d)f(an,b/n)f(cn, d/n)

- f(_aa _b)f(_cv _d)f(_anv _b/n)f(_cna _d/n)
= 2af(c/a,ad)f(d/(an),acn)f(n,ab/n)f(ab, a®b?),

where ab = cd.

Now we are ready to prove Theorem 1.1.
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Proof. We first establish the 2-dissection of ((¢**,¢™ 2%;¢™)s)/
((g*,q™"; ™) o). Taking a =¢* and b = ¢™ ™ in (2.1), we have

(24)  flg"q™ ) = F@mT @) gt (g .

By (2.4), we can derive the 2-dissection of (¢%%, ™ 2%; ¢™)uo/(q%, ¢™ ™ %;
d™)oo- It is a routine to verify that

(@ 0" 0o fomf (=g =¢" ") f(g", q" ")
(qu’ quu; qm)oo - fgﬂf'(_qZU’ _q2m72u)
_ fsz(—q%a _qm72u)

m+2u 3m—2u
2. — |
( 5) f72nf(_92ua _q2m—2u) (f(q q )
+q" f(g™ T, P
= A(¢®) +¢"B(¢%),
where
Alg) — L g (g g g g
q) = (qm/Q;qm/Q)oo
and
B(q) _ (qm/qu, qm/2+u; qm)oo(_qm/qu, —q3m/2+“7 q2m; q2m)oo

(q™/%q"/?) o

We first consider the case m = 0 (mod 4). In (2.1), let a = —g™/?~
and b = —¢®™/2t% we see that

(2.6)
f(_qm/qu7 _q3m/2+u) — f((]3m72u, q5m+2u) _ qm/27u'f(qm+2u’ q7m72u).

From (2.6), it is easy to verify that

(2.7)
_m+2u _ 3m—2u
A(q) _ f( q » =4 )f(_qm/Q—u, _q3m/2+u)
f4mfm/2
_m+2u _ 3m—2u
_ f( q f4m}m/q2 ) (f(q3m72u’ q5m+2u)

_qm/Q—uf(qm+2u’ q7m—2u)) i
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On the other hand, in (2.6), replacing u by —u, we have
(2.8)

f(_qm72u’ _q3m+2u) Jot 3m/2—
B _ _m u’ _ . 3m u
(q) o f(=q q )
f(_qm—Qu, _q3m+2u

_ ) 3m+2u  5m—2u
= o (f (q .q )

_ qm/2+u'f(qm72u q7m+2u)).

In view of (2.5), (2.7) and (2.8), we obtain (1.4).

It remains to consider the case m = 2 (mod 4). In (2.1), taking

a=¢"'? and b = ¢*"/2, we have
(2.9) F@™?.6°m ) = F(@® ™) +a" P (@™ ™).
It follows from (2.9) that
(2.10)
Alg) = fl=gm/*, —qm/”;B)f(qm/““,qm/?“)f(qmp’qsm/z)
f(=qm/?, —qm/””“:r)Lf(qm/?*“, ¢m/2m)
a fn

X (f(q3m,q5m) + qm/gf(qm,qm)) :

Similarly, by (2.9), we have

(2.11)
_,m/2—u __ m/24+u m/2—u ,3m/2+u
B(Q)Zf( a - fg)f(q = )f(q’"”,qm/g)
f(_qm/qu’ _qm/QJru)f(qm/qu7 q3m/2+u)
a fan

x (f(qB’", ™) + ¢ f (g™, q7m)) :

Formula (1.5) follows from (2.5), (2.10) and (2.11). The proof is
complete. ]

3. Proof of Theorem 1.5. In this section, we turn to prove
Theorem 1.5.
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Proof We also first derive the 2-dissection of (g%, q™ 3%;¢™)u/

(g" m)oo. In (2.2), letting a = ¢*, b = ¢™ %, ¢ = —¢** and
d= , we have
(3.1) J‘(q“,qm “)f(—q?’“,—qm_3“)

_ f( 2m 4u)f(_qm72u,_qm+2u)

+q“f(— TG F (=g =T,
By (3.1), it is easy to verify that
(3.2)
(@ a0 _ fom [(=¢*, —a" ") f(g",q™ ")
(", 4™ "5 4™) oo f2,f (=g, —g?m—2v)
_ fg_m<f(—q4“,—q2m_4“)f(—qm_2“,—qm+2“)
f?ﬂ f(_q2u, _q2m—2u)
4 quf(_quélu7 _qm+4u)>
= C(*) +q"D(¢%),

where ) P .

Y Y Y T

C(q):( m/2 om/2 ju gm—u. m )
(@™, q™2,q", ¢ "1 q™ )0
and /2—2 /242
D(g) = /2,(1 . 14" )oo
(@2, 42 ™)

Taking a = ¢*, b= ¢™ %, ¢ = ¢"/? and d = ¢"™/? in (2.2), we obtain
(33) flg“,q™ ") (g™, ")

_ f2(qm/2+u’q3m/2—u) + qqu(qm/Q—u,qu/Q—i-u).
Therefore, by (3.3), we have

(3.4)
C(q) _ (q2u’qn1—2u’qn1/2—u’q7n/2+u’7q7n/2’7q771/2 —q%,—q
(qm7q'm7q2u7q2m72u;q2'm)oo

_ B (= —a ) f (=g g )
fmf(=q™, —q™) f(=¢**, —g*™—2")
< F@™2. ") f(g" a7
_ Son @ =) f=g R g
fo f(=q™, —qm) f(—q?¥, —¢?m—2v)
% (fQ(q(m/2)+u’q(3m/2)—u) + qqu(q(m/Q)—u’q(Sm/Q)—i—u)) )

m—u. m
iq™)
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Similarly, letting a = —¢™/272% b = —¢"/2+2u ¢ = ¢™/2 and d = ¢"™/?
n (2.2), we see that

(3.5)  f(—q\m/D =2, —g(m/D+2u) (qm/2 qm/2)

)

_ f2(_qm—2u _qm+2u) _ q(m/2)—2uf2(_q2u’ _q2m—2u)

)

which implies that

(3.6)
D(q) _ (qm/2—2u’ qm/2+2u’ _qm/Q’ _qm/Q; qm)oo

(@™, 4™ ™) o

fj'?;n f( m/2’qm/2)f(_qm/272u’ _qm/2+2u)
_ ff2_4m (fQ(_qm—Qu, gy qm/2—2uf2(_q2u’ _q2m—2u)) .

Thus, combining (3.2), (3.4) and (3.6), we obtain (1.10). This com-
pletes the proof. O

4. Proof of Theorem 1.7. Now we turn to prove Theorem 1.7.
Proof. We first establish 2-dissection of (g%, ¢™ ™ %; ¢"™) oo /(¢**, ¢ 3%

@™)oo. Taking a = —q%, b= —¢™ %, c=¢* and d = ¢™ 3" in (2.2),
we have

(A1) f(=a",=q" ") f (@™, ")
=f( q*, - 2’” 4“)f( g, =g
_ uf( 4u qm+4u)f( q2u7_q2m72u).

In view of (4.1), we see that

(4.2)
(@ d"" 0 _ fomf(=q", —q" ") (@ ")
(q3u’ qm—Su; qm) f2 f( u q2m—6u)

f2m (f( 4u —q2m_4“)f(—qm_2“, _qm+2u)
f2 f(_qﬁu7 _q2m76u)
uf( m—4u _qm+4u)f(_q2u’ _q2m72u))
fmf(_qﬁua _q2m—6u) .
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Let
— fmf(_q2u’ _qm—2u)f(_qm/2—u, _qm/2+“)
E(Q) - fT2rL/2f(_q3u’ _qm,3u)
and
plg) = dmd GO g g, g )

f’rQn/Qf(_qgu’ _qm—Su)
Hence, by (4.2), we see that

(¢",4" "¢ ) N w2
4.3 = E(¢?) — ¢“F(¢?).
(4.3) (g7, g, ) (") —q"F(q7)

Taking a = ¢**, b= ¢™ %, ¢ = ¢"/? and d = ¢"/? in (2.2), we have

(44) f@™2 ") (@™ am ™)
— f2(qm/2+3u7q3m/273u) + q3uf2(qm/273u7q3m/2+3u).

Therefore, we have

(4.5)
B(g) = om! (=€, —q" ) f (=g g
oI~
< fq™,q™ ) F(g* g™ )
I L e A A G T SR
; 8, F(—gBu, —g?m=0u)
% (fQ(qm/2+3u,q3m/2—3u) 4 q3uf2(qm/2—3u’q3m/2+3u)) .
Setting @ = —q%, b = —¢q™ %, ¢ = —¢™/?7 2 g = —¢™/2+2u gpnd
n = —q¢™? % in (2.3), we have
(4.6)

f(_qu’ _quu)f(_qm/272u, _qm/2+2u)f(qm/2’ qm/Q)f(qiiu’ qm73u)
_ f(qu’ quu)f(qm/272u’ qm/2+2u)f(_qm/2, _qm/Q)f(_QBu’ _qm73u)
_ _2quf(qm/273u’ qm/2+3u)f(_q2u’ _qm72u)
X (=g =g (g™ 6.
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Taking a = —q%, b = —¢"™ %, ¢ = —¢™/?>"2* and d = —¢"/?*?% in
(2.2), we have

(47) f(—qu7 —qm_“)f(_qm/2—2u7 _qm/2+2u)
= f(qm/Q—u qgm/2+“)f( m/2+3u, q3m/2—3u)

—q f( m/2+u 3m/2—u)f(qm/2—3u7q3m/2+3u).

In view of (4.4) and (4.7), we have

(4.8)
f(—(]u, o qm u)f( m/2—2u _qm/2+2u)f(qm/27 qm/Q)f(un7 qm73u)
+ f(q 7qm u)f(qm/272u7qm/2+2u)
% f(_qm/Q’ _qm/Q)f(_un7 _qm73u)
_ 2f(q(m/2)7u’ q(3m/2)+u)f3(q(m/2)+3u’ q(3m/2)73u)
_ 2q4Uf(q(m/2)+u’ q(3m/2)7u)f3(q(m/2)73u7 q(3m/2)+3u).

It follows from (4.6) and (4.8) that

(4.9)
F(=q" =g (=22 =g PP F (a2 ) F (6 g )
_ f(q(m/Q)fu7 q(3m/2)+u)f3(q(m/2)+3u’ q(3m/2)73u)

_ q4Uf(q(m/2)+u’ q(3m/2)7u)f3(q(m/2)73u7 q(3m/2)+3u)
_ quf(qm/273u7 qm/2+3u)f(_q?u7 _qm72u)

% f(_qm/qu7 _qm/2+u)f(qm7 qu).

Therefore, we have
(4.10)

_m—u m/2— 2u _ m/2+2u m/2 m/2 3u _m—3u
F(q) = [l (=", —d™ ) f(= qf6 = qz,ml{()" 4™ ) (g )

3
fng( qﬁ{,i I 6u)<f(q(m/2)u’q(3m/2)+u) B(q(m/2)+3u’q(3m/2)73u)

_q4uf( (m/2)+ q(3m/2 )fB( (m/2)— 3u (3m/2)+3u)

_quf(qm/Q 3u7qm/2+3u)f(_q2u m— 2u)

,y —q
x f(—g™?7, —qm/”“)f(qm,qm))-
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It follows from (4.2), (4.5) and (4.10) that

(qu qnl 'u.yq ) f4ynf( q du 2'm 411.) ( qn1—2u’7q7n+2u) f2( m—4-6u 3777476’[,&)
(q3u7qm Su rm)OQ f2 f( q12u _q4m712u) q ’q
2m 4u) qm72u7_qm+2u)

+ q6u fam F(—q*"

fsz( q12u 7q4m712u)
m— 6u 3m+6u
x f*(q )

u f4mf( m‘z“, ¢ f3 (g, P o)
f6 f( 12u _q4m712u)
_ @ g g, q3m+6u)>
f?mf( 12u —q4’m*12u)
3u f43mf( me 6u,qm+6u)f(—q4“,_q2m—4u)
f6 f( 12u _q4m712u)
f=q" " =" ) f(*™, ™)
f6 f( 12u _q4m712u) ’

+4q

X

which is nothing but (1.12). The proof is complete. o
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