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POSITIVE SOLUTIONS OF A SYSTEM OF
COUPLED SECOND ORDER EQUATIONS
WITH THREE POINT BOUNDARY CONDITIONS

JOHN R. GRAEF AND TOUFIK MOUSSAQOUI

ABSTRACT. The aim of this paper is to present some exis-
tence results for a system of two coupled second order differen-
tial equations with three point nonlocal boundary conditions.
The main tool used in the proofs is Guo-Krasnosel’skii’s fixed
point theorem. An example is included to illustrate the re-
sults.

1. Introduction. In this paper we are concerned with the existence
of positive solutions of the system

—u" =X ay(t) f1 (u,v) t e (0,1),
—v" = g as(t) f2 (u,v) t e (0,1),
u(0) = Bru(n), u(l) = aqu(n),
v(0) = Bzo(n), v(1) = azv(n),

where A1, Ay > 0 are positive parameters, oy, ag > 0, 81, B2 > 0,
0<n<1land q;n<1fori=1,2. By a positive solution to problem
(1.1), we mean a vector-valued function (u,v) € C1([0,1],R?) =
C1([0,1],R) x C*(]0, 1], R) satisfying (1.1), with u, v > 0 and u+v > 0
in [0,1].

The study of the existence of positive solutions of nonlinear differen-
tial equations under a variety of boundary conditions has generated a
great deal of interest in the last several years. This is due in part to
the fact that such boundary value problems (bvps) arise in applications
(e.g., population dynamics, heat transfer) where only positive solutions
have meaning. For example, Ma [13] considered the problem

{u”—l—/\a(t)f(u) =0 t e (0,1),
u(0) = Bu(n), u(l) = au(n),
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where 0 < <1 and 0 < a < 1/7, and gave intervals on A in which
this problem had at least one positive solution w(t). When g = 0,
this problem was studied by Ma [14] and Raffoul [16]. For what has
become the standard reference on such problems, we refer the reader
to the monograph by Agarwal, O’'Regan and Wong [1].

More recently, interest in obtaining the existence of positive solutions
for systems has grown, and we cite as recent references the papers of
Benchohra et al. [2], Henderson and Ntouyas [4, 5, 6], Henderson,
Ntouyas and Purnaras [7], Henderson and Wang [8, 9], Hu and Wang
[10], Liu, Liu and Wu [11], Ma [15], Wang [17] and Zhou and Xu [18].
For example, Henderson et al. [8] considered the four-point problem

u + Xa(t)f(v) =0 t e (0,1),
v 4+ pub(t)g(u) =0 t e (0,1),
(

~—

with 0 < ¢ <np<1land 0 < «, 8 < 1. They too obtained the existence
of at least one positive solution (u(t),v(t)) of this system.

Our interest here is to extend the results of Ma [13] to systems of the
form (1.1).

We make the following assumptions.

(Hy) a1, az € C([0,1],]0,+00)) and there exists xq, z( € [0,1], such
that ay(zg) > 0 and as(xf) > 0.

(Hg) f1, f2 € C([0,+00) x [0,400), [0, +00)) and there exist nonneg-
ative constants f{, £, f9 and f5°, such that

P tim L0 gy N0
utv—04+ u -+ v utv—o0 U+ v
fg - 5 fQ(uvv)7 f;o —  lim fQ(uvv)

= 1m .
utv—04+ u -+ v utv—o0 U+ v

Our approach is based on the following Guo-Krasnosel’skii’s fixed
point theorem in a cone.

Theorem 1.1 [3, Theorem 2.3.4, page 94]. Let E be a Banach space
and K C E a cone in E. Assume that Q1 and Qo are two bounded open
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sets in E such that 0 € Qy and Q; C Qo. Let T: KN (Qy — Q) = K
be a completely continuous operator such that either:

() |1Tul|| < ||| for v e KNOQy and | Tul| > ||ul| for u € K NN,
or

(i) |Tul|| > ||u|| for v e K NOQy and [|[Tu|| < |Ju|| for u € K N0OQs.
Then T has at least one fized point in K N (Q2 — Q).

2. Preliminary lemmas. In this section, we present several lemmas
that will be used in the proofs of our results.

Lemma 2.1 [12, 13]. Let 8 # (1 — an)/(1 —n). Then, for
y € C([0,1],R), the boundary-value problem

u’ +y(t) =0 te0,1),
(21) {0 L), att) = aute
has a unique solution
u(t) = — /0 (t — $)y(s) ds
G-a)-8 [
a5, @ e

(1= B)t+pn '
e ATy Jy (o) b

Lemma 2.2 [12, 13]. Let 0 < a < 1/n, 0 < B < (1 —an)/(1 —n).
Then, fory € C([0,1],R), and y > 0, the unique solution of problem
(2.1) satisfies

u(t) >0, t €[0,1].

In what follows, by ||u|| we will mean the sup norm in C([0, 1], R),
ie.,
[ull = sup [u(?)].
te[0,1]
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Lemma 2.3 [12, 13]. Let0<a < 1/n, 0< B < (1 —an)/(1 —n).
Then, fory € C([0,1],R), andy > 0, the unique solution of the problem
(2.1) satisfies

i t) >
tg[%%]“( ) = ull,

where

7 = min { al(l__az) , an, B, B(1 - 77)}-

Note that (u,v) is a solution of (1.1), if and only if

u@—A{—A@—@m@ﬁW@w@mS

(B1 — 1)t — B
(I—ain) = Bi(1—n
(1 =Bt + Bin
(I—an)=pi(l—n
=T (u,v)(t)

)/0 (77—S)m(s)fl(u(s),v(s))ds

1
)/0 (1 —s)a1(s)fi(u(s),v(s))ds

Tﬁ%ﬂ4—A@—$@@hW@w@M8

(B2 — o)t — 3o
(1 —agn) — B2(1—n
(1 = B2)t + Ban
(I —azn) —B2(1 =17
= To(u,v)(t).

) /077(77 — 8)az(s) f2(u(s),v(s))ds

)/O (1 — s)az(s) f2(u(s),v(s))ds

We will take E to be the Banach space C([0,1],R?) := C([0,1],R) x
C(]0,1],R) endowed with the norm

(2.2) [[(w, 0) || = [lee]] + [l

Let
v3 = min{y1, 72}
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where

. Ja(1— .
'yi:mln{M7aina 61'77) 61(1_77)}7 Z:172a

1—am

and define a cone in the space E as K7 x K5 where

K; = {u cu € C[0,1], w >0, min u(t) > %HUH}, i=1,2.
t€[0,1]

Then, (u,v) is a positive solution of (1.1) if and only if it is a fixed
point of the operator

(2.3) T:K x Ky — E=C(0,1],R?), T=(T1,T»).
By Lemmas 2.2 and 2.3, we know that
T(K, x Ka) = (Tl(Kl x K), To(Ky % KQ)) C Ky x Ko,
and it is easy to verify that T : K7 x Ko — K; X K5 is completely

continuous since Ty : K1 x Ko — K; and Ty : K1 x K9 — Ky are
completely continuous.

3. Main results. Throughout this paper, we shall use the following
notation:

M= e A /01“ ~ s)ar(s)ds,
B = o ) S
R e /01(1 T lals)ds
B = =T J, 0

Theorem 3.1. Suppose that (Hy)—(Hz) hold,

(3.1) 0<a;<1/n
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and
0<5z<(1—az77)/(1_77) fori:1,2,
and let p and q be positive numbers such that

11
S 4o =1
P q

(i) If A1 fY < v3B1f° and AsfY < y3BafS°, then for each

1 1 1 1
(>\17)\2)6< o’ 0) X ( o’ Q)a
p'Y3Blf1 pA1f1 Q'YBBsz qAsz

problem (1.1) has at least one positive solution.
(i) If 0 = £ = 0 and f° = f3° = oo, then for any

(>‘17)\2) S (0,00) X (Oa OO),

problem (1.1) has at least one positive solution.
(iil) If f{° = f$° =00 and 0 < fP, f9 < oo, then for each

1 1
A, x2) € (0, —— | x [0, —/—— ],
(a, 22) ( PA1f?) ( qAQfg)
problem (1.1) has at least one positive solution.
(v) If f2 = f =0 and 0 < f{°, f5° < oo, then for each

1 1
)\1,)\2 € (700700) X <7OO,OO),
( ) pysBufi 93 B2 f3
problem (1.1) has at least one positive solution.

Proof. Since the proof of (ii)—(iv) is similar to the proof of (i), we
only prove (i). Let

1 1 1 1
(A17)\2)€< o’ 0) X ( 00 ? 0>
p'YBBlf1 pA1f1 Q’YBBQfQ qA2f2
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and choose € > 0 such that

1 1
3.2 S S VP . —
(3:2) py3B1(ff° —¢) T pA(f +e)
and

1 1
3.3 —_— < < ——.
(8:3) qy3Ba(f5° —¢) 2 qAs(f9 +¢)

By the definition of £, f9, there exists H; > 0 such that
filz,y) < (fP+e)(x+y) for x,y >0 with 24y € [0, H],
and

fa(z,y) < (fg +e)(x+y) forx,y >0 with z+y €0, H].

Let (u,v) € K1 x Ko with ||(u,v)|| = Hy; from (3.2) and (3.3), we
obtain

A1 Bt
Ti(u,v)(t) < (1 —aan) = r(1—n)

x / (0 — s)ar(s) fo(us), v(s)) ds

ALt + Bin)
(1 —=a1n) = Bi(1 —n)

« [ (1= s)ar(s)s (us), o(s)) ds

A1 B
= (1 —aan) = B1(1 —n)

< [ A=), o) ds

A1(1 4 Bin)
(1 —=a1n) = Bi(1 —n)

< [ A=), o) ds
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_ M +Bi+ B
(1 —aan) = Bi(1—n)

X /01(1 —s)a1(s) f1(u(s),v(s))ds

A (1 + B+ Bin)
T (I—=ain) = Bi(1—mn)

x/a—@m@mwaww+mm@
0

<M+l )] < 2w o)
As a result, |71 (u,v)|| < (1/p)||(u,v)]|.

Similarly, we have

A2 Bt
To(u,v)(t) < (1= azn) — Ba(1—1n)

< [ 1= Das(e)satuls) o) ds

Ao (t + Ban)
(1 —aan) — B2(1 —n)

x/o (1 — s)as(s) fa(u(s), v(s)) ds

A2 B2
= (1 —aon) — B2(1 —n)

xéh—@w@h@@m@Ms

Ao (1 4+ Ban)
(1 —agn) — B2(1 —n)

xéh—@w@h@@m@Ms

A2(1+ B2 + Ban)
(1 —agn) = B2(1 —n)

x/o (1 — s)as(s) fa(u(s), v(s)) ds

A2(1 + B2 + Ban)
T (I —a2n) = B2l —n)
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x / (1= 8)az(s)(f9 + &) (u(s) + v(s)) ds
0
< M As(f9 + )|, )]
1
< <l o).

Therefore, ||T2(u,v)|| < (1/¢)||(u,v)]].

Combining the above two inequalities, we obtain

1T (w, ) [ = T3 (w, 0) [| + T2 (u, 0) |

1 1
< (1—9 +5> To!
— w,0)]]

Let Q1 = {(u,v) € C([0,1],R?) : ||(u,v)|| < H1}; then
(3.4) 1T (u,v)]| < ||(u,v)]], forue KnNoQ.

Also, from the definitions of f{° and f5°, there exists a H, > 0 such
that

filz,y) > (f°—e)lx+y) forz,y>0withz+ye [H'Q,oo),
and

folz,y) > (f*—e)(x+y) forz,y>0withaz+ye [ﬁg,oo).

Set Hy = max{2H;, Hy/ys}, and let Qy = {(u,v) € C(]0,1],R2?) :
l(u,v)|| < Ha}. If (u,v) € Ky x Ko with ||(u,v)|] = Ha, then
mingepo,1)(u(t) +v(t)) = llull +r2llvl = 1sl[(u, v)[| = Hz. We then
have

A1
(1 —aim) —pBi(1—mn)

<[ (0= ) () 1 (u(s), v(s)) ds

>\15177
A am -ma-n

T1(u,v)(0) = —
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1
></O (1 — s)ax (s) f1 (u(s), v(s)) ds

A1 B
(1 —aan) = Bi(1 —n)

< / (0 — s)ar(s) o (u(s), v(s)) ds

A1B1m
- (1—=aan) = Bi(1 —n)

< /O (1= s)ar(s) fi (u(s), v(s)) ds

A1B1(1—mn)
(1 —ain) = Bi(l—n)

></O sai(s)fi(u(s),v(s))ds

AMpBi(l—n)
~ (I—=a1m) = Bi(1—n)

y / sa1()(f3° — &) (u(s) + v(s)) ds
> A Bu(£2° — &) ()]

1
> —[l(w, v)].
p

Consequently, |71 (u,v)]| > (1/p)|(u,v)|| for (u,v) € K1 x K3 N 0Na.
Similarly, we have

To(w,0)(0) = = (1- 042773\2—6?32(1 -1)
< [ Sl natute). o) as
- ijf?gQO )
< [ = St o)) s

X2 f32
(1 —azn) — B2(l —n)
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< [ 0= s elus), v(s)) ds
+ (1- 0427i\)2f222(1 -1)
< [ = o) pauls), o) ds
A2B2(1 —n)
(1 —aan) — B2(1 —n)
<[ " sa2(s) fa(u(s), (s)) ds
A2 B2(1 —n)
T (1 —agn) —B2(1—n)
<[ s = 2)uls) + ols)) ds
> A Ba(f5 - &), )]

1
> —||(u,v)|].
= It )l

Thus, ||T2(u,v)|| > (1/¢)||(w, v)|| for (u,v) € K1 x Ko N 0.
Combining the above two inequalities yields

1T (s 0) [ = T3 (w, ) [ + T2 (u, 0)

> (1 ; g)nwwu — o)l

p

It follows from part (i) of Theorem 1.1 that 7" has a fixed point (u,v)
with H1 < ||(’LL,’U)|| SHQ in K1 XKlﬂ(QQ\Ql). O

The proof of the following theorem is similar to that of Theorem 3.1,
and so we omit the details.

Theorem 3.2. Suppose that (Hy)—(Hz) hold,
O<a;<1l/m and 0<Bi<(l—ain)/(1—n) fori=1,2,

and let p and q be positive numbers such that

11
S+o=1
P q
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(i) If A1 f° < v3B1fY and AsfS° < v3Baf?, then for each

(M, o) € ( 1 1 ) " ( 1 1 )
DT\ By pALf q13B2f) qA2f5° )
problem (1.1) has at least one positive solution.
(i) If f = f = o0 and f2° = f$° =0, then for any

(A1, A2) € (0,00) x (0, 00),

problem (1.1) has at least one positive solution.
(iil) If f = f9 =00 and 0 < f{°, f5° < oo, then for each

1 1
AsAe) €10, ———= | x (0, ——= |,
Prte) ( pAlff°> ( qA2f2°°>
problem (1.1) has at least one positive solution.
(iv) If f° = f° =0 and 0 < f, f9 < oo, then for each

1 1
M) €| ——,00) x [ ——,00]),
(1, 2) (m:sBlf? ) (qv:sBsz )

problem (1.1) has at least one positive solution.

Remark 3.1. There appears to be a misprint in the statement of parts
(3) and (4) of Theorem 3.2 of Ma [13]. As written there, the resulting
eigenvalue intervals are degenerate. In view of Theorem 3.2 above, it
is easy to see what the correct statements should be.

Remark 3.2. Tt would be interesting to extend the results here to
four-point problems like the one considered by Henderson et al. in [7],
or to systems of higher order equations such as those considered by
Henderson and Ntouyas [5], or to problems on time scales like the one
considered by Luo and Ma [12].

4. Example. In this final section we present an example to illustrate
the applicability of our results.
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Example 4.1. Consider the boundary value problem

= 1 + 4t2)W t E (0, 1)7
—(u+v)
SR o),

2

2), u(l) = qu(3),
), v(1) = Fu(3),

where A\, A2 > 0 are positive parameters. We take p = ¢ = 2. It is
easy to check that (3.1) holds, y1 = 1/10, v2 = 1/9, f{ = 1, f° = 270,

=1 and f$° = 567. A simple calculation shows that A; = 11/3,
B; = 13/81, A; = 8/3 and B2 = 52/567. By part (i) of Theorem 3.1,
the boundary value problem (4.1) has at least one positive solution if

3 3 5 3
(A1, A2) € (?6’5) x (E’TG)

<

|
@\
N
Il
W= N= > >
0
TN A~ A
wlwmlm =
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