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ON G-(n, d)-RINGS

NAJIB MAHDOU AND KHALID OUARGHI

ABSTRACT. The main aim of this paper is to investigate
a new class of rings called, for positive integers n and d,
G− (n, d)−rings, over which every n-presented module has a
Gorenstein projective dimension at most d. We characterize n-
coherent G− (n, 0)-rings. We conclude with various examples
of G− (n, d)-rings.

1. Introduction. Throughout this paper all rings are commutative
with identity element and all modules are unital. If M is any R-module,
we use pdR(M), idR(M) and fdR(M) to denote, respectively, the usual
projective, injective and flat dimensions of M . It is convenient to use
“m-local” to refer to a (not necessarily Noetherian) ring with a unique
maximal ideal m.

During 1967 69, Auslander and Bridger [1, 2] introduced the G-
dimension for finitely generated modules over Noetherian rings. Sev-
eral decades later, this homological dimension was extended, by Enochs
and Jenda [11, 12], to the Gorenstein projective dimension of mod-
ules that are not necessarily finitely generated and over non-necessarily
Noetherian rings. And, dually, they defined the Gorenstein injective
dimension. Then, to complete the analogy with the classical homo-
logical dimension, Enochs, Jenda and Torrecillas [14] introduced the
Gorenstein flat dimension.

In the past few years, Gorenstein homological dimensions have be-
come a vigorously active area of research (see [4, 9, 11, 13, 17] for
more details). In 2004, Holm [17] generalized several results which had
already been obtained over Noetherian rings.

The Gorenstein projective, injective and flat dimensions of a module
are defined in terms of resolutions by Gorenstein projective, injective
and flat modules, respectively.
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Definition 1.1 [17]. 1. An R-module M is said to be Gorenstein
projective if there exists an exact sequence of projective modules

P = · · · −→ P1 −→ P0 −→ P 0 −→ P 1 −→ · · ·
such that M ∼= Im (P0 → P 0) and such that HomR(−, Q) leaves the
sequence P exact whenever Q is a projective module.

2. The Gorenstein injective modules are defined dually.

3. An R-module M is said to be Gorenstein flat if there exists an
exact sequence of flat modules

F = · · · −→ F1 −→ F0 −→ F 0 −→ F 1 −→ · · ·
such that M ∼= Im (F0 → F 0) and such that −⊗ I leaves the sequence
F exact whenever I is an injective module.

Let R be a commutative ring, and let M be an R-module. For any
positive integer n, we say that M is n-presented whenever there is an
exact sequence:

Fn −→ Fn−1 −→ · · · −→ F0 −→ M −→ 0

of R-modules in which each Fi is a finitely generated free R-module.
In particular, 0-presented and 1-presented R-modules are, respectively,
finitely generated and finitely presented R-modules. We set λR(M) =
sup{n | M is n-presented}, except that we set λR(M) = −1 if M is not
finitely generated. Note that λR(M) ≥ n is a way to express the fact
that M is n-presented.

Costa, [10], introduced a doubly filtered set of classes of rings in order
to categorize the structure of non-Noetherian rings: for non-negative
integers n and d, we say that a ring R is an (n, d)-ring if pdR(M) ≤ d
for each n-presented R-module M . (n, d)-rings are known rings in some
particular values of n and d. For example, R is a Noetherian (n, d)-
ring, which means that R has global dimension ≤ d. (0, 0), (1, 0), and
(0, 1)-rings are, respectively, semi-simple, von Neumann regular and
hereditary rings (see [10, Theorem 1.3]). According to Costa, [10], a
ring R is called an n-coherent ring if every n-presented R-module is
(n+1)-presented. For more results about (n, d)-rings see, for instance,
[10, 22, 23].
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The object of this paper is to extend the idea of Costa and introduce a
doubly filtered set of classes of rings called G−(n, d)−rings and defined
as follows:

Definition 1.2. Let n, d ≥ 0 be integers. A ring R is called
a G − (n, d)-ring if every n-presented R-module has a Gorenstein
projective dimension at most d (i.e., λR(M) ≥ n implies GpdR(M) ≤
d).

In Section 2, we characterize some known rings by the G − (n, d)-
property, for small values of n and d. Then, we study the transfer of
this property into some particular ring extensions. In the main result
of this section, we characterize n-coherent G− (n, 0)-rings. Section 3 is
devoted to examples. We give an example of a ring which is a G−(n, d)-
ring but not an (n, d)-ring for any positive integers n and d. Also we
give examples of G− (n, 0)-rings which are not G− (n− 1, d)-rings, for
n = 2, 3 and for any positive integer d.

2. Main results. As in [10, Theorem 1.3], the G − (n, d)-property
is used to characterize the rings of small Gorenstein global dimension.
Recall, from [5], the Gorenstein global dimension of a ring R, denoted
G-gldim(R), is defined as follows:

G-gldim(R) = sup{GpdR(M) | M R-module}.
Recall first the following rings:

Definition 2.1 [7, 25, 26]. Let R be a ring.

1. R is called G-semisimple if everyRmodule is Gorenstein projective
(= R is quasi-Frobenius).

2. R is called G-Von Neuman regular if every R-module is Gorenstein
flat (= R is an F-ring).

3. R is called G-hereditary if G-gldim(R) ≤ 1. Also R is called
G-Dedekind if it is an integral domain G-hereditary.

4. R is called G-semi-hereditary if R is coherent and every submodule
of a flat R-module is Gorenstein flat. Also R is called G-Prüfer if it is
an integral domain G-semi-hereditary.

Recall that an R-module M is n-presented if there is an exact
sequence:

Fn −→ Fn−1 −→ · · · −→ F1 −→ F0 −→ M −→ 0,
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such that each Fi is a finitely generated free R-module for 0 ≤ i ≤ n.
If n = ∞, we say that M is infinitely presented.

Theorem 2.2. Let R be a ring. Then:

1. R is a G− (0, 0)-ring if and only if R is G-semisimple.

2. R is a G− (0, 1)-ring if and only if R is G-hereditary.

3. R is a G− (0, d)-ring if and only if G-gldim(R) ≤ d.

4. R is a G− (1, 0)0-ring if and only if R is G-von Neuman regular.

5. If R is coherent, then R is a G − (1, 1)-ring if and only if R is
G-semi-hereditary.

6. R is a G− (0, 1)-domain if and only if R is G-Dedekind.

7. If R is coherent, then R is a G− (1, 1)-domain if and only if R is
G-Prüfer.

8. If R is Noetherian, then R is a G − (n, d)-ring if and only if
G-gldim(R) ≤ d.

Proof. (1) Follows from [7, Proposition 2.1]. The assertions (2) (6)
and (7) follow respectively from [25, Proposition 2.3, Proposition 3.3,
Definition 2.1 and Definition 3.1] and [26, Theorem 2.6]. Equation (3)
follows from [5, Lemma 2.2]. Equation (8) follows from (3) and, since it
is in a Noetherian ring R, every finitely generated R-module is infinitely
presented.

Remark 2.3. 1) An (n, d)-ring is a G − (n, d)-ring for any positive
integers n and d. The converse is not true in general (see Example 3.2).

2) G − (n, d)-rings are G − (n′, d′)-rings for any n′ ≥ n and d ≥ d′.
The converse is not true in general (see Theorem 3.1).

Recall that, for an extension of rings A ⊆ B, A is called a module
retract ofB if there exists an A-module homomorphism f : B → A such
that f/A = id/A. The homomorphism f is called a module retraction
map. If such map f exists, B contains A as a direct summand A-
module.
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Proposition 2.4. Let A be a subring retract of R, R = A ⊕A E,
such that E is a flat A-module and G-gldim(A) is finite. If R is a
G− (n, d)-ring, then A is a G− (n, d)-ring.

Proof. Let M be an n-presented A-module. Since R is a flat A-
module, M ⊗A R is an n-presented R-module, and by hypothesis
GpdR(M⊗AR) ≤ d. Then, GpdA(M) ≤ d from [24, Proposition2.4].

Let A be a ring, and let E be an A-module. The trivial ring extension
of A by E is the ring R := A ∝ E whose underlying group is A×E with
multiplication given by (a, e)(a′, e′) = (aa′, ae′+a′e). These extensions
have been useful for solving many open problems and conjectures in
both commutative and non-commutative ring theory (see, for instance,
[16, 18, 20, 22, 23]).

A direct application of Proposition 2.4 is the following corollary.

Corollary 2.5. Let A be a ring with G-gldim(A) < ∞, and let E
be a flat A-module. If R = A ∝ E is a G − (n, d)-ring, then A is a
G− (n, d)-ring.

In the next result, we study the transfer of the G− (n, d)-property to
the polynomial ring.

Theorem 2.6. Let R be a ring and let X be an indeterminate over
R.

1. Suppose that G-gldim(R) is finite. If R[X ] is a G − (n, d)-ring,
then R is a G− (n, d)-ring.

2. If R is a G − (n, d)-ring which is not a G − (n, d − 1)-ring, then
R[X ] is not a G− (n, d)-ring.

3. Suppose that G-gldim(R) is finite. If R[X ] is a G − (n, d)-ring,
then R is a G− (n, d− 1)-ring.

Proof. 1. Let M be an R-module such that λR(M) ≥ n. Since R[X ]
is a free R-module, we have λR[X](M [X ]) ≥ n and, by hypothesis,
GpdR[X](M [X ]) ≤ d. From [6, Lemma 2.8], GpdR(M) ≤ d, and R is a
G− (n, d)−ring as desired.
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2. Since R is a G − (n, d)-ring which is not a G − (n, d − 1)-ring,
there exists an R-module M such that λR(M) ≥ n and GpdR(M) = d.
Then, from [17, Theorem], it is easy to see that there exists a free
R-module F such that ExtdR(M,F ) �= 0. on the other hand, M is also
an R[X ]-module via the canonical morphism: R[X ] → R. Hence, from
[28, Lemma 9.29], there exists an exact sequence of R[X ]-modules:

0 −→ M [X ] −→ M [X ] −→ M −→ 0,

from which we conclude that λR[X](M) ≥ λR[X](M [X ]). But since
R[X ] is a flat R-module we see that λR[X](M [X ]) ≥ λR(M) ≥ n, and
we have λR[X](M) ≥ n. Then, [28, Theorem 9.37] shows that:

Extd+1
R[X](M,F [X ]) ∼= Extd+1

R (M,F ) �= 0.

It follows from [17, Theorem 2.20], that GpdR[X](M) ≥ d. Finally,
R[X ] is not a G− (n, d)−ring as desired.

3. Follows from (1) and (2) of the same theorem.

In the next theorem we study the transfer of the G− (n, d)-property
to the finite direct product of rings.

Theorem 2.7. Let R = R1 × R2 · · · × Rm be a finite direct product
of rings. If R is a G− (n, d)-ring, then Ri is a G− (n, d)-ring for each
i = 1, . . . ,m. The converse is true if sup{G-gldim(Ri) | i = 1, . . . ,m}
is finite.

To prove this theorem we need the following lemma.

Lemma 2.8. Let R = R1 × R2 · · · × Rm be a finite direct product
of rings, and let n ≥ 0 be an integer. Then, M = ⊕iMi is an n-
presented R-module if and only if Mi is an n-presented Ri-module for
each i = 1, . . . ,m.

Proof. Follows from [8, Corollary 2.6.9].

Proof of Theorem 2.7. Let Mi be an Ri-module such that λRi(Mi) ≥
n; then, from Lemma 2.8 above, we have λR(⊕iMi) ≥ n and by hypoth-
esis GpdR(⊕iMi) ≤ d. Hence, from [6, Lemma 3.2], GpdRi

(Mi) ≤ d.
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Conversely, suppose that sup{G-gldim(Ri) | i = 1, . . . ,m} is finite,
and let M = M1 ⊕ · · · ⊕ Mm be an n-presented R-module. Then,
for each i, Mi is an n-presented Ri-module by Lemma 2.8. And, by
hypothesis, we have GpdRi

(Mi) ≤ d. Hence, from [6, Lemma 3.3],
GpdR(M) ≤ sup{GpdRi

(Mi) | i = 1, . . . ,m} ≤ d.

The next result shows that a G − (n, d)-ring has grade at most d.
This theorem is a generalization of [10, Theorem 1.4].

Theorem 2.9. Let R be a G − (n, d)-ring. Then R contains no
regular sequence of length d+ 1.

Proof. Let x1, . . . , xt be a regular sequence in R, where I =∑t
i=1 Rxi �= R. Then, the Koszul complex defined by {x1, . . . , xt}

is a finite free resolution of R/I and hence R/I is n-presented for every
n. Then, since R is a G − (n, d)-ring, we have GpdR(R/I) ≤ d. But
GpdR(R/I) = t from [21, Exercise 1, page 127]. Therefore, t ≤ d.

In the next result we study the locality of the G− (n, d)-property.

Proposition 2.10. Let R be a ring with G-gldim(R) finite, and let
n and d be positive integers such that d ≤ n − 1. If R is locally a
G− (n, d)-ring, then R is also a G− (n, d)-ring.

To prove this theorem we need the following result.

Lemma 2.11 ([10, Lemma 3.1]). Let M be an R-module, and let
S be a multiplicative subset of a system in R. If M has a finite n-
presentation, then:

S−1ExtiR(M,N) ∼= ExtiS−1R(S
−1M,S−1N)

for all 0 ≤ i ≤ n−1, and S−1ExtnR(M,N) is isomorphic to a submodule
of ExtnS−1R(S

−1M,S−1N).

Proof of Proposition 2.10. Let M be an n-presented R-module, and
let m be a maximal ideal of R. Then, Mm is an n-presented Rm-
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module. Let P be a projective R-module; then (ExtiR(M,P ))m =
ExtRm(Mm, Pm) = 0, and from [28, Theorem3.80], ExtiR(M,P ) = 0
for all 0 ≤ i ≤ n. Therefore, GpdR(M) ≤ d.

Now we give our main result of this section in which we give a
characterization of n-coherent and a G− (n, 0)-ring.

Theorem 2.12. Let R be an n-coherent ring. Then the following
conditions are equivalent.

A) R is a G− (n, 0)−ring.

B) The following conditions hold:

1. Every finitely generated ideal of R has a nonzero annihilator.

2. For each infinitely presented R-module M , GpdR(M) < ∞.

3. For every finitely generated Gorenstein projective submodule G of a
finitely generated projective R-module P , P/G is Gorenstein projective.

To prove this theorem we need the following lemma.

Lemma 2.13 ([3, Theorem 5.4]). The following assertions are
equivalent for a ring R:

1. Every finitely generated projective submodule of a projective R-
module P is a direct summand of P .

2. Every finitely generated proper ideal of R has a nonzero annihila-
tor.

Proof of Theorem 2.12. (A) ⇒ (B). Condition (2) is obvious.

We prove (1). Let P be a finitely generated submodule of Q, and
both P and Q are projective. Let Q′ be a projective R-module such
that Q ⊕R Q′ = F0 is a free R-module. Then there exists an exact
sequence:

(∗) 0 −→ P −→ F0 −→ Q/P ⊕R Q′ −→ 0

On the other hand, since P is a finitely generated projective R-module,
there exists a finitely generated free submodule F1 of F0 such that
P ⊆ F1 and F0 = F1 ⊕R F2. Thus, we see easily that P is infinitely
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presented and from the exact sequence:

0 −→ P −→ F1 −→ F1/P −→ 0;

pdR(F1/P ) ≤ 1 and F1/P is also infinitely presented, and by hypothesis
F1/P is Gorenstein projective, then it is projective. Consider the
following pushout diagram:

0

�

0

�

0 � P � F1 �

�

F1/P �

�

0

0 � P � F0 �

�

Q/P
⊕

R

Q′
�

�

0

F2

�

F2

�

0 0

Since F2 and F1/P are projective, the exact sequence (∗) splits and
Q⊕R Q′ ∼= P ⊕R Q/P ⊕R Q′. Then Q ∼= P ⊕R Q/P as desired.

To finish the proof of the first implication, it remains to prove that
condition (3) holds. Let G be a finitely generated Gorenstein projective
submodule of a finitely generated projective R-module P . Consider the
exact sequence:

0 −→ G −→ P −→ P/G −→ 0.

It follows that GpdR(P/G) ≤ 1, and from [17, Theorem 2.10], there
exists an exact sequence of R-modules:

(�) 0 −→ K −→ H −→ P/G −→ 0
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where K is projective and H is Gorenstein projective. But, by the
proof of [17, Theorem 2.10], we may assume that K and H are finitely
generated since G and P are finitely generated. Hence, combining
(1) of this theorem with [25, Lemma 2.10], we conclude that K is a
direct summand of H and the exact sequence (�) splits. Then P/G is
Gorenstein projective as a direct summand of H .

(B) ⇒ (A). Let M be an n-presented R-module. Since R is
n-coherent, M is infinitely presented and GpdR(M) is finite. Let
GpdR(M) = d; then we have the exact sequence of R-modules:

0 −→ G
ud−1−→ Pd−1

ud−2−→ Pd−2 · · · −→ P1
u1−→ P0

u0−→ M −→ 0,

where Pi is a finitely generated projective for each i and G is a
Gorenstein projective. Then we have the exact sequences of R-modules:

0 −→ G(= ker (ud−1)) −→ Pd−1 −→ Im (ud−1) −→ 0,

0 −→ Im (ui)(= ker (ui−1)) −→ Pi−1 −→ Im (ui−1) −→ 0

for i = 2, . . . , d− 1,

0 −→ Im (u1)(= ker (u0)) −→ P0 −→ Im (u0) = M −→ 0.

Then, by hypothesis and since G is a finitely generated Goren-
stein projective submodule of a projective R-module Pd−1, we have
textIm (ud−1) ∼= Pd−1/G is a finitely generated Gorenstein projective
R-module. Thus, by induction, we conclude that M = Im (u0) is a
finitely generated Gorenstein projective R-module, and this completes
the proof.

In the next proposition we study the relation between G−(n, d)-rings
and G− (n, 0)-rings.

Proposition 2.14. Let R be a G−(n, d)-ring. Then R is a G−(n, 0)-
ring if and only if ExtR(M,K) = 0 for every n-presented R-module M
and every R-module K with pdR(K) = GpdR(M)− 1.

Proof. ⇒). Obvious.

⇐). Let M be an n-presented R-module. Since R is a G−(n, d)-ring,
we have GpdR(M) ≤ d. And, from [17, Theorem 2.10], there exists an
exact sequence:

(�) 0 −→ K −→ G −→ M −→ 0
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where G is Gorenstein projective and pdR(K) = GpdR(M) − 1. By
hypothesis ExtR(M,K) = 0, and the exact sequence (�) splits. Then,
by [17, Theorem 2.5], M is Gorenstein projective as a direct summand
of G.

3. Examples. In this section, we construct a class of G−(2, 0)-rings
(respectively, G − (3, 0)-rings) which are not (1, d)-rings (respectively,
not G− (2, d)-rings) for every integer d ≥ 1. Also we give an example
of a G−(n, d)-ring which is not an (n, d)-ring for every integer n, d ≥ 0.

In the next result we give an example of a G− (2, 0)-ring which is not
a G− (1, d)-ring. Also, we give an example of a G− (2, d)-ring which is
neither a G− (2, d− 1)-ring nor a G− (1, d)-ring for any integer d ≥ 0.
This theorem is a generalization [22, Theorem 3.4].

Theorem 3.1. Let K be a field, and let E(∼= K∞) be a K-vector
space with infinite rank. Let R := K ∝ E be the trivial ring extension
of K by E. Then:

1. R is a G− (2, 0)-ring.

2. R is not a G− (1, d)-ring for every positive integer d.

3. Let S be a Noetherian ring with G-gldim(S) = d. Then, T = R×S
is a G−(2, d)-ring but neither a G−(1, d)-ring nor a G−(2, d−1)-ring.

Proof. 1. R is a G − (2, 0)-ring since it is a (2, 0)-ring from [22,
Theorem 3.4].

2. Let d be a positive integer. We have to prove that R is not a
G− (1, d)-ring. M = 0 ∝ E is the maximal ideal of R, and let (0, ei)i∈
be a set of generators of M . Consider the exact sequence of R-modules:

0 −→ M (I) −→ R(I) −→ M −→ 0;

from this exact sequence, we deduce that GpdR(M) = 0 or GpdR(M) =
∞. Suppose that GpdR(M) = 0, and let J = R(0, f) ∼= 0 ∝ K be a
principal ideal of R. J is a direct summand of M ; then GpdR(J) = 0.
Consider the exact sequence of R-modules:

0 −→ ker (u) −→ R
u−→ J −→ 0,



1010 N. MAHDOU AND K. OUARGHI

where u((a, e)) = (a, e)(0, f) = (0, af). Then, ker (u) = {(a, e) ∈
R | af = 0}. We can easily see that ker (u) = M . Then, M ∼=
R/J ∼= K; hence, K is a Gorenstein projective R-module. In particular
ExtR(K,R) = 0, and R is self-injective (0 = idK(E) = idR(R)) from
[15, Proposition 4.35], a contradiction. Indeed, R is not self-injective
since AnnR(annR((J)) = M �= J and from [27, Corollary 1.38]. Then
GpdR(M) = ∞. On the other hand, R/J is a 1-presented R-module
and GpdR(M) = GpdR(R/J) = ∞. Finally, R is not a G− (1, d)-ring
for each positive integer d.

3. Follows from Theorem 2.7 and Theorem 2.2 (8).

Next we give an example of a G−(n, d)-ring which is not an (n, d)-ring
for positive integers n and d.

Example 3.2. Let K be a field and R = K ∝ K the trivial ring
extension of K by K. Then R is a G− (n, d)-ring but not an (n, d)-ring
for positive integers n and d.

Proof. From [7, Theorem 3.7], R is a G − (0, 0)-ring (=quasi-
Frobenius); then, from Remark 2.3, R is a G − (n, d)-ring for positive
integers n and d. And it follows from [23, Example 3.4] that R is not
a (n, d)-ring.

The next result generates an example of a G− (3, 0)-ring which is not
a G− (2, d)-ring for every integer d ≥ 0. Also we give an example of a
G−(3, d)-ring which is neither a G−(3, d−1)-ring nor a G−(2, d)-ring.

Theorem 3.3. Let (A,M) be a local ring, and let R = A ∝ A/M be
the trivial ring extension of A by A/M . Then:

1. If M is not finitely generated, then R is a G− (3, 0)-ring.

2. If M contains a regular element, then R is not a G − (2, d)-ring,
for every integer d ≤ 0.

3. Let S be a Noetherian ring with G-gldim(S) = d for some integer
d ≥ 0. Then, T = R×S is a G−(3, d)-ring which is neither a G−(2, d)
nor a G− (3, d− 1)-ring.

Proof. 1. Follows from [19, Theorem 1.1].

2. Suppose that M contains a regular element. Consider the exact
sequence of R-modules:

(�) 0 −→ M ∝ A/M −→ R −→ R/(M ∝ A/M) −→ 0.
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We prove that GpdR(R/(M ∝ A/M)) = ∞. If not, GpdR(R/(M ∝
A/M)) is finite. From the exact sequence (�) and [17, Proposition
2.18], we have:

(1) GpdR(M ∝ A/M) + 1 = GpdR(R/(M ∝ A/M))

Let (xi)i∈I be a set of generators ofM , and let R(I) be a free R module.
Consider the exact sequence of R-modules:

0 −→ ker (u) −→ R(I) ⊕R R
u−→ M ∝ A/M −→ 0,

where

u((ai, ei)i∈I , (b0, f0)) =
∑

i∈I

(ai, ei)(xi, 0) + (b0, f0)(0, 1) =
∑

i∈I

(aixi, b0),

since xi ∈ M for each i ∈ I. Hence,

ker (u) = (U ∝ (A/M)(I))⊕R (M ∝ A/M),

where U = {(ai)i∈I ∈ A(I) | ∑i∈I aixi = 0}. Therefore, we have the
isomorphism of R-modules:

M ∝ A/M ∼= [R(I)/(U ∝ (A/M)(I))]⊕R [R/(M ∝ A/M)].

Hence, from [17, Proposition 2.19], we have:

(2) Gpd(R/(M ∝ A/M)) ≤ GpdR(M ∝ A/M).

It follows from (1) and (2) that Gpd(R/(M ∝ A/M)) = GpdR(M ∝
A/M) = ∞. Now, from the exact sequence of R-modules:

0 −→ M ∝ A/M −→ R −→ 0 ∝ A/M −→ 0,

we conclude that GpdR(0 ∝ A/M) = ∞. On the other hand, let
m ∈ M be a regular element and J = R(m, 0) an ideal of R. Consider
the following exact sequence of R modules:

0 −→ ker (v) −→ R
v−→ J −→ 0,
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where v((b, f)) = (b, f)(m, 0) = (bm,mf). Since m is a regular
element, we have ker (v) = 0 ∝ A/M . Therefore, it follows that
GpdR(J) = GpdR(0 ∝ A/M) = ∞. On the other hand, 0 ∝ A/M
is a finitely generated ideal of R; hence, J is a finitely presented ideal
of R. Finally, the exact sequence of R-modules:

0 −→ J −→ R −→ R/J −→ 0,

shows that λR(R/J) ≥ 2 and GpdR(R/J) = ∞. Then R is not a
(2, d)-ring for each positive integer d.

3. Follows from Theorem 2.7 and Theorem 2.2 (8).
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Auslander, Ecole Normale Superieure de Jeunes Filles.

2. M. Auslander and M. Bridger, Stable module theory, Mem. Amer. Math. Soc.
94, American Mathematical Society, Providence, R.I., 1969.

3. H. Bass, Finitistic dimension and a homological generalization of semi-primary
rings, Trans. Amer. Math. Soc. 95 (1960), 466 488.

4. D. Bennis and N. Mahdou, Strongly Gorenstein projective, injective, and flat
modules, J. Pure Appl. Algebra 210 (2007), 437 445.

5. , Global Gorenstein dimensions, Proc. Amer. Math. Soc. 138 (2010),
461 465.

6. , Global Gorenstein dimensions of polynomial rings and direct products
of rings, Houston J. Math. 25 (2009), 1019 1028.

7. D. Bennis, N. Mahdou and K. Ouarghi, Rings over which all modules are
strongly Gorenstein projective, Rocky Mountain J. Math. 40 (2010), 749 759.

8. A.J. Berrick and M.E. Keating, An introduction to rings and modules, Cam-
bridge University Press 65, 2000.

9. L.W. Christensen, Gorenstein dimensions, Lect. Notes Math. 1747, Springer-
Verlag, Berlin, 2000.

10. D.L. Costa, Parameterizing families of non-noetherian rings, Comm. Algebra
22 (1994), 3997 4011.

11. E. Enochs and O. Jenda, Gorenstein injective and projective modules, Math.
Z. 220 (1995), 611 633.

12. , On Gorenstein injective modules, Comm. Algebra 21 (1993),
3489 3501.

13. E.E. Enochs and O.M.G. Jenda, Relative homological algebra, de Gruyter
Expo. Math. 30, Walter de Gruyter Co., Berlin, 2000.

14. E. Enochs, O. Jenda and B. Torrecillas, Gorenstein flat modules, Nanjing
Daxue Xuebao Shuxue Bannian Kan 10 (1993), 1 9.



ON G-(n, d)-RINGS 1013

15. R.M. Fossum, P.A. Griffith and I. Rieten, Trivial extensions of Abelian
categories, Springer-Verlag, Berlin, 1975.

16. S. Glaz, Commutative coherent rings, Springer-Verlag, Lect. Notes Math.,
1989.

17. H. Holm, Gorenstein homological dimensions, J. Pure Appl. Algebra 189,
(2004), 167 193.

18. J.A. Huckaba, Commutative rings with zero divisors, Marcel Dekker, New
York, 1988.

19. S. Kabbaj and N. Mahdou, Trivial extensions of local rings and a conjecture
of Costa, Lect. Notes Pure Appl. Math. 231 (2003), Marcel Dekker, 301 311.

20. S.E. Kabbaj and N. Mahdou, Trivial extensions defined by coherent-like
conditions, Comm. Algebra 32 (2004), 3937 3953.

21. I. Kaplansky, Commutative rings, Allyn and Bacon, Boston, 1970.

22. N. Mahdou, On Costa’s conjecture, Comm. Algebra 29 (2001), 2775 2785.

23. , On 2-Von Neumann regular rings, Comm. Algebra 33 (2005),
3489 3496.

24. N. Mahdou and K. Ouarghi, Gorenstein homomlogical dimension in trivial
ring extensions, Comm. Algebra Appl. (2009), Walter De Gruyter, 293 302.

25. N. Mahdou and M. Tamekkante, On (strongly) Gorenstein (semi) hereditary
rings, Arab. J. Sci. Engineering (Springer) 36 (2011), 431 440.

26. N. Mahdou, M. Tamekkante and S. Yassemi, Gorenstein Von Neumann
regular rings, Comm. Algebra 39 (2011), 1 11.

27. W.K. Nicholson and M.F. Youssif, Quasi-Frobenius rings, Cambridge Uni-
versity Press 158 (2003).

28. J.J. Rotman, An introduction to homological algebra, Academic Press, New
York, 1979.

Department of Mathematics, Faculty of Science and Technology of Fez,

Box 2202, University S.M. Ben Abdellah Fez, Morocco

Email address: mahdou@hotmail.com

Department of Mathematics, Faculty of Sciences, King Khaled Univer-

sity, P.O. Box 9004, Abha, Saudi Arabia

Email address: ouarghi.khalid@hotmail.fr



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [432.000 648.000]
>> setpagedevice


