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MULTIDIMENSIONAL WEIGHTED
BOAS TYPE INEQUALITY
AND RELATED RESULTS WITH APPLICATIONS

S. HUSSAIN, M.A. LATIF AND M. IQBAL

ABSTRACT. An n-dimensional general, refined weighted
Boas-type inequality for superquadratic functions and Hardy
Littlewood averages is proved. Moreover, we apply this result
to unify and refine the so-called strengthened general Hardy
inequality with complement, deriving their new refinements as
special cases of the general relation obtained. In particular,
we get new refinements of the n-dimensional Hardy integral
inequality from [15].

1. Introduction. To begin, we recall some well-known classical
integral inequalities. If p > 1 and f € LP(R.) is a non-negative
function, then in [5] Hardy announced, and in [6] proved, a highly
important classical integral inequality:

(1) /ODQ (é /Ozf(t) dt)p < (%)p/ooo 2(x) da.

Inequality (1) has been discussed by several authors, who either gave
its alternative proofs using different techniques, or applied, refined,
generalized and reversed it in various ways [3, 4, 8, 9, 17]. In [16]
Boas generalized (1) by proving a much more general inequality:

@ [Te(g [ feoane)E < [Ta e .

for continuous convex functions ® : [0,00) — R, measurable non-
negative functions f : Ry — R, and non-decreasing and bounded
functions m : [0,00) — R where M = m(c0) —m(0) > 0 and the inner
integral on the left hand side of (2) is a Lebesgue-Stieltjes integral with
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respect to m. After its author, relation (2) was named Boas’s inequality
[16, Chapter 8, Theorem 8.1]. In the case of a concave function @,
(2) holds with a reversed sign of inequality. The weighted version of
(1) with complement is discussed in [14]. For an historical background
about Hardy’s inequality see [10, 11]. In 1992 Pachpatte [15] discussed
Hardy inequality in n independent variables having integrals over n-
cells, that is, over an axis parallel to rectangular blocks in R as:

F(x,...,2p) = OO:) (;ijf(tlv--- n)dty - dtn, m>1,
) ’ fwl.-'fmnf(tla..., )dtl dn, m<1’

then

/ / )" FPdxy - - dxy,
Lm—ld / / )P fPdxy - day,.

In [12] Oguntuase et al. gave some new multi-dimensional Hardy
type inequalities generalizing the results in [14], and in [7] some new
refinements and reverses of Hardy type inequalities are discussed. In
this paper we prove a new n-dimensional weighted Boas type inequality
and some related results for superquadratic and subquadratic functions,
introduced by Abramovich et al. in [1, 2]. As a consequence, we observe
that our results generalize and refine the results in [15]. Consider a
general positive Borel measure A on R, such that:

() L:)\(R+):/Oood/\(t)<oo

On the other hand, for a finite Borel measure A on R, that is, having
property (4), and a Borel measurable function f: R} — R, by Af we
denote its Hardy-Littlewood average, defined in terms of the Lebesgue
integrals as:

(5)
Af(z1,... ,an) = %/0 /0 fltize, ... ytpxn) dA(ty) - - dA(tn).

Definition 1 [2, Definition 2.1]. A function ¢ : [0,00) — R is
superquadratic provided that, for all x > 0, there exists a constant
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C. € R such that:

o(y) — (@) — o(ly — z|) > Ca(y — )
for all y > 0. We say that f is subquadratic if — f is superquadratic.

Lemma 1 [2, Lemma 3.1]. Suppose ¢ : [0,00) is continuously
differentiable and ©(0) < 0. If ¢’ is superquadratic or (¢'(x))/x is
non-decreasing, then ¢ is superquadratic.

Lemma 2 [2, Theorem 2.3]. Let (2, u) be a probability measure
space. The inequality

( /Q 1(s) du(S)) < /Q P(f(5)) du(s)

- w(‘f(s) - [ rauts

holds for all probability measures p and all non-negative p-integrable
functions f if and only if ¢ superquadratic. Moreover, (6) holds in the
reverse direction if and only if ¢ is subquadratic.

@
(6)

) au(s)

This paper is organized in the following way. After the introduction,
in Section 2 we prove a weighted multidimensional Boas-type inequality
and general weighted multidimensional Hardy type inequality with
complement, and in Section 3 we give applications of the results in
Section 2 which generalize, unify and refine the results in [15].

2. Main results.

Theorem 1. Let A be a finite Borel measure on Ry, let L defined by
(4) be 1 and let u,v, f : R} — Ry be measurable functions such that:

v(xl,...,xn):/ / u(ﬂ,...,x—">d)\(t1)---d)\(tn)<oo.
0 0 31 tn
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If the real valued function ® is superquadratic on R4, then

/ / xl,..., )
@(/0 /0 f(tlxl,...,tnxn)d)\(tl)...d)\(tn)>dx_xll...dxx_:
+/OOO.../OOOu(x1,...,xn)/ooo.../oooq)qf(tlxl,...,tnxn)

_/OOO---/OOOf(tlxl,... ) dA(tl)---dA(tn)>

x dA(t) - d)\(tn)ﬁ .. dzn

T1 Tn

& i dx dxz,,
g/ / O (flxr,. )0 (@1, ) — - —2
0 0 X1 Tn

For the subquadratic function ®, the sign of inequality in relation (7)
is reversed.

Proof. By the refined Jensen’s inequality (6)

/()m---/()mu(xl,...,xn)cp(Af(xl,...,xn))dx_xll...d;_:

</Ooo---/ooou(x1,...,xn)

y [/Om-.-/om@(f(tlxl,... bozn)) dA(t) - - dA(E)
—/OOO---/OOOQQf(tlxl,...,tnxn)—/ooo---

/f (t121, -« oy tnyn) dA(E1) - - - dN(En) >d)\(t1)---d>\(tn)] dx—x;f—:
I = / / {/ / [z, ..o taxy))dN(tr) - d)\(tn)]
X u (T, ... ,xn)ﬁ---dx—”.

:/O /0 B, s yn) 0yt sy L. D

Y1 Yn
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From here we get (7). O

Corollary 1. Suppose b; € Ry, u : [[_,(0,b;) = Ry and vy is
non-negative measurable function such that:

by ba
T x
vl(xl,...,xn):/ / u(—l,...,—n>dt1---dtn<oo.
0 0 i1 tn

If the real valued function ® is superquadratic on Ry and f : R} — Ry
18 a measurable function, then

(8) /Obl---/obnu(xl,...,xn)
xq></0m-.-/0mf<t1m1,... ,mn> d)\(tl)---d)\(tn)>dx—xll---d;—n"
-l-/obl---/obn---(xl,...,xn)/ooo---/oooq)<‘f(t1x1,...,tnxn)

_/OOO---/OOOf(tlxl,... ) d)\(tl)---d)\(tn)>

dxrq dx,

AN(t1) -+ dN(t,)— - =2

< dA(t) - dA () S
b1 bn dx dx.,
S‘/ / (I)(f(xlv"'7xn))v1(x17"'axn) 1'“ .
0 0 T Tn

For subquadratic function ®, the sign of inequality in relation (8) is
reversed.

Theorem 2. Let u be a non-negative function on R} such that the

function (t1, ... ty) = [u(ts, ..., ta)]/(t3---t2) is locally integrable in
RY, and let
= > dty  dt
wi (21, wn):xl---mn/ / u(ty, . .. ,tn)t—;"'t—; < 00,
1 Tn 1 n

tiER+, 1<i<n.
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If the real valued function ® is superquadratic on Ry and f : R} — Ry
18 a measurable function, then

DQ > dx dxy,
/ / w(ay, ... an)O(H f(z1,. .. an))— - —
0 0 z Tn
+/°°_”/°°u(x1,...,xn)
e,
/ / |f tlxlwu atnxn)

—Hf(xl,...,xn)|)dt1---dtndx1---dxn
g/ / B (f(x1,. .. ) wi(@r,... an) 2L, 20
0 0

I In
holds for H f(x1,... ,x,) defined by

1 T Tn
Hf(xlwuaxn):m/o /0 fla, ... ty)dty -+ dty,

For a subquadratic function ®, the sign of inequality in relation (9) is
reversed.

Proof. Follows directly from Theorem 1, rewritten with the measure
dA(ti) = Xjo,1)(t:) dt;, for all 4. In this setting, we have

Af(xl,... , L / / f tll‘l,... nxn) dtl dtn

=Hf(xz1,...,zp)
and
v(z1, .. / / ( )dt1 ~dty,
=wi(T1,... ,Tn)
so (9) follows. O

Corollary 2. Suppose 0 < b; < o0, 1 <i<n andu: H?:l(O, b;) —
R, is such that (s1,...,8,) + [u(s1,...,8,)]/(s3---82) is locally
integrable in []1_1(0,b;) and ws is defined by

b b dty,  dt
wg(xl,...,xn):xl---xn/ / u(tl,...,tn)—Q---—2n<oo.
x1 Tn tl tn
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If the real valued function ® is superquadratic on (a,c), 0 < a < ¢ < oo,
then

bl bn
(10) / / u(xy, ..., Tp)
0 0
1 1 En d dz,,
xq><7/ / f(tl,...,tn)dtl---dtn)ﬂ---i
T1--Tn Jo 0 1 Tn
b1 bn bl bn
u(xy, ..., Tp)
f e [ [ [ )
0 0 t1 tn LTy

1 T Tn
x@(f(tl,...,tn)—m/o /0 f(t1,~--atn)dt1---dtn>

X dxy - dxydty---dty,

b b
L n dx dz,
g/ / B (flxy,... ,xn)) ws(T1,. . Tn)— - —2
0 0 T Tn
holds for all f with a < f(z1,...,2n) < ¢, 0<z; <b;, 1 <i<n.

Moreover, (10) holds in reverse order for subquadratic function ®.

Remark 1. In particular, if the weight function w is chosen to be
uw(x1,...,z,) =1, in Corollary 2, then

[Ty (1= (2:/bi)) by < o5
1 bl = 00,

ws(z1, ... ,xn):{

so for b; < 00, 1 < i < n, inequality (10) reads

(11)
by b, z1
1
0 0 T1- " Tp Jo
Tn d dn
></ f(tl,...,tn)dtl---dtn>ﬂ...i
0
b1 b by
0 0 t1
bn 1 z1
x/ @(’f(tl,...t)—i/
tn Tn Jo

s vn
xl...
Tn dxy - - -dx,
X f(tl, ,tn)dtldtn —2 2
0 xlnunmn
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b1
X dty---dt, </ / flae,... )
dry dz,
1— B I et 2
S IR i i

and, for b; = 00, 1 <i < n,

o [ [l

d dx,
/ ftl,...,tn)dtl---dtn)ﬂ---i

T1 Tn

0 0 t1 tn 0
dxy - -dx,
a2z

> > dxy dx,
< o ) —
_/0 / () T

Theorem 3. Suppose u: R} — R is a locally integrable function
and ws is defined on R} by

wg(xl,...,x / / tl,...,tn)dtl"'dtn<00.

If the real valued functzon ® is superquadratic on Ry and f : R} — R
is a measurable function, then

(13) / / w(xy, ..., Tn)P (Hf(a:l,..., n))dx—xlldxx—:

[ [

x/ @(‘f(tlxl,... ,tnxn)—ﬁf(xl,... , )
1
dtl dtn dxl dxn

1
> > dx dx,
g/ / B (fxr,. .. an)) Wo (w1, ) —2,
0 0 In

holds for H f(z1, ... ,xn) defined by

)
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~ o o dt dty,
Hf(xb---,%n):xl"'xn/ / f(tl,...,tn)—l.-._

SR

forx; >0, 1<i<n.

For subquadratic function ®, the sign of inequality in relation (13) is
reversed.

Proof. Consider dA(t;) = X[1,00)(t;)(dt; /t?), for all i in Theorem 1 so
that

And

v(T1, ... ,Ty) = wl =, )=
' L A A N - B

= ’LUQ(QL‘l, ,Z‘n)

o (13) follows. O

Corollary 3. Suppose 0 < b; <o0o,1<i<nandu: H?:l(bi, 00) =
R a locally integrable function in [}, (b;, 00) and the function wy is
given by

1 1 Tn
wy(x1, ... ,Ty) = / / w(ty, ... tn)dty -+ dt, < co.
by bn

T1 " 'n

If the real valued function ® is a superquadratic function on (b,d),
0<b<d< oo, then
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(14) /bjo---/b:ou(xl,...,xn)

o0 o0 dtl dtn dl‘l dl‘n
P ceexy, oo b)) e | — o
. <x1 ! /rcl /mn i )t% t%) x1 T

) ) t1 tn
—|—/ / / / u(xy, ..., 2p)
b1 b b1 bn

= > dty  dty,
X(I)(f(tla...,tn)—l‘l-.-mn/ f(tl,...,tn)t—;...t_QD
z1 Tn 1 n
dti---dty,
Xﬁdxl---dmn
~ > dx dzy,
S/ / @(f(ml,...,xn))w4(x1,,.,,mn)_l..._
b1 bn xr1 Ty
holds for all f with b < f(z1,...,2n) < d, 0 < z; < b;, 1 < i< n.

Moreover, (14) holds in reverse order if ® is a subquadratic function.

Remark 2. Similarly, by setting u(z1,... ,x,) = 1, in Corollary 3 we

obtain .
[Ticy (L= (bi/xi)) b >0;
1 b; = 0.

In this setting relation (14) for b; > 0, 1 < i < n, has the form
(15)
o o o0 o0 dti---dt, \ d dxy,
/ / q><x1...mn/ / f(tl,,..,tn);i?>£...i
by by 1 Tn tl' : 'tn Z1 Tn

wa(z1, ... ,xn):{

+/b°°/b°°/b/bq>(‘f(tl )

& & dty---dt
_xl...xn/ / f(tl""’t")t?it?n
1 Tn 1" n

dty -+ dt,
dry---dz
RN "

A

7/ / q)(f(th’xn))[1_ﬁ]...[1_b_”]%._.m_"’
by b T Tn | T1 Tn
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while for b; =0, 1 <i <mn, (14) becomes

(16)
o o o o0 dtl"'dtn dl‘l dxn
/0 /0 <x1 v /11 /cnf(tl t)t%t% ) & Tn
) ) t1 tn
+/ / / / (I)(‘f(tl,...,tn)
0 0 0 0

o e dty---dt
/ f(tlaatn) t2t2n
1 Tn 1 n

X1 In
< D (f(z1,... ,2p)) — - —.
S A A

3. Applications.

dty ---dt,
t%---t%

Theorem 4. Letp > 1, m > 1, 0 < b; < oo, and let the function f
be locally integrable on [, (0,b;) such that:

dry---dz,

bl bn
O< px R —_— < OQ.
R R =

(i) If p > 2, then
(17

/b1 /n:m “Tn) (/ /w’jftl,..., )dty- - dn>pdx1---dxn
_ b1 n b1
AT A
" p—m~+1)/p
Ll 1) o o)
/ / flta, ... ty)dty - - dty,

dl‘l Tn dtl R dtn
(ifl .. )(m p2+pm—1)/p (t1 tn)(lfmﬂ))/p

p np bl bn
< P(zy,..., &,
> |:m_1:| /0 0 f (xlv y L )

p
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x1 (m—1)/p ZTn (m—1)/p d!El .. dxn
x [1— (=2 U i (i _tem
bl bTL (xl e xn)m_p

(ii) If 1 < p < 2, then the inequality in (17) holds in the reversed
order.

Proof. By setting the function ® = 2P, p > 2, inequality (11) has
form

[ L

1
/ / / tla ’tn)_xl .
Pdeq - dxy,
X ftl,... )dtl d D) 2 dtl "dtn
xlnunxn

b
! bn T | dxy dx,
Pxy,... 1——=]-|1=-=|—-..—.
/ f T, y T )|: b]_:| |: bn:| 71 T

Let I; and I be the first and second terms of the left hand side of

inequality (18) and I3 the term on the right hand side of (18), respec-

tively. Replace b; by a;(= b(m_l)/p) and choose for f the function

(@1, yzn) = SR/ b D) P DTl

/(m—1)

= tf/(mfl) and y; = a7 ,

Thereafter, by using substltutlons Si
1 <i < n, we have

R

Pd dx,
X (t1 )(p/m - 1dt1---dtn} 4T Gon

() o

L2/ (m=1) £p/(m=1)

1 n P
x(/ / f(517...,5n)d51...d5n> dry  dw,
0 0 1 Tn
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m—1 n(p+1) b1 bn
p
Y1 Yn p
(/ flsi,..n, n)dsl---dsn> dyy - - - dyn,

(81, 8n)(81 - sn)(p_m+1)/p

() / RN
_<T> /y ynfsl,...,sn)dsl...

dy - dyn ] (m—1-p)/
dsn )(m 1/P)+1J (51 85) PP dsy .- dsy,
_(m— ”(p+2) /bl / /b1 / D n
B m—1
.5\ (PmmtD)/p
X f(s1,...,8n i
(51 >( S )
71 p
f ($1,--- y8n)dsy - -dsp
. (p*—pm+1-m)/p
X 4l y) dyy - dypdsy---dsy

(S]_ “e Sn)(l m+P)/P
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m—1 n b1 bn yl)(m_l)/p]
- Plys, . yn) 1= (2
[ 5 } /0 ; TP Y ){ (b1
[1 - (&)“””“’} dyy -+ dyn
bn (yl e yn)m_p

By combining inequalities (18)—(21) we get (17). o

Theorem 5. Letp >1, m <1, 0 <b; < oo, and let the function f
be locally integrable on [, (b;, 00) such that:

</ / fPx1, o) (w1 )P My - - dy, < 00,
by b

(i) If p > 2, then

/bl / (w1 (/ bt di dt,)pdxl -day,
( ) [ L)

t, (p—m+1)/p
e (2282)
dty---dt, |
/ / f tl, cee n)it%
dzq -+ -dx, dty - -dty
xp, ) (m=pPtpm=1)/p (¢, tn)(l—m+p)/p

(et [ )

. b_n (1—m)/p dl‘l . dxn
Ty (xl e xn)mfp ’

(ii) If 1 < p < 2, then the inequality in (22) holds in the reversed
order.
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Proof. Set the function ® = 2P, p > 2, in (15) so that

(23)

o oo dty---dt,\" dz d,
// (:rl- / /ftl,...,n - 2)_1_
by b, o -1 x1 LTn

oo t1 >
+/ / / / f(tl,...,tn)_xl"'xn/
b1 bl TL z1

dty---dt,|” dty---dty,
/ ft]_,..., n)litg dx]_ dxnﬁ

S/ / FP(a1,... @ )[1_17_1}[1_19_"}@%_"
b1 b T Tn | T1 T

Let I; and I be the first and second terms of the left hand side of
inequality (23) and I3 the term on the right hand side of (23), respec-

tively. Replace b; by a;(= b\'"™/?) and choose for f the function
(21 z,) = f(a p/(1— m) - xﬁ/(lfm))xgp/lfmﬁrl_” (p/1=m)+1

Thereafter, by using subbtltutlons s; = t¥ /m=1) and o/ (m-1)

for 1 <i <n, we have

(24)
L L)

p
X (- )P g Ly ) day  drn

) L

Pd dxy

x(/ / f(81,...,8n)d81---d8n) ar1 | Gon

o/ A=m) g2/ (=m) Z1 Tn

1— # [ee) e’} [ee) e’} Pd . d n
:<_m) // (/ f(517...,5n)d51...d8n)u
p b1 Jbon \Vy1 Sy, (Y1 yn)™

(25)

] ] t1 tn
NG

-
S
|
3
~—
—~
~
=
~
3
S—
—
| s
3
+
-
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1 m # £ __1 b
contn )(tl"‘tn)l’m dty---dt,
dty---dty
dxy---dx ]7
"tz

(5L /n[/bl A

X f(81,-8n)(81° P m+1/ / (S1,- . 8n) ds1- - dsn

2t Yn

p

dyy - - dyy, o
X g%y ]( R e DT X PO

yn) (m—1/p)+1
"(P+2) 00
) /bl bn ‘/bl ‘/n <1 - >

(p—m+1)/p 1 00 0o
X 81, — //
d

dyi---dyn dsy---dsn
X f(slv ) $1---dsp (yl___yn)(nl—p2+pm,—l)/p (51 8p)A—mFP)/P

(26)

oo o0 p
m [ [0 ) g ne]

al Qn

P [ [ (8

[ (bn ) (1— m)/p] dyy - - dyy,
X |1—|— —r
Yn (Y1 yn)mP

By combining inequalities (23)—(26) we get (22). O

Note 1. For b; = 0,00, 1 < i < n, inequalities (22) and (17) together
give improvement in inequality (3).
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