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PERIODICITY OF DELAYED REACTION-DIFFUSION
HIGH-ORDER COHEN-GROSSBERG
NEURAL NETWORKS WITH
DIRICHLET BOUNDARY CONDITIONS

PING YAN AND TENG LV

ABSTRACT. In this paper, we study delayed reaction-
diffusion high-order Cohen-Grossberg neural networks with
Dirichlet boundary conditions. By using some inequality
techniques and constructing the Lyapunov functional method,
some sufficient conditions in which the diffusion coefficients
will affect the periodicity and the global exponential stability
of solutions are given to ensure the existence and convergence
of the periodic oscillatory solution. Finally, an example is
given to verify the theoretical analysis.

1. Introduction. Cohen-Grossberg neural networks (CGNNs)
which include the traditional neural networks as special cases were
first introduced in 1983 by Cohen and Grossberg in [6]. CGNNs
have been extensively investigated and successfully applied to parallel
computation, associative memory and optimization problems, etc. [1-5,
8-10, 12, 15, 20-26]. Because these applications heavily depend on
the dynamical behaviors of the networks, analysis of the dynamical
behaviors is the necessary step to design of neural networks.

However, both in biological and artificial neural networks, diffusion
effect cannot be avoided when electrons are moving in asymmetric
electromagnetic field; thus, we must consider that the activations vary
in space as well as in time. References [11, 14, 17-18, 19, 23, 26, 27|
have considered the stability of neural networks with diffusion terms,
which are expressed by partial differential equations.

Keywords and phrases. Cohen-Grossberg neural networks, reaction-diffusion

terms, Dirichlet boundary condition, Lf/apunov functional.
This research was supported by College Science Research Plan Project of Xin-

jiang Uighur Autonomous Region (No. XJEDU2007103) and Natural Science Foun-
dation of Anhui Province (No. 070412057) and Science Research Plan Project of
Anhui Agricultural University (No. YJ2010-12).

The second author is the corresponding author.

Received by the editors on October 8, 2008, and in revised form on April 24,

2010.

DOI:10.1216/RMJ-2011-41-3-949 Copyright (©2011 Rocky Mountain Mathematics Consortium

949



950 PING YAN AND TENG LV

Studies on the dynamical behaviors of neural networks not only
involve a discussion of stability properties but also involve many other
dynamic behaviors such as periodic oscillatory behavior, bifurcation
and chaos [22, 25]. In many applications, the properties of periodic
oscillatory solutions to the high-order CGNNs are of great interest; for
example, the human brain is in periodic oscillatory chaos, hence it is of
prime importance to study periodic oscillatory and chaos phenomena
of the high-order neural networks.

Moreover, because of the finite processing speed of information, it is
sometimes necessary to take account of time delays in the modeling of
the biological or artificial neural networks. Time delays may lead to
bifurcation, oscillation, divergence or instability which may be harmful
to a system; thus, the study of neural dynamics with consideration of
the delayed problem becomes extremely important to manufacture high
quality neural networks. References [2-5, 8-11, 14, 17-22-27] have
studied the stability of delayed neural networks.

To the best of our knowledge, few authors have considered the
existence and the global exponential stability of periodic oscillatory
solution of delayed reaction-diffusion high-order CGNNs with Dirichlet
boundary conditions. But it is important in theories and applications,
and also is a very challenging problem. In this paper, evoking by
the methods used in [26] and utilizing the Sobolev inequality [7], we
investigate the existence and global exponential stability of periodic
solutions to delayed reaction diffusion high-order CGNNs with Dirichlet
boundary conditions and show that the diffusion terms will improve the
existence and global exponential stability of periodic solution.

In this paper, we will consider the following delayed high-order
Cohen-Grossberg neural networks with reaction-diffusion terms:

(1)

T = Y o (Dik —Buéii’t)> — ai(ui(z, 1))

(i (ui(z, ) — 325, cijlfi(uj(z, b)) — 205 wis fi (uj (@, t — ti5(¢)))
= 2k diji fi(uj (@, 1)) fro(ur(z, 1))

=2 k= i fi (s (@t = 35(8))) fie(un(z, t — i (1)) + Li(t)],
ui(z,t) = pi(z,t), —-7<t<0, z€Q,

ui(z,t) =0, x €0,

where ¢ = 1,... ,n. The parameter n is the number of neurons in the



PERIODICITY OF COHEN-GROSSBERG NETWORKS 951

networks. u(z,t) = (ui(x,t),... ,un(z,t))T, u;(z,t) denotes the state
of the ith neural unit at time ¢ and in space x € Q. Q is a bounded
open domain in R™ with smooth boundary 992 and mes2 > 0 denotes
the measure of Q. D;;. > 0 corresponds to the transmission diffusion
coefficient along the ith unit. a;(-) and b;(-) represent an amplification
function and an appropriately behaved function, respectively. c;;
represents the strength of the jth neuron connecting on the ¢th neuron
at time ¢ and in space x, and w;; represents the strength of the jth
neuron connecting on the ith neuron at time ¢ — ¢;;(¢) and in space
x. dir and e;j, represent the second-order strength of the neuron
interconnections within the network without delays and with delays,
respectively. ¢;; corresponds to the transmission delays along the axon
of the jth neuron form the ith neuron and satisfies 0 < ¢;;(¢) < 7 and
t;j(t) < p < 1, where 7 > 0 is a given constant. f; shows how the ith
neuron reacts to the input. I(t) = (I1(t),...,I,(t))T, I; is the input
from outside the system.

Remark 1. When D;;, = 0, system (1) becomes the system which
expressed by ordinary differential equations. Furthermore, while d;;, =
0 and e;jx = 0, system (1) becomes the system which is the first-order
CGNNs.

This paper is organized as follows. In Section 2, some preliminaries
and the main result are given. In Section 3, by employing some
inequality techniques and constructing suitable Lyapunov functional,
some sufficient conditions are obtained to ensure the existence and
the global exponential stability of the periodic oscillatory solution. In
Section 4, an example is given to verify the theoretical analysis. Section
5 is the conclusion of the paper.

2. Preliminaries. Let X = C(R™ x [-7,0],R™) be the Banach
space of continuous functions which map R™ x [—7, 0] into R™ with the
topology of uniform convergence. L?(Q) is the space of real functions
on Q which are L? for the Lebesgue measure. It is a Banach space for
the norm:

a1 = 3 (Ol =Y [ (o0 da,

i=

where u(t) = u(-,t) = (u1(-,t), ... ,un(-,t))7.
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For any ¢(z,t) € C(R™ x [-7,0],R"), we define [|¢[|3 = D7, [l¢: 3,
where p(x,t) = (p1(2,t),... ,0n(z,1))7T,

il = / i@ dz,  |ei@)] = sup |@izs)].
Q —7<s5<0

Definition 1. The solution & = u(z,¢;¢) € R™ of system (1) with
the initial value ¢ is said to be global exponential stability, if there exist
positive constants v > 0 and € > 0 such that

(2) lu(t) = @) < vlle — ¢lle™", forallt >0,

where u = u(z,t; ) € R™ is any solution to system (1) with the initial
value .

Definition 2. Let V : R — R be a continuous function, the upper
right Dini-derivative DTV is defined as follows:

DYV = lim sup w
h—0+ h

Throughout the paper, we always assume that system (1) has a
smooth solution u(t, z) with the norm ||u(t)||s = \/22;1 Jolui(z, t)|?dz,
for all ¢ € [0, +00).

In order to deal with the Dirichlet boundary conditions, we introduce
the following lemma [7]:

Lemma 1. Let Q be a bounded open domain in R™ with smooth
boundary 0Q. If u = u(x) defined on Q is a smooth function with
ulapq = 0, then the following inequality holds:

Q 1/m 9 2
/ u?(z) dx < <|—> / (_u> dzx,
Q Wi Q ox
where || denotes the volume of Q. w,, denotes the surface area of unit
ball in R™.



PERIODICITY OF COHEN-GROSSBERG NETWORKS

In this paper, we always assume that:

953

(H1) There exist constants A;g, m;, M; and such that 0 < m; <

ai(ui) S Mi, 1 = 1,...,77, and Dik Z Aik Z O, (k = 1,..

- 7m)7

AR — ming{A;z} > 0. Moreover, a;(-) is differentiable and there
exist positive constants I'; such that 0 < a}(-) <Ty, (i =1,...,n).
(H2) I;(t) is an w—periodic function satisfying I;(t + w) = I;(t) with
the boundary B; > 0, (i = 1,...,n). bi(-) > 0 is differentiable,
b;(0) = 0, i = 1,...,n. Moreover, o; = infyer{b;i(z)} > 0, where

bi(+) denotes the derivative of b;(-), i = 1,... ,n.
(H3) There exist positive constants A;, 8; such that

(3) Ifill = sup|fi(u)] < sy i =1, n.

(4) fi(zs) = filyi)] < Bilxs —yi|, for all z,y; € R, i=1,...

Remark 2. By (H3), we know that the functions f;, (i = 1,...

also satisfy

|fi(wa) fi(x5) — filwi) £ (wi) | < viglee — wil + vgilzg — vl
VmiamjayiaijRa (ia.j:]-a"'an)a

where v;; = 8;A;, and B;,A;(i =1,...,n) are defined in (H3).

777’)

(H4) There exist constants § > 0, pij, Gij, Mijk, Nijk, Tijks SijksDijy dij

M Mk Thjks Siji Such that for ¢ =1,... ,n, the following holds
Arpin n
—2a;m; — 2 15 + Fi((|cij| + |wij\)Aj + Bi)
j=1
n 9 .
. 25 * i
+ ZMi<\0ij|2p”5jq T+ |wij\2p”5jq])
j=1
n 2-2p%, 2—2q;-’i
. — - Wi; Jv (3.
+ ZMJ<|Cji|22p”ﬂi2 iy il T 51 )

1

~.
Il
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n
Y (Mildign P Myldja |2 2m sy 2
Jrk=1

n
27k o 28ijk 2—2rpji 228k i
+ E (Mi|diji " vy ;7" + Mi|djil My )
k=1
* 2—-2n%,
n i 1o 2—2m?, Jik
+ > (M-Ie-ﬁmfjk”/z:”'“ + Mislegunl” 7 >
i|€ij i
Jrk=1

225},

n —2r .

Z 2ty 2505 ji Tij

- k=1 (Mi|eijk " L-p : >
dk=

< 0.

Remark 3. (H4) includes the constants A" defined according to the
diffusion coefficients D;, which implies that the diffusion coefficients
will affect the global exponential stability and the existence of the
periodic oscillatory solution to system (1).

Remark 4. In (H4), the positive constant § depends on the volume
of the domain 2 and the surface area of the unit ball in R™.

The main result of this paper is the following theorem:

Theorem 1. If (H1)—(H4) hold, then system (1) has only one
w—periodic solution and all other solutions converge exponentially to
it as t — +00.

Remark 5. Let pij = qij = Mijk = Nijk = Tijk = Sijk = DPi; = i; =
M, = Mgk = Tijk = Sije = 1 OF Pij = Qij = Mijk = Niji, = Tiji =
Sijk = Pij = Qi = Mij = Ny = Tij = Sijp = 1/2, then (H4) can be
changed into the following:

(H5)
Amin n
—2a;m; — 2 3 + Zri((\ciﬂ + |wij|)Aj + B;)

j=1

2—p
+Y° {Mi(piﬁﬁ; + |wij|2,3§) + pr]—]

: 1
j=1
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+ Z (Mildijr v + My) + (M |diji|* 13y, + My,)
J k=1 j,k=1
- 1
+ > <Mi€ia'k|2’7?k M
Jyk=1
- 1
2 2
+ Z <Mi€ijk| Kk + ]_TpMk>
Jyk=1
<0
or
(H6)
A;nin n
—2aimi = 2=5— + > Ti((leig| + lwis ) A + B:)
j=1
s (o168 + 1win18:) 4 a1 (el 4 12s1Bs
+Z i leijl B + |wij|By ) + M| |ejil Bi + -

.
Il
-

(M;|dijk|vin + Mj|djix|vir)
1

<

(M;|diji|vrj + My|drjilvis)
1

Mj|ejik|vik
(Mileijkhjk + %)

[

Mk €Lkiil|VYij
(Mi|6ijk|7kj + M)

I—p

ol
Il

™M= M= 7= 71-

Jk=1

<0.

Then we have the following corollary:

Corollary 1. If (H1)—-(H3) hold, furthermore, (H5) or (H6) holds,
then system (1) has only one w—periodic solution and all other solutions
converge exponentially to it as t — +oo.



956 PING YAN AND TENG LV

3. The proof of Theorem 1. In this section, we will discuss the
periodicity of the solution to system (1).

Proof of Theorem 1. For any smooth vector functions ¢ and v, let

U(CE, t; ‘P) = (ul(ma t; ()0)7 ceey un(a"a t; @))T and u(ac, t; '(/}) = (Ul(l’, t; '(/})7
., un(z,t;9))T denote the solutions to system (1) which satisfy the
assumptions (H1)—(H4) through (¢,0) and (¢, 0), respectively.

Let vi(z,t) = ui(z,t;0) — ui(z, t;9), i = 1,...n; then it follows that
ovi(z,t) = 0 Ov;(z,t)
U\ ) = (D,
ot > Oz, < e

= a5 9)) [bxui(w, b)) = S i (s (@ 0))

Jj=1

— Zwijfj(uj'(il,',t - tij(t); QO))

— > digti(u(@, t.9)) fr(ur (@, t; )

jk=1
- 'Zeijkfj(uj(xv t—t5(t); 0)) fr(ur(z, t—tin(t); ) +1:(t)
B tasluo i) bl tiv) - 3w )

j=1

— Zwijfj(uj (CL’, t— tij (t); '(/"))

— > digt(uy(@ t9)) fulux(e, 9))

j,k=1
> i (i@, t—ti (£);9)) fi(un (w, t—tas ¥)) + L(t)],
g, k=1
Ui(CU,t):(,Di(ZL',t)_’l,[Ji(ZL',t), —TStSO, wEQ,

vi(z,t) =0, x € 0N

And, by simple calculation, we see that v;(x,t) also satisfies the
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following equation

m

(’)vl (z,t) Z (%i(:v,t))
83: Di Oz,

*@WW¢@FMWM$W»
XPMM¢M—Z%MMMWD

_Zwmfj uj(@,t = ti;(t); ¢))

— diji fi(uj(z, t;90)) fr(ur(z, t;9))
Jk=1
§jamf,w:vttm()w»n@%@:ttma)w»+nuﬂ
Jk=1

— ai(ui(z, t; ) [(bi(ui(% t;9)) = bi(ui(z, t; w)))

M:

cii (£ ui(@,6:0)) = £(us (@, )

1

.
Il

M:

oy (£ (s (e, = tig (0 ) — fi (st — 15 (8);9)))

.
Il
—

dige (£ (@, ) il (£ )

1

— filu (a1 9)) fulun(a, 5 )

.

\

J

€ijk (fj(uj(w,t — i (t); ) fie(un (2, t — tik(t); ¢))

%T'Mz

[

iyt = (0 D) us(as ¢~ n(050) |

By (H4), there exists a small positive constant A which satisfies

1 Amin
0< A< min{i,mjn {miai—i— 3 }}
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such that
©) |
Wi =X — aym; — Aig
1 n
+ 2 [Zri(ﬂciﬂ + |Wij|)Aj + Bi)
j=1

(Mi|cij |2pij B;qij + M; ‘cji|2—2pjiﬂi2*2‘1ji)

+
M=

.
Il
-

Y i >

l—-p

+
NE

. 2g,
<Miwij|2p”ﬂjq” +

.
I
-

(M;|d;jk |2mijk»yJ2,:iJ‘k + M;|djix |272m_jik:,yi2kj2njik)

.+
NE

$
o~
I
-

(Mi|dijk|2rijk,.yz;‘fijk + Mk|dkji|2—2rkji7i2j72skj,-)

<
[y

+

2-2m*. 2—2nf.k 2\
M]|e]1k| ]lk’yik Jji e T>

L—p

2m?., 2"k
(Mieijk| Jk’yjk: +

$
o~
I
-

o+
(]

)

L—p

* 2—2s% ..
2=21y5; kii J2AT
Mk|ek]~i| le'y.. e >:|

.+
NgE

20k, 2855k
e . ijk i
(Mlele| Vi +
1

g
o~
Il

<0.

Taking the Lyapunov functional as follows:
V(t) = Z/ |:|Ui(x7t)|262)\t + ZMHM]’\?_Q’J%B;Q%
i=17% j=1

t
[ ot s)eert as
t—t

ij
& 2—onr. [t
o . |12—2m]; =215 . 2 2X(s+t;5)
+ ) Mileijl* iy, / lv;(z, 5|2 D ds
G k=1 t—tij
- 2—2s%
227, —48i5k
+ Z Mi|eijk‘ wkfykj
J k=1
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t
/ g (z, 5)|2e2A (s Htir) ds] dz.
t—tik
Calculating DV (t) along system (5), we have

DTV (t) Z/ {2)@1 z,t)]2e® + 2u;(z, t)e ZAtLviéf’t)

3 Mg P20 627 () P
j=1

- Ivj(w t—ti;)[e®)

+ Z M |ezjk| 2m”k7 ”k(|Uj(CC,t)‘2e2”\(t+tij)

J,k=1

- Ivj(fv t—tij)|%e 2At)

+ Z Mileie P2y 2500 ) oy (, £) 2 Haw)

j,k=1

— |k (z,t — tik,)|262>\t):| dz
= Z/Q {2)\|vi(m,t)|262)‘t + 20 (z, t)e*M
0 0vi(z,t)
{2 am (2%52)
— (astusl, t9)) - as(wi(o, 6 9)) [bo(ws( )
- Zcijfj(uj(xat§¢))
- Zwijfj(uj(wat —tij39))
— > digf(uy(@ t9)) fulux(e, 9))

k=1

959

— Z eiji fi(uj(z, t—tij;¥)) fe(ur(z,t—ti; ¥)) + Ii(t)]

k=1
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— oo 500 [ (o 500) Bt (0,1:0)))
_ icij (fj(uj(ac,t; ) = fi(u;(z,t; W))
_iwij<fj(uj(x,t—tij;¢)) fi(u;(a,t — ”’w)))

= > dige (£ (s (@, ) fulwn(e, £ 0))

k=1

(7) — fi(ui (2, t50) f(un (o, 65 )) )
— > i (fy wj(@,t — tij; ) fi(un (2, t — tirs @)

Jk=1

— filuj(z,t —tig; ) fr(up(z, t — tikﬂﬁ)))] }

+ZM|ww|2 200 82290 (Ju; (a, £) 22X ()
j=1

- |Uj(9«' t—ti;)"e*)

Z M; |e”k\2 zm”w ”k(|vj(m,t)‘2€2)\(t+tij)
k=1

—|vj(z,t — ti;)?e*)

n
D7 Mifesgel2 2y T (o, 1) 220
Jyk=1

— |vg(z,t — tik)|262/\t)} dx.

Noting (H1), by the Green formula, the boundary condition and
Lemma 1, it follows that

/Q axk(’ 3”5(”; t)> vi(, t)dz = /Q i%(pma”é(fj)w(x,t))dx

k=1 k=1
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/ 81}1 (z,t) Dy 0vi(z,t) de
Q

ox
k=1 k

:_Z/ Zk(é)th)) .
—Amlﬂ(m')l/m/ (s (, ) 2dz

Amin
_ A /|vi(:v,t)\2da:,
0 Ja

where § = (|| /wn,)Y/™ > 0.
Hence, it follows from (7) that we get

AT
D+V 2/\tz/ 2| v (z,t)|* — 2<m,al +

£l + loigl) s + B (e )P

min

Jiuta. 0

+ Y Mi(leijlBlvi(, t)[Jvj(x, )

j=1

+ |wig|Bjlvi (@, t)||vj(z, t = tiz)])

+ ) Mildiji| (iklvi (e, ) ||v; ()|
k=1

+ Yejlvi(z, t)| vk (2, t)])

+ ) Milesjkl (vinlvi(w, £)||vj (@, ¢ — ti5))|
Jk=1

+7kj|vi($ )|k (z, t — tir)|)

£ M2 220 82725 ) P2
j=1

- |Uj(9? t—ti;)%)

+ZMMMIM T (o (w, 1) 262N
7,k=1
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- |Uj($ t—ti;)[%)

Z Mileii >y, 250 (juy (, £) P>
7,k=1

= lvk(z,t — tix)[?)] dz
<M Z/ {|vi(:c,t)|2 <2)\ —2m;o; — 2
— /o

i ((leijl + [wisl)Aj + Bi)

min

M:

+

~.
I
-

(M|C |2p”18211” +M |C] |2 2p” 2 2g;i

M:

.
Il
-

+

=

)
Jwig 27455,

n
+ Z (Mi|dijk|2m“k 2k + M| djir > 2m“'°72k o
Jik=1
+ MildijeProm v + Myldgjil > =207 2Sk”)>

3

+ 37 (Myleqi Py Mo iy oi(, 0)]
J,k=1

n

+ 3 (Milesjul* 2™y " oy (et — )
Jk=1

+ M;leiji*2 ”’“y ”'“|vk(:v t—t)?)

+ZM|W 205 827205 |y (¢ — 1)
_] 1
n

20 Ml P27 8 (o a, £) e
j=1

- |Uj($ t—ti;)|*)

+ Z Milei P2 2 (Juj (a, £) e
7,k=1
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i=17%
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— Jvj(z,t — ti;) %)

n
_opr . 2-2s}; )
D Miles[* 2y (o (o, ) e
J,k=1

— |y (z,t — tk)|2)} dx.

min

-

+ > Ti((leij] + lwijl)Aj + Bi)

1

J

- 02qi; —2pii 22245
+ D (Milei |9 8519 + Mjleys|* =P g; "%

.
i M:
I,

S

2p; - 2(1;‘
+ Mi|w;; | B;7)

n
3 (Ml P 4 My d o 2 2maieny 2
J,k=1

+ Mi|dijk|27‘ijkfyz;ijk + Mk|dkji|272’l‘kji,yi2j—2skji))
n
M 2n;; * 2s¥.
+ Z (Mi|eijk‘2mijk7j:”k + Mi|6ijk\2Tif’°"/k;’Jk)|vi(x,t)|2
j,k:l

n
—2p}, n2724;;
+2Mi|wzj\2 2P B; 1T v, (x, 1)
j=1

*

n
oo s 2-2n%,
+ Z Mi|€ijk|2 zmijk’ij nmk€2)\r|vj(l,’t)|2

Jk=1
i 2—2s7
+ Z Mi|€ijk|272”j’“}/k; S“kez)‘T‘vk(fv,t)P] dx
Jk=1

= 2e?M ZW’/ v (z,t)*dz <0,
i=1 Q
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where W; is defined in (6). It means that

VO <V =Y [ a0 o

+ ZM |w”‘2 2p”62 2q;;

j=1
tij
/ (@, s — tiz) — W(w,s — tij) e ds
0

2m 2— 2n
+ E Mileijil>~2™ sy,
Jyk=1

tj
: / lpj(z, 5 —tji) — ¥j(z, s — tji)‘zew‘sds
0
23

n
2—
+ ) Miles; Pk,
jk=1

tik
: / i (, 5 = tij) — bj(z, s — tij)|Pe**ds | da.
0

Let
" M; 2-2
AT ? qu
T:miax{l+(e2 —1).2 1ﬁ(| wij 2~ 21%35
k=

2 2— 2n
+ leign | 2misey,

+ ‘eikj|272rjkj7jk_ Sikj)} > 1.
For V (t) > ||v(t)||3€?, it holds:

lv(®)1I3 < Yllp —wllze Y,
that is,
(8) (st ) = (-, )2 < VYllp — |2

For 7 > 0, we can choose a positive integer N and a positive constant
k such that

(9) Ve MV~ < ) < 1.
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If we define a Poincaré mapping P : C' — C (here C denotes the
continuous function space) by P(®) = u(z,w + 0;®), (6 € [-7,0]),
then PV (®) = u(z, Nw + 6;®), 0 € [-7,0]. Let t = Nw; by (8)—(9),
we get

1P (@) = PN ()2 = llu(z, Nw + 65 ¢) — u(, Now + 65 9)||2
< VY|lp — ¢f|pe M NH)
< VY lp — gllge™ N7
< klle — Pll2.

This implies that P" is a contraction mapping because of 0 < k <
1. According to the Banach fixed point theorem, there exists a
unique point ¢* € C such that PN (p*) = ¢*. Since PV (P(p*)) =
P(PN(p*)) = P(¢*), then P(p*) is also a fixed point of PV. By the
uniqueness of the fixed point of PV, we have

P(p*) = ¢* that is u(z,w + 0; %) = p*.

Let u(z,w + 6;¢*) be the solution of CGNNs (1) through (¢*,0);
then u(z,t + w + 0;¢*) is also the solution of CGNNs (1) through
(u(z,w + 6; 9*),0). Obviously, for all ¢ > 0, it follows that

u(z, t+w+0; ") =u(z, t+0; u(z, w+0; ™) =u(z, t+6; "), V0 € [-7,0].
Hence, for all t > 0, it follows that
u(z, t +w; *) = u(z, t; ")

This shows that u(z, t; ¢*) is exactly one w-periodic solution of CGNNs
(1) and, according to (8), it is easy to see that all other solutions of
CGNNs (1) converge exponentially to it as ¢ — +oo. We have finished
the proof of Theorem 1. u]

4. Example. Consider high-order Cohen-Grossberg neural networks
with delays and reaction-diffusion terms

Ouy(z,t) 0 (Dlaula(ac,t)
x

o = B ) —ai(ui(z,t)) |b1(ui(z, 1))



966 PING YAN AND TENG LV

2
Z e fi(uj(@,t)) Zwljf] uj(z,t —t;))

2
dijr fi(uwj(z,t)) fe(ur(z, 1))
j k=1
2
- erjifi(uj(@,t — ;) fi.(ur (2, t — tg) + 11 (1)) |,
k=1

<.

)

<.

(10)
Oug(x,t) 0 dus(z, t)
ot %(D2T) ~ aa{uz(® 1))

[bg uz(z,t)) ZC2JfJ u;(z,t))

2

- Z wa; fj(uj(z,t —t;))

Jj=1

B Z dajn £ (uj (2, 1)) fr (ur (2, 1))
jk=1

2
- ezjkfj(uj(%t*tj))fk(uk(w,t*tk)+12(t)) ;
7 k=

ui(z,t) = ¢ (w) —7<t<0,z€Q, i=1,2
Quila:t) o ycon, i=1,2
on
Let Arlnin = All = D1 > 0, Aanin = Agl = D2 > 0. Qis a
bounded open domain with [ < 1, and we can have § = 1/m. Let
a; = 6 + sinuy(z,t) and az = 3 — sinug(z,t) which satisfy (H1)
Withm1:5,M1:7,m2:2,M2:4,1"1:1,1"2:1.
by = buy(z,t) + (1/2) sinuy (z,t) and by = 6ua(x,t) + (1/2) sin us(z, t)
satisfy (H2) with an = 9/2, ap = 11/2. f; = tanhu;(x,t) and
fo = tanh us(x,t) satisfy (H3) with 81 =1, o =1,v;; =1, ¢,j =1,2
and Ay = 1, Ay = 1. Because ¢;; = diji = 0, ¢,5,k = 1,2 and
w11 — 1/20, Wiz — ]./60, Wo1 = 1/50, Woo = 1/10 €111 — 1/20,
e112 = e121 = —1/64, e1o0 = 1/12, ez = 1/40, ez12 = €301 = —1/32,
€go0 = —1/30. I =2 +sint, I =1 — 3cost with B; = 3 and By = 4.
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By simple calculation, we can choose

E3
Pij = 4ij = Mijk = Nijk = Tijk = Sijk = Pij

= ij = m;'kjk = ”fjk = Tfjk = Sfjk = %,
(1,5 =1,2)
such that
—2« —2Arlnin 3 r i )A; + B
1M1 5 +jz:; 1((|C1J|+|w1]|) i+ 1)
2

+ ) (Milwi;|B5 + Mj|w;i1]B1)

~
Il
-

+

vy

(Milevjrlvin + Mjlejir|vik)

7 1

v

+ (M |evjk|pin + Milexj|pin)

1 1
. 1- — — 1.1
51|55+ 55) 1 +9]
1 1 1 1
O — I R 4. —
+% @0+m>+720+ 5J
1 1 1 1
2-|:7'<2—0+6—4+a+ﬁ>+7
i+i +4 i_’_i
20 64 40 32

509
= 45+ 72— <.
5+ 75 <0

$
bl
Il
-

<=2

N | ©

+

Similarly, we have

Amin 2
—2aomo — 2 35 + jZ:lrz(UCZj‘ + |w2j|)Aj + Bz)

+

J

(M2 w2585 + Mj|w;2|B2)

2
=1

967
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+ (Maleajn|vik + Mjlejor|var)

7 1

iR

+ (Maeaji|pjr + Milekjz|pje) < 0.
k=1

That means (H6) holds. It follows from Corollary 1 that system (10)
has only one w—periodic solution and all other solutions converge
exponentially to it as ¢ — 4o00.

5. Conclusions. In this paper, the periodic behaviors of delayed
reaction diffusion high-order Cohen-Grossberg neural network models
with Dirichlet boundary conditions are studied. By employing inequal-
ity techniques and constructing the Lyapunov functional, some suffi-
cient conditions have been given to ensure the existence of the periodic
solution. These conditions are useful in the design and applications
of delayed reaction diffusion high-order Cohen-Grossberg neural net-
works model, and the method in this paper may be extended for more
complex networks.

Acknowledgments. The authors appreciate both Associate Editor
Kening Lu and the referees concerning improvement to this paper.
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