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LACUNARITY FOR AMALGAMS

JOHN J.F. FOURNIER

ABSTRACT. Amalgams are spaces of functions on locally
compact groups; the condition for membership of a function
in an amalgam is a mixture of local and global conditions
on the function. This paper concerns the extent to which the
classical theory of thin sets in discrete abelian groups transfers
to the context of amalgams on noncompact, locally compact,
abelian groups. The classes of thin sets considered here are
the A(p) sets and the p—Sidon sets. The transference is quite
satisfactory for A(p) sets, while the results for p—Sidon sets
are less complete. In both cases, the transference yields con-
clusions about pseudodilation of thin sets in discrete groups.

1. Introduction. Denote the unit circle by 7" and the real line
by R. It is well known that if a function in L!(T) has its Fourier
coefficients supported by a sufficiently thin set, then the function also
belongs to the smaller spaces LP(T) for all indices p in the intervals
(1,00). The analogous statement also holds for functions in L!(R)
with thinly supported Fourier transforms [7, Theorem 3], but this
conclusion is less satisfying, because the spaces LP(R), for 1 < p < oo,
are merely different from L!(R) rather than being smaller than the
latter space. The point of the present paper is that replacing the LP-
spaces by amalgams based on them leads to more satisfactory results
for certain types of thin sets in R and other nondiscrete, noncompact,
locally compact, abelian groups. These results include new conclusions
about lacunarity and LP-spaces on such groups. Moreover, they also
lead to new examples of thin sets in discrete abelian groups.

We will discuss the case of the group R in this section, and deal with
the general situation in §2 and §3. Denote the integer lattice in R by
Z. Let I be the half-open interval [0,1), and for each integer n, let
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I, = n+ 1. Given a measurable function f on R and indices p and ¢
in the interval (0, oc], let

(1) 1lpa = (3 /, I171[7) /7)) e,

nez

provided that p and q are both finite, and make the appropriate changes
for infinite indices. In other words, the quantity || f||p,q is computed by
taking the LP-norm of f over each of the intervals I,,, thereby getting
a sequence of extended-real numbers, and then taking the ¢?-norm of
this sequence. Say that f belongs to the amalgam (LP, £9)(R) if ||f||p,q
is finite. This amalgam becomes a Banach space with the norm || - ||, 4
provided that the indices p and ¢ are both at least 1, and functions
that agree almost everywhere are identified. We require henceforth
that p > 1 and ¢ > 1. The amalgams (LP, £P)(R) coincide isometrically
with the spaces L?(R); since our goal in this paper is to discuss relations
between amalgams, we will usually view the LP-spaces as amalgams.
Given a subset E of Z, and a function f in LY(T), call f an E-
function if the Fourier coefficients f(n) vanish for all integers n outside
E. Given an index p in the interval (1,00), call E a A(p)set if every
E-function, which must a priori belong to L!(T), belongs to LP(T).
Much is known, and much is still not known about A(p) sets in discrete
abelian groups like Z; see [15] and [11] and the references cited therein.
Similarly, we will call a measurable subset F' of R a Lambda(p)set if
every F-function belongs to LP(R). We initially define an F-function
to be an element f, say, of L'(R) whose Fourier transform f vanishes
off the set F'; because f must be continuous in this case, the notion of
F-function, and therefore the notion of A(p) subset of R, is mainly of
interest when F' has nonempty interior. In this paper, we will mostly
consider subsets of R having the form F + I, where E is a subset of
the lattice Z, and I is the interval [0, 1) used above in the definition of
amalgam. We will prove the following assertion in the next section.

THEOREM 1. Fiz an indez p in the interval (1,00). Let E be a subset
of Z, and let F = E+ 1. Then the following statements are equivalent.
(i) The set E is a A(p) set.
(ii) The set F is a A(p) set.
(iii) For each indez q in the interval [1,00], it i3 the case that if a
function f belongs to the amalgam (L', £9)(R), and if f vanishes off F,
then f also belongs to the amalgam (L?,£%)(R).
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In part (iii) above, the object f and the condition that it vanish off F
should in general be interpreted in the sense of distributions. To this
end, note that, for fixed p, the amalgams (L?, #?)(R) become larger as
q tncreases, while, for fixed ¢, these amalgams become larger as p de-
creases. So, the smallest amalgam that we consider here is (L*°, £!)(R);
the set of all continuous functions in this amalgam has received special
attention under the name of Wiener algebra [12, 39.33]. The largest
amalgam is (L!,£*°)(R); every function in this space can be regarded
as a tempered distribution. Although we will not use this fact, we note
that (L!,£?)(R) is the largest amalgam with the property that every
function in it has a Fourier transform that is also a function [18]. In the
rest of this section we use the term F'-function to mean any function in
(1*,£%°)(R) whose Fourier transform is a distribution that annihilates
all test functions supported by the complement of the set F'.

For special sets F', conclusions that are stronger in some ways than as-
sertion (iil) above can be deduced from the properties of the Littlewood-
Paley square-function; see the discussion after the proof of Theorem 1
in §2. It was also proved in another way (7] for special sets F' that if
f € L%(R), and if f vanishes off F, then f € LP(R) for all p in the
interval (2, 00); it then followed (7] by an argument [15, p.55] based on
Holder’s inequality that the latter conclusion also holds if f € L"(R),
for some r in the interval [1,2), and f vanishes off F.

On the other hand, it was not possible using the methods in [7] to
deduce much from the assumption that f is an F-function in the space
L"(R) for some index r in the interval (2,00), the problem being that
it does not follow from this assumption that f € L?(R). Matters are
simpler with assertion (iii) of the theorem in hand. The space L"(R)
coincides with the amalgam (L, £")(R), which is included in the larger
amalgam (L, ¢7)(R); so every F-function f in L"(R) is an F-function
in (L, £7)(R), and by the theorem f € (LP,£")(R), which is a proper
subamalgam of L?(R) when p > r. Moreover, although the notion of
amalgam is not needed to state conditions (i) and (ii), this notion is
needed in our proof that these conditions are equivalent, because the
proof runs via statement (iii). )

According to assertion (iii), the condition that f vanish off the set
F forces f to belong locally to LP(R), which is locally a smaller space
than L!(R). It is natural to ask if this restriction on the support of f
also forces an improvement on the index ¢ controlling the global size of
f. We will see in the next section that no such improvement is possible
if F has nonempty interior.
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Next, recall that a subset E of Z is called a p-Sidon set, where
p € [1,2), if every E-function f in L°°(T) has the property that
fe ¢P(Z); this definition also makes sense when p > 2, but is un-
interesting in that case because f € ¢2(Z) for all f in L®(T). A set
that is 1-Sidon is usually just called a Sidon set; the class of Sidon
sets has been much studied [15]. See [3] for current knowledge about
p-Sidon sets, with p > 1, in discrete abelian groups. We will prove the
following statement in 3.

THEOREM 2. Fiz an index p in the interval [1,2). Let E be a subset
of Z, and let F = E+ 1. Then the following statements are equivalent.

(a) The set E is a p-Sidon set.

(b) Every F-function f in the amalgam (L*,£')(R) has the property
that f € LP(R).

This theorem poses more questions than it answers. There is a
Hausdorff-Young theorem for amalgams [13], which in particular as-
serts that if f € (L?,£!)(R), then f € (L%, ¢?)(R). This suggests that
the conclusion in part (b) above ought to be that f € (L°°,¢?)(R).
Similarly, it seems plausible that if E is a p-Sidon set, and if f is an
F-function in (L*°,¢?)(R) where ¢ is some index in the interval (1, 2],
then f € (L9,¢P)(R); here g denotes the index conjugate to .

Finally, we will end §3 by applying our results about thin sets in
nondiscrete groups to obtain interesting conclusions about pseudodila-
tion of thin sets in discrete groups. For instance, given a subset E of
Z, let “TE” be the subset of Z obtained by first forming the set 7E
in R, and then replacing each element of 7F by the integer nearest to
it. It follows easily from our work here that “rE” is a A(p) set if F is,
and that the same is true for p-Sidonicity.

2. A(p) sets. We define amalgams on a locally compact abelian
group G using a disjoint cover of G by sets I, obtained via the structure
theorem [12; Theorem 24.30] for such groups. We summarize the
procedure here, and refer to [17] or 8] for more details. We write all
group operations additively. The main difficulties in the proofs of our
theorems all arise when G = R¥ for some integer N > 1. Any reader
who is only interested in this case can skip the paragraphs concerning
other cases.

In general, the group G can be identified with a direct product RN xJ,
where H is a locally compact group with at least one compact open
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subgroup. Fix such a subgroup, say H, of J, and let Iy = [0,1)" x H.
Choose a subset M of J consisting of one representative from each coset
of the subgroup H, and let A = ZN x M; then the sets I, given by
letting I, = Ip+«, for all a in A, form the desired cover of G. There is
a similar cover {I3}pep of the dual group G of G. The results in this

paper are only of interest when the groups G, and hence their duals G,
are noncompact and nondiscrete. We suppose in the rest of this paper
that G and G have these properties; this means that each of the sets
I, and I is infinite, as are the index sets A and B. Amalgams on G
are then defined as in formula (1) of the previous section by computing
LP-norms over each of the sets I, and then taking the £2-norm of the
resulting function on the set A; the procedure on G is similar.

Amalgams in this setting can also be defined without using the
structure theorem; see the papers cited in [8; §2] concerning this point.
We need the structure theorem, however, to describe the thin sets that
we will study, and we will use it in the proofs of our theorems. In
RYN, the index set ZV used to define amalgams is a group, and can
be regarded as the dual group of TV. Given a subset E of ZV let
F =E+0,1)V. Since Z" is an abelian group, it makes sense to ask
whether E is a A(p) set. We define the notions of F-function and A(p)
set in RV as we did for the real line. We can again use distributions
to extend the notion of F-functions to the amalagam (L1, £°)(G).

In general, it is only possible to choose the transversal set M in J
to be a group if J is isomorphic to the direct product of H and J/H,
and this is not always the case [12, §10]. Nevertheless, the index set
A can be identified with a group by identifying each element m of the
set M with the corresponding coset [m] = m + H in the group J/H;
similarly we identify each element a = 7 X m of the set A with the
corresponding element [o] = 7 X [m] of the discrete group ZV x (J/H),
and we also denote this group by [A]. Identify the index set B in G
with a discrete group [B] in a similar way. Given a subset E of [B], let
F be the union of the sets Iz for which [3] € E; call F a A(p) subset
of G if every F-function in L!(G) also belongs to L?(G). Extend the
notion of F-function to the amalgam (L!,£%°)(G) by interpreting f as
a distribution, for instance as a_quasimeasure [10], that is [4], as an
object in the dual space of A;(G), the space of compactly-supported
functions in the Fourier algebra of G; alternatively, one can use a
suitable amalgam [2, 5] as a test space for-a theory of distributions
on locally compact abelian groups.
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THEOREM 1. Fiz an index p in the interval (1,00). Let E be a subset
of the group [B], and let F be the corresponding subset of G. Then the
following statements are equivalent.

(i) The set E is a A(p) set.

(ii) The set F is a A(p) set.

(iii) For each index q in the interval [1,00], it is the case that if an F-
function belongs to the amalgam (LP,£9)(G), then the F-function also
belongs to the amalgam (LP, £9)(G).

PROOF. We will first show that statement (i) implies the following
assertion.

(ii') Every F-function in the amalgam (L!,¢')(G) also belongs to the
amalgam (L?,£%)(G).

Since LP(G) C (LP,€*°)(G), the assertion above is weaker than
statement (ii), which is in turn obviously weaker than statement (iii).
We will show, however, that (ii) = (iii) for sets F' defined as above;
hence the three statements (ii), (ii’), and (iii) are equivalent for such
sets F'; and statement (i) implies all three of them. Finally, we will
show that (ii') = (i). In some of the steps in the proof we will use one
method to prove an implication in the case where G + R", then use a
different method for the case where G has a compact open subgroup,
and then deal with general groups G by combining the two methods.

LEMMA 1. Conditions (i) implies condition (it ).

PROOF. Suppose first that G + RY. Then A and B are just copies of
ZV in G and G respectively. We normalize the Fourier transform by
declaring that

f(y) — (z)e—%ri:z:-ydx,
RN

for all integrable functions f on R". It suffices to prove our conclusions
for this normalization of the transform, because membership in amal-
gams is unaffected by dilation. This normalization has the advantage
that each of the index subgroups A and B annihilates the other; that
is y(z) =1 for all z in A and all v in B. Moreover, the sets Ip and Io
both have mass 1, and we identify them with copies of TV, with dual
groups B and A respectively. If an integrable function f vanishes off
the set Iy, we can identify f with a function on TV using the corre-
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spondence between Io and TN given above. Then, for each element ~
of the Fourier tranform, f(v) as defined above coincides with Fourier
coefficient f() obtained by regarding f as a function on TV.

Suppose that statement (i) holds, and let f be an f-function in the
amalgam (L!,£')(G). For each index o in the set A, let f, be the
restriction of f to the set I, and let 7, be the operator of translation
by —¢; thus, 7,9(2) = g(a+ ) for all functions g on G and all elements
z of G. Note that 7,translates f, to a function that vanishes off the set
Ip. Since 3 c 4 l|fallt = ||f]l1,1 < 0o, the series ) 4 7o fo, regarded
as a series of functions on Iy, converges in L*(Iy); denote the sum of
the series by go. Regard the set I as a copy of TV with dual group B.
Then, for all elements 8 of B, it is the case that

do(B) = Z/ Tafa(z

acA

Z Bly — a)dy
a€A

Z Jav) B(y)dy

aEA

- /G f(y)ﬁ(y)dy = f(p).

Note that, in passing from the second line above to the third line,
we used the normalization that each element 3 of the set 3, regarded
as a function on G, is identically equal to 1 on the set A. It follows
from the calculation above, and the definition of the set F, that gg,
regarded as a function on the group Iy, is an E-function. Since E is
a A(p) set, the function go must belong to LP(Ip); moreover [15, 5.3]
there is a constant ¢, determined by the set E and the index p, and
independent of f, so that ||go||p < ¢||gol|1. On the other hand, it is
clear that [lgolls < [Ifll1.1, whence llgolly < cl|ll11.

Similarly, for each element ~ of the set Iy, the series 3 . 4 7o (F- fa)
converges in L'(Ip) to an E-function g, with ||g4|l1 < [|f|l1,1. As
above, llg41lp < ¢l|f]l1,1. The map v — g4 is continuous from the set
Iy to the closed subspace of all E-functions in L(Ip), and, since E
is a A(p) set, this map is continuous into this subspace endowed with
the LP-norm. Hence the integral |, 1,7 " 9ydy converges in LP(Iy) to a

function g with ||g||, < ¢||f]]1,1. Now flo ~-10(F - fo)dy = fo, because
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~-%F =1 and the set fo has mass 1. If a # 0 however, then the integral
/ 1o 7" Ta(7 fo)d is the zero function, because - 7oy = (), and the

integral, with respect to ~, of this quantity over Iy is 0. So g = fo,
whence || follp < ¢||f|]1,1- The same argument with f replaced by 7o f
yields that ||fall, < ¢||f||l1,1 also. Thus assertion (ii’) holds in this
case.

Consider next the other extreme, that is the case where G = J, a
group with a compact open subgroup H. Denote the annihilator [12
§23.23] of H in J by H+. Since H is a compact open subgroup of J
we may let Ip = H and Io = H% in defining amalgams on G and G.
Suppose again that f is an F-function, and observe that in this case the
function fo is just the product f -1y of f with the indicator function
of H. So Fy is the convolution of f and (15). Now if the Haar measure
on G is suitably normalized, then (1 H) = 1y1. Therefore fy is also an
F-function, and in fact its transform is constant on each coset of HY.
This forces f, regarded as a function on the compact group H, to be
an E-function. Since F is a A(p) set, there is again a constant ¢ so that

lfollp < ellfollx < [1£1l1-

Condition (ii’) now follows by applying the same argument to translates
of f.

Finally, suppose that G = R" x J, where N > 0, and J is nontrivial
and has a compact open subgroup. If J itself is compact, then we can
choose Iy to be the product set [0,1)Y x J. Then the index set A is
just ZN x {e}, where e denotes the identity element in the group J, and
the index set B can be taken to be ZN x J. With these conventions,
the index sets A and B annihilate each other, and we can apply the
method used earlier in the case where G = RV.

Matters thus reduce to the case where N > 0, and J is not compact,
but J has a compact open subgroup H. In this case, let Iy be the set
[0,1)N x H, and let I = [0,1) x H. Let k be the indicator function
of the set RN x H; then k is the inverse transform of a measure that is
supported by the compact subgroup {0} x H+. Given an F-function
f,let h = f -k, and regard h as a function on the group RV x H.
Define amalgams on this smaller group using the index sets ZV x {e},
and ZV x H as in the previous paragraph. The original A(p) set E is a
subset of the group ZV¥ x H. Let F~ be the set obtained by fattening E
in the group RN x H. Then it follows from the properties listed above
for the functions f, k, and A that h, regarded as a function on the group
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RN x H, is an F~-function. We have already seen that condition (ii’)
holds for this group. So,

lRollp < cllP|1,1-

But ||follp = ||kollp, and ||A[1,1 < ||fl|1,1. Hence ||fo|lp < c||f]|1,1, and
it follows as before that f € (LP,£>°)(G). This completes the proof of
Lemma 1.

LEMMA 2. Condition (ii') implies condition (iii).

PROOF. Suppose first that G = RM. Fix an index ¢ in the interval
[1,00], and an F-function f in the amalgam (L!,£?)(G). The first step
in showing that f belongs to the smaller amalgam (L?, £9)(G) is to split
f as a sum of finitely-many functions in (L!,#9)(G) with the property
that each of the summands has its Fourier transform supported by a
translate of a set of the form E + K, where K is a compact subset of
the interior of Io. When N = 1, such a splitting can be accomplished
as follows. Let ¢ be the function in the interval [0, 1] that is equal to
0 at the points 0,2/3. and 1, equal to 1 at the point 1/3, and linear
in the closed intervals of length 1/3 with these endpoints. Identify the
set IO with the circle group T, and regard Io as the dual of the group
Z. Then by direct calculation, or by the fact that ¢ is the translate by
1/3 of a positive-definite function, the inverse transform ¢ has norm
1 in £}(Z). Regard Z as a subset of the group R, and let pu; be the
discrete measure supported by Z with u;({n}) = ¢(n) for all n. Then
U1 is equal to ¢ extended to be periodic with period 1 on all of R. Let
pe and us be the measures obtained from u; by multiplying each mass
p1({n}) by €*™"/3 and by e*™/3 respectively. Then fi; and i3 are
obtained by translating 4; by 1/3 and 2/3 respectively. It follows that
the sum of the transforms of these three measures is identically equal
to 1. Let g1, g2, and g3 be the convolutions of f with the three discrete
measures defined above. Then the sum of these three functions is f,
and each of them has its Fourier transform supported by some translate
of the set E + [1/6,5/6]. Similarly, when N > 1, the F-function f can
be split into 3V pieces with the desired property.

It suffices to show that f € (LP,£9)(G) when f is one these pieces,
that is, when there is a compact subset & of the interior of I so that f
is supported by a translate of the set E'+ K. Since membership of f in
various amalgams is unaffected by translation of f, it is enough to deal



286 J.J.F. FOURNIER

with the case where f is supported by E' + K. In this case, choose a
nonempty, open subset, V' say, of G so that K+V C Iy. Asin [8, p. 132
there is a continuous function h supported by the set V so that |h| > 1
everywhere in the set Iy, and so that € (L™, £!)(G). For each element
@ in the index group A, let h, be the product of h with the character
a!; then |(hq)| > 1 everywhere on the set I,. Let ko = f - (ha),
then |ks| > |ga| on the set I,. Moreover, ko, € (L', ¢')(G), because
(ha) € (L%, £Y)(G) and f € (L', £9)(G). Recall that f is supported by
E+ K and ((hg)) by V; 50 kq is supported by E + K +V, which is a
subset of E + Iy. To summarize, k, is an F-function in the amalgam
(L, £1)(G), and |kq| > | fal on the set 1.

Our goal is to show that the function o — ||fs||p belongs to £9(A).
We claim that it suffices to show that the function a — ||kq||1 belongs
to £9(A). To see this, observe first that the space of all F-functions
in (L,£')(G) is a closed subspace of (L', £')(G), and that the space
of all F-functions in (L?,£°°)(G) is a closed subspace of (LP,£>°)(G).
Moreover the former subspace imbeds into the latter subspace, by
assertion (ii’). Since convergence in either of the amalgams (L!, £1)(G)
or (LP,£*°)(G) implies convergence in (L', £*°)(G), this imbedding has
a closed graph, and is therefore continuous. Thus, there is a constant
¢ so that ||g||p,c0 < ¢|lg||1,1 for all F-functions g. In particular, this is
so with the function g replaced by k,; on the other hand, |fa| < |kq|
on the set I,. Thus,

”fa“p < ”ka”p < cllkall1,

and our claim is proved.

Define functions b and d on the group A by letting b(a) = ||fall1,
and d(z) = ||kq||1 for all o in A. Also let ¢(a) be the supremum of
the restriction of the function A to the set I,. Consider, too, for each

v

element o/ of A, the supremum of the restriction of (ha) to the set

I,; since (h,,) is simply h translated by «, the latter supremum is just
c(a’ — a). Now,

diw) = llkalls = ¥ [ 1kal

aleA I
< Z b(((a)e(a — ).
a'€A
In other words, the nonnegative function d is majorized by the con-
volution, on the group A, of the function b and the flipped function:
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a — ¢(—a). By Young’s inequality for convolution,

lldllg < 1l0llqlle]s-

Our assumptions that f € (L!,£9)(G) and that A € (L*,0')(G)
guarantee that the two norms on the right above are finite, and hence
that d € £9(A) as required.

Suppose next that G is isomorphic to RN x J, where J has a compact
subgroup, say H. Let Iy = [0,1) x H. Since H is compact, the
procedure used when G = RY can be applied in the general case
to split any F-function into 3V pieces with the properties specified
above. The only obstruction to transferring the rest of the argument
for RN to the general context is that the index set A might not be a
group. The functions b,¢, and d on the set A can be transferred to
the quotient group [A], however, and then matters reduce as before to
Young’s inequality for convolution on the group [A], see [8, pp. 132-
133] for a special case of this.

LEMMA 3. Condition (i) implies condition (%).

PROOF. Suppose that the set F satisfies condition (ii’), and recall
that, as in the proof of the implication (ii')=- (iii), there must then
be a constant ¢ so that ||g||p,c0 < ¢||g||1,1 for all F-function g. Again
consider first the case where G = RN. Let f be an E-polynomial, in
other words an E-function for which the support of f is finite, and let
p be the discrete measure on G with the property that u({y}) = f(y)
if y € B, and u({y}) = 0 otherwise. Then g|ly, the restriction of
the inverse transform of the measure u to the set Iy, coincides with
f. Moreover, ji(z + a) = ji(z) for all z in G and all « in A; hence,
||,u||1 oo = ||f]|1. As above, choose a function h supported by the set
Iy, with |h| > 1 on the set Iy, and with & € (L*,£)(G). Let g = h-i;
then g € (L', £})(G) with

llgllx < Illloo,l12l1,00 = 1Rlloo, 1[I f]]s-

On the other hand, § is the convolution of the function h with the
measure u. So § vanishes off the set Io + E; that is, g is an F-
function. As noted above, ||g|lp,0 < c¢l||g|l1,1 Finally, |g| > |f| on
the set I, so that || f||, < ]|9]|p,c0. Combining these inequalities yields
that || f|lp < c||hlloo,1||/f|l1 for all E-polynomials f; it follows that E is
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a A(p) set as required.

Next, if G has a compact open subgroup, H say, we can let [o = H
and Iy = HL. Then the group [B] is the dual group of H. Given any
E-polynomial f on H, let f~ be the function f extended to be 0 on
G\H. Then f~ is an F-function, and it follows that

I llp = 115" Mlp.oo < ellf~ M1 = ellfll1-

Hence E is a A(p) set.

Finally, let g be isomorphic to RY x J, where N > 0 and J is
noncompact but has a compact open subgroup H. Arrange matters so
that [B] is the dual group of TV x H, and let f be any E-polynomial on
TN x H. Let F™ be the fattened version of the set E in the dual group
of RN x H. Argue as in the case where G = R to get an F~-function,
say g™, with |¢~| > |f| on TV x H, and with ||g™||1,1 < ¢||f]|:- Let
g be the function g™ extended to be 0 on G\(R" x H). Then g is an
F-function, and it follows as before that

1£1lp < 119llp,c0 < ellgllr,y < cll ]z
This completes the proof of the lemma and the proof of the theorem.

The proof of our main implication (i) = (iii) is much easier in the
case where G has a compact open subgroup than it is in the other cases.
Indeed if the compact open subgroup H is used as above in defining
amalgams on G and G, and if f is an F-function on G, then each of the
functions f, is also an f-function, and ||fs||p < ¢||fa||1 for all a. We
do not know whether this inequality also holds when G = R . All that
our methods yield for the latter group are estimates for || f4||p in terms
of the L!-norm of the F-function f over the whole group G. Moreover,
in this case, no function f, can be an F-function unless it is trivial,
because its transform f, is the restriction to RY of an entire function
of N variables.

Previous proofs of versions of statement (iii) for sets F' of the form
E + I have dealt only with special classes of A(p) sets E, and only
with the case of statement (iii) where ¢ = 2. For instance, it is shown
in (8] for g = R and E = {4"}52, that

every F-function in L?(R) belongs to
LP(R) for all p in the interval (2, 00).

(2)



LACUNARITY FOR AMALGAMS 289

Some of the ingredients in our proof that (ii') = (iii) were used in
[8] to deduce for such sets F' that every F-function in (L2, ¢2)(R)
belongs to all the amalgams (L?,£2)(R) with 2 < p < co. A duality
argument shows that a set F' has property (2) above if and only if it
has the property that, for each index p’ in the interval (1,2) and every
function f in LP(R), the restriction f|F of the Fourier transform of
f to F belongs to L?(F). Suppose that E determines a Littlewood-
Paley decomposition of R, as in [9]. Then it follows from Minkowski’s
inequality and the Hausdorff-Young theorem that f|F € L2(F) for all
functions f that belong to L?' (R) for some index p’ with 1 < p’ < 2; the
argument in [8] then shows that statement (iii) holds for the set F', in
the special case where ¢ = 2. Every set that determines a Littlewood-
Paley decomposition of R is a A(p) set for all p < oo, but there are
many other A(p) sets. Theorem 1 applies to the full class of A(p) sets,
and also yields the cases of statement (iil) where g # 2.

These results can be summaraized by saying that whenever a function
in a suitable amalgam (LP ¢?7)(G) has a Fourier transform with a
sufficiently thin support, then the index p controlling the local size
of the function can be improved to a larger value. We now consider
whether it is also possible in this situation to improve the index ¢
controlling the global size of the function, that is to replace ¢ by a
smaller number. If, like the sets considered above, the set F' has a
nonempty interior, then no such global improvement is possible. To
see this in the case where G = R, suppose without loss of generality
that F includes an open interval, U say, containing the origin. Let f
be the inverse transform of some nontrivial C'*°-function supported by
the interval U. The fact that f is smooth and has compact support
implies that f € (L*°,£7)(G) for all ¢ > 0, and that the same is true
for every dilate of f. For each fixed number ¢ > 0, let f; be the
dilate given by letting fi(z) = f(z/t) for all z. When ¢ > 1, these
dilates are F-functions too. Fix indices p,q,r, and s with s < gq.
If it were the case that every F-function in (LP,£?)(G) belonged to
(L7, £%)(G), then the closed-graph theorem would yield a constant k so
that ||g||r,s < k||g|lp,q for all such F-functions g. It is easy to verify,
however, that || fi||r,s/||ft||p,s — 00 ast — co. Much as in (7], a similar
argument works for any nondiscrete abelian group G.

Let us briefly consider F-functions when the interior of F' is empty but
F has positive measure. Suppose first that p € [2,00); then there are
no indices ¢ and s with s < g for which every F-function in (L?, £P)(G)
belongs to (L, £°)(G). Indeed, let K be a compact subset of F' having
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positive measure, and let p’ be the index conjugate to p; then p’ < 2,
since p > 2. It is shown in [7] that, for each index r > p, there is a
function f in L?' (G) for which the restriction of f to K does not belong
to L"(K). Regard L? (K) as the subspace of functions in L?'(G) that
vanish off K. It follows by duality that there is a function g in L? (K)
for which § ¢ L™ (G). On the other hand, by [8] or the references
cited in [8 p. 123], for each index u in the interval [1,2] the inverse
transform maps L*(K) into (L*°,£)(G). Using complex interpolation
as in [8, p. 129], we see that, for each index ¢ > 0, there must in fact be
a function g in L™ (K) with the property that § ¢ (L?, #7)(G). Applying
the Baire category theorem as in [7] yields that there is a function g in
L' (K) for which § belongs to none of the amalagams (Lt, £7)(G) with
r < p. Clearly, § is an F-function, and as noted above it belongs to
(Lo, 7)(G).

Now let p € [1,2). It is shown in [14] and [6] that there are subsets
S of G, having positive measure, so that the only S-function in LP(G)
is the trivial function. It is easy to verify that these sets S also have
the property that the only S-function in (L!,#P)(G) is 0. Of course,
every such trivial function belongs to all amalgams. We do not know
any example of a set F' of positive measure for which, for some indices
p and g, the set of F-functions in (L?, ¢7)(G) is nontrivial and included
in some amalgam (L7, £°)(G) with s < q.

3. p-Sidon sets. Fix an index p in the interval [1,2), and call a
subset E of the discrete group B a p-Sidon set if every E-function in
L*°(Iy) has the property that f € ¢?(B). This condition is equivalent
to the existence of a constant ¢ so that ||f]l, < ¢||f|loo for all E-
polynomials f.

THEOREM. Let E be a subset of B, and let F = E + Iy. Then the
following statements are equivalent.

(a) The set E s a p-Sidon set.

(b) Every F-function in the amalgam (L, 0*)(G) has the property
that its transform belongs to LP(G).

PROOF. Suppose first that statement (a) holds, and that G = R™.
Given an F-function f in the amalgam (L°°, £!)(G), from the functions
Tafa and their sum go exactly as in the proof of Theorem 1. Regard
go as a function on the group Ip; then go is an E-function with
llgolloo < |Iflloo,1- Moreover, go(8) = f(B) for all # in B. On
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the other hand, since E is a p-Sidon set, there is a constant c¢ so
that ||dollp < ¢||do]loo for all E-functions g on the group Ip. Hence,

(Xges 17(8)|P)/* < ¢||fl|co.1- For each element ~ of the set Iy, form

the functions 7, (7 - f,) and their sum g,. Then ¢,(8) = f(B+~) for
all B in B. Therefore g, is also an E-function with ||g4||ec,1 < ||f|lc,1,
and

D NF B+ < (ellflloon)?  forall v in fo.

BEB

Recall that the set Ip was normalized to have total mass 1. Integrating
the inequality above over this set, with respect to ~, yields that
(I1/1lp)? < (cllflloo,1)P. So, (a) = (b) in this case.

The same argument works when G has the form RN x H, where H is
compact. Finally, suppose that G = RY x J, where J has a compact
open subgroup H. Given an F-function f, let f~ be its restriction to
the subgroup RN x H, and let g be the function that coincides with
f on this subgroup and vanishes on the rest of G. We alreac}y know
that (a) = (b) for the group RV x H. So the function (f~) on the

dual group RN x [J/H"] has the property that ||(f~)||” < c|lf~|loo.1-
It follows that ||(¢’ 5”p < ¢||¢'||oo,1, too. Applying the same argument
to translates of f yields that, if ¢’ coincides with f on some coset of
RN x H and vanishes on the rest of G, then ||(¢')||p < ¢||¢'||co,1- Index
the cosets of RY x H in RN x J as {Cs}scn, and for each index 6, let
gs be the function that coincides with f on the coset Cs and vanishes
on the rest of G. For each finite subset D of A,

>~ llgslloo,t < [lflloo,t-

6€D

Therefore there are only countably-many indices § for which ||gs||co,1 >
0. The series ) scp |l95]lc0,1 converges to ||f||c,1 and the series
Y sca g5 converges in the space (L°°,£')(G) to f. By the Hausdorff-
Young theorem for amalgams, the series ) 5. §s converges in the
space (L%, £2)(G) to f. On the other hand, our estimate ||js||co.1 <
c||gs|loo,1 guarantees that the series } ;A gs converges in LP(G) to
a function with LP-norm at most ¢ sca ||95lco,1. Hence I1fll, <
¢||flloo,1 as required.

The proof that (b)=-(a) is much like the proof in the previous
section that (ii')=-(i). If statement (b) holds, then by the closed-
graph theorem there must be a constant k so that ||§]| < Kl|g|lco,1
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for all F-functions g. Suppose that G = R". Given an E-polynomial
f, form the discrete measure u as in the proof that (ii') = (i), and
observe that ||filloo,c0 = ||f|lcc- Choose the function h as before,
and again let g = A - i; then g is an E-function in (L°°,¢!)(G) with
llglloo,s < [1Alloo,1llfllo, As noted above, ||g]l, < kllgllco,1- On the
other hand, ||§ll, = [|Allpl|fllp, so that ||f||, is majorized by the
quantity (k||%||1.00/||llp)!|f]lco- Therefore, E is a p-Sidon set in this
case.

Again, the same argument works when G = RN x H, where H is
compact. Finally, if G = RN x J, where J is noncompact but has a
compact open subgroup, proceed as above to get a function g on the
open subgroup RN x H, and simply extend g to be 0 on the rest of G.
This completes the proof of the theorem.

As mentioned in the introduction, the Hausdorff-Young Theorem for
amalgams suggests that the two statements in Theorem 2 ought to
imply that f € (L*°,¢P)(G). Moreover, there ought to be a version
of the theorem with statement (b) replaced by the assertion that if f
is an F-function in the amalgam (L*°,fP)(G), where ¢ is an index in
the interval (1,2], then fe (e, £°)(G). Perhaps the problem is our
method of proof, which seems better adapted to reverse amalgams. as
explained below, than to amalgams.

Suppose in the rest of this discussion that G = RY. Given a
measurable function f on G, and finite indices p and g, let

1fllgp = (/Io<( Z |f(a:+a),Q)1/q)pdz)l/P'

a€A

and make the appropriate changes for infinite indices p and q. Say that
f belongs to the reverse amalgam, (¢%, LP)(G), if the norm ||f||, is
finite. Our proof that (a)=>(b) above actually shows that condition (a)
implies that

(b') 1£1l500 < cllfllf00 for allF-functions f.

Statement (b) follows from (b'), because ||f]l, < || f”;oo and
/11T o0 < [1f1loo1-

Statement (b’) above is an appropriate complement to the Hausdorff-
Young theorem for reverse amalgams, which asserts that ||f|[,, <
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C||flp, for all functions f in (¢4, L?)(G), provided that 1 < ¢,p < 2.
This theorem does not seem to have been noticed before, although there
is some precedent for it in the proof of [1; §12, Theorem 1] and in [16,
§2]. To prove it, first consider four special cases. When ¢ = p = 1
the theorem simply says that ||f]lco < ||f]|1; When ¢ = p = 2 it is the
Parseval theorem. The case where ¢ = 1 and p = 2 follows by Pois-
son summation, as in our proof above that (a)=>(b); the case where
g = 2 and p = 1 follows by duality from the validity of the previous
case for the inverse transform. The other cases then follow by complex
interpolation between these four endpoint cases. All this suggests that
statement (a) should imply that if f is an F-function in the reverse
amalgam (£7, L°)(G), where the index g lies in the interval (1, 2], then
fe @, L))

Translation and dilation, provided that the latter operation makes
sense on the group G, do not affect the membership of a function in a
given amalgam. It follows that if a set F has property (b), then so does
every set obtained from F' by translation and dilation; the same is true
for properties (ii) and (iii). This has interesting consequences for the
sets in certain discrete groups. We illustrate this point for the group Z.
Given a subset E of Z, let “rE” be the subset of Z obtained by forming
the set 7E in R and replacing each element of 7E by the element of
Z closest to it. If E is a A(p) set, then so is the set FF = E + [0,1),
and so is 7F. But “rE”+[0,1) is a subset of #F — 1/2; hence “rE”
+[0,1) is a A(p) set. It then follows from Theorem 1 that “rE” is a
A(p) set. Similarly, Theorem 2 and the argument above show that if E
is a p-Sidon set, then so is “rE”.

REFERENCES

1. A. Benedek and R. Panzone, The space LP with mized norms, Duke Math. J. 28
(1961), 301-324.

2. J.P. Bertrandias, Espaces £9(£*), Groupe de travail d’ Analyse Harmonique (Greno-
ble) 11 (1984), IV.1-1V.11.

3. Ron C. Blei, Fractional Cartesian products of sets, Annales Institut Fourier Grenoble
29 (1979), 79-105.

4. M.G. Cowling, Some applications of Grothendieck’s theory of topological tensor prod-
ucts in harmonic analysis. Math Ann. 232 (1978), 273-285.

5. Hans G. Feichtinger, Un espace de Banach de distributions temperees surs les groupes
localement compacts abeliens, C.R. Acad. Sc. Paris. 290 (1980), Series A. 791-794.

6. Alessandro Figa-Talamanca and Garth I. Gaudry, Multipliers and sets of unique-



294 J.J.F. FOURNIER

ness of LP, Michigan Math. J. 17 (1970), 179-191.

7. John J.F. Fournier, Local complements to the Hausdorff- Young theorem, Michigan
Math. J. 20 (1973), 263-276.

8. , On the Hausdorff-Young theorem for amalgams, Monatsh. Math. 95
(1983), 117-135.

9. Garth I. Gaundry, Littlewood-Paley theorems for sum and difference sets, Math.
Proc. Camb. Phil. Soc. 83 (1978), 65-71.

10. , Quasimeasures and operators commuting with convolution, Pacific J. Math.
18 (1966), 461-476.

11. D. Hajela, Construction techniques for some thin sets in duals of compact abelian
groups, thesis, Ohio State University, 1983.

12. Edwin Hewitt and Kenneth A. Ross, Abstract Harmonic Analysis I, 11, Springer-
Verlag, Berlin, 1963, 1969.

13. Finbarr Holland, Harmonic analysis on amalgams of LP and ¢9, J. Londa Math.
Soc. (2) 10 (1975), 295-305.

14. Y. Kanznelson, Sets of uniqueness for some classes of trigonometrical series, Bull.
Amer. Math. Soc. 70 (1964), 722-723.

15. Jorge M. Lopez and Kenneth A. Ross, Sidon Sets, Marcel Dekker Inc., New
York, 1975.

16. Bernard Russo, Operator theory in Harmonic Analysis, Regional Conference on Ba-
nach Spaces of Analytic Functions, Kent State University 1976, Springer Lecture Notes
in Math. 604 (1977), 94-102.

17. James Stewart, Fourier transforms of unbounded measures, Canada J. Math. 21
(1979), 1281-1292.

18. P. Szeptycki, On function and measures whose transforms are function, Math. Ann.
179 (1968), 31-41.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BRITISH COLUMBIA, VAN-
COUVER, CANADA VeT 1Y4




