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PROPERTIES OF PFAFFIANS
J. S. LOMONT AND M. S. CHEEMA

This paper is dedicated to E.G. Straus and R.A. Smith

1. Introduction. Several properties of Pfaffians of real skew-symmetric
matrices are studied. In §2, the Pfaffian of a skew-symmetric matrix A is
expressed in terms of traces of powers of A. Pfaffians of inverses and
Kronecker products are studied next. If 4 and B are 2(2m + 1) x 2(2m + 1)
skew-symmetric matrices whose product is skew-symmetric, then at
least one of the two matrices is singular. If 4 and B are 4/ x 4/ non-
singular skew-symmetric matrices whose product is skew-symmetric, then
it is shown that Pf(4), Pf(B) and Pf(4B) are either all positive all or neg-
ative. Finally, a multilinearity property of Pfaffian functions similar to the
one in [4] for determinant functions is obtained, and a simple expression
for the Frechet derivative of a Pfaffian function is obtained.

2. Pfaffian in terms of traces. If A4 is a real skew-symmetric matrix of
order 2n (denoted by 4 € M(2n, R)) then det(4) is the square of a poly-
nomial in matrix elements of 4. This polynomial is called the Pfaffian
of A4, and is denoted by Pf(A). It is well known, (see [3, 6, 8]) that

Pf(A) = ;51’0{1{20{3{4 Cr Qi gy

where P is the permutation

1 2.--2n

i1 Iy ion

’

¢p its sign, and the sum is taken over all permutations with the restrictions

il < iz, i3 < i4, ey iZn—l < i2n' il < i3 < i5 ree < iZn—l' If
0 axp ai3  ayy
4 =| G 0 dz3 Az
b
—a;3 —ay 0 ay
_—ayy —ay —ay O

then Pf(A) = aypa3y — aj3a, + a14a0;.
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LEMMA 2.1. Let A € M(2n, R). Then there exists a T € M(2n, R) such that
(1) TA = AT, and
)12 = —-1

PROOF. Let 6 be a real 2n x 2n orthogonal matrix such that

F 0 q -
} —a 0
J 0 as
-1
049 T —a, 0
I |
Define
-0 1 _
-1 0
- 0 1
T = -1 0

Then T(0A07Y) = (JA0~1)T and T2 = —1. Define T = §-1T6 (so Tis
skew-symmetric). Then

n TA = 071704 = q—lT(aAo-lzo
= 0-Y0A0-)T0 = A0-1T9 = AT
Q) T2 = (0-170)2 = 0-'T20 = 9-(—= 1§ = — I.
LEMMA 2.2. Let T € M(2n, R) be such that T? = —1. Then
Pi(T) = +1.

Proof. From T2 = —1, it follows that (det(T))2 = (Pf(T))* = 1. Since
T is real, Pf(T) = +1.

THEOREM 2.1. Let n € N, A and T € M(2n, R), be such that
(1) TA = AT,
QT12= —IL

Then
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-7, 2 0000 -
T, -T, 4 000 -

. -Ty T, -T; 600 -..
PA(4) = —r>- PA(T) _ ,

(=T, (=T, -+ =T,
where T, = tr(A'T7), PA(T) = +1.

ProOOF. Let § be a real 2n x 2n orthogonal matrix which transforms
both 4 and T to skew-symmetric canonical forms.
Thus

0 +lI
F1 0

07971 =

+

[l =]
H

O -

e

we can assume that

01

-1 0
0 1
0761 = -1 0

Let
-0 q B

—a; O

0 a

040 = —a, 0
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so that Pf(04071) = [T%; a;. If S, = X% a7, then, by one of Newton’s
identities for symmetric functions,

s, 1 0 0 0 . -
S, S 2 0 0
S; S, S 3 0
[Tai=
=1
' n—1
S, Sua Sy
Since
e N
—a l
-1 -1 % '
(040°1) (0TOY) = _a, E
|
it is easily seen that
H(“al)' }
(—ay)r
(—ay)
T, = t(A'T") = t,((AT)") = tr (—ay)
= 2=y YN =2=-1yS,r=1,...,n
=1
or S, = (_21)r T,.
Therefore
i -in 0 00 ...
1 1
17, 17, 2 00 ...
Pf(4) = (6] Pro46-) = 1) 2 2 ,
-%Tg —é—TZ —%Tl 30...
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or

-7 2 0O 0 0 O0-.--"

10l 7, -T, 4 0 0 O-

] |

Finally,
- 0 1 _
-1
0 1
Pf(T) = |0| Pf(OTO-Y) = |0|Pf 1 0 = |6]

implies the theorem.
3. Pfaffians of inverses. Let 4 € M(2n, R) be a non-singular matrix. From
[PE(AY)]2 = |47t = |A7]' = ([Pf(4)])~ = [Pl(A)]2

it follows that Pf(4-1) = +[Pf(4)]-!. In this section it is proved that
Pf(A-1) = (= 1)"[Pf(4)]1.

Lemma 3.1. Let A€ M(2n, R) be a non-singular matrix in orthogonal
canonical form. Then

Pf(4~1) = (= D"[Pf(4)].

PROOF.

d=af ODeaf ONo. 0l 0))

and Pf(4) = aja, + - - a,,.

= [ (LV o)]e - (LV )@ - o[ -a(_Vo)]]
and P(A™Y) = (—ai')(—az") - - (—a;") = (= D" [PHA] .
THEOREM 3.1. Let A € M(2n, R) be non-singular. Then
Pf(4-1) = (= D)"[Pf(4)]1.

PRrOOF. Let § be a ri:al 2n x 2n orthogonal matrix which transforms A
to its canonical form 4. Then 4 = §A40-1, and 4-1 = g4-19-1. By Lemma
3.1, Pf(A~Y) = (= D[Pf(4)]7L, so
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Pf(A-10-1) = (— )"[Pf(6A40-1)] L.
Also Pf(A~16-1) = |0 Pf(A~1) and Pf(46-1) = |6] Pf(A), so
Pf(A4~1) = (= D"[P(A)]-L.

EXAMPLE.
&—0 00 —1\[
0 01 0

A= A2 = —] -1 = _ - _
iO 10 0/ g A A, Pf(A) 1
1 00 O]

Pf(A-1) = (= DAPR(A)]! = — 1.

4, Pfaffians of Kronecker products. Let 4 € M(2m, R), and B be a real
n x n symmetric matrix. Then A ® Be€ M (2mn, R) and [Pf(4 ® B)]2 =
|A ® B| = |A4|?|B|*m = [Pf(A4)]?»|B|?». This implies

Pf(4 ® B) = +[Pf(A)]"|B|".
In this section it is proved that
Pi(A ® B) = (= 1)y VAPI(A))| Bl
and
Pf(B ® A) = [Pf(A)]*|B|™.

LEMMA 4.1. Let A € M(2m, R), and B be an n x n real symmetric matrix.
Then there exists a 2mn x 2mn permutation matrix P such that

B® A = P(4A® B)P!
(see [1, 2, 5, 7)), and so
Pf(B ® 4) = |P|Pf(A ® B).

EXAMPLE.
1 0 0 0
0 0 1 0
= l = P = = —].
m S n=2, o 1 0 o |P| 1
o 0 0 1

THEOREM 4.1. Let A € M(2m, R) be nonsingular, and B be a real n x n
nonsingular symmetric matrix. Then

Pf(B ® A) = [Pf(4)]"|B|".

Proor. LetJ, = (.}), S and R be real 2m x 2m and n X n rotation
matrices such that
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a1y
axJy
SAS1 =
Il a,Jo
and
b, _
b, |
RBR-1 = : ' 1
-
b |

n_l

Let A = SAS-1, B = RBR-!. Then
T(B® A)T-1 = (RBR) @ (SAS™) = B® 4,
where T = R ® S. Therefore
Pf(B® A) = PA(T-Y(B ® A)T) = |T|Pf(B ® A) = Pf(B ® A).

Now
- a;b,J, N
azbJy
ambIJO
A 4 abyJ
B 4= azb,J, ’
a,byJ
- aub,Jy_
P(B ® A) = ajaj - - - anbyby - by
= [Pf(A)]"|B|,
and
Pf(A) = |S|Pf(4) = Pf(A)
SO

Pf(B ® A) = [Pf(A)]"|B|™.
THEOREM 4.2. Let A and B be the same as in Theorem 4.1. Then
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PI(4 ® B) = (— Ly A{PI(A)]| B,

Proor. First let 4 € M(2m, R), and B be a real n x n matrix. Then
B® A = P(A® B)P-!, where |P| = (—1)*»» /2 This follows from the
fact that the number of transpositions needed to transform 4 ® B to
B ® A under row and column interchangesis 1 + 2 + ++- +(n — 1) =
(n(n — 1))/2. Now let

i) Jo = (2D

)

i) S'e€ M(2m, R) be non-singular and such that 4 = SJS?,
iv) 1€ M(n, R) be the identity matrix,
V) T=S® I(so TeMQ2mn, R)).

Then
A® B=(SJ/S)® B=T(U® BT,
SO
Pf(4 ® B) = |T|Pf(J ® B) = |S|"Pf(J ® B)
= [Pf(AD]"PI(J ® B).
Now
i’JU ® B "|
. Jo® B
J®B=| : '
\f, )
SO

P/ ® B) = [Pf(Jy ® B)]" = {Pf[P~Y(B ® Jo)P]}"
= {|PIPf(B ® Jo)j" = (— D)™ V2Pf(B ® Jo)I”.

By the last theorem, Pf(B ® J,) = [Pf(Jy)]*|B|” = |B|™, so
Pf(4 ® B) = [Pf(A)]"Pf(J ® B) = (— 1)y"*@#=D72[Pf(A4)]* B|m.

ExampLE. For 4 = ((0}), B=(})), n = 2, n = 1, we have
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0 010 01 00
0 0 0 1 -1 0 00
A®B“—1000’ Be 4= 00 0 1/
0 -1 0 0] 0 0 -1 0|
—1 = Pf(4 ® B) = (- DYPf(D)]YB| = —1,

and
1 = P(B® A) = [Pf(4)]?|B| = 1.

5. Pfaffian of AB, where A, B€ M(2(2m + 1), R). Let 4 and B be skew
symmetric real matrices. A necessary and sufficient condition for AB to

be skew symmetric is that AB = — BA because
(AB) = —AB<> B'A' = — AB<> BA = — AB.
LEMMA 5.1. Let
01 -
-1 0

J— , |

!
0 li
-1 0

and B be 2(2m + 1) x 2(2m + 1) real skew symmetric matrices such that
JB = —BJ. Then |B| = 0.

PRrOOF. Observe that J* = J71, so
B= —JBJ71= —JBJ!
Pf(—JBJY) = —Pf(JBJY) (since n = 2m + 1 is odd)
—|/|Pf(B) = —Pf(B).
Therefore Pf(B) = 0, and |B| = 0.

Pf(B)

LEMMA 5.2. Let

[N
-

-
0 a
—day 0

LN
I




502 J. S. LOMONT AND M. S. CHEEMA

be a 2n x 2n matrix, where {a;}} = R, Jy = (2}), and let

By By -+ By,
{ Bay By -+ By,

‘_Bnl Bn? .-+ B

nn_

be a 2n x 2n real matrix, where each B;;is a 2 x 2 submatrix such that

AB = —BA. Then
(1) aiJoB;; = —a;B;;Jy,
Q) ifi,je{l,2,...,n}aresuchthat B;; # 0, then a% = a?.

PrOOF. (1) follows from AB = — BA.
Let B;; = (¢ 9). Then (1) implies

[ a;y a,»5:|_{a,-‘8 —a,a}
—aq —a;B) |laid —a;

o Za)l7)-omalgtl[5] -0

Since B;; # 0, either (f) # 0 or (§) # 0. Therefore a? = a2

or

LEMMA 5.3. Let n, ny, ny, ..., n, € N be such that ny + n, + - -
=nandleta, a,...,a, €Rbedistinct. Let
0 1
J =
’ [—1 0}
and
o
- Jo
Ji= l ' l
i .
_ Jo|
be the 2n; x 2n; direct sum of n; Jy's,forj = 1,...,r. Alsolet
cad, -
axJy
i- ’ :
aJ

+ n,
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where 4 is 2n x 2n, B be a real 2n x 2n matrix such that AB = — BA and
"By By By,
By By -+ By,
B = R
Erl Erz Err_

where each B;; is a real 2n; x 2n; matrix, fori,j = 1,. .., r. Then

a,-J,~B,»_,- = —ajB,'ij I,j =1,... , r.
Ifat # a%i # j, then B;; = 0.
The proof of this lemma follows from Lemma 5.2.

LEMMA 5.4. With the notation of Lemma 5.3, assume that the numbers
a, a3, . .., a2 are distinct and non zero, and that n is odd. Then |B| = 0.

PrOOF. By Lemma 5.3,

By

where all the off diagonal B,,’s are zero. By Lemma 5.3, J,B;; = — B,,J;
fori=1,2...,r.

Since n is odd and n =n; + n, + -+ + n,, at least one of the n; is
odd. Let n,, be odd. Since J,,B,,, = — B,,,/J,, it follows from Lemma 4.1
that |B,,,,| = 0. Therefore

1Bl = H1|Ej1| =0.
J:

THEOREM 5.1. Let A, B € M(2(2m + 1),R) be such that AB is skew
symmetric. Then at least one of the two matrices A and B is singular.

PROOF. Assume that A is non-singular. There exists a real orthogonal
2(2m + 1) x 2(2m + 1) matrix R such that
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0 a
-0 0 g
—a; 0
0 a;
—a 0
0 as
j —a; 0
-1
RAR = 0 a s
i —a 0
‘f 0 a;
E —dy 0
: 0 as
E —ds 0
where the realAnumbers ay, a,, . . . , a,are positive and distinct.
(1) Let A, B be defined by
A = RAR!
B = RBR1.

Thus 4, B € M2(2m + 1),R) and AB = — BA. By Lemma 5.4, |B|
= 0. Therefore |B| = |R-1BR| = |B| = 0.

(2) Assume B is non-singular. Then BA = — AB is skew symmetric
and the argument of part (1) shows that | 4| = 0.

EXAMPLE.
0 0 0—1 0 07 0 01 00 0
001000} 000100
4_ 0-1 00 00 g —1 00000
1 00 0 0 O0°F 0-1 0 0 0 O
’000001 0 00 00 O
0 00 0-1 0 0 000 00

6. Pfaffian of AB, where A, B € M(4/, R). Let A, Be M(47, R). Then
[P(AB)]? = |4B| = |A| |B| = [PI(A)P[Pf(B)]?

implies that Pf(4B) = + Pf(A)Pf(B). For AB to be skew symmetric we
must have 4B = — BA. In this section it is shown that Pf(A4), Pf(B) and
Pf(AB) all have the same sign if 4 and B are nonsingular.

LEMMA 6.1. Let 7 = m/2, where m is even. Let I be the m x m identity
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matrix,

>
12 22,

A= 0 N ann=] B 8]
a 2m x 2m skew symmetric matrix where each B;; is m x m and B
= —B;;and let AB = — BA. Then
Pf(4AB) = Pf(B) = (— 1)@~ Pf(4)Pf(B).

PROOF.

— B! B —-B B
AB = [ i 22:[’ BA = l: 12 11]_
—By,; —By, — By, —Bj,

AB = —BA lmplles that B{z = _BIZ’ BZZ = _Bll‘

Thus B = [gll 312}

12 —Bn
Therefore
[ By =Byl 1 111 ~1I
AB_[—BH =B 2011 Blr 1)
50
Pi(4B) = 5| 7 1IPE(B).
Now
I 11
-ri]=[-11]er
50
rn_otie
(—11=l—1 1! =2~

Therefore Pf(4B) = Pf(B) and
P(4) = Pf(Jo ® 1) = (= "™ D2[PIUII| = (= 1)@,

01

Pf(4B) = (— 1)1 Pf(4)Pf(B).

Jo = ,:—(l) 6], a>0,

where

Therefore

LEMMA 6.2. Let
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v _
Jo

A=a : 2/Jy’s (so A € M(47, R)),

i Jo_
Be M(47, R) be such that AB = — BA. Then
Pf(AB) = Pf(A)Pf(B).

ProoF. Let I be the 2/ x 2/ identity matrix. Then 4 = al ® J;. Let
P be a real 4/ x 4/ permutation matrix such that if U is 2 x 2 and
Vis2/x 2/, V® U= P(U® V)P~1 Then

01
Lu=1® 5 =Py @ NP = P[_I O}P—l.

Let 4 =J,® [ = 1/JaP~1AP, B = P-1BP, so AB = —BA. By Lemma
6.1 Pf(AB) = Pf(B) and Pf[P-1((1/a)AB)P) = Pf(P~1BP). Therefore

Pf(AB) = a¥Pf(B) = Pf(4)Pf(B).

LEMMA 6.3. Leta > 0, Jy = [ 8l e, = £1,i=1,..., 27,
ey *)
e2Jo
A=a
! e Jo_

be a 47 x 47/ matrix, and B € M(47, R) be such that AB = — BA. Then
Pf(AB) = Pf(A)Pf(B), if Pf(4) > 0.
= —Pf(A)Pf(B), if Pf(4) < 0.

Proor. Define g, = [{ 1], so o, is orthogonal, and |o,| = —1, 0,Jy0,
= —Jo. Let

1—e2/

o, 2
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be a 4/ x 4~ matrix. Then R is orthogonal, R = R-1, and
IR| = (= 1)A-av2+0=exD+ - +U=ere/D) = ()N,

where N is the number of ¢; equal to — 1. Pf(4) = (—1)Va* = |R|a¥, and

RAR 1= a

_ Jo_

Now define 4 = RAR-!, B = RBR-!, so AB = —BA. By Lemma 6.2,
Pf(AB) = Pf(A)Pf(B). Therefore

Pf(R(AB)R™1) = Pf(RARY)Pf(RBR-Y).
So

Pf(AB) = |R|Pf(4)Pf(B)
Pf(A)Pf(B), if Pf(4) >0
= —Pf(4)Pf(B), if Pf(4) < O.

I

THEOREM 6.1. Let A, B € M(47, R) be non-singular matrices such that
all eigenvalues of A have the same absolute value, and AB = — BA. Then

Pf(4B) = Pf(A)P(B), if Pf(4) > 0
—Pf(A)Pf(B),  if Pf(4) < 0.

PROOF. Let a be the common absolute value of the eigenvalues of A,
let J, = [ I], and let R be a rotation matrix such that

“e1o
el
RAR™! = a - ,
_ &2 J0_
where ¢; = +1,fori=1,2,...,2/. Let A = RAR-1 and B = RBR"L.
Then
AB = —BA.
By Lemma 6.3,
Pf(AB) = Pf(A)Pf(B), if Pf(4) >0

—Pf(A)Pf(B), if Pf(4) < 0.
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Since Pf(4) = Pf(A), Pf(B) = Pf(B), and Pf(4B) = Pf(4B), the assertion
follows.

LEMMA 6.4. Let r € {2, 3, 4, ...} and {m;}{ = N. Also, for i = 1, 2,
..., 1 let A;, B;€ M(2m;, R) be non-singular matrices such that

(1) A;B; = —B;A;, and

(2) Pf(Ath) = S,Pf(Al)Pf(B,),
where ¢; = sgn[Pf(4,)]. Let

‘_A1 ; B,
| Ay 1 B,
A= l ‘; and B = ’ ’
| . .
!\_ Ar_ _ ‘Bf_
Then
Pf(AB) = Pf(A)Pf(B),
where ¢ = sgn[Pf(A4)].
PROOF.
[ ABy i
A,B,
Pf(4B) = Pf : = [T Pf(4,B8)
=1

| A,B,

= ] &/Pf(A4,)PI(B,) = [] e;Pf(A)P(B).
=1 =1

[Te: = [Tsen(PfA,) = sgn[f] Pf(A,.)] — sgn[Pf(4)].
=1 =1 =1

LEMMA 6.5. Let m, meN, a, d€(0, ©), a # &, ¢; = 1, §; = +1,
i=L....omj=1,...,mJy=[201,

&1/ B &Jo

e2/o éJo

- emJO _ _ ér?tJO_

and B be a real 2m x 2 matrix such that «JB = —&BJ. Then B = 0.



PROPERTIES OF PFAFFIANS 509

PrOOF. J-1 = Jt, so JBJ* = — &/aB. Thus(J ® J)f = — &/ap, where
B is a 4mm x 1 column vector whose elements are the elements of B in
appropriate order. Since —d&/a # + 1 and all eigenvalues of J ® J being
+1, it follows that 3 = 0so B = 0.

LEMMA 6.6. Let r€ N, ay, . . ., a, € (0, ) be distinct, {m;}; = N, ¢;; =
+ IL,fori=1,....rj=1,...,m;letJy = [ }], and
e1/0 b
61‘2‘]0 ’
A= a; =1, ,r
‘ Et'm;JO 1

and

B=| - : e M(2m, R)

B, B, .-+ B,

be a non-singular matrix, where each B is a 2m; x 2m; matrix such that
AB = —BA. Then

(1) B, = —B;;, i=1,...,r;

(Z)Bitt'/'=_sz" Ai’j=l""9r;

(3) 4By = —Bid;,  hj=1,...,r;

B Byy=0, ij=1....ni#j;

(5) each m; is even,

(6) Pf(A;B;;) = ¢;Pf(A)P(B;;), i=1, ..., r,

where ¢; = sgn[Pf(4,)];
(7) P(AB) = ePf(A)PF(B), where ¢ = sgn [P(A)].

Proor. The proof of (4) follows from (3) and Lemma 6.5. To prove
(5) note that |B| = [[/=|B,;|. Since |B| # 0, |B;;| # 0. By parts (1), (3)
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and §5 it follows that each m; is even. The proof of (6) follows from
Theorem 6.1. The proof of (7) follows from (6) and Lemma 6.4.

THEOREM 6.2. Let A, B € M(47, R) be non-singular matrices such that
AB is skew symmetric. Then

Pf(AB) = ¢Pf(4)Pf(B),
where ¢ = sgn[Pf(A)].

ProOOF. Let R be a real 4/ x 4/ rotation matrix such that (with the
notation of Lemma 6.6)

A
A
RAR1 = i

A,

A= RAR!, and B = RBR1. Then 4B = — BA. By Lemma 6.6, Pf(4B)
= éPf(A)Pf(B), where & = sgn[Pf(A4)]. Since Pf(4) = Pf(4), Pf(B) =
Pf(B), and Pf(4B) = Pf(AB), the assertion follows.

COROLLARY 6.1. Let A, Be M(2m, R) be nonsingular matrices such
that AB is skew-symmetric. Then Pf(A), Pf(B) and Pf(AB) all have the
same sign.

PrOOF. Let ¢, = sgn[Pf(4)], ep = sgn[Pf(B)], and e,5 = sgn[Pf(4B)].
By Theorem 6.2, Pf(4B) = ¢,Pf(A)Pf(B). Since AB = — BA, Pf(AB) =
Pf(—BA) = (—1)»Pf(BA). By Theorem 5.1, m is even. Therefore
Pf(AB) = Pf(BA). By Theorem 6.2 Pf(BA) = e¢zPf(B)Pf(A4). Thus ¢4 = ¢5.
Finally,

eqp = sgn[Pf(4B)]
¢ 4sgn[Pf(A)Pf(B)] = ¢ 4sgn[Pf(A4)]sgn[Pf(B)]

I

= ¢lep = ep.

ExaMPLES. For

(=R
(= el

we have
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S0 10 0]
-1 00 0]
= —BA = |, Pf(4) = Pf(B) = Pf(4B) = —1.
AB 00 0 1| (4 (B) (4B)
001 o0
For
VI R F 001 0
-1 0 00| _IOOO—I
A=1"00 0 17 B“,—xoo 0/
_00-10_! 010 0]
we have
0 0 0—1‘1‘
00 -1 0
B= —BA = s = = =
A 01 o of Pf(4) = Pf(B) = Pf(4B)
1 0 0 0]

7. A multilinearity property of Pfaffian functions and the Frechet deri-
vative of a Pfaffian function. Let n € N, and K = R or C, let M(2n, K) be
the set of all 2n x 2n skew symmetric matrices over K. Let Pf:M(2n,K)
— K be the Pfaffian function on M(2n, K), and let F,: [M(2nK)]* - K
be defined by

F(Ay, Ay, ..., A)

X

Pf(Al + e+ A+ A e +An)

1

s ﬂ

+ Pf(A,+ - - A+ At A+ A+ -+ A4)

-1

-
.
O

4+ ...

+ (=172 33 PR(A, + A) + (=11 32 PR(4,),
s=1

7, 5=1
s0
Fi(A4) = Pf(A).
THEOREM 7.1. F,(Ay, A,, . . . , A,) is an n-multilinear function.

THEOREM 7.2. For all A, Be€ M(2n, K), with any norm on M(2n, K),
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[PE(A)B = — 1 F(A4,A,..., AB).
H N———

(n—1)

n—1A's

The proofs of these theorems are similar to these for similar functions
defined for determinants instead of Pfaffians. For details, see [4].
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