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BRANCHING OF SOLUTIONS OF EQUATIONS INVOLVING
MAPPINGS POSSESSING NULL LINEAR
APPROXIMATIONS AND RELATED RESULTS

AVSHALOM LEV

Introduction. Let X be a linear normed space and let R be the field of
real numbers. Bifurcation problems are usually concerned with equations
of the form

(0.1) Ax = Lx + T(A, x)

where L: X — X is a bounded linear operator and T(4, x) = o(|| x ||) near
x = 0, uniformly for A in bounded intervals. In most of those problems
it is assumed that L s 0 and the analysis of the problems depends on this
fact. (See e.g., [1], [12], [13], [15]).

The bifurcation problem for equation (0.1) in the case where L = 0
possesses some new and interesting aspects. A related problem was con-
sidered by Cronin [3], who investigated the set of eigenvalues for equations
of the form

0.2) Ax = T(x)

where T(x) = o(]|x|)) near x = 0. The problem considered by Cronin was
further studied in [10].

In the present paper we study (0.1) in the case L = 0, focusing our at-
tention on the bifurcation problem and in particular on the existence of
connected branches of solutions in R x X issuing from (0,0). The methods
that we use apply to other types of equations as well, and these will also
be discussed.

Our first result (section 2) concerns the equation

(0.3) Ax = T(4, x)

where T is completely continuous and satisfies the condition: 7(4, x) =
o(|| x ||) near x = 0, uniformly for A in bounded intervals. We also as-
sume that for every 0 < r < R < + 00, lim ;- AT, x)|| = + o0,
uniformly for r < | x| < R: Clearly (0.3) possesses the subset of solutions
{(2, 0)|2 € R} which will be referred to as the set of trivial solutions of (0.3)
This leads to the notion of bifurcation. (2, 0) is called a bifurcation point
of (0.3) if every neighborhood of (4, 0) in R x X contains nontrivial solu-
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tions of (0.3) (i.e., solutions (4, x) such that x # 0).

Under the conditions on 7 mentioned above we show that (0, 0) is
the unique bifurcation point of (0.3) and that the union of (0, 0) and the
set of nontrivial solutions of (0.3) contains two unbounded connected
branches issuing from (0, 0) one in Rt x X and the other in R~ x X
where R = {1eR|A 2 0} and R~ = {1eR|1 < 0}. Assuming also
that lim, ., lx| | T(A, x)| = + oo, uniformly for A in bounded inter-
vals, we show that the set of eigenvalues of T'in (0.3) is R\{0}.

Nussbaum and Stuart [11] consider a bifurcation problem for a singular
differential equation. This problem is the motivation for our study (in
section 3) of an equation of the form

0.49) x =T(4, x)

where T is a completely continuous mapping satisfying the condition
limy o]l x|~ T(A, x)| = + oo, uniformly for A in bounded closed intervals
which do not contain A = 0. Assuming in addition that T(4, 0) = O for
A€ Rand T(0, x) = 0 for x € X, we prove that (0, 0) is the unique bifurca-
tion point of (0.4) and that the closure of the set of nontribial solutions
of (0.4) contains two unbounded connected branches issuing from (0, 0)
one in Rt x X and the other in R~ x X. In section 4 we study (0.2) where
T satisfies a set of conditions which can be considered as intermediary
between those of the previous two sections.

In the remainder of this paper we study certain equations of the forms
(0.2)-(0.4) involving positive mappings. The mapping 7: R x K - X,
where K is a cone in X, is called positive with respect to Kif T(R* x K) <
K. Bifurcation equations involving positive mappings were considered by
many authors (see e.g. [4], [5], [8], [11], [16], [17]).

In section 5 we consider (0.3) where T satisfies on Rt x K conditions
of the type mentioned in section 2. By an appropriate extension of T
from R x K onto Rt x X and by using essentially the same arguments
as in section 2 we prove the existence of an unbounded connected branch
of nontrivial solutions issuing from (0, 0) in Rt x K. We also obtain
similar extensions of the results of sections 3 and 4.

The fact that our results were obtained in the framework of normed
spaces rather than Banach spaces and the fact that they apply also to
positive mappings which satisfy the required conditions only on the
product of RT with a cone is very useful in applications. Some applications
to certain integral equations and certain boundary value problems for
ordinary differential equations will be presented in section 6 and 7 re-
spectively.

SecTION 1. Let X be an infinite dimensional linear normed space. We
shall denote by By the ball By = {x€ X]| ||x|| < R}. Let Ube a subset
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of X. The boundary of U will be denoted by U and its closure by CI(U).
The identity map on X will be denoted by I. In what follows the theory of
the Leray-Schauder degree will be used. Let U be a bounded open subset
of Xand T: CI(U) — X be a completely continuous mapping (i.e., T'is con-
tinuous and takes bounded subsets of CI(U) into compact subsets of X).
Suppose that x — T(x) # 0 for each x € oU. Then the Leray-Schauder
degree of the mapping I — T with respect to the point x = 0 and relative
to the subset U will be denoted by deg (I — T, U). For the properties of
the degree we refer the reader to [14]. The following definition of a cone
is used throughout this paper. A set K = Xis called a cone if the following
conditions are satisfied.

(i) Kis a non empty closed subset of X such that K # {0};

(i) if xq, xo € K than ayx; + asxy € K for every ay, ay = 0;

(iii) of each pair of vectors x, — x at least one does not belong to K
provided x # 0.

The lemma presented below plays a key role in the sequel.

LEMMA L1.1. Let X be an infinite dimensional linear normed space and
let K be either a cone in X or the whole space X. Let U be a bounded open
subset of X and let T: CI(U) — K be a completely continuous mapping. Sup-
pose that there exists a positive number R such that U = By and such
that |T(x)|| > 2R for each x € K [\ 0U. Then the Leray-Schauder degree
deg(I — T, U) is defined and deg(I — T, U) = 0.

Proor. Consider at first the case in which K is a cone. We claim that
deg (I — T, U) is defined. Since T is completely continuous we have only
to show that x — T(x) # 0 for every x€ oU. Let xe€oU. If x ¢ K then
x — T(x) # 0 since T(x)e K. If on the other hand xe K () aU then
x — T(x) # Osince | T(x)|| > 2R while ||x| < R.

Given ¢ > 0, there exists a completely continuous finite dimensional
mapping T;: CI(U) — X such that

(L.1) IT(x) = T5)| < 6, Vxe CI(U)

and such that T; CI(U) is contained in the convex hall of T CI(U). In view
of the fact that T CI(U) = K it follows that

(1.2) T,CI(U) < K.

The mapping T3 can be constructed for instance by the method de-
scribed in [9, Chap. 2, sec 3.2]. Without loss of generality we may assume
that

(1.3) T (x) # 0, Vx e CI(U).

Otherwise we replace T; by T; + ks where 0 # k; € K and Kj is suffi-
ciently small so that | T(x) — Ty(x) — k;|| < d, Vx e CI(U).
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Now consider the function F;: [0, 1] x Cl(U) — X given by
Fi(t, x) =x — t T(x) — (1 — )Tx(x).

This function is a homotopy between I — T and I — T% and it does not
vanish on [0, 1] x 9U. Indeed if there exists (¢, x) € [0, 1] x 92U such that
Fy(t, x) = 0 then x € K since it is a convex combination of elements of
K. Therefore it follows that

Rz x| = [TC) + (1 = )Telx) = T&)|| 2 |TX)|
— (I — 1) |To(x) = TG)| > 2R = (1 = HOR = (1 + )R

which is impossible. Thus deg (I — T, U) is defined and
(1.4) deg({ — T, U) = deg(I — Ty, U).

Let X; be a finite dimensional subspace of X containing T, CI(U). Such
a subspace exists since T is finite dimensional. Let U; = U (] X; and let
Ty denote the restriction of Ty to CI(U;). By the definition of the degree
(see Definition 3.34 in [14]) we have
(L.5) deg (I — T, U) = deg (I — Tp, Uy
where the degree on the right side of (1.5) is computed in X7.

It is easy to verify that the function F5: [0, 1] x Cl(U;) — X, given by

Fy(t, x) = tx — Tx()

is a homotopy between I — T and — T%, which soes not vanish on
[0, 1] x 9U;. Indeed if Fy(t, x) = O for some (¢, x) € [0, 1] x U, then
from (1.3) and (1.2) (for § = R) it follows that tx = Tx(x) = Tr(x) e K
and that ¢ > 0. Thus tx e K and so x€ K (] oU, a fact which yields the
contradiction

Rz |tx| = ||Te®)| 2 |T®)| = |Tr(x) = T(x)|| > 2R — R = R.
Thus deg (— T, U;) is defined and
(1.6) deg (I — Ty, U)) = deg (— Tk, Uy.
From (1.3) we deduce that 0 ¢ TR CIl(U;) and so from a property of the
degree (see Theorem 3.16.4 in [14] it follows that
1.7 deg (— Ty, Uy = 0.

The proposition of the lemma for the case in which K is a cone now follows
from equations (1.4), (1.5), (1.6) and (1.7).

The proof in the case that K = X is essentially as in the previous case.
However some modifications are necessary. First, the finite dimensional
subspace X; has to be chosen in such a way that TrCI(U)is contained ina
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proper subspace of Xj. This can be accomplished because X is infinite
dimensional. Secondly, using this choice of X7, we verify (1.7) by negation
as follows. Suppose that deg (— Ty, U;) # 0. Let ¥ denote the component
of X1\(— Tx(@Uy)) containg x = 0. V is a nonempty open subset of X;.
From a property of the degree (see Theorem 3.16.4 in [14]) we deduce that
Vo —TrCl(Uy). But T Cl(Uy) = Ty CI(Uy) < T CI(U) and Ty CI(U) is
contained in a proper subspace of X;. Thus we conclude that ¥ is con-
tained in a proper subspace of Xj;. But this conclusion contradicts the
fact that V' is a nonempty open subset of X7. Thus (1.7) holds. The proof
is now completed as before.

Let X be an infinite dimensional linear normed space and let R be the
field of real numbers. Let R x X be the linear normed space under the
norm given by [|(4, x)|| = [|x]|2 + |A|?]2 where || - | denotes the norm in X.
Let A be a closed and bounded interval in R. Then 4 x X will be the to-
pological subspace of R x X equipped with the relative topology induced
from R x X. Let W be a bounded open subset of 4 x X. We shall use
the notations

W,= {xeX|A x)e W}; @W);, = {xeX|d, x)edW}; AeA.

Given a mapping @: R x X —» X, we denote by @(4, -) the mapping
D(4, *): X - Xgiven by O(4, *) (x) = (4, x).

The following version of the homotopy invariance property of the
degree (for Banach Spaces) is due to Leray and Schauder (see Lemma 1.8
in [12]). The proof of the result for normed spaces is similar to the one
given for Banach spaces and is omitted.

LEMMA 1.2. Let X be an infinite dimensional linear normed space and let A
be a nonempty closed and bounded interval in R. Let W be a bounded open
subset of A x X. Let ®(A, X) = x — G(A, x) where G: C(W) —» X is com-
pletely continuous. If 0 ¢ (A, (0W);) for all A € A then deg (D(4, -), W;) =
constant for all A€ /.

SECTION 2. We say that the mapping T: R x X — X satisfies the condi-
tion A, if:

@) T:(R\{0}) x X - X is continuous;

(ii) Let /A be any closed and bounded interval in R such that 0 ¢ A. Then
the restriction of T to A x X is compact,

(iii) Let 0 <r < R < +0o. Then limyy . |A71T(4, x)| = + co,uniformly
with respect to x € CI(Bg)\B,;

(iv) Let A be as in (ii). Then lim o | XIPHIT(A, x)|| = 0, uniformly for
Ae .

We shall consider in R x X an equation of the form

2.1 Ax = T(4, x)
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where T satisfies the condition A;. Clearly, the set of solutions of equation
(2.1)in R x X contains the subset {(, 0)| 2 € R\{0}}, henceforth referred
to as the set of trivial solutions.

In the sequel we shall use the notations

Rt ={2eR|220}; R-={1eR|A =0}

By a connected component for a topological space we mean a closed
connected subset, maximal with respect to inclusion. By a connected
component of a subset S of R x X we mean a connected component of
the topological subspace S equipped with the relative topology induced
from R x X.

DEFINITION 2.1. Let {y be the set of nontrivial solutions of equation
Q2.1)in R\{0}) x X. Let L =, U {(0. 0)} and let T+ =L N (RT x X)
and - = () (R~ x X). Let Ct be the connected component of (*
containing (0, 0) and let C— be the connected component of [~ containing
0, 0).

We start with the following auxiliary result:

LeEMMA 2.2. Let X be an infinite dimensional linear normed space and suppose
that the mapping T: R x X — X satisfies the condition A;. Let {* and {~
be as in definition 2.1. Then:

(1) T+ and L~ are closed subsets of R x X,

(ii) Any closed and bounded subset of {+ or of {~ is compact.

PRrOOF OF (i). We shall prove the proposition for {*. The proofs for {—
are similar. Let (4, x)e CI({*). Then A 2 0. Let {(4,, x,)} = {* beasequence
converging to (4, x). We shall consider first the case in which 1 > 0. Let
A = [4/2, 2A). Without loss of generality we can assume that 4, € A for all
n. From the definition of {* it follows that x, # 0 and that

(2.2) AXy = T(A,, x,);n=1,2,....

Taking the limits on both sides of the equations (2.2) and using the con-
tinuity of T we deduce that

.3) Ax = TQ, x).

Let us show that x # 0. Assume on the contrary that x = 0. Then x,, —
0. From (2.2) we find that A, = |x,| Y T@A,, x)|l; »n =1, 2, .... From
these equalities and from the condition A; (iv) it follows that A, — 0, but
this contradicts the facts that 4, — A and that A > 0. Thus x # 0 and
s0 (4, x) is a nontrivial solution of (2.1), i.e. (4, x) € {*. Assume now that
A = 0. We shall show that x = 0. Suppose on the contrary that x # O.
Let ||x|| = r > 0. We can assume that x, € CI(By,)\B,5; n=1, 2, .... By the
definition of {* and the fact that A = 0, we conclude that 2, - 0 + .
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From (2.2) we find that |x,| = |A;1T(A,, x,)|; n =1, 2,.... These
equalities and condition A, (iii) imply that ||x,| — + co. But this contra-
dicts the fact that ||x,|| — [|x|| = r < +00. Thus x = 0 and so (4, x) =
(0, 0) e *. Hence proposition (i) holds.

PrOOF OF (ii). Let 4 be a bounded closed subset of {*. Clearly we have
only to show that A4 is sequentially compact. Let {(4,, x,)} be a sequence
in A.

Suppose at first that A, — 0. Then we claim that x,, — 0. Indeed, if this
does not take place then there exists a subsequence {x,,} and ¢ > 0 such
that |lx,, | = ¢ for all k. From this fact and from the definition of {* it
follows that 4, > 0. Using the boundedness of A4 and condition A (iii)
we deduce, as in the proof of (i), that ||x, || - 4 oo, which contradicts
the boundedness of A. Thus (4,, x,,) — (0, 0). Assume now that {4,} does
not converge to 0. Then there exists a subsequence {1,,} and A > 0 such
that 2, — A. We can assume that {(4,,, x,,)} is contained in 4 x X where
A = [A/2, 22]. From the compactness of T on A x X it follows that there
exists a subsequence {4, x»,)} and xe X such that T(d,,, Xu,) — x.
Using also the facts that (4,,,, x», ) satisfies equation (2.2) and that 4, —
A > 0, we deduce that Xy, = A7Lx. Thus (A, Xn,) = (4, A~1 x). Hence A4
is sequentially compact and (ii) holds.

In the sequel we shall use the notation %z = {(4, x) € R x X[, x)|
< R}.

We are now ready to prove

THEOREM 2.3. Let X be an infinite dimensional linear normed space and
suppose that the mapping T: R x X — X satisfies the condition A,. Let C*
and C~ be as in Definition 2.1. Then C+ and C~ are not bounded.

PrOOF. We shall prove that C* is not bounded. The proof for C~ is
similar. Assume on the contrary that C* is bounded. Let R be a positive
number such that Ct < %p. Let 4 = (T [} Cl(#g). From Lemma 2.2 it
follows that A4 is a compact metric space under the induced topology from
R x X. By construction C* (| 04 = ¢, and thus C* and {* () 04
are disjoint closed subsets of 4. Moreover, there does not exist a connected
subset of A meeting both of these sets. Indeed, such a subset would be
contained in C* and this would imply the contradiction C*+ (| 0%, #
@. By a theorem of Whyburn [18, Chap. 1. (9.3)] there exist two disjoint
compact subsets Ay, A, = A such that Ct = A4;, {t ] 04 = A4, and
A = A; UA,. We claim that 4; ) [(R x X)\%g] = @. Indeed (by the
very definitions)

AT NIR x X)\Bpl € A, N0Brs AN LT N0Brs A1 42 = D
Let us choose a fixed ¢ > O such that



612 A. LEV

@4 e <y min(dist (4, Ap); dist (41, (R x X)\%p).
Let U be the e-neighborhood of 4; in R x X. From the definitions of
A and U it follows that CI(U) = % and that {+ N U = @.
By using the condition A4, (iii) we now choose a fixed 45 > 0 such that

(2.5 0<dy<eg/2
and such that
(2.6) [451T (A9, x)| > 2R for each x & CI(Bg)\B, 5.

Let A = [Ag, R]. By using condition A;(iv) we choose a fixed r € (0, ¢/2)
such that x|~ T(, x)|| < A¢/2 for each x € CI(B,)\{0} and for all A€ A.
In particular

Q2.7) AT, x)|| < |lx]|/2 for each x € CI(B,)\{0} and for all 1€ A.

Let V= A x CI(B,)and let W = [U ) (A x X)]\V. Then W is a bounded
open subset of A x X. Let G: CI(W) —» X be defined by G(A, x) =
A7IT(A, x) and let ©(4, x) = x — G(A, x). From the fact that 0 ¢ /1 and from
condition A, it follows that G is completely continuous on CI(W). We
claim that 0 ¢ @(4, (0W),) for all A€ A. Indeed assume on the contrary
that there exist A € 4 and x € (W); such that ®(4, x) = 0. Then (4, x) €
oW and (4, x) is a solution of equation (2.1). From the definitions of W
and V we deduce that ||x|| = r and so (4, x) is a nontrivial solution
of (2.1), i.e. (A, x)e{*. From the fact that {+ N oU = @ it follows
that (A4, x)eodV and so |x|| = r. Moreover, x = A~!T(A, x) and thus
IA71T(A, x)|| = ||x||. The last equality clearly contradicts (2.7). Hence,
0¢ @4, (0W),) for all A e A. Applying Lemma 1.2 we have

(2.8) deg (O(2, -), W;) = ry = constant for each A€ /.

It is clear that Wy = ¢ since W = U = %. From this fact and (2.8)
it follows that y = 0 and in particular that deg (9(4,, -), W;) = 0. But
W)‘O = Ulo\Cl(Br) and so
(2.9) deg (©(4, ), U;,\Cl(B,)) = 0.

Let us show that CI(B, ;) = U,,. Let xe CI(B,3), i.e. | x| < ¢/2. Since 0
< Ao < ¢/2 we have (4g, x) € #,.. From the definition of U and the fact
that (0, 0) e Ct < A, it follows that #, < U. In particular (4, x) € U and
thus x € Uj,.

The set U, is a bounded open subset of X and CI(B,,;) = U;, = Bg;
therefore 0U;, = Cl(Bg)\B, ;. From this fact and (2.6) we deduce that

(2.10) [451T (A, x)| > 2R for each x € 3U;,
Moreover, A5 T(A, -): CI(U;) — X is completely continuous and
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O(Ay, ) = I — A5'T(Ay, -). Hence the conditions of Lemma 1.1 are satis-
fied for the subset U, and the mapping A5'T(4y, -). Applying that lemma
we have

(2.11) deg (@(Ao, -), Uy,) = 0.

Next we show that deg (#(4, *), U;,) = 1, thus reaching a contradiction.
From (2.7) (for Ay and ||x| = r) it follows that deg (©(4y, ‘), B,) is defined
and that @(4,, -) and I are homotopic on 0B,. Hence

(2.12) deg (©(4y, -), B,) = 1.

From (2.9), (2.11) and the fact the CI(B,) = U, (recall that CI(B,,;) = U,
and r < ¢/2) it follows that

deg (Q(AOa ')’ Ulg) = deg (¢(}-0’ ')’ UIO\CI(Br)) + deg (¢(/10’ ')9 Br) = 1.

The last equality contradicts (2.11). This contradiction concludes the
proof that C* is not bounded.

We say that 2 is an eigenvalue of the mapping T if there exists x # 0
such that Ax = T(A, x). As a consequence of the theorem we have:

COROLLARY 2.4. Suppose that the conditions of Theorem 2.3 are satisfied.
Then:

(1) (0, 0) is the unique bifurcation point of equation (2.1);

(ii) There exist 0, and 05 such that 0 < ¢y, 0; £ + o0 and such that
the set of eigenvalues of T in equation (2.1) contains the subset (—d,, 0) |
©, 9y);

(iii) Suppose also that T satisfies the following condition: for each a >
0; limyy -y ool x|~ T, x)| = + o0, uniformly with respect to 0 < [A| < a.
Then the set of eigenvalues of T is R\{0}.

Proor oF (i). The fact that (0,0) is a bifurcation point of equation
(2.1) is a direct consequence of the fact that C+\ {(0,0)} # . From the
definitions of {+ and {~ and the fact that these sets are closed we con-
clude that (0, 0) is the unique bifurcation point of (2.1).

Proor oF (ii). Let C; and C, be the projections of C* and C~ on R
respectively. C" is connected and so Cj is a connected subset of R*. In
addition 0 € C}f (since (0, 0) e C*) and C\{0} # @ (by the definition of
Ct and the fact that C*\{(0, 0)} # &). Consequently there exist d; €
(0, + 0] such that Cj = [0, §;) or CJ = [0, d;]. Clearly C;\{0} is con-
tained in the set of eigenvalues of 7. A similar argument concerning C;
completes the proof of (ii).

PRrOOF OF (iii). Let C; and C} be as in the proof of (ii). Clearly we have
only to show that C; = R and C, = R~. Suppose for example that
Cf < [0, 6,] where §; < +co. Then C* contains a sequence {(4,, x,)}
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such that 4, € (0, §;] and ||x,|| > n;n = 1, 2, ... (since C* is not bounded).
From equation (2.1) it follows that |x,| Y| T(4,, x)| =2, < 01; n =
1, 2, ... and thus lim sup,_... ||x,|7T(4,, x,)| £ 61 < + 0. This con-
tradicts the condition given in (iii) since ||x,|| - +o00 and A, € (0, ;).
Hence C; = R*. Similarly one can show that C, = R~.

SECTION 3. We say that the mapping T: R x X — X satisfies the condi-
tion A, if:

(1) T is completely continuous;

(i) T(4, 0) = O for each A € R,;

(iii) 7(0, x) = O for each x € X

(iv) Let A be any closed and bounded interval in R such that 0 ¢ A. Then
lim, Lo |x| 7Y T(A, x)|| = + co, uniformly for A€ A. We shall consider
in R x X and equation of the form

(3.1 x = T(4, x)

where T satisfies the condition A,. From A, (ii) it follows that the set of
solutions of equation (3.1) contains the subset of the trivial solutions.
The next theorem provides a result similar to that of Theorem 2.3.

THEOREM 3.1. Let X be an infinite dimensional linear normed space and
suppose that the mapping T: R x X — X satisfies the condition A,. Let
Ly be the set of nontrivial solutions of equation (3.1) in R x X. Let {t, {~,
C* and C- be defined as in Defintion 2.1 with { = {; U {(0, 0)}. Then C*
and C~ are not bounded.

Proor. We shall prove that C* is not bounded. The proof for C— is
similar. Assume on the contrary that C* is bounded. Let %5 be a ball
containing C* and let U be an open set constructed as in the proof of
Theorem 2.3. Let 4, be a positive number such that [0, 4] x Cl(B;) < U.
Such a number exists because (0, 0) e C* < U. Using condition A, (iv)
we choose r € (0, Ag) such that

3.2 |xX|-YTG, 0| > 2 Y@, x)€ A0, R x CI(BN\{0}).

Now let @: Rt x X — X be defined by @(4, x) = x — T(4, x). As in the
proof of Theorem 2.3 we show that

(3.3) deg (P(4o, -), U;\CI(B,)) = 0.

Let A =10, Ag). Clearly CI(B,) = U, for all 1€ A. From this fact and the
fact that {+ N oU = @ we deduce that 0¢ @(4, (0U);) for all A€ A.
Applying Lemma 1.2 we obtain in particular

(3.4) deg (D(4y, *), U,,) = deg (9(0, -), Up) = L.
The second equality in (3.4) holds because @(0, -) = I and 0 € U,. From
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(3.2) it follows that the conditions of Lemma 1.1 are satisfied for the
subset B, and the mapping T(4, -). Consequently

(3.5) deg (2(4, -), B,) = 0.

Combining (3.3), (3.5) and the fact that CI(B,) = U,,, we conclude that
deg (O(Ao, ), Uy) = deg (D(Ao, -), U,\CI(B,)) + deg (P(4, -), B,) = 0.

which contradicts (3.4). Thus C* is not bounded.

ReMARK. Under the conditions of Theorem 3.1 one can obtain a corol-
lary similar to Corollary 2.4. Details are omitted.

SECTION 4. We shall now consider an equation of the form
4.1) Ax = T(x)

where T satisfies a condition which can be considered as intermediary
between A; and A,.

We say that the mapping T: X — X satisfies the condition As if

(1) T is completely continuous;

(i) LetO <r < R < +o0. Theninf{|T(x)|| |r £ ||x|| £ R} > 0;

(iii) lim supy o |17 T(x)|| = M where0 < M < + 0.

From Aj (iii) it follows that the set of solutions of equation (4.1) in
R x X contains the subset of the trivial solutions.

DEFINITION 4.1. Let & be the set of nontrivial solutions of (4.1) in
R x X. Let &£ = §U([— M, M] x {0}) where M is given in the condition
Ag(iil). Let =& N (Rt x X)and & =& () (R~ x X). Let Dt be the
connected component of &+ containing (0, 0) and let D~ be the connected
component of & containing (0, 0).

Let T be a mapping satisfying the condition A;andlet 7": R x X - X
be the mapping defined by

4.2) T'(A, x) = |x| T(x).
Together with equation (4.1) we consider the auxiliary equation
4.3) Ax = T'(4, x).

One can easily verify that T satisfies the condition A; when T satisfies the
condition As. Let {*, {—, C* and C~ be as in Definition 2.1 with
respect to (4.3) (instead of (2.1) there). CH\{(0, 0)} and C-\{(0, 0)} (by
their very definitions) contain only nontrivial solutions of (4.3) and thus
the sets

(4.4) A+ = {@x]L, 0|}, x) e CA{O, 0)}};
A= = {@A] x|, 0|4, x) e C\{(0,0)}}
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are well defined. We shall need the following

LEMMA 4.2. Let X be an infinite dimensional linear normed space. Let
T: X — X be a mapping satisfying the condition Ag and let T' be defined by
(4.2). Let Dt and D~ be as in Definition 4.1 and let C+ and C— be as in

DEFINITION 2.1 (for equation (4.3)). Let A+ and A~ be given by (4.4). Then
Dt = 4+ |J ([0, M] x {0}) and D~ = A= U ([— M, 0] x {0}).
Proor. We shall give the proof for D*. The proof for D~ is similar. Let
A = 47 ([0, M] x {0}).

Proof that A is connected. Suppose on the contrary that 4 is not con-
nected. Then there exist two disjoint nonempty subsets 4; and A, such
that A = A; U A4, and such that 4; and A, are closed in the topological
subspace A equipped with the relative topology induced from R x X.
[0, M] x {0} is a connected subset of 4 and thus it is contained in one of
these subsets, say in 4;. Then 4, = A*. Clearly (4, x) € A7 if and only if
@lx], x) € CH{(0, 0)}.

Let us show that

(4.5) inf {|x] |1, x) € 45} = 8 > 0.

If § = O then there exists a sequence {(4,, x,)} = 4, such that |x,| — 0.
Ay = A" and thus {(4,]x,[, x,)} = C\{(0, 0)}. From the definition of C*
it follows that x, # 0 and that A,|x,|x, = T'(4,, x,) = |x,|l T(x,). Con-
sequently A,x, = T(x,) and so A, = |x,| Y| T(x,)|. From condition
A; (iii) we deduce that 0 < lim sup,,_., 4, < M. Without loss of generality
we can thus assume that (1,, x,) = (4, 0) where (4, 0) € [0, M] x {0} =
A,. But then we arrive at the contradiction: (4, 0) € 4, | 4; = @. Thus
0 >0.

Let 4; = {(A]lx], )|(4, x) € 4;}; i = 1, 2. Using (4.5) and the fact that
A; and A, are disjoint nonempty subsets we deduce that A; and A, are
disjoint nonempty subsets. Let us show that Ct = 4; |J 4;. Let (4, x)
Ay U Ay = A. If x = 0 then (A]|x], x) = (0,0) e C*+.If x # Othen(4, x) €
A* and so (4]|x], x) € C*\{(0, 0)}. Thus if (4, x) € 4; U A, then (A]|x]|, x)
e C*. From this fact it follows that A; | 4, < C*. Assume now that
(A, x)e Ct. If x = O then A = 0 and so (4, x) = (0, 0) € A;. If x # O then
(A, x)e CT\{(0, 0)} and so (A|x|~L, x)€ At = A4; U A,. Thus (4, x) €
Ay |J A;. Hence C*+ < A7 |J Aj. Consequently C+ = A7 |J As.

We shall now show that 4; and 4; are closed subsets of the topological
subspace Ct. Let (4, x) € C* and let {(4,, x,)} = 4 such that (4,, x,) —
(4, x). If (4, x) = (0, 0) then (4, x) € 4;. On the other hand if (4, x) €
C*\{(0,0)} then in particular x # 0 and so we can assume that x,, # 0 for
all n. Then {(4,]x,]", x,)} = 4; and (3] x|}, x) € AT = A. In addition
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A X017 x,) = (A x)| 7L, x). But A4y is closed in 4 and so (A]|x] 71, x)€ 4;.
Thus (1, x) € 4;. Consequently A7 is closed in C*. Let now (4, x) € Ct and
let {(4,, x,)} = A be such that (1,, x,) - (, x). From (4.5) and the definition
of Ay it follows that ||x,|| = 6 and so ||x|| = 4. Thus {(4,[lx,]|"}, x,)} <
A, and (A]|x|7L, x) € A* = A. In addition (A,]x,I7%, x,) — @A]x]L, x)
and 4, is closed in 4. Thus (]| x||1, x)€ 4, and so (4, x) € 4;. Consequently
Ay is closed in C*. We have thus proved that if 4 is notconnected then C+
is not connected But C* is connected and so A4 is connected.

Proof that Dt = A: Let &, £ and &* be as in Definition 4.1. One can easily
verify that (4, x) is a nontrivial solution of equation (4.3) if and only if
(Allx]I7L, x) is a nontrivial solution of equation (4.1). From this fact and
the definitions of 4+ and Ct it follows that AT < & ) (Rt x X). Thus
A < &+ Moreover A is connected and (0, 0) € 4. Hence 4 = D+.

Let G: R x X - R x X be defined by G(4, x) = (4| x]||, x). Clearly
G(¢Y) < {* and in particular G(D*) < {*. G is continuous and so G(D)
is a connected subset of {*. Moreover (0, 0) € G(D*) and thus G(D*) = C+.
Let (4, x) € D*. If x = O then (4, x) = (4,0) € [0, M] x {0} = A.If on the
other hand x # 0 then (A]|x[|, x) = G(4, x) € C*\{(0, 0)} and thus (4, x)e
At < A. Hence Dt < A. Consequently D* = A.

Now an application of Theorem 2.3 yields

THEOREM 4.3. Let X be an infinite dimensional linear normed space. Sup-
pose that the mapping T: X — X satisfies the condition As. Let Dt and D~
be as in Definition 4.1. Then D* and D~ are not bounded.

ProOOF. We shall prove that Dt is not bounded. The proof for D~ is
similar. We have only to show that DY\@, # ¢ where R is an arbitrary
positive number. Let then R be an arbitrary positive number. Let 7" be
defined by (4.2). Then T” satisfies the condition A;. Let, C*, 4* and A4 be
as in Lemma 4.2. From Theorem 2.3 it follows that C+ is not bounded.
Thus there exists (4, x) such that (4, x) e C*\([0, R?] x CI(Bg)). From the
definition of A* it follows that (1] x| 71, x) € AT = A. From Lemma 4.2 it
follows that (A]|x|~1, x) € D*. One can easily verify that ||(A]|x]~%, x)| >
R. Thus (A]|x|~1, x) e D*\#g and so D\Br # B.

COROLLARY 4.4. Suppose that the conditions of Theorem 4.3 are satisfied.
Then equation (4.1) has at least one bifurcation point in [0, M] x {0} where
M is given in condition Aj (iii).

PRrOOF. Suppose that equation (4.1) has no bifurcation points in [0, M]
x {0}. Then each pointin [0, M] x {0} has a bounded open neighborhood
which does not contain nontrivial solutions of equation (4.1). By using
standard compactness arguments we can thus prove the existence of a
bounded open subset U such that [0, M] x {0} = U and such that CI(U)
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does not contain nontrivial solutions of (4.1). From this fact and the defini-
tion of D* it follows that D+ ] CI(U) = [0, M] x {0} =D+ N U # @.
Moreover DH\CI(U) # @ since U is bounded and D* is not bounded.
Thus Dt is not connected. We have arrived at a contradiction which
concludes the proof.

SECTION 5. Let X be an infinite dimensional linear normed space. Let K
be a cone in X. The mapping T: Rt x K — X is called a positive mapping
with respect to the cone K (or briefly a positive mapping) if TRt x K) < K.
In the sequel we shall consider equations involving mappings which are
positive with respect to some cones in X. Our treatment of such equations
will be based on the results of the previous sections and on the following
extension lemma.

LEMMA 5.1. Let X be a linear normed space and let K be a cone in X. Then
there exists a continuous retraction f: X — K satisfying:

(1) f(x) = x for each x € K;

(i) | fx)| = 3lixl| for each x € X.

Proor. Using Dugundji’s extension theorem [6] it can be shown (see for
example [2, Chap. II Corollary 3.4]) that there exists a continuous retrac-
tion f: X — K satisfying (i) and such that

[ fx) — x| < 22n£||x — k|| for each x € X.

Condition (ii) follows from the last inequality and the fact that 0 € K.
In the sequel we shall use the notation K-lim to indicate that the cor-
responding limit is taken only with respect to elements of the cone K.

We say that the positive mapping T: Rt x K — K satisfies the condition
Kl l:f:

(i) T: RT\{0}) x K — K s continuous;,

(ii) Let A be a closed and bounded interval in R such that 0 ¢ A. Then
T: A x K —-Kis compact;

(iii) Let 0 < r < R < 4 00. Then lim;_y |A71T(A, x)| = + o0, uniformly
Jor xe K 1 (CI(BR)\B,);

(iv) Let A be as in (ii). Then K-lim,_o.||x|| U T4, x)| = 0, uniformly
for ie A.

We shall now consider the equation
G0 Ax = T4, x)
in which T is a positive mapping satisfying the condition K;.

THEOREM 5.2. Let X be an infinite dimensional linear normed space and
let K be a cone in X. Let the mapping T: Rt x K — K satisfy the condition
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K. Let S; be the set of nontrivial solutions of (5.1) in (RT\{0}) x K and let
S = 81 U {(0, 0)}. Let Cx be the connected component of S containing
(0, 0). Then Cy is not bounded.

PRrROOF. Let f: X — K be as in Lemma 5.1 and let 7": RT x X — K be
defined by

(5.2 T'(4, x) = T(4, f(x)).
Together with equation (5.1) we consider the auxiliary equation
(5.3) Ax = T'(4, x).

Let {t and C* be as in Definition 2.2 for (5.3) instead of (2.1) there and
let S and Cg be as in the formulation of the Theorem. We claim that
Cx = C*.In order to prove this claim we have only to show that S = {+.
Let (4, x) € £1\{(0, 0)}. Then (4, x) € (R*\{0}) x X and it is a nontrivial
solution of (5.3). Hence

Ax =T'A4, x) = TR, f(x) e K,

since from its very definition 77(4, x) € K. But 1 > 0 and so x € K. Thus
f(x) = xand so Ax = T(4, f(x)) = T(4, x). Hence (4, x) € S. Thus{+ = §
(clearly (0, 0) e Lt N S).

Let now (4, x) € S\{(0, 0)}. Then (4, x)e (R*\{0}) x K and Ax =
T(A, x). But xe K and so f(x) = x and thus T(4, x) = T'(4, x). Hence
(A, x)eL*. Thus S = {*. Hence S = {* and in particular Cx = C*.

In view of the above considerations it is sufficient to show that C* is
not bounded. The proof of this fact is the same as the proof ot Theorem 2.3
except for some minor modifications which we now describe. (We use the
notations introduced in the proof of Theorem 2.3). The compactness of
{t N Cl(#g) now follows (by means of Lemma 2.2) from condition K;
and the factthat{* = S =« Rt x K.

LetG': A x X - Kbe givenby G'(4, x) = A1 T'(4, x) = 1" 1 T(A, f(x)),
and let @'(4, x) = x — G'(4, x). The fact that G’ is completely continuous
on A x X follows from K; and Lemma 5.1 which shows that the retraction
fis continuous and bounded. )

The proof of (2.9) (for @’ instead of @) is the same as before since
g+ = Sand thus G'| {+ = G|{*. Conditions (2.6), (2.7) and (2.10) hold in
the present case only under the additional assumption that x € K. There-
fore here we obtain (2.11) (for @'(4,,-)) by means of Lemma 1.1 for the
cone rather than for the entire space.

Finally the homotopy of @'(4j,-) and I on 9B, is decuced in the present
case from the following observation. The function F’: [0, 1] x 9B, - X
defixed by F'(t, x) = x — tAg'T'(4y, x) is a homotopy which does not
vanish on [0, 1] x 8B,. Indeed F'(z, x) can vanish only if x € K. But for
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x€ K 0B, and t€]0, 1], F'(t, x) # 0 because of (2.7). Equality (2.12)
(for @'(4y, +)) now follows from this homotopy.

Using the extension of T given by (5.2) we obtain results for positive
mappings parallel to Theorem 3.2 and 4.3 by introducing similar modi-
fications in the proofs of the related theorems. These results will be
formulated below.

Let X be an infinite dimensional linear normed space and let K be a
cone in X. We say that the mapping T: R* x K — K satisfies the condition
K, if:

(i) Tis completely continuous;

(i) T'(4,0) = O for each A € R¥;

(iii) 7'(0, x) = O for each x € K;

(iv) Let A be a bounded closed interval in R* such that 0 ¢ A. Then
K-lim,_o |1 xXII7HIT(A, x)|| = + o0, uniformly for A € A.

Consider now the equation

(5.4) x = TQ, %)

where T satisfies the condition K,. We formulate the following result
concerning equation (5.4).

THEOREM 5.3. Let X be an infinite dimensional linear normed space and
let K be a cone in X. Let T: Rt x K — K satisfy the condition K,. Let S;
be the set of nontrivial solutions of (5.4) in R* x Kand let S = S1 U{(0, 0)}.
Let Cg be the connected component of S containing (0, 0). Then Cg is not
bounded.

Let X be an infinite dimensional linear normed space and let K be a cone
in X. We say that the mapping T: K — K satisfies the condition Ks if:
(i) T is completely continuous;
(i) LetO<r < R < + 0. Theninf{||T(x)|| |x e K () (CI(Bp)\B,)} > 0;
(iii) K-lim sup y—o x| HIT(x)|| = M where 0 < M < + 0.
We finally consider the equation

(5:5) Ax = T(x)

where T satisfies the condition K3. The following result holds concerning
equation (5.5).

THEOREM 5.4. Let X be an infinite dimensional linear normed space and
let K be a cone in X. Let T: K — K satisfy the condition Ks. Let Sy be the
set of nontrivial solutions of (5.5) in Rt x K.

Let M be the number given in condition Ks(iii) and let S = S; J ([0, M]
x {0}). Let Dy be the connected component of S containing (0, 0). Then
Dy is not bounded.
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Remark. Under the conditions of Theorems 5.2, 5.3, and 5.4 respectively
one can obtain corollaries similar respectively to these mentioned for
Theorems 2.3, 3.1 and 4.3. Details are omitted.

SECTION 6. We now present some applications of the results obtained in
section 5 for equations involving positive mappings. Our fixst example is
concerned with an integral equation of the form

6.1) Ax(s) = j‘ 805, OF(t, 4, x(0) di

where G is a bounded closed subset of R” having a positive Lebesgue
measure m(G), and where g and F are continuous functions satisfying
conditions described below.

We denote by C(G) the space of continuous real valued functions on G,
equipped with the standard supremum norm. Let x; be a nonnegative
function in C(G) such that x; is not identically zero and let k be a fixed
number, k = 1. We denote by K, , the following cone in K:

K,

X0

+ = {xe X|axy(t) £ x(t) < kax(t), Vi € G, for some a > 0}.
With the above notations we have

THEOREM 6.1. Let x, and yy be nonnegative functions in C(G) such that
xo and y, are not identically zero and let g: G x G — R* be a continuous
nonnegative function satisfying

xo($)vo(t) < g(s, 1) < kxo(s)y(t) for all s, te G

where k is a fixed number, k = 1. Let F: G x Rt x Rt = R* be a con-
tinuous nonnegative real function satisfying:

() F(t, A, u)) < F(t, A, up) forall (t, ) e G x Rt and all 0 £ uy < uy;

(i) limy_g, A7 foro(0)F(2, A, 9 xo(2)) dt = + o0 forallp > 0;

(iii) lim,_q, u71F(t, A, u) = 0, uniformly for (t, A)€ G x A where A is a
bounded closed interval in R such that 0 ¢ A.

Let S be the set of nontrivial solutions of (6.1) in R* x K, ., and let Cy
be the connected component of S;|J{(0, 0)} containing (0, 0). Then Cy
is not bounded.

PROOF. Note first that K, ., is a nonempty cone in X. (For the proof of
this fact see e.g. [9, Chap. V, p. 250]). Let now 7: R* x K, ., —» X be
defined by

T, X)(s) = j’ 86 OF(@, 2, x(0) dr

Eq. (6.1) can then be represented in the form Ax = T(4, x). Clearly T maps
R* x K, into X. Moreover for (1, x) e R* x K, ., we have



622 A. LEV

(6.2) xo(s) j I(OF(E, 2, x0) dt < TG, 0)(6)
< kxg(s) jG YoOF(, 4, x(2) dt,

which shows that T is positive with respect ot K, ..

We shall show that T satisfies condition K;. Condition K;(i)-(ii) follow
from the continuity of g and F by using Arzela’s theorem.

Next we prove condition K;(iii). Let 0 # xe€ K, ,,. Then there exists
a > 0 such that axy(f) < x(¢) < kaxy(t). Choose 1€ G such that
Xl = x(). Then || x| = x(f) = kax(ty) < kalxo| and so

(6.3) x(t) = kx| 71| x || xo(e) for all 1€ G.

Let now r > 0 be fixed and let | x| = r. From (6.2) (6.3) and (i) it follows
that

T, x)(s) = x,(s) 5Gy0(t)F(r, Ay kYo | Y| | xo(2)) dt.

Thus AT, )| = [ xollA"eyo(DF(E, A, k1 xol|"Lrxo(2)) dt. Condition
K, (iii) follows from the last inequality and (ii).

Finally we prove condition K;(iv). Let /1 be a bounded closed interval
in Rt such that 0 ¢ /. Let ¢ > 0 be given. From (iii) and the continuity
if F it follows that there exists § = d(¢) > 0 such that for 0 < u < § we
have F(t, 4, u) < eu for all (¢, )€ G x A. Let xe K, such that 0 <
x| £ 6. ThenO < x(¢t) < §andso F(¢, A, x(t)) < ex(t). Hence

T(, x)(s) < kxo(s>jcyo<t)F(z, 2 X)) dt < kxo(s)| vl | x| m(G) e.

Therefore || x| 71| T(A, x)|| £ k|xg| || yolm(G) e. Condition K;(iv) follows
from this inequality. Now an application of Theorem 5.2 completes the
proof.

COROLLARY 6.2. Suppose that the conditions of Theorem 6.1. are satis-
fied. Let H(y, 2) = [opo(t)F(t, A, pxo(t))dt. If for any a > 0 we have
lim,_ oy~ H(p, A) = + o0, uniformly for A€ (0, a), then the set of eigen-
values of the integral operator in (6.1) contains R*\{0}.

PROOF. Let x € K., x # 0. By using (6.2) and (6.3) we can deduce that
%I 7@G 0] 2 x| HE x| <], D<ol

and so K-lim,,_ . /|x|| 7Y T(4, x)|| = + o0, uniformly for A€ (0, a]. Our
result follows from a corollary of Theorem 5.2 which is similar to Corol-
lary 2.4.

Our next example is concerned with an integral equation of Lyapunov
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type. Let G be as before and let {g,: G x --- x G —» R}, be
a sequcnce of continuous positive functions such that 0 < m; <
gi(s, ty, ..., t;) S M, < +oo0 foralls, t, .., t,eG;i=23,... As-
sume also that there exists k = I such that M;/m; < k; i = 2, 3, ... and
that lim,;_,M}* = 0. Let T:C(G) —» C(G) be defined by

T()(s) = é j = j s 1y e 1) 30 o X(E) .y

and consider the Lyapunov type integral equation
(6.4) Ax = T(x).

Let xo = 1. Let S) be the set of nontrivial solutions of (6.4) in R* x K, .,
and let Cy be the connected component of S} UJ {(0, 0)} containing (0, 0).
Under the above assumptions we have

THEOREM 6.3.
(1) Cgisnot bounded.
(i) The set of eigenvalues of T in (6.4) contains RT\{0}

ProOF. Krasnoselskii [9, Chap. V, Ex. 2, pp. 253] shows that T is
positive with respect to the cone K, ., and thatfor 0 # xe K, ., |T(x)| =

2om (k71| x| -m(G)). On the other hand it is clear that ||T(x)| =
12, M (| x|l -m(G)):. From these inequalities it follows that T satisfies
condition K; and that K-lim,_ ..[|x|7Y|7T(x)] = + 0. Now assertion
(i) of the theorem follows from Theorem 5.2 while assertion (ii) is proved
by an argument similar to that of Corollary 2.4 (iii).

REMARK. If the series defining T contains also a term of the form
[¢&1(s, #)) x(t;) dt, then one can show that

0 < Mik~'m(G) £ K-lim S&lp X" THx)|) £ Mim(G) < + 0.
il ~0-+

From Theorem 5.4 it then follows that the connected component of
S U ([0, My - m(G)] x {0}) containing (0, 0) is not bounded and that
equation (6.4) has at least one bifurcation point with respect to R* x K, ,
in [0, M, - m(G)] x {0}.

SECTION 7. In this section we present applications to some boundary
value problems of ordinary differential equations (abbreviated b.v.p.).
We consider a b.v.p. of the form

{x"(t) + F(z, A, x(1), x'(¢)) = 0; te(0, 1)
x(0) =x(1) =0

where F satisfies certain conditions that are described below. Before
stating our results we introduce some notations. Let C/[0, 1]; J = 0, 1, ...

(7.1)
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be the space of real valued functions defined on [0, 1] and possessing on
[0, 1] continuous derivatives up to order J. C/[0, 1] is a Banach space
under the standard norm. ||x|; = 1 Sup,er,3lx@(t)]. We denote by X/
the subspace of C/[0, 1] consisiting of these functions which satisfy the
boundary conditions given in the b.v.p. (7.1). In some cases we shall use
in a given normed space X another norm | -||, different from the one that
we call the standard norm. We indicate this fact by using the notation
X 1.

We need the following auxiliary result.

LEMMA 7.1. Let X be the normed space X = {xe CY0, 1]|x(0) =
x(1) = 0} equipped with the norm defined by ||x|| = [3|x'(¢)| dt. Let K =
{xeX|x(ut; + (1 — tz) = pux(ty) + (I — px(t), Vg, t, [0, 11}
Then:

@) lxllo = lixll for each x e X;

@) |x|| = 2|lxl|ly for each x € K;

(iii) K is a cone in X.

PRrOOF OF (i). For any 7 € [0, 1] we have x(1) = [4x'(r) dz and so |x(t)| <
[8lx'@)| dr < | x]. Thus [x]lo < [x].

ProoF OF (ii). Let x € K. There exists 7y € (0, 1) such that | x|, = x(2).
Clearly x'(¢t;) = 0. Being an element of K, x is a concave function on [0, 1]
and so x’ is a monotonic decreasing function on [0, 1]. From these facts
it is clear that
x'(1); 0
=x'(1); 1o

)

o] = { 1.

=
=

A NIA

Thus

x| = [ el =[x a - jjﬁx'(t) dr
= X(t()) - X(O) - X(l) + X(ZO) = 2x(t0) = 2||X|l0

PROOF OF (iii). Clearly K is a cone in (X, |- ||o). From this fact and from
(i) it follows that K is closed in X. Therefore K is a cone in X.
For the b.v.p. (7.1) we obtain

THEOREM 7.2. Let F in (7.1) be a real nonnegative continuous function
defined on [0, 1] x Rt x Rt x R such that:

(i) F(t, 2,0,0) = 0 for all (1, ) €[0, 1] x RT;

(ii) F(t,0,u,v) = O forall (t,u,v)€[0,1] x Rt x R;

(iii) There exists a continuous function Fi:[0, 1] x Rt x Rt — R*
such that F(t, A, u,v) < Fi(t, A, u) for all (t, A, u, v) € [0, 1] x R x
Rt x R;

(iv) There exist two continuous functions Fy; [0, 1] x Rt — R* and
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F5 : Rt — R* such that F(t, A, u, v) = Fy(t, A)Fs(u) for all (¢, A,u, v)e
[0, 1] x R+ x Rt x Rand such that [}Fx(t, A)dt > 0 for any A > 0 and
lim, o, v 1F3(u) = + oo.

Let K be as in Lemma 2.4. Let S, be the set of nontrivial solutions of the
bv.p. (1.1) in R x (X2 () K) and let Cx be the connected component (in
the topology induced from Rt x X2) of Sy U {(0, 0)} containing (0, 0).
Then Cy is not bounded in Rt x X2 as well as in R+ x X0.

PROOF. Let g(s, t) be the Green function of the linear operator . given
by #x = —x" with respect to the boundary conditions x(0) = x(1) = 0.
g(s, t) is given by
s(1 —¢t); 0s<tL1l
(l —s5); 0=tr=ss= 1.

Let X and K be as in Lemma 6.4. Let 7: Rt x K — X2 be defined by

(1.2) g, 1) = {

IIA - IIA

(1.3) TG, %)(s) = j;gm, DF(t, 2, x(1), (1)) dt.

We replace the b.v.p. (7.1) by the equivalent integral equation
(7.4) x = T(4, x)

in Rt x K where T is given by (7.3). We shall show that T satisfies condi-
tion K, with respect to the cone K in X.

Positivity of T. Let L be the linear operator defined by Lx(s) =
[bg(s, t) x(¢) dr. 1t is well known that L maps C9[0, 1] into X2. For (4, x) €
R+ x K we have T(4, x) = L(F(-, 4, x(-), x'(+))). Therefore T(4, x) € X2
X since F(-, A, x(-), x'(+)) € CY0, 1]. Moreover T(4, x)"(s)= — F(s, A, x(s),
x'(s))< 0 and so T(4, x) is concave on [0, 1], i.e. T(4, x) € K. Thus T is
positive with respect to K.

Compactness of T. Let {(4,, x,)} be a bounded sequence in Rt x K.
From Lemma 7.1 (i) it follows that {(1,, x,)} is bounded in Rt x X0
Therefore {Fi(-, 4,, X,(-))} is bounded in C[0, 1]. Let y,(¢) = F(t, ,,, x,(2),
x); n=1,2, ... Then 0 < y,(t) < Fy(t, A,, x,(t)) and so {y,} is
bounded in C9[0, 1]. In additon T(4,, x,) = Ly,. The compactness of T
now follows from the above argument by using the fact that L: C[0, 1] —
(X, |- ll1) is compact. (We also used the obvious fact that | x| < |x|, for
each x € X).

Continuity of T. We shall really prove the stronger result that 7T : Rt x
K — (K, [|-]) is continuous. Let {(4,, x,)} be a sequence in Rt x K con-
verging to (A, xo) and let y,(t) = F(¢, A, x,,(1), x,(t)); n = 0, 1, ... . Clearly
{(A,, x,)} is bounded and thus, as before, {y,} is bounded in C[0, 1].
Let us show that {y,} converges to y,in Li[0, 1]. From the fact that
x, — xoll = 0 it follows that |x, — xg/p > O and that {x,} converges
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to x;in L[0, 1]. From these facts and the continuity of F we deduce that
{y,} converges to y, in (Lebesgue) measure. Moreover {y,} is bounded
in CY0, 1] and thus limm(E,ﬁOj‘Elyn(t)l dt = 0, uniformly for n (where
m(E) denotes the Lebesgue measure of E). Applying Theorem II1.3.6 in
[7, pp. 122] we deduce that

. 1
(7.5) tim  [3(0), = 3u(0)] de = 0.

Using the fact that 0 < g(s, t) < 1 one can easily verify that

TG %) = TGo, 01 = 2 [7a(0) = 30(0)] a.

The continuity of T follows from this inequality and (7.5). Thus ky(¢) holds.
It is easy to verify that T(4, 0) = O for 1€ R* and that 70, x) = 0 for
x € K. We have only to show that k,(iv) holds too. Let /4 be a bounded
closed interval in R* such that 0 ¢ 4. From our assumptions concerning
F, it follows that there exist ¢y, g > 0 such that

(7.6) j VOB, A) di = a for all Ae .
€0

Now let M be an arbitrary positive number. From (iv) it follows that there
exists § > 0 such that for 0 < u < § we have F3(u) = Mu. Let (4, x) €
A x Ksuchthat 0 < ||x| £ 4. Forany t€[e, | — ¢,] we have g x|q <
(1) < Ixly < x| < 6 and so Fy(x(t)) = Mx(t) = Mey|x|o. From this
inequality and (7.6) it follows that for any se€ [gy, 1 — &)

T4, x)(s) = [3g(s, DF(t, 2, x(1), X'(2)) dt Z &§ [17*0Fx(t, A)F3(x(1)) dt
Mega()”x“().

vl

Thus
| T(A, x)H = 2” T(A, x)HO > 2M58a0||xHD = Megaoﬂx”

for any (4, x) e 4 x K for which 0 < | x| =< 0. Ky(iv) follows from this
inequality and the arbitrariness of M.

Let S; be the set of nontrivial solutions of (7.4) in Rt x K and let Cx
be the connected component (in the topology induced from R* x X) of
S U {(0, 0)} containing (0, 0). Applying Theorem 5.3 we thus deduce that
Ck is not bounded in R+ x K. But then clearly C, is also not bounded
in RT x X0 (since ||x| = 2| x|l for xe K). Our theorem would follow
once we show that Cx = Ck.

It is easy to verify that S; = S;. On the other hand if (4, x) € S; then
x = T(A, x) € X2 and so (4, x) € S;. Thus S; = S;. The subset Cy is con-
nected in Rt x X2 and so Cy is also connected in RT x X. Hence Cy =
Ck.



BRANCHING OF SOLUTIONS 627

Let {(4,, x,)} be a sequence in Cy converging to (4y, xo) in R* x Kand
let {y,} be defined as before. Then x, = T(4,, x,); n = 0,1, 2, ... and so
lx, — xolliy = O (since T:R* x K — (K, | -[;) is continuous). But then
ly, — yollo = O and therefore |x, — x|l = O (since x, = T(4,, x,) =
Ly, and L: C90, 1] - X2 is continuous). From the above argument it
follows that Cy is connected in Rt x X2, and thus Cx = Cg. Hence
Cy = Ckg.

Using Theorem 5.3 one can prove also

COROLLARY 7.3. Suppose that the conditions of Theorem 1.2 are satis-
fied. Assume also that there exist two continuous founctions Fy: [0, 1] x Rt —
Rt and F5: Rt - RT such that Fi(t, A, u) < Fy(t, )Fs(u) and so that
lim, ., u71F5(u) = 0. Then the projection of Cyx on R is RT.

REMARK : In a similar way we can apply Theorem 5.2 to the study of the
existence of connected branches of solutions of a b.v.p. of the form

AX"(t) + F(t, A, x(1), x'(¢)) = 0; t€ (0, 1)
{x(O) =x(1)=0

under appropriate conditions on F. Details are omitted.
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