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C*-ALGEBRAS OF FUNCTIONS ON
DIRECT PRODUCTS OF SEMIGROUPS

H. D. JUNGHENN

ABSTRACT. Berglund and Milnes, generalizing results of deLeeuw
and Glicksberg, have shown that if S, and S, are semitopological
semigroups with right and left identities respectively, then the al-
most periodic (4P) compactification of the direct product S, x .S,
is the direct product of the AP compactifications of .S} and S,—
in symbols (S, x S»)*" = S x S#7. They also showed that
the analog of this result holds in the weakly almost periodic (WAP)
case if .S, is a compact topological group. In this paper we extend
these results, first by replacing the spaces AP and WAP by more
general C*-algebras of functions, and second by considering direct
products of arbitrarily many semigroups. Several general theorems
are proved from which the following corollaries may be derived:
If S, is a dense subsemigroup of a compact topological group G then
(S, X S = G x SFAand (S, x S;)P¢ = Gx SV If {S;:iel)
is a family of semitopological semigroups with identities and S =
[T{S,;:iel}, then $4° = [1{S#":ie I} and S$°4" = [I{S*":iel}.

1. Introduction. Let S; and S, be semitopological semigroups, S =
S1 xS, their direct product, and F a sub-C*-algebra of C(S). Define

(1) Fl = {f‘(‘,SZ)ZfE F, SZESZ}, Fz = {f(Sl, '):.fe F, leSI}‘

Suppose that S has a right topological F-compactification S¥ (as defined
below) and that S; has a right topological F;-compactification SF
(i = 1, 2). We wish to determine conditions under which S¥ is (canonically
isomorphic to) the direct product of S¥! and S{>—in symbols,

Q) SF = SF1 x Sf-.

Special cases of (2) have been verified by several authors. In [6] it was
shown that (2) holds for the case F = AP(S) (hence F; = AP(S;)) when
S; is a commutative topological semigroup with identity (i = 1, 2). The
restrictions of commutativity and joint continuity of multiplication were
later removed in [8] using the device of tensor products. In [4] it was shown
that S; and S, need only have right and left identities respectively.

The situation is less well-behaved in the weakly almost periodic case.
For example, if S; = S, is any commutative topological semigroup with
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identity for which WAP(S;) # AP(S;) (a non-compact locally compact
abelian topological group, say) then (2) fails for F = WAP(S) [8]. On the
other hand Berglund and Milnes have shown that (2) holds in the WAP
case if S is a compact topological group and S, is any semitopological
semigroup with left identity [4]; and Milnes has given an example of a
locally compact non-compact topological group G such that (2) obtains in
the WAP caseif S; = S, = G[9].

In this paper we prove a general result which gives necessary and suf-
ficient conditions on F for (2) to hold, and from this we derive extensions
of and complements to the results mentioned above. The analog of (2)
for the case of an infinite direct product is also proved.

2. Preliminaries. Let S be a semitopological semigroup (as defined in
[1]), B(S) the C*-algebra of bounded complex-valued functions on S,
and C(S) the sub-C*-algebra of continuous functions. For s € S let R, and
L, denote respectively the right and left translation operators on B(S)
defined by

(R /)) = f(1s), (L f)(1) = f(st) (f€ B(S), 1€ S).

Denote by S the spectrum (= space of non-trivial continuous complex
homomorphisms) of B(S). A subset F of B(S) is right (resp. left) transla-
tion invariant if R,F < F (resp. L,F < F) for all s € S; translation invariant
if it is both right and left translation invariant; and left m-introverted if F
contains all functions of the form s — z(L,f), where fe Fand ze 3S. If
F is left m-introverted then it is also right translation invariant, as can be
seen by taking z to be evaluation at points of S. The converse holds if
Fis a weakly closed subset of WAP(S) (see definition below).

Let F be a sub-C*-algebra of C(S) containing the constant functions.
An F-compactification of S is a pair (X, u), where X is a compact (Haus-
dorff) topological space and u: S — X is a continuous mapping with range
dense in X such that u*C(X) = F. Here u*: C(X) — C(S) denotes the dual
mapping f — fou. The Gelfand theory of commutative C*-algebras shows
that the pair consisting of the spectrum of F (with the relativized weak*
topology) and the evaluation mapping is an F-compactification of S.
We shall call this the canonical F-compactification of S. Furthermore,
F-compactifications are unique up to isomorphism in the following sense:
If (X, u) and (Y, v) are F-compactifications of S then there exists a homo-
morphism w: X — Ysuchthatv = wouw.

An F-compactification (X, u) of S will be called right topological (ab-
breviated r.t.) if it enjoys the following properties:

(a) X'is a semigroup such that the right multiplication mapping x — xy:
X — Xis continuous for each y € Y; and

(b)u is a homomorphism, and the left multiplication mapping x —
u(s)x: X — X is continuous for each s e S.
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If a r.t. F-compactification of S exists then F must be translation
invariant and left m-introverted. The left translation invariance is a conse-
quence of (b) and the identity L, f = u*L,, Uf (s€ S, fe F), where U: F —
C(X) denotes the inverse of u*. To see that F is left m-introverted, observe
that the spectrum of F (which is the restriction to F of 35) consists of all
mappings of the form 4,: f — (Uf)(x) (fe F, x€ X), and that the map-
ping s — h (L, f) is just u*(R, Uf).

Conversely, if F'is translation invariant and left m-introverted then any
F-compactification (X, u) of S is r.t. In fact, if (X, u) is canonical and if
T,: F - F is the algebra homomorphism defined by (T, f)(s) = y(L;f)
(s€ S, feF), then xy = x0T, defines a multiplication on X which satisfies
the requirements of (a) and (b). (For details about these and related facts,
and for further references, see [2, 3].)

We shall frequently use the notation S¥ to denote an F-compactification
of S, the mapping u being understood. Thus equation (2) in the introduc-
tion simply asserts that (X; x X5, u; x up) is an F-compactification of S,
where (X;, u;) denctes an F;-compactification of S;, and u; x uy: S —
X7 x X, is the product mapping.

For convenience we shall call a sub-C*-algebra F of C(S) admissible
if F is translation invariant, left m-introverted, and contains the constant
functions. The following are standard examples of admissible sub-C*-
algebras of C(S):

AP(S) = {fe C(S): Ry fis relatively norm compact},

WAP(S) = {fe C(S): Rsfis relatively weakly compact},

LUC(S) = {fe C(S):s — L, fis norm continuous},

SAP(S) = closed linear span of the coefficients of all continuous

finite dimensional unitary representations of S.
We shall occasionally suppress the letter S in the notation AP(S), etc. The
abbreviations AP, WAP, LUC, and SAP stand for “‘almost periodic”,
“weakly almost periodic”, “left uniformly continuous”, and “‘strongly
almost periodic’, respectively. It is well known that S4F is a topological
semigroup, SWA4F a semitopological semigroup, and S54F a topological
group[l, 3, 5].

Each of the above examples of admissible algebras is stable under the
dual of a continuous homomorphism. By this we mean that if F is one of
these algebras and H is the corresponding algebra on another semi-
topological semigroup 7, then for any continuous homomorphism w:
ST, w¥H) < F.

Note that B(S) = C(S,) is admissible, where S, denotes S with the
discrete topology. Thus the Stone-Cech compactification of S, is a r.t.
B(S)-compactification of S,.

In the next section we shall make use of the following important prop-
erty of admissible subalgebras: If F is an admissible sub-C*-algebra of
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C(S) and w: T — S is a continuous homomorphism from a semitopo-
logical semigroup T into S, then w*(F) is admissible. (That w*(F) is a C*-
algebra follows, for example, from [12; p. 43].)

3. Compactifications of S; x S,. Throughout this section S; and S,
denote semitopological semigroups with right and left identities respec-
tively (each denoted by 1), and S = S; x S, their direct product. We
shall let p;: S — S; denote the projection onto S;, and g;: S; —» S the
injection mapping (i = 1, 2) (e.g. ¢1(s1) = (s, 1)).

THEOREM 1. Let F be a translation invariant sub-C*-algebra of C(S)
containing the constant functions and satisfying (q;q;)*F < F (i = 1, 2),
and let Fy and F, be the algebras defined in (1). Then F is admissible and
SF = SF1 x S§: if and only if F, and F, are admissible, and for each
f € Feither f(Sy,*) is relatively norm compact in C(Sy)or f(-, Sy) is relatively
norm compact in C(Sy).

Proor. The translation invariance of F implies that F; = q¥(F)
(i =1, 2). Assume that F is admissible and that (2) holds. Then by the
remark at the end of the last section, F; and F, are admissible. Let (X}, u;)
be a r.t. F;-compactification of S; (i = 1, 2). By hypothesis, each fe F
is of the form (u; x u,)*(g) for some ge C(X; x X>). Since g(X7, -)is obviously
norm compact in C(X5), f(Sy,-) must be relatively norm compact in C(S5).
Similarly, f(-, S5) is relatively norm compact in C(S;).

Conversely, suppose that F; and F, are admissible and that the com-
pactness criterion holds. Then for each f'€ F, both f(-, S,) and f(S;,-) are
relatively norm compact. (This follows from argument 6°° = 5° on p.
577 of [11].) Let (X, u) denote the canonical F-compactification of S,
(Z, v) the canonical r.t. B(S)-compactification of S, and (X;, u;) the
canonical r.t. F;,-compactificantion of S;. To show that F is admissible
and (X x X, uy X up) is an F-compactification of .S it suffices to construct
a homeomorphism w: X; x X, — X which satisfies w o (u; x uy) = u.

Given (x;, X2) € X1 x X, there exist nets {sy,} in Sy, {sp,} in S, and
members z;, z, of Z such that ui(sy,,) = X1, U2(Se,) = X2, V(S1m 1) = 21
and v(l1, s5,) = z5. Define w(x;, x3) = (z122)|p, Where z;z, is the product of
zy and z; in Z. To see that w(xy, x;) is well-defined, let {si,}, {s3,}, z; and
z, correspond to (xy, x,) in the analogous manner. For any fe F, z;(f) =
lim,, f(s1,, 1) = x1(g:*f) = z;(f), and similarly z,(f) = zy(f). Hence if
So € Sz,

lim v(1, )L s, f) = lim f(s1, 52) = 2R /) = 2R f)
= likm v(l, Sz)(L(sl'k,nf)-

By our compactness criterion this convergence is uniform in s,, hence
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lim Zz(L<slm,1> N = likm ZZ(L(sik,l)f)'

But the left side of this equation is z,z,(f), and the right side z;z;(f).
That w is one-one follows from the equations

(©) 2129(pi*f3) = 2d(pf) = x(fi)s

(fi€ F;; i =1, 2). To show that w is onto, let x € X and let {u(sy,, S2,)}
be a net in u(S) converging to x. We may assume w.l.o.g. that the nets
{v(s1,5 Somw)}s {¥(s14> 1)} and {¥(1, s3,)} converge in Z to, say, z, z;, and
z, respectively. For each f'e F,

[v(s1, Dze)(f) = lim f(s1, s24),
n
and since this convergence is uniform in s, € Sy,

[V(S]_n, 1)22](f) - V(Slna SZn)(f) - 0.

Therefore (z;2,)(f) = z(f) = x(f), and setting x; = z; o (p¥|r,), we have
w(xy, X2) = X.

Equations (3) imply that the inverse of w is continuous, hence w is a
homeomorphism. Finally, the identity w o (u; X up) = u is an immediate
consequence of the definition of w.

RemARKS. The sufficiency part of the proof may be simplified somewhat
if we know that F is admissible, for then the definition of w(x;, x;) reduces
to yyy,, where y; = x; o (¢*|r), mulitiplication now taking place in X,

The following simple observation will be useful in the proofs of the
corollaries which follow: If F is a translation invariant subalgebra of
C(S)and H; = C(S;) (i = 1, 2) are given subalgebras which satisfy

©)) p¥H; c Fand g}F < H;

then H; = F; and (g;p,)*F < F. In particular, this is the case if Hy, H,,
and F belong to a class of algebras which is stable under the duals of con-
tinuous homomorphisms in the sense described at the end of section 2.

COROLLARY |. Let H; be an admissible sub-C*-algebra of C(S;), and let
F be the C*-algebra of all functions fe C(S) such that f(S;, ) = Hy,
f(, Sy) = Hy and f(Sy, -) is relatively norm compact in C(Sy). Then F is
admissible and SF = SH1 x Si.

PROOF. F is clearly translation invariant, and the containments in (4)
obviously hold. Therefore the conclusion follows from Theorem 1 and the
preceding remark.

COROLLARY 2. If F is an admissible sub-C*-algebra of AP(S), then SF =
S x Sfe. In particular,

(@) [4, 6, 8] S4P = S{AP x S4F, and

(b) SSAP = §PAP x S5AP,
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COROLLARY 3. If S is compact and F is an admissible sub-C*-algebra of
LUC(S), then SF = SF1 x Sf. In particular, if S is a compact topolo-
gical semigroup, then SLVC = §; x SLUC,

ProOF. The hypotheses imply that f(S;, -) is relatively norm compact in
C(S,) for each fe F, hence the first statement follows from Theorem 1.
The second part follows from the first by noting that under the stated
conditions LUC(S;) = C(Sy).

COROLLARY 4. Let H, be an admissible sub-C*-algebra of LUC(S,),
and define

F = {fe LUC(S) :f(Sy, -) = Hy, (-, Sp) = SAP(S))}.

Suppose that S; is a dense subsemigroup of a compact topological
semigroup 7 such that

(©) NS+ (@)

Then SF = S74P x Si. In particular, if S; is a dense subsemigroup of a
compact topological group G, then SIUC = G x SLUC,

PrOOF. F is obviously a translation invariant sub-C*-algebra of C(S).
Furthermore, conditions (4) hold with H; = SAP(S,). Thus for the first
part of the conclusion it remains to show that (S, -) is relatively norm
compact in C(S;) (f€ F). Let {s,,} be a net in Sy and {s,} a subnet converg-
ing to some member ¢ of 7. Choose any r € T such that zr € Sy, and let
{r} be a netin S; converging to . Then the net {s,r,} converges to #r, hence
given ¢ > 0 we may choose n’ and &’ such that for alln = n', k = k', and
(51, S2) €S,

(6) lf(snrlzsl’ s2) — fir sy, Sz)l <e.

Fix s, € Sy and set g = f(-, 55). Let (X, u) be the canonical S4 P-compacti-
fication of ;. From (6),

Q) |uCsaresi)(g) — ultr s1)(8)| < e,

for all s;€ 8y, n2n, k =2 k'. We may assume w.l.o.g. that {u(r,) "1}
converges to some x € X. It follows from (7) then that

[u(s,)(@) — [u(tr)x)(®)] S ¢ (nzn),
hence
lf(sna SZ) _f(sm, SZ)! § 2¢ (n’ m ; nl)'

Since s, was arbitrary, {f(s,, )} isa Cauchy net in C(S,) and therefore
converges in the norm topology.
To prove the second statement, let fe LUC(S), s, € S,. Then f(-, s,) has
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a continuous extension to G[10] and is therefore a member of SAP(S;).
The conclusion now follows from the first part if we observe that S§4F =
G.

REMARK. Note that condition (5) holds if ¢7T has a non-empty interior
foreachte T.

COROLLARY 5. Let H, be an admissible sub-C*-algebra of WAP(S,),
and define

F={fe WAP(S) : f(S1, -) = Hy, f(-, S3) = SAP(S1)}.

Then SF = S$4F x S¥2 In particular if S is a dense subsemigroup of a
compact topological group G, then SWAP = G x SFAP,

PRrOOF. Since F is a translation invariant sub-C*-algebra of WA P(S), F
is admissible. Also, conditions (4) are satisfied with H; = SAP(S;). Let
(X, u) denote the canonical r.t. F-compactification of S and (X;, u;) the
canonical S4P(S;)-compactification of S;. Define v: X7 - X by v(x;) (f)=
x1(q:*f) (f€ F). Since X7 is a compact topological group, the action (x, x)
— v(xp)x of Xj on X, which is separately continuous because F = WAP(S),
must be jointly continuous by a well-known theorem of Ellis [7]. Therefore,
if g € C(X), the set of functions g(v(x;)u(1, -)) (x;€ X;) is norm compact in
C(Sy), so g(u(Sy, +)) is relatively norm compact. This proves the first part
of the corollary. The second part follows easily from the first.

ReMARK. The above results suggest alternate characterizations of almost
periodicity of a function fe C(S). For example, if Sy is a group then
Corollary 5 implies that fe AP(S) if and only if fe WAP(S), (S}, -) =
AP(S,) and f(-, S3) = AP(Sy). And from Corollary 4, if S; is a dense sub-
semigroup of a compact topological group, then fe AP(S) if and only if
fe LUC(S) and f(Sy, -) = AP(S,).

For later reference we state without proof the following extension of
Theorem 1, which may be proved by a simple induction argument. A
somewhat sharper version of this theorem holds, but the one we give here
is sufficient for our purposes.

THEOREM 2. Let S = TI{S;: i = 1, ..., n}, where each S; is a semitopolo-
gical semigroup with identity. For each non-empty subset a of {1, 2, ..., n}
letp,: S — S,and q,: S, — S denote respectively the projection and injection
mappings. Let F be a translation invariant sub-C*-algebra of C(S) contain-
ing the constant functions and satisfying (q,p,)*F < F for all a, and set
F;=q*F@=1,2,.., n). Then F is admissible and SF = I1{SFi: i =
1, ..., n} if and only if each F; is admissible, and for each f€ F and k =
2,3, .,n, f(-, +, -y Spy -y +) Is relatively norm compact in C(II{S;: i # k}).

4. Compactifications of Infinite Direct Products. In this section we
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consider compactifications of direct products S = II{S,: i € I}, where I is
an infinite index set and each S; is a semitopological semigroup with
identity. Before stating the main result we introduce the following con-
venient notation: For each non-empty subset b < Ilet S, denote the direct
product of the semigroups S;(i € b), p,: S — S, the projection mapping,
and g,: S, — S the injection mapping. Let A denote the collection of all
non-empty finite subsets of /. An arbitrary point of S shall be denoted by
(s;: ieI). Finally, if fe C(S), je J and s, € S, set [; = I\{j} and define
fi, € CAU{S;: ie L}) by f,((s;: i€ 1)) = f((s;: i€ D).

THEOREM 3. Let F be a translation invariant sub-C*-algebra of LUC(S)
containing the constant functions and satisfying (q,p,)*F < F for each
ac A, and set F; = q¥F(icI). Then F is admissible and SF = TI{SFi:
i€ I} if and only if for each j € I and f€ F, F; is admissible and {f, : s; € S;}
is relatively norm compact in C(I1{S;: i € I,}).

ProOOF. We omit the straightforward verification of the necessity. For
the sufficiency let (X, u,) denote the canonical r.t. F;-compactification
of S;, X the direct product TT{X,: i€ I}, and u:S — X. the product of the
mappings u; (i € I). We must show that (X, u) is a r.t. F-compactification
of S.

The pair (X, u) evidently satisfies properties (a) and (b) of the definition
of r.t. compactification (section 2), and u(S) is dense in X. It remains to
show that u*C(X) = F. For each non-empty subset b = I set w, = q,p,.
We show first that [J{w}(F): ae A} is dense in F. Given fe Fand ¢ > 0
there exists a € 4 and a neighborhood V of the identity in S, such that
IL;f — fll <e forall se U= p;}(V). Let b = I\a. Then foranyte S,
s = wy(t)e Uand t = swyt), hence

| f(6) = fwaD)] = L f(w (1)) = fwa(D))] < e.

Since ¢ was arbitrary, || f — wX(f)] < e.

For each a€ A4 let X, denote the direct product of the semigroups X,
(iea), u,: S, - X, the product of the mappings u, (i€ a), and p,: X - X,
the projection mapping. Since F, = ¢FF satisfies the hypotheses of
Theorem 2, (X,, u,) is an F,-compactification of S,. Since p,u = u,p,, it
follows that w}F = p¥F, = u*p¥C(X,) =« u*C(X)(ae A), and therefore
F < u*C(X). The reverse inclusion will follow from the Stone-Weierstrass
Theorem if we can show that (u*)~1(F) separates points of X. Let x and y
be distinct points of X. Then for some a € 4, p,(x) # p.(»), so there exists
ge C(X,) such that A = p¥(g) separates x and y. The desired conclusion
now follows from the observation that u*h = pfu¥ge F.

Part (a) of the following corollary was obtained (for the commutative
topological case) by deLeeuw and Glicksberg in [6].
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COROLLARY. Let F be an admissible sub-C*-algebra of AP(S) such that
(9up)*F < F for each ae A. Then SF =TI{SFi:iel}. In particular,

(a) S4P =TI{SAF:iel}, and

(b) SS4P = TI{S54P:ieI}.

COROLLARY. If each S; is compact then SLVC = [1{SFC:ie I}.
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