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ABSTRACT. In this paper, we give some estimates of the
essential norm for generalized weighted composition opera-
tors from H®° to the logarithmic Bloch space. Moreover, we
give a new characterization for the boundedness, compact-
ness and essential norm of the generalized weighted composi-
tion operator from H®° to the logarithmic Bloch space.

1. Introduction. Let X,Y be Banach spaces and || - || x—y denote
the operator norm. The essential norm of a bounded linear operator
T:X —Y is its distance to the set of compact operators K mapping
X into Y, that is,

IT|le,.x—y =nf{||T — K||x—vy : K is compact}.

Let D be the open unit disk in the complex plane C and H (D) the
space of analytic functions on D. Let H> = H*°(D) denote the space of
bounded analytic functions on D with the norm || f||cc = sup,¢p |f(2)].
We say that an f € H(D) belongs to the logarithmic Bloch space, denoted
by LB, if

e
1£lhog = sup(1 — |2[*) log ~——5 | f'(2)| < 0.
z€D 1- ‘Z|
It is easy to see that LB is a Banach space with the norm ||f| 25 =

[£(0)] + || flliog- For some related spaces and operators on them, see,
for example, [16, 17, 19, 22]. From [30], we see that LB H* is the
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space of multipliers of the Bloch space B. Here,
B={feHD):|fls=I/©0)+sup | (2)|(1 = ]2[?) < oo}
zE

A weight v: D — Ry is called radial if v(z) = v(|z|) for all z € D.
Assume that v is radial; we say that an f € H(ID) belongs to the weighted
type space, denoted by H>°, if

Il fllo =supv(z)|f(2)] < o0.
zeD

H?2° is a Banach space with the above norm. The associated weight v
of v is defined by

3(2) !

~sup{lf(2)|: f e H |l fllo <1}
It is easy to check that U,(2) = va(2) when v =1v,(z) = (1 —12]?)*(0 <
a < 00), see e.g., [14]. When v = v4(z), we will denote Hy° by H°.
When v=(1-|z|?)loge/1—|z|?, we will denote H® and ||f||, by H
and || f]liog, respectively.

z € D.

Let ¢ be an analytic self-map of D and v € H(D). The weighted
composition operator, denoted by uCy,, is defined by

(uCpf)(2) = ulz) - f(¢(2)), [feHD).

When u =1, we get the composition operator, denoted by C,,. See [2]
for the theory of composition operators.

Let Ny denote the set of all nonnegative integers. Let n € Ny. The
generalized weighted composition operator, denoted by D7} . is defined
as follows.

(D2, )(2) =u(2) f"(p(2), feHD), z€D.

This operator was introduced by Zhu [31]. When n =0, D7 , = uC.,.
When n =1 and u(z) = ¢'(z), then D, ,, = DC,,, which was studied in
(3,7, 8,9, 10, 18, 20]. When u(z) =1, then D}, , =C,D", which was
studied in [26]. See, for example, [6, 21, 23, 24, 28, 31, 32, 33, 34]
for the study of generalized weighted composition operators on various
function spaces.

The compactness of Cy, : B — B was studied by many authors, see
12, 25, 27, 29]. In [27], Wulan, Zheng and Zhu proved that C,: B— B
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is compact if and only if

lim [|¢’||5 = lim [|[CyI’||5 =0,
Jj—o0 Jj—o0

where I7(z) = 29. In [29], Zhao extended the result in [27] to the case
of Bloch type spaces and showed that

e .. . e . )
IColle s = 5 limsup [ s = § linsup €, .
2 — 00 2 — 00

J

J

In [26], Wu and Wulan proved that C,D" : B — B is compact if and
only if 4

lim ||C,D"I’||z=0.

j—o0o

The boundedness, compactness and essential norm of composition
operator and its generalizations on B were studied, for example, in
[5, 11, 12, 13, 15, 25, 26, 27, 29, 33, 35].

In [1], the authors studied the boundedness and compactness of
the operator uC,, : H* — LB. In [34], Zhu studied the operator
Dy, : H* — LB. Among others, she obtained the following result.

Theorem A. Let n € Ny, u € H(D), and let ¢ be an analytic self-
map of D such that D7, : H* — LB is bounded. Then, the following
statements are equivalent.

(a) Dy, : H* — LB is compact.

(b) lim;j o0 | D 17|l 5 = 0.

h(C) lim| g, (a) |1 1D 0 foa)ll e =0 and lim|,(a) -1 DG o hp(a)ll 28 =0,
where

_1-aP

fao(z)=———— and hy(z)=

1—az

(1 —a[*)?
m, a, z e D.
(d)

(1= [21*) log(e/1 = |=[*)[u(2)ll¥'(2)]

-0
lo(z)|—1 (1 —=lp(2)[2)n+1

and
(1—2*)log(e/1 — |2*)|«/ (2)]

=0.
lo(2)|—1 (1= lp(=2)]?)"
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Motivated by Theorem A, the purpose of this paper is to give
some estimates of the essential norm for the operator D7 , : H> —
LB. Moreover, we give a new characterization for the boundedness,
compactness and essential norm of Dg , : H> — LB.

Throughout this paper, we say that P < @ if there exists a constant
C such that P < CQ. The symbol P ~ () means that P < Q < P.

2. Essential norm of Dj , : H* — LB. In this section, we give
some estimates for the essential norm of the operator Dj , : H> — LB.
For this purpose, we need the following lemma.

Lemma 2.1 ([25, Lemma 3.3]). Let X, Y C H(D) be two Banach
spaces, and let T : X — Y be a linear operator. Assume that the
following conditions are satisfied:

(i) the point evaluation functionals on'Y are bounded;

(ii) for every bounded sequence in X, there is a subsequence which
converges uniformly on compact subsets of D to an element of X;

(iil)if a sequence {f;} in X uniformly converges on compact subsets
of D to zero, then {T'f;} converges uniformly on compact subsets of D
to zero.

Then, T : X =Y is a compact operator if and only if {T'f;} converges
to zero in the norm of Y for each bounded sequence { f;} in X such that
fi = 0 uniformly on compact subsets of .

Theorem 2.2. Let n € Ny, u € H(D), and let ¢ be an analytic self-map
of D such that D7, : H> — LB is bounded. Then,

DG ulle, 25 = max{A, B} ~ max{F, F'} ~ lim sup ||Dgyulj||53,
j—o0

where

A :=limsup HD&ufaHgB, B :=limsup IIDZ,uhan,

|a]—1 la]—1

(1 ) loa(e/1 — ) ()l ()
b= limsup (- [p(x) P ’
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— im s (1= |2*) log(e/1 = |2]*) [/ ()]
= |1¢(Z)HP1 (1= lp(=2)?)" '

Proof of Theorem 2.2. First, we prove that
||D$7u||eyHoog)£B <max{A,B} and ||D$7u||eyHoog)LB Smax{E, F}.

Let p€0,1). Define K, : H{D) — H(D) by (K,f)(2) = fo(2) = f(pz),
f e H(D). It is clear that K, is compact on H* and || K| gee—me <1
and f, — f uniformly on compact subsets of D as p— 1. Let {p;} C (0,1)
be a sequence such that p; —+1 as j — oo. Then, for all positive integers
J, the operator Dg K, : H> — LB is compact. Hence,

(21) ||D$,u||€7H°°—>£B < hm sup HDZ,H - Dg,quj ||H°°—>CB'
j—00

Therefore, we only need prove that

limsup || D, — Dg o Kp, || oo c5 S max{A, B}

J—00

and
limsup || Dy, — Dg Ky, |- S max{E, F}.

Jj—o0
Let f € H* be such that || f]lcc <1. Then,

(2.2) (DZ,u = DguBp;) fllcn
= [u(0).f" (2(0)) = P u(0)f ™ (psp(0)) + 1w~ (f = £5,)"™ 0 @llog-

It is obvious that

(2.3) Jim [u(0) £ (2(0)) = pu(0)f (pip(0))] = 0.
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In addition,
(2.4)
limsup ||u- (f — fpj)(n) 0 ¢[l1og

j—o0

<limsup sup (1—|z[*)log 5
=00 [p(2)|<pn 1|2

< |(f = fo, )" (DI (2)[u(2)]

+limsup sup (1—|z|2)logL2
J=o0 lo(2)|>pw 1— ||

X |(f = fo )"V (DI (2)[u(2)]

+limsup sup (1—|z|2)10gé2
=00 [p(2)<px 1-]

< |(f = fo, )™ (0(2)) W/ ()]
+limsup  sup (1*|2|2)10g%I(fffpj)(”)(sa(Z))HU’(Z)l
J=00 Jp(2)[>pn 1—|z|

= R1+ Ra+ R3+ Ry,

where N € N is large enough such that p; > 1/2 for all j > N,

(2.5) Ry:=limsup sup (1—]z|?)log 3
=00 [p(2)|<pn 1=z

|(F = o))"V (0 (2)[u(2)],

(2.6) Ry:=limsup sup (1—|z\2)1og72
J=oo [e(2)[>pn 1—z|

|(F = o))"V (0 (2 ul2)],

Ry :=limsup sup (1—|z[?)log T e 51 = £0,)™ (0(2))IW ()],
Jj=oo  |p(2)|<pn — 2|

and

. e m
Ry:=limsup sup (1—|z[%)log T e SI(F = £0,) ™ (0(2)) W (2))].
j—oo |o(2)|>pN — 2|

Since D7, : H* — LB is bounded, by taking the test functions 2™ and
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21 see [34], we obtain that u € LB and

e
M :=sup(1 —|z|?) log 519" (2)]|[u(2)] < oo.
zeD 1- |Z|

Since Pj
we get

ol (?H) — (1) uniformly on compact subsets of D as j — oo,

(27)  Ri<Mlimsup sup [£0H) (w) = ot 0D (p,00)] =0,

j—oo  |w|<pn

Similarly, from the fact that u € LB, we obtain

(2.8) R3 < ||u||zplimsup sup |f(") (w) — p?f(”)(pjwﬂ =0.

j—oo  |w|<pn

Since || f]loo <1, we get

(2.9)
sup  (1—|z|? )log 75 (f - Fo )0 ()l (2)[u(2))|
le(2)[>pa | |
|1 £l o 5 e , nljp(z)|" !
S = sup (1—12|?)log o )||u)|——F—
i N R E LA e
S sup (1= [af?) log — s /() u(e) | o
lo(2)|>pn 12| (1—|e(2)?)
1
< sup D"u<fa—ha>
la|>pnN s +1 log

Sls‘uP HDwufaHLB+‘S|uP HDsouh HLB

Letting N — 0o, we obtain

(2.10) Ry < A+ B Smax{A4, B}.
From (2.9), we see that
(2.11) Ry S E.

After a calculation, we have

(2.12)
sup (1 —|2[*) log %W\(f — £5) " (2)) [ ()]

lp(2)[>pN
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[flloo _ nle(2)]"
n+2 (1—p(2))?)"

1 nlle(z)"
n+2(1—[e(z)?)"

e
< osup (1 |27) log ——|u/(2)] x
lo(2)[>pn 1—|z[2

e
S sup (1—|Z\2)10g1_|Z|QIU’(z)I><
< sup

[p(2)|>pN
1
la|>pN L/?u(fa +2 )
S | S‘UP HDw ufchB"'l SluP HDsa uha HLB

log

Letting N — oo, we get

(2.13) R, S A+ B <max{A, B}.
From (2.12),
(2.14) Ri<F.

Thus, by (2.2)—(2.8), (2.10) and (2.13), we get
(2.15) thUP||D$,u—Dg,qu,-HH°°aﬁB
j—o0
=limsup sup || (D&u — D&quj)wa
J=oo |fllee<1

=limsup sup [u-(f— fy,)"™ 0pllog < max{A, B}.
J—=oo | fllee<1

From (2.2)-(2.8), (2.11) and (2.14), we obtain
(2.16) limsup || DG, — D3 Ky, |g~—cp S max{E, F'}.

j—o0o
Therefore, by (2.1), (2.15) and (2.16), we obtain

||DS0 e Smax{A, B} and ||D$7u||e oo Smax{E, F}.

Now, we prove that
||Dg,u||e,H°°—>,CB Zmax{A,B} and ||D$,u||e,H°°—>,CB Zmax{E,F}.

Let a € D. It is easy to see that fu, he € H® and || falloo <1, ||galleo S1
for all @ € D and f,, g, uniformly converge to 0 on compact subsets
of D as |a] — 1. Thus, for any compact operator K : H* — LB, from
Lemma 2.1, we obtain lim|a|_>1 IK follc =0 and lim|a|_)1 |Khg| e =0.
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Hence,

1D, = Kllg~—cs

2 limsup [[(D , — K) fallcB

la]—1
>limsup || D3, fallcs —limsup | K fo 25 = A,
la]—1 |a]—1

and similarly, ||Dg , — K||ge~—c5 Z B. Therefore,

HDZ,u”e,HW—wB’ = i%f ||D$,u — K||g~_rp 2 max{A, B}.

Let {z;}jen be a sequence in D such that |¢(z;)| — 1 as j — co. Set

PP S - 7 W S € €
’ (1—p(z)2) L1+n (1-p(z)2)?

and
(o= Lo 1 A—le(z))?
’ (1—p(z)2) n+2 (1-(z)z)?

Also, p; and ¢; belong to H* and uniformly converge to 0 on compact
subsets in D. Moreover,

|n+1

() ()(5:)) — 1) (o) =l P
P (e(2)) =0, [p;"" 7 ((2))] !(l_m(zj)‘g)nﬂ

and

(el = T e 4 el =0,

Thus, for any compact operator T : H>* — LB, we obtain
1Dg..—TllH=-c8

2 limsup || D, (p;)||c5 —limsup | T(p)) || c5
j—o0

J—00

, (1= l2j1*)log 7=z lulz)) ¢ ()|l (z;) "+
2 lim sup !

v (=l P
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and

D%, — Tl oo e 2 limsup [| D7, (q5) || 25 — limsup || T'(g;) || 5

Jj—o0 Jj—00
ey (15 108¢/1= 2 Plu Gyl
i (T=Te()P)

Hence,
1DG ulle,rre—c5 =10f | DG = Tl =

> lim sup (1—|z*) loge/1 — |z *|u(z))|l¢’ (z))]
i (1= Jep(z;)]2)n+t

=F

and

=F

: (1—z*) loge/1 — |2 |*[u’(25)
||Dn H Hoe LBthsup
el j—o0 (1= lo(z) )"
Therefore, || D7; ,
Finally, we prove that

le. o 2 max{E, F}.

(2.17) ID2 lle,sr5 — £ ~ lim sup 1D} Il 25
J—00

For a € D,

= _ B 2 T(k+2)_
fa(z) = (1~ laf?) I;)a’“zk, ha(z) = (1 - |a]*)? 2 Wakzk

Since D7 ,, : H* — LB is bounded, we see from [34] that

sup || D%, Il e < oo.
1<j<0

For any positive integer j > n,

DG, fallcs

oo
< —lal*) ) lal*IDg 1"l c5
k=0

Jj—1 [ee]
S —1aP) Y lal* 1Dy W I¥ e + (1= al*) Y lal* 1D}, T* | 25
k=0 k=j

Si(t—lal®) sup ||DZ,I¥|z5+sup | DL I || 5.
0<k<j—1 k>j



ESSENTIAL NORM OF COMPOSITION OPERATORS 141

By letting |a| — 1 in the last estimate for a fixed j, and then letting
j — oo in such obtained inequality, we obtain

lim sup HD&HfaHgB < lim sup ||DZ7qu||£B.
o0

|a]—1 J—
Similarly, '
lim sup ||Dg,uha||z:6 < lim sup HDZLJJ lzs-
|la|—1 j—o0
Therefore,

1D e, = max{A, B} Slimsup || D] 17| 5.
Jj—o0

On the other hand, for each j € Ng, I/ € H*® with ||[[’||« =1, and
the sequence {I7} converges to zero uniformly on compact subsets of
D. Hence for any compact operator K : H* — LB, by Lemma 2.1, we
have lim;_, || K17|| 25 = 0. Hence,

ID} = K|l tr—cp > limsup (DL, — K)I|| 25 > lim sup |DZ 1| 5.
n—00 Jj—ro0

Therefore,

D% ulle,mr— 25 = 10f | D, = K|~ - 25 > lim sup 1D} || 5.
j—o0

This completes the proof of Theorem 2.2. O
By Theorem 2.2, we immediately get the following result.

Corollary 2.3. Let ¢ be an analytic self-map of D such that Cy,: H* —
LB is bounded. Then:

HC<p||e,H°°—>£B

~ limsup ||Cy, fal| .5 = limsup || Cohall o5
la|—1 la]—1

< sy (L7 )08 ¢/1 - 2P/
|p(2)]—1 1- |§0(Z)|2

~ lim sup ||©"|| z5-
n—oo

3. A new characterization of boundedness and compactness
of D7, : H* — LB. In this section, we also give a new characterization
for the boundedness, compactness and essential norm of the operator
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D7 ., : H* — LB by using the above two integral operators. For this
purpose, we need the following lemmas.

Lemma 3.1 ([5]). For a >0, we have limy_,oo k||2* 7|, = (2a/e).

Lemma 3.2 ([14]). Let v and w be radial, non-increasing weights
tending to zero at the boundary of . Then, the following statements
hold.

(a) The weighted composition operator uCy, : H3® — H2° is bounded
if and only if sup,cp w(z)/(V(p(2)))|u(z)| < 0o. Moreover, the following
holds:

=Ssu M ulz
IuCellmg—satz = b Sy M

(b) Suppose that uCy, : Hy® — Hg is bounded. Then

|u(z)].

[uCy

e, HesHee = lim  sup ———<
s=17 p(2)|>s v(p(2))

Lemma 3.3 ([4]). Let v and w be radial, non-increasing weights tending
to zero at the boundary of D. Then, the following statements hold.

(a) uCy, : H® — H:Y is bounded if and only if

[| 0" ||
k>0 12"

< 00,

with the norm comparable to the above supremum.
(b) Suppose that uCy, : Hy® — HY is bounded. Then

k
. u
luCplle, oo —s Hree = lim sup I SOk Hw

Theorem 3.4. Let n € No, u € H(D), and let ¢ be an analytic self-map
of D. Then, Dy, : H> — LB is bounded if and only if

(3.1)  sup " Lu(@?)lles < oo and  sup || Ju(e’ )|l < oo
jz1 j>1
Here

Lg(z) = / OuE)de, Tuglz) = / YO de, g HD).
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Proof. By [34, Theorem 1], D ,, : H* — LB is bounded if and only

if

L (L= 2 loge/1 = [PJu(=) I (2)] _
32 2eb (1 |p(z)2)+ <
and
(3.3) sup (1—|z*)loge/1 — [2|*u' (2)] .

z€D (1 =[e(2)?)"

By Lemma 3.2, we see that the inequality in (3.2) is equivalent to
up'Cy, HvO:H — Hffl‘ig being bounded. Hence, by Lemmas 3.1 and 3.3,
we get

) uw' J—1
o g, up L < o,
Z J

j >1 1277 o

Also, the inequality in (3.3) is equivalent to u/Cy, : Hy® — HEY  being
bounded. By Lemmas 3.1 and 3.3, we obtain

1407 oy
127~ o,

It is clear that I,g(0) =0, J,g(0) =0, and
(Lu(@")(2)) = ju(z)¢' ()" H(2),  (Jul¢? () = ' (2)9" 1 (2).
Hence, D, : H>* — LB is bounded if and only if

sup " [/’ oy, ~ sup <oo
i>1 i>1

sup j" | Lu(#”) || e = sup j" " Hug' @ o, < 00
j>1 j>1
and

sup j"(|Ju (¢’ ") || 28 = sup 5" [u'@? |y, < oo
j>1 i>1

The proof is complete. O

Theorem 3.5. Let n € No, u € H(D), and let ¢ be an analytic self-map
of D such that Dy, : H* — LB is bounded. Then:

103,41

e, e~ max{limsup " || 1, (¢7) || 5, limsup 5 | Ju (¢~ | 25}
j—o0o J—©
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Proof. The lower estimate. From Theorem 2.2 and Lemmas 3.1 and
3.2, we have

. lug’ |,
1D e 8 2 B =g Collessy s, =limsup == s
n+1

~ limsup 5" |ug' 0! 1Hv10g—hmsupy 1 (")l 5,

j—o00 j—00
and
. [Ju' 7=,
1D ulle, 8 2 F = [u'Colle,rigs —mze = limsup - 21 =
j—)OO Un
~ limsup j" |7~ 1IIvbgfthHPJ 1 7u(” ) -

Jj—o0

Therefore, by the proof of Theorem 3.4, we obtain

1D ulle,rroe— 25 2 max {lim sup 5| L, (¢”) || e, lim sup 57| Ju (0?1 | 255
j—o0 Jj—roo

Proof. The upper estimate. By Lemmas 3.1 and 3.3, we get

||U<P C ||e He  —HE

n+1 Vlog
. u@' @ Mo, . 7w’ 07 o
=limsup ————— =limsup ——————
Jj—roo ||ZJ Un+1 j—o0 n+ ||Z] Un41
~ lim sup j" T |lug' 7~ lllvlog—hmsupj 11(¢) | 5
j—o0 j—o0
and
o i1 |y i =1
lu'C, ||€Hoo_>H<>o _hmbupin L T [ :limbup]—H gDA T [
jooo 1277 o, jooo  J7[2 an
thbum l[u' 7 1Hv103—hmbupj 17u(” )l
i— i—

Using the estimates and the proof of Theorem 3.4, we have

||Dgu||eH°°—>£B

1’1+ _>H3?og + |‘U/C@||67H1?$L—>Hgloog

,smax{hmsupjﬂuu(wnm,nmsupj”||Ju<w*1>||w}.

j—oo J—0

This completes the proof. O
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From Theorem 3.5, we immediately get the following result.

Theorem 3.6. Let n € Ny, u€ H(D), and let ¢ be an analytic self-map
of D such that D7, : H> — LB is bounded. Then. Dy, : H* — LB is
compact if and only if

lim sup " | L.(¢)|lcs =0 and lim sup 5" || Ju (@ 1) 25 = 0.
j—o0 j—o00

From Theorems 3.4 and 3.5, we immediately obtain a new char-
acterization for the boundedness and compactness for the operator
uCy : H* — LB.

Corollary 3.7. Let u € H(D), and let ¢ be an analytic self-map of D.
Then, the following statements hold.

(i) uCy : H>® — LB is bounded if and only if

sup [|Lu(¢”)|l s < oo and  sup || Ju (¢’ 7)||es < oo
j>1 j>1

(ii) uCy : H* — LB is compact if and only if uCy, : H>® — LB is
bounded and

lim sup 1Tl c5 =0 and lim sup T (7Dl z5 = 0.

J—00 J—00
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