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ABSTRACT. We will study ordinary integro-differential
equations of second order with nonlinearity given as a
convolution, but differently from the widely investigated
cases. In addition, the kernel depends on the solution. Such
equations play a key role in the theory of glass-forming
liquids, and we will establish results on global existence
and investigate the long-term behavior. In contrast, we give
examples where blow-ups occur.

1. Introduction. In the theory of glass-forming liquids, which is a
subject of soft-condensed matter physics, the so called mode-coupling
equation appears. It is an integro-differential equation of the form

(1) + d(t) /m (t = 5)(s) ds = 0,
¢0;
¢(O):¢17

where A > 0 is a constant parameter and m is a matrix-valued function
determined by the physical properties of the studied fluid. The function
¢ is a correlation function which represents the microscopic dynamics
of the fluid in a statistical mean.

(1.1)

A detailed derivation of this equation by the Zwanzig-Mori formalism
is given in [7]. The function m is mostly assumed to be a second-order
polynomial with positive coefficients in the applications [6, 11], but
also linear ([5]) or higher order cases are of interest ([3]).
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For these applications, the initial conditions are ¢(0) = 1, ¢(0) = 0,
and the long-term limit has a direct physical meaning; if it is 0 the fluid
stays in its phase and in the other case there is a glass-transition.

New results in the modeling lead to an additional dependence of the
function m on the parameters ¢t and s and to complex-valued problems
[1, 4]. The example given in [1] reads

m(z,t —s) = ( mﬂ(xl,xz’t_s) 0 )
0 mi (x1,22,t —5)
with o
mﬁ (x1,29,t — 8) = %‘I’(t 8
and

vimy + viR(z1)

A P (W O ER

Ot —s),

where the function ® is a known correlator function and v§, v2, Ky, kL
and F°* are real constants.

The literature for integro-differential equations (e.g., [2, 9, 13])
concentrates on kernels which do not depend on the solution, and thus
it cannot be applied directly to our nonlinearity. Also, the methods
presented there to deduce the long-term limit cannot be adopted,
because they make use of the sign of m’ or the decay of the kernel,
which both depend again on ¢ in our case.

Some results for the mode-coupling equation with polynomial func-
tions m are established in [10] by physical arguments. If m has positive
coefficients the solution for ¢(0) > 0 and ¢(0) = 0 will stay positive
and is bounded by ¢(0), and thus the global existence follows.

In [14], the local existence of solutions to (1) for locally Lipschitz
continuous functions m is shown and, under the additional assumption,
that m is bounded by a linear growing function, the global existence
is deduced without any restrictions on the data. Furthermore, the
damping in (1) is used there to obtain exponentially stable solutions
for small data, if m(z) = O(x®) holds near zero for @ > 1.

On this basis, we will investigate a generalized first-order system,
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where both factors in the convolution are nonlinear,

(1.2)  &(t) = —Ax(t) +/O M(z(t — s))G(z(s))ds + F(t), ¢>0,
x(0)

:xo

where M € C°(C",C"*"), G € C°(C",C"), F € C°(]0,00),C") and
xg € C". The second order mode-coupling equation (1) can easily be
transformed in such a system.

For A = 0, the system (1) represents an alternative mode-coupling
equation for which first results are shown in [8]. The proofs are based
on the monotonicity of solutions, and we cannot carry this idea over to
our second order systems. Further results can be found in [12]; here
also the non-monotone case is treated.

In Section 2, we deduce the global well-posedness for any data, if the
functions M and G are locally Lipschitz continuous and if each function
is at most of linear growth. To extend the results in [12] we will carry
this over to the first order mode-coupling equation (A = 0), which is
not of the form (1.2). In Section 3, we give criteria for the monotonicity
of solutions for the second order equation; the important assumptions
therefore are m(¢o) < —1 and that m is monotonically decreasing. We
then use this monotonicity in Section 4 to show that our result on the
global well-posedness for large data is sharp in the sense of polynomials.
More precisely, we show that, for any € > 0, there exists a function m
with m(z) = O(|z|'™®) for z — —oco and data ¢o,$; € R such that
the local solution to (1) has a blow-up in finite time. In Section 5, we
investigate the case of an exponentially stable linear system and small
data. We extend the results of [14] where, for m(z) = O(z®) near zero
with @ > 1 and G(z) = z, the existence of global and exponentially
stable solutions to (1) is established, to the system (1.2). By a similar
technique, we will also treat the case a = 1, which is important in the
applications.

This work is based on the author’s PhD thesis ([15]) written at the
University of Konstanz. Further details and results for partial integro-
differential equations can also be found there.
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2. Well posedness for large Data. To prove the well posedness
of solutions we investigate the equation

(2.1)

z(t) = —Az(t /M (t—3)G(z(s))ds+ F(t), T <t,

z(t) =@ 0<t<T
with T > 0 and given functions ® € C9([0,7],C") and F €

C°([T,00),C™). For T = 0 and ®(0) = x(, we obtain solutions to
(1.2) and, taking T" > 0, gives us the possibility of showing that a
bounded solution to (1.2) can be extended onto some larger interval of
existence.

Theorem 2.1. Let T > 0, A € C"™™ and M € C°(C*,C"*"),
G € C°(C",C") locally Lipschitz continuous.

Then, for every
® € C[0,T],C") and F € C°([T,0),C"),

there is a AT > 0 with AT = ¢(1+ T)~1, where ¢ > 0 is independent
of T, and a unique local solution

xr € CY[T, T + AT],C")
o (2.1).
Proof. We will construct a sequence of solutions to a linearized

equation and deduce the uniform boundedness and, with this, the
convergence to a solution of our nonlinear equation. Let

_fow), o<t<T,
ha(t) = {h(t), T <t

For functions h with h(T') = ®(T) we have hg € C°([0,00),C").

We set (9 (t) := ®(T) for t > T and define (z); ¢ CY([T, o), C")
by

(2.2)
o :—Ax(l)(t)+/ M(x;i*”(t _ s))G (x%*)(s)) ds+F(t), t > T,
0

+O(T) = &(T).
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It is easy to see that (z(); is well defined, and we now show by
induction

2
(2.3) sup O] <2 sup @O + 21+ [F(T))* = b
te[T, T+AT)] te[0,T]

2
for small AT. If the inequality holds for z(!=1), ‘x%_l)(t)‘ < b also
follows, and thus

‘ / 2t s))G(xg—”(s)) ds

<t sup [M(@)||G(y)|=:temc.
=%, ly[*<b

We choose AT > 0 small enough to guarantee

sup |F(t)] < 2(1+ [F(T))).
te[T+AT)]

A multiplication of (2.2) by z((t) leads to
ypl? 2 "al?
O] < BT+ (@2ea+1+ (T + AT))/ [0 (s)] as
T
+ (T + AT)c3y + 41+ |F(T)|)?) AT,

where c4 := sup |Az|, and Gronwall’s inequality yields
|z]=1

2
‘Iu)(t)‘
§(|‘I)(T) >+ (T+AT)cR o +4(1+|F(T)])?) AT)6(2CA+1+(T+AT))AT.

We now assume AT = §(1 + T)~! with a constant § > 0 independent
of T

On the one hand, we have AT < §, and on the other hand,

(T + AT)AT = (T+5>5§(T+5)5
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So,
2
2O < (I0(D)P + ((1+8)ig + 4 F(T)) 8) el2eatn+0)3
follows and, for J sufficiently small, (2.3) holds.

To prove the convergence, we set w() = z() — =Y. For [ > 2,
these functions fulfill

WD () = —Aw® (1) + / M (zg—”(t - s)) G (g:g—”(s))

0
-M (m%72)(t - s)) G (33%72)(5)) ds,
w(T) =0,
and we carry out the multiplier method as above. There is a Lipschitz

constant L for M and G, depending only on the bound b of the sequence
(z®);, with
2 2
‘w(l)(t)‘ < (2LepaAT)? AT ePeatD=T) gy ‘w(l_l)(s)‘
te[T,T+AT)

This yields

2 1
sup ]‘w(l)(t)’ < ((QLCMgé)256(2CAH)5) el sup ‘w(l)(s)
€

’2
te|T,T+AT T, T+AT]

and, taking § additionally small enough to have
1

(2Leppad)?6ePeat)d < 5

we conclude

sup 2D (t) — x(j)(t)‘ < sup ‘x(l)(t) - x(l_l)(t)‘
te[T, T+AT) 15511 LT T+AT]
i
1 2
— (€]
sup ‘w (8)‘
2! ]

15541 2 tEITTHAT

— 0 (i,j — 0).

So the sequence converges to some z € CO([T,T + AT],C"), which
implies the convergence of the convolution-term and hence, by the
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equation, () also converges and the limit is a solution. The uniqueness
easily follows by the local Lipschitz continuity of M and G. O

With this local existence theorem we can show that a uniform a priori
bound for x(¢) is sufficient to extend the solution.

Lemma 2.2. Under the assumptions of Theorem 2.1 the local solution
of (2.1) exists as long as
lz(t)| < C

holds for some C' independent of t.

The following theorem states that, for functions M and G, which
are at most of linear growth, there is a global solution. But, stability
of that solution cannot be expected because, by taking G(z) = z and
M = —2, we obtain exponentially growing solutions for certain initial
values.

Theorem 2.3. Let A € C"™" and M € C°(C",C™"), G €
C°(C™,C") be locally Lipschitz continuous with
[M(z)G(y)| < c(1+ =] + |yl + =] [y])

for some ¢ > 0 and all x,y € C".

Then, for any zo € C" and F € C°([0,00),C"), there is a global
unique solution x € C*([0,00),C") to (1.2).

Proof. For the local solution z € C*([0,T],C"), let cr := sup |z(t)|.
te[0,7]
Multiplication of (1.2) by Z(t) gives with ca := supj,—; |[Az| for
T<t<L2T

33t 0O < (eat ) loto)

+c\m(t)|/01—|—2|a:(s)|—|—|33(t—8)||x(s)| ds—|—%|F(t)|2.
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We separate the integral into two parts and obtain for T' <t < 2T

fuwﬂmaﬂ®=/ﬂw—MM@Ms
[ et st ds
<w/|@—ﬂ®+w/w )| ds
<ch/ 12(s)| ds.

It follows that

1
ENE +<CA+ +5CT+4CTCT)/ lz(s)|* ds

l\D\H

1
SlaO) <

+ f/ [F(s)? ds + T2,
2 0

and thus we have a uniform bound in [T,2T]. Iteratively, we get a
bound in [T,2"T] for any n € N, and so there is a global solution. [

Example 2.4 (Linear functions).

For
d
= E Cixs,
i=1

with matrices C; € C4*¢, there is, for any ¢g, ¢1 € C?, a global solution
to (1).

Example 2.5 (First order equation). We can also treat the first order
equation investigated in [12] with our results. It reads

2.0 + [Cmtot—snit)as = o). ¢,

$(0) = ¢o
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Assuming that m and f are C'-functions we obtain

3(t) + (id +m(d0))d(t)
l/m (t— $)d(t — $)d(s) ds = f(£), >0,
#(0) = ¢o,
5(0) = —6(0) + £(0),

by differentiating the equation. For = = (¢, ), we get the first order
system

#(t) = — < X ;iifm(qbo) )x(t)

‘AXS ot - yeati— ) () ) 4+ (o )

=~ M(a(t—s)) =G (a(s))

=(0) = ( *Qso(ﬁ)f(o) )

In contrast to (2.4), there is no derivative in the convolution and the
system has the form (1.2).

It follows, that for m € C'(C", C") with a locally Lipschitz contin-
uous derivative m/, there is for any ¢y € C% and f € C*([0,00),C?) a
unique local solution ¢ € C2([0, T],C?) to (2.4).

The local solutions can be extended to a global one, if additionally
m’ is bounded, which is equivalent to m being at most of linear growth.
This is an extension of the results in [12], where the boundedness of m
itself is assumed to obtain global solutions.

Choosing in [12, Theorem 7] the function F(z) = x + x|z|° — 2 for
an arbitrary € > 0 we obtain, that for ¢o =1, f =0 and m(z) = F(x)
there is a blow-up in finite time for the local solution to (2.4).

By a different method than in [12] we will derive a similar result
in Section 4 for the second order equation. So we found the weakest
polynomial growth condition, under which for any data there is a global
solution.
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Remark 2.6. Our results also hold for functions M and G, which
additionally depend continuously on the parameters ¢ and s.

Example 2.7. The functions mjj, m{ : C?% x [0,00) — C given in [5]
fulfill the necessary estimate; they read
viT) + 'Ufmg

(t —
1= ity pew 2 9)

mjj(z1, T2, — ) =

and
_ vimg + vER(aq)

m? (x1,x9,t — 8) = Tt (b Fen)2 O(t — s)

with a known function ® and constants ’l}f,U§7F6x,kH,kl. In our
notation, we have

Mzt —s) = mj (1, 2,t — ) 0
0 m’ (21, 22,t —s)

and G(z) = x.
3. Monotonicity of solutions. For m € C'(R? R) and ¢g,$; €
R?, we treat here the system
t
AGL(E) + Gul6) + 0u(t) + [ m(o(t—s)u(s)ds =0 (1 <k <)
0
(3.1) $(0) = o,
$(0) = ¢1.

The equations for the components of ¢ are coupled by m; this is a
special case of (1), which is in wide use in the physical application.

Integration by parts leads to
MGk (t) + i (t) + br(t) +modi(t) — m(e(t)) ok
+ [ ol (Tmy(ate — )it - 5)ds =0,
0

where mg := m(¢(0)). Since

d
(Vm)(¢(t — 5))p(t — 5) = > dm((t — 5))du(t — )

=1
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and

m(é(t))dor = modor + ¢Ok/ Zazm (t —s))i(t — s)ds,

we have the equivalent system
Ak (1) + Gr(t) + dr(t) + mo(dr(t) — dox)
d t
+ > [ (Dr(s) — dor)dm(d(t — 5))n(t — 5) ds = 0,
1=1"0

#(0) = ¢o,
¢(0) = ¢1.

(3.2)

The form of this system allows us to prove the monotonicity of solutions
under certain assumptions.

Theorem 3.1. Let m € CY(R%R), ¢o, 61 € R? and ¢ be the local
solution to (3) for this data. If

dor > 0, 1, <0 (1<k<d)
and
m(¢o) <=1 and Om(x) >0 for xp, < dor. (1 < k,1<d)

holds, then ¢i (1 < k < d) is monotonically decreasing in its interval
of existence.

Proof. First let 1 < k < d be arbitrary. In the case ¢gr = 1 = 0,
the conjecture is obvious.

If now ¢y = ¢'>k( 0) < 0 or ¢r(0) = 0 and Adr(0) = —¢(0) < 0
holds, there is a t§ > 0 with ¢x(t) < 0 for t € (0,F).

Assume that ¢ is not monotonically decreasing in every component.
Then there is a smallest ¢; > 0 with ¢;(¢) <0 (0 <t <t;, 1 <[ <d)
and a component ¢ for which we have ¢p(t;) = 0 and ¢ (1) > 0.
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Equation (3.2) yields

Gr(t1) = —Ad(t1) — (1 + mo) ok (t1) + modor
d .
- Z/ (d(s) — dor)Om(p(ty — s))di(t1 — s)ds
1=1"0
—(1+mo)¢r(t1) + modor

d th )
- Z/ (Pr(s) — dor)Om(g(ts — s))di(t1 — s) ds.
1=170

In (0,t1), the function ¢4 (t) is monotonically decreasing and not
constant because of (0,tf) C (0,¢;). This implies ¢y (t1) — dorx < 0
for the case ¢ (t1) > 0, and hence

—(1+mo)¢r(t1) +modor = —dr(t1) — mo(@r(t1) — ¢ox) <0
If ¢x(t1) < 0, then 1 4+ mg < 0 also leads to
_(1 + m0)¢k(t1) + modor < 0.

Since 9ym(¢(t1 — s)) > 0, we have

d

Z/ 1(¢k(3) — ¢ok)Om(o(t1 — S))(ﬁl(tl —s)ds >0,
1=1"0

and, by inserting this into (3.3), we conclude

dr(t1) <0,

which is a contradiction to gbk (t1) = 0, thus ¢ is in every component
monotonically decreasing. (]

By investigating the derivative of equation (3),
Abr(t) + di(t) + (1 + mo)ék( t)
/ S Om(9(t — ))én(t — )us) ds = 0.
0

=1

we can carry over this result to the derivatives (ﬁk, if also ¢g + 1 > 0
holds.
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Lemma 3.2. Assume additionally to the preliminaries of Theorem 3.1,
that
dor + P15 >0 (1<k<ad).

Then also qSk s monotonically decreasing for 1 < k < d.
Remark 3.3. Under the assumptions of Lemma 3.2 d)k is monotoni-

cally decreasing and ¢ox + ¢11 > 0 excludes the case Q'ﬁk (t) = 0 for all
t. So we can find some t§ > 0 with ¢ (tf) < 0, and this implies

ou(t) = 0ulth) + [ in(s)as
< 9u(th) + (t— t)u(th) » —c0 (5 T7)

for some T € (0, 00]. Thus, ¢ is not bounded from below.

We can combine our global existence Theorem 2.3 with the mono-
tonicity result.

Corollary 3.4. Let m € CY(R%, R) and ¢g, ¢ € R, If
Por = 0, P11, <0 (1<k<d)

as well as

m(¢(0)) < -1,  9m(z) >0 and |m(z)] < c(l+|z|)
(zk < dok, 1 <k, 1< d)

hold for some ¢ > 0, then there is a global unique solution to (3), which
is monotonically decreasing.

4. Blow up in finite time. In this section, we show that, without
the estimate |m(z)| < ¢(1 + |z|), global solvability for arbitrary data
cannot be expected.

We will investigate for m € C*(R%,R), ¢o,¢1 € R? the system of
coupled integro-differential equations
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G () + dit) + out /m (t—s)r(s)ds =0 (1 <k <d),
¢0) ¢(O):¢1

Under the assumptions of Lemma 3.2 we get an estimate for the local
solution, which we can use to show a blow-up in finite time.

Lemma 4.1. Let m € CY(R4R), ¢g,61 € R and ¢ be the local
solution of (3) to this data. If

dok > 0,011 < 0,00k + 01 >0 (1 <k <d),
m(po) < —

and
om(z) >0 (2 < Por, 1 <k, 1<d),

hold, then there is, for any ¢ > 0, atg > 0 with ¢x(to) < —c (1 <k < d)
and

(A1) (t—to+ ) [ok(t |>Ac+\¢1k|///|1+m D dvdrds
fort > tg.

Proof. ¢ and gﬁk are monotonically decreasing and, as seen in
Remark 3.3, we can find for any ¢ > 0 a ¢ty with

(4.2) Oulto) < —c— o don.
By using ¢ (t) = dox, + [ dx(s)ds, we obtain
AGr(t) + b (t) + dor + /Ot(l +m(¢(t — 5)))dr(s) ds = 0.
Integration leads to
Abr(t) — A1k + Gk (t) — dor + tor
+ [ [ s mots = iine aras —o,
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and because of ¢1; < 0, there follows
Ak (t) + dr(t) = Apur, + por(1 — t)
t s
= [ [ e miots = rduraras
o Jo

< gor(1—1) - / / "4 m(6(s - r)))dulr) drds.

A second integration gives

t t
Mot + [ én(s)ds < dox / (1= s)ds + Apu(to)
t() t()

- / | [ s mer =i avards
< e / [ [ mistr = omutey avaras,

where we used (4.2).

The monotonicity of ¢, and ¢ gives, on the one hand, (;.Sk(t) <
¢1r < 0 for all £ > 0 and, on the other hand, ¢ (t) < ¢x(to) < 0 for all
t > to.

So m(¢(t)) is also monotonically decreasing and, especially, 1 +
m(o(t)) <14 m(¢(0)) < 0, which implies

Aou(t /¢k )ds < Ac—¢1k/to// (1+ m(é(r — v))) dvdrds.

Since ft or(s)ds > (t —to)dr(t), we now see

(t—to + \u(t) < )\c—¢1k/t0// (14 m(é(v))) dvdrds,

or equivalently,
(t—to+ M) |or(t |>/\c+|¢1k\/// 14+ m(o(v))] dvdrds. O
to

The easy proof of the following Gronwall-type inequality is omitted
here.
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Lemma 4.2. Let k € C%([0,00),R) be monotonically increasing,
c1,¢2,¢3 > 0, tg > t1 > 0 and u,w : [0,T) — [0,00) piecewise con-
tinuous with

1
u(t) > c1 + c ))dvdrds
(>_02+t7to ! 02+t*t0 S/to/tl/t1
and
(t) < — + /// ) dvdrd
w c s vdrds
cat+t—tp 62+t*t0 todt1 Jta

fort >ty and u(t) > w(t) fort <ty. Then
w(t) > w(t)
holds in [to,T).

Now we can give explicit examples for blow-ups in finite time in the
case d = 1.

Conclusion 4.3. Let € > 0 be arbitrary. Set

pr=-(A+1) (i’ + 2) <§ + 1)2’ and  ¢o > [¢1] arbitrary

and
m(z) = =2 — ¢yt +x|z|” .

Then the local solution ¢ to (3) has a finite time of existence.

Proof. The assumptions of Lemma 4.1 are fulfilled for the initial
values (¢g > 0, ¢1 < 0 and ¢g + ¢1 > |1 + ¢$1 = 0) and, by definition,
we have m(¢g) = —2 and m/(z) = (1+€) |#|° > 0. So ¢ is monotonically
decreasing, and corresponding to

A+2 3 13/3
cei=—(1+=-+z=-(=+1)),
A e 2¢el\e¢

there is a to with ¢(tp) < —ce and

(t—to + 2 [6(1)] = Ac. + 1] / / / 1+ 657 — 6(v) |6(v)° dvdrds
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for t > t.

We simplify the integral by using the fact that ¢ has exactly one
root t1. ¢p = —é(v) |p(v)|° > 0 holds for 0 < v < t1, and it follows that

(¢~ to-+ N 10(0)] 2 dex + 6] [ /ts/:kuqzs(v)wdvdrds,

with k(x) := ¢gT° + z'te.
We now set T':= ¢y + 1 and define w : [0,T) — R by
_ 0 t < 1o,
’LU(t) = { (T _ t)f?)/e t > tp.

In [to,T), we have

/// ))dvdrds
todtr Jty
/// 1+Edvdrds
t(] ty Jt1

= _50‘2 — (a1a2) ™" = (agaraz) ™ + (agaraz) (T — )7,

with g = 3/e, a1 == 3/e + 1, ag := 3/e +2 and a3 = 3/e + 3
(remember that T'— tg = 1).

Because of |¢1] = (A + 1)agaiag, we conclude that

/\cg+|¢1|/// ))dvdrds
toJt1 Jt1

1
> A+ Duw(t )+)\c€—()\+1)<1+a0+2a0a1>,
and, by the choice of c.,

1 1
Ace — (A +1) (1 + o + 2a0a1> =(A+2) (1 + o + anal)

1
— ()\""1)(14’0&04’ 20[00[1) > 0.
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It follows that

Ao + |¢1|/tt/t/t k(w(v)) dv dr ds

> A+ Dw(t) = (A +t — to)w(t).

and, with ¢ fulfilling the estimate,

t ps pr
(=t 160 = xee +ln] [ [ [ wlloo)) dvaras,
toJt1 Jit1
we can apply Lemma 4.2, so

[6(1)] > w(t)
holds in [tg, T') and ¢ exists at most in [0, 7). O

5. Long term behavior for small data. In this section, we show
that the integro-differential equation (1.2) with G(z) =« and FF =0

t

CEV ;

has global solutions for small data, if the linear system is stable.

Our main assumption on M will be M (x) = O(|z|) for some a > 1.
We obtain exponentially decaying solutions if & > 1, « = 1 leads to a
polynomial decay.

A function G decaying faster than linear for x — 0 does not change
the qualitative behavior; it would just change certain constants. We
also drop the right hand side F' for simplicity.

5.1. Exponential stability.

Theorem 5.1. Let xp € C" and M € C°(C",C™*") be locally
Lipschitz continuous. Assume that the real parts of the eigenvalues
of A € C™ ™ are strictly positive and denote by pa > 0, ca > 1 as
constants with |e= x| < cpe™ral |z| (x € C, t € [0,00)).
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Suppose, for some constants cpy > 0, a > 1 and an arbitrary
Ce > CA,

IM(2)z] <cnlz|® 2] (w2 € C 2| < @0 ce)-
If the smallness condition

Cefca —1
e |ol” < eCT(a — Dplpa — p)
€

holds for some p € (0,p4), then there is a unique global solution
x € C1([0,0),C") to (5.1) with

|2 (t)] < |zo| cee™".

Proof. We show that the operator K : X C C°([0,00),C") —
C°([0,00),C") defined as

(K (2))(t) = e Aao + /Ot e Alt=s) /0S M(z(s —r))z(r)drds
has a fixed-point in the set
X = {m € C9([0, 00), C™) ‘ (1)) < |x0|cee_“t}.
A direct calculation yields, with u4 —p > 0and o —1 > 0,
| K (2)(t)] < |zo| cae™!
+ cAe_“At/Ot e“AS/Os cMcg"Irl |ac0|O‘Jrl et erla=1)r qp qg

carcd ™ o|” ) —ut

a—1)(pa —p)

< |zo] ea (1 +
u(

for x € X, and our smallness condition gives |K(z)(t)| < |zo|cce ™",
which means K(X) C X.

By the Lipschitz continuity of M, we deduce the continuity of K
on X and, for x € X follows, that |-$(K(z))(t)| < ¢ for some ¢ > 0
independent of z, so the set K(X) is bounded in C(]0, c0), C").

Therefore, for (z,), C X, the sequences (yn)n = (K(2,))n and
(Un)n are bounded, and thus there is, for every ¢t > 0, a pointwise limit
y(t) of a subsequence. The convergence is uniform on any compact
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interval, which implies y € X. Hence, y decays exponentially, and this
yields the uniform convergence of a subsequence on [0, 00).

We now have that K is compact, and so we can apply Schauder’s
fixed-point theorem. This fixed-point is a solution to (5.1). The
uniqueness follows as in Section 2. ]

Applying these results to the special case (1) we obtain stable
solutions for the mode-coupling equation.

Corollary 5.2. Let A > 0, id the unit matriz in C*¢ and

0 —id
A"( 1 id iid)’

where ca4 > 1, ua > 0 are constants with ’e*Atx| < cpeHat ]
(x € C?, t > 0). Let ¢o,¢n € C? be given, and suppose that
m € C°(C?, C¥4) is locally Lipschitz continuous with

m(2)a| < em |2l 2] (z,2 € C 2] < |(¢o, ¢1)] ce)
for constants c,, > 0, a > 1 and an arbitrary c. > ca.
If

62 enlGoo0l” <ALA 0 - Dutua - p)

holds for some p € (0,14), then there is a unique solution ¢ €
C?([0,00),C%) to (1) with

|30, 6())| < 160, 61)] cce™™.

Remark 5.3 (Possible extensions).

(i) We dropped for simplicity the right hand sides f, but it is easy
to see that we can carry over the proofs for f € CP([0,00),C?),

when ¢y := (1/X) sup fot e!4% | f(s)| ds < co. This changes the
t€[0,00)
smallness condition to

cm(|(¢0, 91)] + ¢f)* < Ace/;%_l(a — Dp(pa — p).
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(ii) For functions m, which additionally depend continuously on the
parameter s and ¢, we need an estimate of the form

Im(t, s, z)| < emh(t,s) |z|®

with a bounded function h, to adopt the proofs. For h €
CP(R?,R) only the constant ||k appears in the smallness condi-
tion, while an exponentially decaying h leads to better decay rates
for the solution, limited by the decay rate of the linear system.

Remark 5.4 (Choice of constants).

(i) Taking p := pa/2 gives the greatest value for pu(pua — u), but
> pa/2 leads to better decay rates.
(i) If the estimate |m(z)z| < ¢ |2|” |z| holds on C¢, the choice
ce :=ca(a+ 1/a) is optimal.
Together with u = p4/2, the weakest assumption on the data
then reads

a A aa(a_ 1) — 1
Cm(‘(¢0a¢’1)| +Cf) < ZWCA(OH_ )ui.

Example 5.5 (d =1). For d = 1, the eigenvalues of A are

1
pe = 5y (1EVI-4N).

At

To estimate e~*'z we have to distinguish two cases:

A # i: Here we have

1 2
=] < s VB (1+ Jeron-

+
Mpy —p=| g — p—|

A= i: In this case, A has only one eigenvalue y = 2 and is not
diagonalizable. This means that we cannot choose pg = u_ =
2, but for u4 € (0,2) arbitrary, e~4fz can be estimated by

|e_Atx‘ < Me_’“‘75 |z .
2 — HA
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Example 5.6 (Quadratic kernels). For d = 1, A # 1/4 and m(z) =

2
Cmz°,
_ 1 (- VI-a?
= 2763, D)

em(|dol? +[61]%)

is the weakest condition to obtain solutions ¢ by Corollary 5.2. We
then have

A Igol* + |ga|*)e™ FImVITAN/AL,

=] ©

. 2
() + 6| <

In [3], there are several examples given for physically relevant kernels,
which are quadratic. Also, other polynomials without a linear part are
considered there.

Example 5.7. Once again, we take d = 1, but now we investigate a
kernel with different powers in z,

m(z) = az® + b2°,

where a,b € C\{0} and 1 < « < /3. Here, ¢,, depends on the choice of
Ce, because the dominating term is bz? for large z and az® for small z.

For z € CY, |2| < c. |(¢o, #1)] it holds that
m(2)| < lal |21 + 18] 1217 < (la] + [b] (ce [ (0, $1)1)7 =) 2" =: e |2]"

The smallness condition now reads:

(03 >\ e -
(al + 11 (e 1660, 91))°~) (0, 90)|° < 3 LA 2,

and so the optimal choice of ¢, depends not only on « and 3, we also
have to take |(¢o, ¢1)| as well as a and b into account.

5.2. Polynomial stability.

Theorem 5.8. Let xp € C" and M € C°(C",C™*") be locally
Lipschitz continuous. Assume that the real parts of the eigenvalues of
A € C™ ™ qre strictly positive, and denote by pua > 0, ca > 1 constants
with |e=Atz| < cqe Pt |z| (z € C, t € [0,00)).
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Take p > 1 arbitrary, and set

1 p < pa,
F(p) = { wa-r (2" 5>
€ YA b= A

Suppose, for cpr >0, a > 1 and an arbitrary ¢, > k(p)ca,
|M(2)z] < ear[2]* |2] (2,2 € C™, [2] < |0l cp).

Choose to > 0 with tg > (p/pa) — 1, and set

to 1
ki, ::/ ehas ds.
0 (1+s)P

If

. c w1 1+t !
el 6,001 < A2 k00 5 (k) )

holds, then there is a unique solution x € C1([0,00),C") to (5.1) with

lz(t)] < |zo| (1+1)7P.

Proof. As in the proof of Theorem 5.1 we investigate the operator
K : X — C%0,00),C"), defined as

t s
(K (2))(t) = e Ay —|—/ e~ A=) / M(x(s —r))z(r)drdsds,
0 0
now in the set
X = {2 € C%[0,00),C") [|z(t)| < |wo| cp(1+1)7"}.
For z € X, it follows that
IM(z(s —7))z(r)] < cMcg‘Jrl |950|O"|r1 (I+s—r)P(1+r)".

Using

1 1
1 —_ ) P(1 - — (9 -
(ks =) = @40 ( s 137
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we obtain

/8(1 +s—r)P(l4+r)"Pdr
0

s 1 1 2v
< (2 —por—l dr < 1 P
<(2+5) /0 (1+S_T)p+(1+r)p r_p_l( +5)7P,

and thus,

S o 2p
/ |M(z(s — r))z(r)| dr < cMc;‘Jrl |0 + ) (1+s)7P.
o _

It follows that

|(K (2))(£)] < calao| ™"

2r [

7/ e—uA(t—S)(1+5)—pdS_
0

+1 |$0‘a+1 . -

+cacnpcy,

To handle fot e Halt=5)(1 + 5)7Pds, we choose a to > 0 with tq >
p/pa — 1.

For ¢t > ty, we separate the integral and integrate by parts to
conclude:

t o opas to  puas o opas
/i————dy:/ 4444d&+/4444f®
o (I+s)P o (I+s)P to (1+ )P

to  opas 1 emat 1 eHato
:/Aggf@+7 _ L
o (I+s)P pa L+ pa (1+1t0)?
P t ehas

+ 2 s
pa Jy, (L+s)Ptt

to ehas 1 ehat
< [0 L
o (L+s)P pa (1+1)P

1 t o onas
+ L2 / S
pal+to Jyy (14 5)P
ehas 1 ehat

to
f— 7d e
/o Arsr " pa(rtyp

1 t opas
—i-£ / ¢ ds
pal+to Jo (1+s)P




CERTAIN INTEGRO-DIFFERENTIAL EQUATIONS 597

P 1 to ehas
- — / ds
HA 1 + tO 0 (]. + S)p
Al +t) —p /“) SO
pa(l+to) Jo (L+s)P

1 erat p 1 t ehas d
+ — + — s.
pua (L+t)P MAl-l-to/O (1+s)P

t opas to Has 14+1¢ pat
— / T gs< / C  ds+ th &
For t < ty, obviously
t nAs to Hnas 14¢ pat
/ s < / Cds+ Th ¢
o (L+s)P o (I+s)P pa(l+t) —p (L+t)P

holds. These estimates lead, along with k;, := fo e“ﬁﬁ ds, to

/t “Halt=9) (1 4 5)7Pds < kyge At 4 1+ % !
e S S e . ,
0 = pa(l+to) —p (L+1t)P

and hence,

21)
-1
1+t 1 )

ky e Hat 4 .
(t‘) pa(l+to) —p (141t)P

(K (@) ()] < ea lzo| e 4" + cacnrcy ™ [

For ps4 < p, we have

p
e—,uAt S (p> eMA—P(1+t)—P
HA

for all ¢ € [0,00), and it follows that

|<K($))(t)| <ca </f;) eHA—p(llf_Ot)p

op
p—1

P 1+t
(kto (p) eha™P 4 Tl ) 2ol .
A pa(l+to) —p) (1 +1)P

+ cacpcy T mol”
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¢p > A7 P(p/ua)Peys for p > py implies

P
c _ p —a1p—1
K} = b _ pa—p(| L e
wa<p (CA e (MA) )Cp op

p —1
P _ 1+ >
by () erapyp ——T0 ) S,
( t‘)(uA) pa(l+to) —p

and if
M |x0|a < Oua<p
holds, it is
p
9p
ca <p> 1P 4 cqency T |mo|t ——
HA p—1

p
(kto (p> eta P —1 + fo ) < ¢,
A pa(l+to) —p

In the case a4 > p, we have

and thus K(x) € X.

eTHat < 1+t)7?,

and thus,
|(K () ()]
|0 Ty e 2P ( 1+ > |0l
<c +eacp S x|t —— | ke, + .
= A T ol p—1\ " ua(l+to)—p) (A +1)

Because of ¢, > c4, it follows that

-1
c —a_1p—1 1+t

é =2 -1 a-l k _ > 0,

racr (CA )Cp 20 (t°+MA(1+to)—p)

and if

CMm |x0|a < Oua>p

holds, we also have

op 1+t
a+1 “_Z |k —— | < ¢
CA"’CACMCp ‘I0| p_l( t0+MA(1+tO)_p)_cp

This gives K(x) € X. The rest of the proof follows as before. g
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We again carry over the result for the system (5.1) to the special
case (1).

Corollary 5.9. Let A > 0, id be the unit matriz in C**¢ and

0 —id
‘*(;m §m>’
where c4 > 1 and pa > 0 are constants with |e*At:ﬂ| < cpemHat g
(€ C??, t>0). Let ¢g, 1 € C? be given.

Take p > 1 arbitrary, and set

1 p < pa,
k(p) = {6HA—P( p P

,TA) P = pa-
Suppose m € C°(C4, C4*4) is locally Lipschitz continuous, and

m(2)z] < cm |2 ||

(.’ﬂ,Z S (Cdv |Z‘ S |(¢07¢1)| CZD)

for constants ¢, > 0 and o > 1 and some arbitrary ¢, > k(p)ca
Choose to > 0 with to > (p/pa) — 1, and set

to 1
— HAS
kto . /(; (& (]__|_3)P ds.
If
Cm |(¢0;¢1)|a

1
Cp —q_1p—1 1+t
< )\<CA - k(P))Cp > <ktok(p) Tt

pa(l+to) —p
holds, then there is a unique solution ¢ € C2([0,00),C?) to (1) with

(30, 66| < I(d0, 601 (1 + )77

Remark 5.10 (Choice of constants).

(i) If d = 1, we have by Remark 5.5 uq < 1 for A > 1/2, and thus

only p > 4 is possible. For A € (0, %), we have pa € (1,2), and
so we can choose p € (1, p4).
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(ii) to can be chosen independent of 14 and p in such a way that we
get a smallness condition as weak as possible. Therefore, we have
to find a minimizer of the function

eras 1++4g

g(to) :== k(p)/oo( ds +

1+ s)P ua(l+ty)—p

in [0,00) N (p/ppa — 1,00). The derivative ¢’ is negative in a
neighborhood of the lower interval boundary and ¢ is not bounded
for t9 — oo. So there is some minimizer ty;, > t1, which means
that, for p < 4, the choice ty = 0 is not optimal.

(iii) Here we have that ¢, = ca(a+ 1/a)k(p) gives the weakest condi-
tion for functions m, which can globally be estimated by a mono-
mial.

Remark 5.11. As in Remark 5.3, we can handle the right hand sides
of f and an additional time dependence of the function m. For m, we
then need an estimate of the form

Im(t, s, z)| < emh(t,s)|z|®

with some h € Cp(R%,R). An example for such an h is h(t) =
1/(1+ (4t)?) where 4 > 0, which is introduced in [4] and in a more
general setting in [1] to describe special physical systems.

The next example shows that, even if the result is stronger, the
smallness condition to obtain exponential stability can be weaker than
the one for polynomial stability.

Example 5.12 (Quadratic kernel). We once again investigate d = 1
and kernels with

m(z) = ez
In Example 5.6 it was shown that, for A = 1/3, and thus pa = 3/2, the
smallness condition

1
2 2

m <
enlool* +1011") < 555
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implies the existence of an exponentially stable solution. Our result for
polynomial stability leads to

2 2 4 _op—1 1+t !
m < k ki k _ .
enllonl + 10n ) < k) 22 (kughte) + —or—)
It holds that k(p) > 1,
14+t 1+t 1 2
keok(p) + L > > = =2

pa(l+to) —p ~ pa(l+to)—p  pa 3

and the maximum of (p — 1)/27 is 1/(21n(2)e). This implies the rough

estimate
1

2 2
< — .
Cm(|¢0| + |¢1| ) — 276111(2)6?4
Example 5.13. For
m(z) = az? + bz,

we have @ = 1, and only the result for polynomial stability can be
applied. These functions play an important role in the mode-coupling
theory; they are linked to the so-called Fjp-model ([1, 3, 7, 4, 11]).
Here, again, we have to restrict m to the set |z| < ¢, |(¢0, ¢1)| to obtain
the needed estimate. It then reads

m(2)] < |az?| + [bz| < (lal ey |(do, )| + [b]) [2] =2 cm |2]-
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