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DIFFERENTIABILITY OF SOLUTIONS OF ABSTRACT
NEUTRAL INTEGRO-DIFFERENTIAL EQUATIONS
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ABSTRACT. In this paper we study the differentiability
of solutions of abstract neutral integro-differential equations
with infinite delay. We consider specially the cases when
the underlying space is reflexive or at least has the Radon-
Nikodym property.

1. Preliminaries. In this work we are concerned with regularity
properties of solutions of abstract neutral integro-differential equations
with infinite delay.

Let X be a Banach space endowed with a norm || - ||. In this paper
we study the existence of classical solutions for the class of abstract
neutral integro-differential equations described in the form

(1.1) %(mt) + /Ot N(t — s)a(s) ds)

t
— Aalt) + [ Bl 9)alo)ds + f(t.20)
0
for t € I =0, a], with initial condition
(1.2) xo=p€EDB

In this description x(t) € X and the history z; : (—o0,0] = X, given
by z:(8) = x(t + 0) for § < 0, belongs to some abstract phase space
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B defined axiomatically. Moreover, N(t) denotes a bounded linear
operator from X into X, A, B(t) are closed linear operators defined
in the Banach space X, and f : I x B — X is an appropriate function.

Partial neutral integro-differential equations with unbounded delay
arise, for instance, in the theory developed by Gurtin and Pipkin [20]
and Nunziato [29] for the description of heat conduction in materials
with fading memory.

We next establish some basic properties of the initial boundary value
problem

(1.3) t
s+ [ V=005

— Ax(t) +/tB(t — s)a(s)ds, t>0,
0
(1.4) z(0) =z € X.

We associate with equation (1.3) a resolvent operator. The subject
of the existence and qualitative properties of a resolvent operator for
integro-differential equations has been considered in several works. The
book of Gripenberg, Londen and Staffans [19] contains an overview of
the theory for the case the underlying space X has finite dimension.
The subject also has been studied by several authors for abstract
integro-differential equations. Related to our work, we mention the
articles [5-8, 16-18, 23, 26, 27|. Furthermore, integro-differential
equations with infinite delay have been considered recently by Ezzinbi,
Toure and Zabsonre [13], and neutral integro-differential equations
with infinite delay have been studied by Dos Santos et al. in [10, 11].

Throughout this paper, for Banach spaces X, Y we denote by £L(X,Y)
the Banach space of bounded linear operators from X into Y endowed
with the operator norm, and we abbreviate this notation by £(X) in
the case X =Y. Moreover, we denote the dual space of X by X*. If
C' is a linear operator defined in a dense subspace D(C), then C* will
represent the adjoint operator of C, and if x € X and z* € X*, we
will write indistinctly (z*,z) or (x,x*) for the value z*(z). We denote
by D(A) the domain of operator A, and by [D(A)] the space D(A)
endowed with the graph norm

el = llz]| + [[Azl}, = € D(A).
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In addition, we denote by p(A) the resolvent set of A and R(\, A) =
(M — A)~! is the resolvent operator of A. Finally, we designate by f
the Laplace transform of an appropriate function f : [0,00) — X.

We introduce the following concept of resolvent operator for problem

(1.3)~(1.4).

Definition 1.1. A one parameter family of bounded linear operators
(R(t))e>0 on X is called a resolvent operator for problem (1.3)—(1.4) if
the following conditions are verified.

(a) The function R(-) : [0,00) — L(X) is strongly continuous,
exponentially bounded and R (0) = 1.

(b) For x € D(A), R (-)z € C([0, 00),[D(A)]) N C1((0,00), X), and
(1.5) —[ :E—f—/Nt—s )xds]

a:—l—/Bt—s s)xds,

(1.6) %[R(t)a:—i—/otR(t—s)N(s)xds]

=R (t)Az + /t R (t — s)B(s)x ds,
0

for every t > 0.

The existence of a resolvent operator for problem (1.3)—(1.4) has been
considered in the Appendix. In what follows, we use the terminology
and notations introduced in the Appendix. In particular, we always
assume that conditions (P1)—(P4) are verified, and consequently that
there exists a resolvent operator for problem (1.3)—(1.4).

We complete the preliminaries with a brief description of the paper.
This paper has five sections. In Section 2 we study the existence of
classical solutions for the non-homogeneous problem

(1.7) % (:E(t) + /Ot N(t — s)x(s) ds)

—Ax(t)+/0tB(t—s)x(s)ds+f(t), tel,
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with initial condition (1.4), where f : [0,a] — X is a continuous
function. Moreover, we include in this section an application to the
existence of classical solutions for a semi-linear equation of type (1.7).
In Section 3 we discuss the existence of classical solutions for an abstract
neutral integro-differential equation with infinite delay. In Section 4
we apply our results to an equation that arises in the study of heat
conduction in material with fading memory. Finally, in Section 5 we
have met the basic properties of resolvent operators which will be used
throughout the text.

2. Classical solutions for the semi-linear equation. We begin
this section by characterizing the elements « € X for which the function
R (-)z is differentiable. Initially we generalize a well-known result for
strongly continuous semi-groups of linear operators [4].

Theorem 2.1. Assume that X is reflexive and that b(-) is locally
bounded. If

(2.1) lim inf < 00,

t—0+

’R(t)x—a:

then x € D(A).

Proof. Under condition (2.1), it follows that there is a sequence (7, ),
convergent to 0 such that the set

{R(Tn)x—x :nEN}

Tn

is bounded. Since X is reflexive, by passing to a subsequence, we may
assume that 2{mz—2 converges to some element y € X as n — oo in
the weak topology. Using Lemma 5.8, we have that

Lvee=+ [ " R(s)rds € D(A)

Tn Tn
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and
AL v(r)e = Bz =2
Tn Tn
1 Tn
(2.2) + p / N(rp, — s)R(s)zds
n Jo

1 Tn
- —/ B(rn, — s)V(s)x ds.
Tn 0
It is clear that

1
—/ N(rp —s)R(s)xds = N(0)x, n — oo.
Tn Jo

Moreover,

1 Tn 1 Tn

—/ B(r, —s)V(s)xzds|| < —/ b(tn — s)[|V(s)x]||1 ds.

Tn 0 Tn 0
Since V(+)z is || - ||1-continuous and b(+) is locally bounded, it follows
that

1 Tn
— / B(rp, —s)V(s)zxds — 0, n — oo.
Tn 0

Using (2.2), we obtain that A(%V(Tn)l‘) converges as n. — oo in the

weak topology. Since 1/7,V(r,)x — x, n — oo, and A is a closed
operator, we conclude that x € D(A). O

Employing the Eberlein-Smulian theorem and arguing as above we
can substitute the reflexivity of X by a compactness condition. For the
sake of brevity we omit the proof.

Proposition 2.2. If the set {1/t(R(t)z—x) : 0 < t < 1} is relatively
weakly compact and b(-) is locally bounded, then x € D(A).

We now consider the differentiability of solutions of the inhomoge-
neous equation (1.7) with initial condition (1.4). In this part we always
assume that f is a continuous function. We refer the reader to Defini-
tion 5.7 for the concept of the mild solution of problem (1.4)—(1.7).
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To abbreviate our next statements, we introduce some additional
notation. In the sequel we denote by My and M; a pair of positive
constants such that ||R (¢)|| < My and ||[AV(¢)|| < M; for 0 < t < a,
and we represent by v(f) the variation of f on [0, a], and by v(¢, f) the
variation of f on the interval [0, ¢].

For a function h : [0,a] — X, we denote by A7 the function given by

his+7) 0<s+7<a,
h7(s) = ¢ h(0) s+ 71 <0,
h(a) a<s+T.

We consider the following condition for functions of bounded variation:

(T) v(h™ —h) = 0,7 — 07.

Remark 2.3. In this remark we collect some properties relative to the
condition (T).

(i) If h satisfies assumption (T), then h is continuous. In fact, for
0 <t < a, we have that

[n(t +7) = h(@)[l = A7 (a) = h(a) = (A7(t) = h(D))|| < v(hT = h)

which implies that h is right-continuous at ¢. Similarly, we can show
that h is left-continuous on (0, a.

(ii) If h is continuously differentiable, then h satisfies condition (T).
In fact, it is well known [3] that

a
v(hT—h):/ W (t+7) — K@) dt =0, T 0.
0

(iii) There are continuous functions of bounded variation that do
not satisfy condition (T). We next illustrate this assertion with an
example. Let hy(t) = 1/ncosnnt for 0 < ¢t < 1 and n € N. Since
h!,(t) = —msinnnt, we deduce that {h,, : n € N} is equicontinuous on
[0,1] and

1 1
v(hn):/o |h;l(t)|dt:7r/0 | sinnrt| dt = 2.
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We define h : [0,1] — £°° by h(t) = (hn(t))n. Using the equicontinuity
of functions h,, we get that h is continuous. On the other hand, let
d={&,&,... &}, where 0 =& < & < -+ < & =1, be a division of
the interval [0,1]. For each ¢ > 0, we can choose n; € N such that

k

va(h) =D [1h(&) = h(&i-1) ]l

i=1

k
=1

k
<wYy |6 —&ial+e
i=1

<m+e.

This implies that h is a function of bounded variation with v(h) < .
To complete this remark, we will estimate v(h™ — h). It is clear that
v(h™ —h) > v(h], — hy,) for every n € N. Again, using [3], we can write

o(hT — hy) :/01

1—7
2/ | — wsinnn(t + 7) + wsinnwt| dt
0

d

SBL(0) = ha(0)] d

1—7
= 7r/ |(1 — cosnmT) sinnnt — sin nwr cos nrt| dt.
0

Hence, for 7 = 1/n, we get that
1-(1/n)
v(hY/™ = hy) > 7r/ |2 sinnt| dt
0
1
:277/ | sinnrt| dt
0

1
— 27r/ | sinnrt| dt
1—(1/n)

>4 2T
n

Consequently, v(h™ — h) does not converge to zero as 7 — 0.
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We next use the notation
t
(2.3) u(t) = / R (t—s)f(s)ds.
0
We begin by establishing some preliminary results.

Lemma 2.4. Assume that X is a reflexive space, and let h : [0,a] —
X be a function of bounded wvariation. Then the Riemann-Stieltjes
integral

/0 " AV (s) doh

exists in the weak topology and

H /Oa AV (s)dsh

‘ S Mﬂ)(h)
Furthermore, if 0 < b < a, then

(2.4) /OaAV(s) dsh—/ObAV(s) dsh+/aAV(s)d5h.

b

Proof. Let A : D(A*) C X* — C be defined by

A@*) = /Oa<V(s)*A*x*, d.h).

The Riemann-Stieltjes integral in the above expression exists because
s+ V(s)*A*z* is a continuous function and h has bounded variation
([25]). The first assertion is a consequence of the fact that the map
V(-), and hence also V(-)*, is continuous for the norm of operators.
Moreover, A is linear and

[A(z")] < Myw(h) =]

Since D(A*) is dense in X* ([12, Section 1.5.14]) the functional A
has a continuous extension, still denoted by A, to X*. Consequently,
A € X** and, in view of the fact that X is a reflexive space, we infer
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the existence of z € X with ||z| < Myu(h) such that A(z*) = (2%, z),
for all z* € X*. We set z = [ AV (s) dsh.

Proceeding in a similar way, we can establish the existence of
f, AV (s)dsh when b < a and the equality (2.4) is immediate. o

Lemma 2.5. Assume that X is a reflexive space, and let h : [0,a] —
X be a function of bounded variation that satisfies assumption (T).
Then the Riemann-Stieltjes integral

g(t) = /0 AV (t —s)dsh = _/0 AV (s)dsh(t — s)

exists in the weak topology and defines a continuous function g : [0, a] —
X.

Proof. The existence of g(t) is an immediate consequence of Lemma 2.4.
On the other hand, using (2.4), we have

ot +7)— g(t) = — /OHT AV () doh(t + 7 — )
+ /Ot AV (s) doh(t — s)
=— /Ot AV (s)dg[h(t +7—s) — h(t — s)]
- /:H AV(s) dh(t +7 — 5).

We next estimate the two terms on the right hand side of the above
expression separately. Since h is continuous, it follows from [25,
Proposition 1.2.9] that

t+1
(2.5) H/ AV (s)dsh(t + 7 — 8)|| < Myo(r,h) — 0, 0.
t

On the other hand,

H/OtAV(S)ds[h(t+7—5) — h(t—s)] ‘ < Myw(h" —h) — 0, 7-0.
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Collecting this property with (2.5), we conclude that g(t+7)—g(t) — 0
as 7 — 0 which shows that g(-) is right continuous at ¢. Similarly, one
can prove that g is left continuous at ¢, which completes the proof. O

Theorem 2.6. Assume that X is a reflexive space, and let f be a
function of bounded variation on [0,a] that satisfies assumption (T).
If = € D(A), then the mild solution xz(-) of problem (1.4)—(1.7) is a
classical solution on (0,a]. If, further, z € E, then z(-) is a classical
solution on [0, a).

Proof. We consider a sequence (fy)n of step functions, where each
fn is the function given by f(t1)X(e,,,] + Doreo f (i) X (ti_y,t,]- In this
expression, we have chosen the points t; = (a/n)i, i = 0,1,... ,n, and
X j represents the characteristic function associated to an interval J.
It is clear that the sequence (f,), converges uniformly to f. Let w,
be the function given by (2.3) with f,, instead of f. Then, u, — u as
n — oo, uniformly on [0, a]. Moreover, by Theorem 5.9, we have that
un(+) is a classical solution on [0,a] of problem (1.4)—(1.7) with z =0
and f, instead of f. Consequently, u,(t) € D(A) for 0 <t < a.

On the other hand, if we fix 0 <t < a and n € N, then t € (t;_1,1;],

for some j =1,...,n. From our definitions, we can write
(2.6)
j—1 t;
Aun(t)zAZ/ R(t—s)f ds+A/ R(t—s)f(t;)ds
i=17ti-

—AZ (t—tio1) = V(t =) f(t:) + AV(t — ;1) f(t5)

= AV (£)£(0) + Z AV (t —tio ) [f(t:) — f(tio1)],

i=1

so that
[[Aun ()] < Mro(f) + M| floo-

Hence, it follows that (Aun(t))» is a sequence uniformly bounded on
[0, a]. Consequently, for each ¢, there is a subsequence which converges
to w(t) € X in the weak topology. This implies that u(t) € D(A)
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and w(t) = Au(t). A standard argument shows that the full sequence
(Aun(t))n converges to Au(t).

Moreover, it follows from (2.6) that

Au(t) = /0 AV (t — s)ds f(s) + AV () £(0)

and Lemma 2.5 implies that Au(-) is a continuous function. If z €
D(A), applying Corollary 5.10, we conclude that x(t) = R (t)z + u(t)
is a classical solution of (1.7)—(1.4) on (0,a]. Similarly, if z € E, then
z(-) is a classical solution on [0,a]. D

In a particular case we can omit the reflexivity of space X.

Proposition 2.7. Let f(t) = (t)y, where ¢ : [0,a] — C is a
continuous function of bounded variation and y € X. If z € D(A),
then the mild solution x(-) of problem (1.7)—(1.4) is a classical solution
on (0,al. If z € E, then the mild solution x(-) of problem (1.7)—(1.4)
is a classical solution on [0, a).

Proof. For the most part we proceed as in the proof of Theorem 2.6.
Since AV (+)y is a continuous function and ¢ has bounded variation, we
can use the properties of the integration of Riemann-Stieltjes developed
in [25] to conclude that the integral fot AV (t — s)ydp(s) exists as a
limit in the norm of X and that the function ¢ fot AV (t — s)y dy(s)
is continuous. It follows from (2.6) that

Aun(t) = p(0)AV (t)y + Z[@(ti) —p(ti—)]JAV(t — tim1)y,
i=1

which implies that Au,(t) — f(f AV (t — s)yde(s) + p(0)AV (t)y as
n — oo. We finish the proof by proceeding as in the proof of
Theorem 2.6. ]
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Now we consider the semilinear problem

(2.7) % (a:(t) + /0 N(t— s)z(s) ds)
= Axz(t) —I—/O B(t—s)x(s)ds+ f(t,z(t)), tel,

with initial condition (1.4), where f : [0,a] x X — X is a continuous
function.

This type of equation has been used in [5, Section 5] to model the
problem of heat conduction in materials with fading memory and also
represents a generalization of equations used recently in [15] to study
the heat flux in a conserved system, and in [14] for studying systems
with memory relaxation.

We recall the definition of solution [11, 22].

Definition 2.8. A function x : [0,a] — X is a mild solution of
(2.7)—(1.4) if z is continuous and satisfies the integral equation

x(t):R(t)z—f—/o R(t—s)f(s,xz(s))ds, tel.

A function z(-) is said to be a classical solution of (2.7)—(1.4) if it
fulfills the conditions established in Definition 5.4 for f(¢,x(t)) instead

of f(¥).

On the other hand, it is well known that every reflexive space has the
Radon-Nikodym property (abbreviated, RNP) and that there are non
reflexive spaces that have the RNP. We refer to [9] for several character-
izations of the RNP. For this reason, in the sequel, we consider spaces
that have the RNP. We consider the following Lipschitz condition for

f
(H1) For each r > 0, there exists a constant C(r) > 0 such that

1f(ty) = f(s,2)| < Cr)[t = s + [ly — ]]

forall 0 <s,t <rand |z —z|,|ly—z|| <.
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Theorem 2.9. Assume that X satisfies the RNP. Let z € E, and
let f be a function that satisfies condition (H1). Then there is a unique
classical solution x(-) of problems (1.4)—(2.7) on [0, B8], for some § > 0.

Proof. Proceeding as usual, applying the fixed point theorem for
contraction maps, we obtain that there is a unique mild solution z(-)
of problems (1.4) and (2.7) on [0, 5], for some 0 < § < a. This is
also a consequence of results established in [11, 22]. We can assume
that ||z(t) — z|| < r for some r > 0 and all 0 < ¢ < 3. Hence, for
0 <s<t<p, and using that z € E, we have

() —z(s)|| < [[R(t)z — R (s)z||
[ —

/R s—f,x<s—£>>de
< IR ()2~ R (s)z

+H/ R(E)f(t—&x(t—f))déH

H / (t—f))—f(s—é,fc(s—E))]Hdg

< Qe -9) + M) | Tt — s +€) - ale)] e,

for a certain constant Cy(r). It follows from the above estimate and
Gronwall-Bellman’s lemma that z(-) is Lipschitz continuous. Conse-
quently, the function ¢t — g(t) = f(¢,z(t)) is Lipschitz continuous and,
since the space X satisfies the RNP, the function g € Wh1([0, 8], X).
The assertion is now a consequence of Theorem 5.9. O

3. Existence of solutions for the functional problem. In this
section we study the existence of classical solutions for the abstract
neutral problem with infinite delays (1.1)—(1.2). In the sequel, we
always assume that conditions (P1)—(P4) are verified and that R (t)
is the resolvent operator studied in Section 5.

We use an axiomatic definition of the phase space B, which is similar
to the one used in [24]. Specifically, B will be a linear space of functions
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mapping (—oo, 0] into X endowed with a seminorm || - ||z and verifying
the following axioms.

(A)Ifz: (—o00,04+a) - X,a>0,0 €R,is continuous on [0,0 +a)
and x, € B, then for every t € [0, 0 4 a), the following conditions hold:
(i) x4 is in B.
(i) =) < Hl|z]|5-
(iii) [|zells < K (t — o) sup{llz(s)]| : 0 <5 <t} + M(t = 0|25 | 5,

where H > 0 is a constant; K, M : [0,00) — [1,00), K is continuous,
M is locally bounded and H, K, M are independent of z(-).

(A1) For the function z(-) in (A), the function ¢ — x; is continuous
from [0,0 + a) into B.

(B) The space B is complete.

Example 3.1. The phase space C, x LP(p,X). Let r > 0,
1< p< oo, and let p: (—o0o,—r] = R be a nonnegative measurable
function which satisfies conditions (g-5) and (g-6) in the terminology
of [24]. Briefly, this means that p is locally integrable and there
exists a non-negative, locally bounded function 7 on (—oo, 0] such that
p(§ +0) < v(&)p(), for all £ < 0 and § € (—oo,—r) \ N¢, where
Ne C (—o0,—r) is a set with Lebesgue measure zero. The space
C, x LP(p,X) consists of all classes of functions ¢ : (—00,0] — X
such that ¢ is continuous on [—r, 0], Lebesgue-measurable, and p||pl|P
is Lebesgue integrable on (—oo, —r). The semi-norm in C, x LP(p, X)
is defined by

lells = sup{lp(6)]| : —r < 6 < 0} + </

— 00

-r

1/p
pOle®Pas)

The space B = C, x LP(p, X) satisfies axioms (A), (A-1) and (B).
Moreover, when r = 0 and p = 2, we can take H = 1, M(t) = y(—t)*/?
and
0 1/2
K(t) =1+ (/ p(e)cw)  fort>0.
—t
See [24, Theorem 1.3.8] for details.

To study problem (1.1)—(1.2) in what follows we assume that f
satisfies the following assumption.
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(H2) The function f: I x B — X verifies the following conditions:

(i) The function f(¢,-) : B — X is continuous for every t € I, and
for every ¢ € B the function f(-,4): I — X is strongly measurable.

(ii) There exist a continuous function my : I — [0,00) and a
continuous non-decreasing function s : [0, 00) — (0, 00) such that

1F (& <mp@)Q2([¢lls), (&,9) € I xB.

Motivated by the results in Section 5, we introduce the following con-
cepts of mild and classical solutions for the neutral system (1.1)—(1.2).

Definition 3.2. A function z : (—oo,a] — X is called a classical
solution of the neutral system (1.1)—(1.2) on (0,a] if xg = ¢, the
restriction x|, € C([0,a], [D(A)]) N C1((0,a], X) and (1.1) is verified
on [0,a]. If, further, x|, , € C([0,a], [D(A)]) N C1([0,a], X), then z(-)
is said to be a classical solution of the neutral system (1.1)-(1.2) on
[0, a].

Definition 3.3. A function = : (—o0,a] — X is called a mild solution
of the neutral system (1.1)-(1.2) on [0,a] if zo = ¢, the restriction

2| € C([0,a], X) and the equation
t
z(t) =R (t)p(0) +/ R(t—s)f(s,x5)ds, te€]0,a],
0
is verified.

The proof of the next results is standard [11, 22]. For the sake of
brevity we omit it.

Theorem 3.4. Assume that the function f : IxB — X is continuous
and there is an Ly € L'([0,a], RT) such that

Hf(t,%) - f(tan)H < Lf(t)le _wQHa te 1,1/11,1/12 € B.

Then there is a unique mild solution of (1.1)—(1.2) on [0, a].
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Similarly, for functions f that satisfy a local Lipschitz condition we
can establish a result of existence of local solutions. We consider the
following Lipschitz condition for f.

(H3) For each r > 0, there exists a constant C(r) > 0 such that

1 (t,9b2) = f(s, )| < C(r)[[t = s| + l[h2 — ¥nlls],

for 0 < s, t <rand ¢1,92 € B with |[¢); — ¢|lg < r fori=1,2.

Proposition 3.5. Assume that the function f : I x B — X satisfies
condition (H3). Then there is a unique mild solution of (1.1)—(1.2) on
[0, 8], for some 0 < 8 < a.

Arguing as usual, using the compactness of the resolvent operator and
the Schauder-Tikhonov theorem, we can avoid the Lipschitz condition.

Theorem 3.6. Assume that condition (H2) is fulfilled, and that R (t)
is compact for every t > 0. Then there exists a mild solution of problem
(1.1)—~(1.2) on [0, 8] for some 0 < 5 < a.

We refer to Lemma 5.3 for a criterion to guarantee the compactness
of R(¢). On the other hand, we define the operator S(¢) : B — B for
t >0 by
¥(0) —t<6<0,

(t+6) 6<—t.
It follows from the axioms of the phase space that S(:) is a strongly

continuous semigroup. We denote by B, the subspace of B consisting
of functions 1 such that

1S(6)0)(0) = {

[S(h)y —ls < Lyh, h =0,

where L, > 0 is a constant.

Example 3.7. Let B = Cy x L?(p,X) be the space defined in
Example 3.1. Assume, in addition, that the function p is integrable on
(—00,0]. It is clear that, if ¢ € B is a uniformly Lipschitz continuous
function, then ¢ € B,ip.
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The next property can be proved using a standard argument based
upon the phase space axioms and the Gronwall-Bellman lemma. We
omit the proof.

Lemma 3.8. Assume that condition (H3) is fulfilled, ¢ € Brip and
©(0) € E. Let z(-) be the mild solution of (1.1)~(1.2) on [0,5]. Then
the functions x(-) and s — x5 are Lipschitz continuous on [0, a).

Corollary 3.9. Assume that X satisfies the RNP and that the
function f : I x B — X werifies condition (H3). If ¢ € BLip and
©(0) € E, then the mild solution x(-) of (1.1)—(1.2) on [0,0] is a
classical solution on [0, f].

Proof. 1t follows from Lemma 3.8 that the function ¢ — x; is
Lipschitz continuous. Therefore, the function ¢ — f(t,a;) is also
Lipschitz continuous. We complete the proof arguing as in the proof of
Theorem 2.9. ]

We complete this result by studying the differentiability of function
t — x; when f is only Lipschitz continuous. To establish this result, we
will need additional properties of the phase space B. We next denote
by Coo(X) the space of continuous functions from (—o0,0] to X with
compact support. We consider the following axiom for the phase space
B ([24)).

(C2) If a uniformly bounded sequence (p™),, in Cyo(X) converges to
a function ¢ in the compact-open topology, then ¢ belongs to B and
lle™ — ¢llz = 0, as n — oo.

It is easy to see ([24]) that if axiom (C2) holds, then the space of

continuous and bounded functions Cp = Cp((—00, 0], X) is continuously
included in B. Thus, there exists a constant @@ > 0 such that

lells < Qllgllse, @ € Co((—00,0], X).

Furthermore, in this case ([24, Proposition 7.1.5]) the function K(-)
involved in axiom (A) can be chosen as the constant (). As an example,
we mention that, if the function p is integrable on (—oo, —r], then the
space Cy x LP(p, X) defined in Example 3.1 satisfies axiom (C2). We
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also use the notation UC), = UCy((—00, 0], X) to represent the subspace
of Cj, consisting of uniformly continuous functions.

Corollary 3.10. Assume that X satisfies the RNP, the space B
satisfies axiom (C2) and the function f: I x B — X wverifies condition
(H3). Assume, further, that ¢ € Cy is a continuously differentiable
function such that ¢’ € UCy, ¢(0) € E and

¢©'(0) = Ap(0) + £(0,%) — N(0)¢(0).

Let x(-) be the mild solution of (1.1)-(1.2) on [0, 5]. Then the function
t — x; is continuously differentiable on [0, 0].

Proof. Assumptions on ¢ and axiom (C2) imply that ¢ € Brip. It
follows from Corollary 3.9 that z(-) is continuously differentiable on
[0, 8] and the right derivative 2’(0%") verifies

2'(0%) = Ap(0) + £(0, ) — N(0)p(0).

Turning to use the properties of ¢, we conclude that z(+) is continuously
differentiable on (—oo,a]. The assertion is now a consequence of [21,
Lemma 1.1]. O

Finally, we will study the existence of classical solutions when X is
a general Banach space and f is a smooth function. We introduce
some additional notations. Let (Z,| - ||z) and (W,]| - ||lw) be Banach
spaces. For a differentiable function g : I x W — Z, we denote by
Dyg(t,w) : R x W — Z the derivative of g at (¢, w). We decompose

Dg(t,w)(h,wy) = hD1g(t,w) + Dag(t, w)(w1).

Theorem 3.11. Assume that B satisfies the aziom (C-2). Let
f € CY[0,a] x B, X) be such that Df satisfies the Lipschitz condition

(3.1) IDf(s,¢2) = Df(s, Y1)l < L(s)llvh2 — ¢ulls,

where L(-) is a locally bounded function. Let ¢ € B be a continuously
differentiable function such that ¢’ € B, ¢(0) € E, and

(3.2) ©'(0) = Ap(0) + f(0,9) — N(0)¢(0).
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Then there is a classical solution of (1.1) and (1.2) on [0, 8] for some
0<pB<a.

Proof. By Theorem 2.1 we can affirm that there is a mild solution
z(+) of (1.1) and (1.2) on [0, B1] for some 0 < 1 < a.

We consider the initial value problem

w(t) =R ()" (0) + h(t) + /0 R (t — s)B(s)p(0) ds

t

(3.3) + [ R({t—s)D1f(s,xs5)ds

t

+ [ R(t—5)Daf(s,xs)(ws)ds,

J
J

(3.4) wo = ¢,

where h(t) = d/dt fg R (t—s)[IN(0)— N(s)]¢(0) ds. Using the condition
©(0) € E, it follows from Definition 1.1 and Remark 5.6 that h is a
continuous function such that h(0) = 0. Hence, equation (3.3) has the
form

w(t) = g(t) + /0 R (t — s)P(s)(ws) ds,

where g is a continuous function and the bounded linear map P(s) =
Dsf(s,xs) is continuous at s. Applying the contraction mapping
principle, we can show that there exist 0 < 8 < 1, a unique function
w : (—00,b] = X which is continuous on [0, 3] and a solution of problem
(3.3)—(3.4).

We define v(t) = ¢(0) + fot w(s)ds for t > 0 and v(f) = ¢(0) for
6 < 0. It follows from (3.3) and condition (3.2) that

(3.5)
o(t) = p(0) + / R ()[Ag(0) + £(0, ) — N(0)p(0)] ds + / h(s) ds

+/o / R (s — &) B(£)(0) d€ ds
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t s
+ /0 /0 R (s — €)Dy f(€, ) dé ds

+/0 /0 R(s—f)Dgf(f,xf)wEdfds

On the other hand, since the function s — wjy is continuous, from the
theory of integration of vector functions with values in Banach spaces
([28]) and axiom (C-2), we obtain that v; = ¢ + fot wsds for t > 0.

Consequently, functions ¢ — v; and t — fOtR(t — $)f(s,vs)ds are
continuously differentiable, and

d t

s ; R(t —s)f(s,vs)ds

d t
:E )

—R(1)£(0,0) + / R (5)[Df( — 5, 0ps)
+ Dof(t — s,vt—s)wi_s| ds

— R(1)£(0,0) +/0 R (t—)[D1f (5, 05)+ Daf (s, vs)ws] ds.

R (S)f(t -5, vtfs) ds

Integrating on the interval [0, ] in the above expression, we obtain
t t
| R 9100 = [ RE5)50,0)ds
0 0
t s
(3.6) [ [ R oDuse e des
0o Jo

+/0 /0 R(s—f)Dgf(f,vf)wgdfds.

On the other hand, applying resolvent equation (1.6), we can write
t
(3.7) R(t)p(0)+ / R(t —s)N(s)p(0)ds
0
t
= p(0) + / R (s)Ap(0) ds
0

+/o / R (s — €)B(&)p(0) d€ ds,
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and, combining (3.6) with (3.7), we have
o0+ [ R(:)0.0)ds
=R (#)p(0) + / R(t— s)N(s)p(0)ds
0
- [ Rac0as— [ [ R -oB©p(0) deas
—l—/o R(t—s)f(s,vs)ds
- [ [ Re=apisieogdcas
- [ [ R oparievueds is
Substituting this expression in (3.5) yields
v(t) =R (t)p(0) + / R(t—s)f(s,vs)ds
0
+ [ R =D s ae) - Drp(evol des
+ [ [ Rl = Daf.06) = Dafe voue de ds.
Now, using Definition 3.3. we get
o) o) = [ Rit=s)f(s0) = sl ds
+ [ ] R =D siea0) - Dip(evo) de s

+ / / R (s — €)[Daf (6, z¢) — Daf (€, ve)]we d ds.

Combining [1, Proposition 2.4.7] with condition (3.1) and the fact that
x and v are continuous functions, we can state that

1f(s,05) = (5,25l < Cllos = 25|,
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where C'is a constant independent of z, v and s for s € [0, §]. Therefore,
again using condition (3.1), we can affirm that

l[o(t) = =(®)]] <MoCQ/ max |[v(s) —2(s)|| ds

0<s<t

+M0C1Q/ max [|v(s) — z(s)|| ds,

where C1 is also a constant independent of x,v and ¢ for ¢t € [0, 5]. Ap-
plying the Gronwall-Bellman lemma we conclude that z(t) = v( ) and
the function ¢ — x; = v; is continuously differentiable. Consequently,
the function ¢ — f(¢, ;) is also continuously differentiable. From The-
orem 5.9, it follows that z(-) is a classical solution of (1.1)—(1.2) on

0,8. ©

4. Applications. In this section we apply our abstract results to
study a neutral integro-differential equation that arises in the theory
of heat flow in materials with fading memory ([5]). To simplify the
exposition we assume the domain is [0, 7] and that the external source
is modeled by a general expression which is used by several authors to
describe systems with past dependence. Specifically, we consider the
system

(4.1)
% [u(t,f) + ; a(t — s)u(s, &) ds]
B 0%ul(t, €) ¢ 0%u(s, )
—T?‘F ) b(t—s)ai@ds
a1 ([t - 5.9ds) + platt, ) + 7i0.6),
(4.2)
u(t,m) =u(t,0) =0,

(4.3)

U’(ev g) = 30(9, E)v

for (t,€) € [0,00) x [0,7], @ < 0. In this system, a,b,q : [0,00) = R,
H,p:R — Rand h:[0,00) x [0,7] = R are continuous functions that
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satisfy appropriate conditions to be specified later. Moreover, we have
identified ¢(0)(§) = ¢(6,&).

To represent this system in the abstract form (1.1)—(1.2), we choose
the spaces X = L2([0,7]) and B = Cy x L*(p, X), where p : (—o0, 0] —
[0,00) is integrable. In the sequel, A : D(A) C X — X is the operator
given by Az = 2z’ with domain D(A) = {z € X : 2" € X, z(0) =
x(m) = 0}. It is well known that A is the infinitesimal generator of an
analytic semigroup (T(t))¢>0 on X. Moreover, A has discrete spectrum,
the eigenvalues of A are —n?, n € N, with corresponding eigenvectors
2,(&) = (2/7)Y/?sin(n€). Moreover, the set of functions {z, : n € N}
is an orthonormal basis of X and

o0
T(t)x = Z e*"2t<x, Zn)zn for x € X.

n=1

We assume that the following conditions hold:

(i) The functions a,b € L'([0,0)), and there is a ¥ € (7/2,7) such
that [a(\)| < C/|A| for A € Ay = {A € C\ {0} : |arg(\)] < ¥} and
[b(A)] = 0 as A € Ay and || — oo.

(i) S (4 (=0))/p(6) dO < co.

iii) The functions H,p are uniformly Lipschitz continuous on R.

(
(iv) The function h satisfies Carathe6dory conditions to ensure that
h(t) = h(t,") € L?([0,n] for ¢ > 0, and there is a positive function
g € L?([0,7]) such that

|h(t2, &) — h(t1,€)] < g(§)|t2 — t]

for all ¢o,¢1 > 0 and £ € [0, 7).

We define the operators N(t) : X — X, B(t) : D(A) C X — X and
f:]0,00) x B — X by the expressions

§) = b(t) Ax(E),
(N(@)) (&) = a(t)(E),

0 ~
F(t0)(©) = H( | atswis ds) - p(p(0,6)) + i(t,€).
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It follows from (i) that conditions (P1)—(P4) are satisfied with N \) =
a(\I, B(\) = ?)\(/\)A7 and where we take D = C§°([0,7]) the space
consisting of infinite differentiable functions that vanish at £ = 0 and
¢ = w. Moreover, it is not difficult to see from (ii)—(iv) that f(-,-) is a
uniformly Lipschitz continuous function.

With this notation the system (4.1)—(4.3) can be considered as an
abstract neutral system (1.1)(1.2). From the expression for N()), it
follows that the space E = D(A).

Since X is a Hilbert space, the next results are a direct consequence
of Corollaries 3.9 and 3.10.

Proposition 4.1. Assume that ¢ € B is uniformly Lipschitz
continuous and ¢(0,-) € D(A). Then there exists a classical solution
u(-) of (4.1)-(4.3) on [0,00).

Proposition 4.2. Assume that ¢ satisfies the following conditions:
(i) ¢(0,-) € D(A).

(ii) @(-,&) is continuous almost everywhere & € [0,7] and supy<
Jo (0, dé < 0.

(iii) (9/00)p(-, &) is uniformly continuous almost everywhere § €
(0,7, and supy<q [ 1(0/00)(6,€)|? d€ < oo

()
2 0
5590.0 = 5000+ 1( [ at-opp0.00a0)

+p(2(0,8)) + h(0,€)
— a(0)¢(0,).

Let u(-) be the classical solution of (4.1)=(4.3) on [0,00). Then the
function t — g is differentiable on [0,00).

APPENDIX

5. In this section we collect some properties about the resolvent
operator for the problem (1.3)—(1.4). This section includes only a brief



DIFFERENTIABILITY OF SOLUTIONS OF EQUATIONS 71

review, mostly without proof, of properties of the resolvent operator to
make the text self-contained. For details, we refer to [10, 11, 22].

We consider the following conditions:

(P1) The operator A : D(A) C X — X is the infinitesimal generator
of an analytic semigroup 7'(t) on X, and there are constants My > 0
and ¥ € (7/2,7) such that p(4) D Ay = {A € C\ {0} : Jarg(N)| < ¥}
and ||R(A, A)|| < Mp/|A| for every A € Ay.

(P2) The function N : [0,00) — L(X) is strongly continuous and
N(\)z is absolutely convergent for € X and Re () > 0. There
are an o > 0 and an analytical extension of N()) (still denoted by
N(A) to Ay such that [|[N(A)|| < No/|A|® for every A\ € Ay, and
IN(N)z|| < Ni/|M||#]1 for every A € Ay and x € D(A).

(P3) For all t > 0, B(t) : D(B(t)) € X — X is a closed linear
operator, D(A) C D(B(t)) and B(-)x is strongly measurable on (0, co)
for each z € D(A). There exists a b(-) € L{, .(R™T) such that b(/\) exists
for Re(A\) > 0 and ||B(t)z|| < b(t)||x||1 for all ¢ > 0 and = € D(A).
Moreover, the operator valued function B : Ao — L([D(A)], X)
has an analytical extension (still denoted by E) to Ay such that
IB\a|| < |BV)| |z]l1 for all 2 € D(A), and [ B()|| = 0 as [A] — oc.

(P4) There exists a subspace D C D(A) dense in [D(A)] such that
A(D) C D(A), BAA)(D) C D(A), N(\)(D) € D(A), and the following
estimates are verified:

IAB(\)z|| < Ci(a),

INMVzl1 < 7z ll=lh

Cs
[AJ*
for every x € D and X\ € Ay.

In what follows, we always assume that conditions (P1)-(P4) are
verified.

In the rest of this section, » > 0, § € ((7/2),9) are fixed numbers,
and we represent for A, g the set {\ € C\{0} : |A| > r, |arg (V)| < 6}.
Additionally, we denote by Ffﬂﬁ for i = 1,2, 3 the curves

= {te® : t > 1},
TG*{re _géfge}
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and
I3, ={te:t>r}

and I'y g = U;?’:lffﬂ’e. We always assume that these curves are oriented
so that Im () is increasing.

Lemma 5.1. There exists a constant v > 0 such that the operator
GA) = (A +AN(A) — A—B(\) ™' € £(X)

for A € A, y. Moreover, the following properties hold:

(a) The function G : Ay — L(X) is analytic and there ezists a

constant My such that

My
G| < —.
6l < 2

(b) The space R(G(X\)) € D(A) and the function AG : A,y — L(X)
is analytic, and there exist constants My, M3 such that

M
lAGN)z| < WQHle, x € D(A),

[AGV| < Ms,

for every A € A ».

Theorem 5.2. The function

55 fp, MG dA t >0,

(5.1) R(t):{I o

is a resolvent operator for the integro-differential system (1.3)—(1.4).

The following property is a direct consequence of the construction of
the resolvent operator.

Lemma 5.3. If R(\g, A) is a compact operator for some Ag € p(A),
then R (t) is compact for all t > 0.
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Proof. It follows from Lemma 5.1 that G(X) is compact for all
A € A, y. The assertion is now a consequence of expression (5.1). O

For the convenience of the reader, we restate the non-homogeneous
problem

(5.2) %(mo+éwwpwn@ma

:Ax(t)—l—/OtB(t—s)x(s)ds—i—f(t), tel,

(5.3) z(0) = 2,

where f :[0,a] = X is a continuous function.

Definition 5.4. A function x : [0,a] — X is called a classical
solution of problem (5.2)—(5.3) on (0,a] if z € C([0,qa],[D(A4)]) N
C1((0,al, X), the condition (5.3) holds and equation (5.2) is verified
n [0,a]. If, further, z € C([0,a],[D(A)]) N C([0,a], X), the function
x is said to be a classical solution of problem (5.2)—(5.3) on [0, a].

It is clear from the preceding definition that R (-)z is a classical
solution of problem (1.3)—(1.4) on (0, c0) for z € D(A).

Initially, we establish that the solutions of problem (5.2)—(5.3) are
given by the variation of constants formula.

Theorem 5.5. Let z € D(A). Assume that f € C([0,a],X) and x(-)
is a classical solution of problem (5.2)—(5.3) on (0,a]. Then

x(t):R(t)z—f—/o R(t—s)f(s)ds, te]0,al.

Proof. For € > 0, we consider ¢t > ¢, and we define

MQ—R@WQ—@—RQV—A_ZHbmﬁ@M&
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Taking the limit at the above expression as ¢ — 0, and using the
properties of R (+), the assertion follows. O

Remark 5.6. We define the space FE consisting of vectors z € X such
that the function R (-)z € C([0, ), [D(A)])NCL([0,00), X). It is clear
that £ C D(A) and d/dtR (t)z|i=0 = Az — N(0)x for z € E.

Motivated by the variation of constants formula, we introduce the
following concept of the mild solution.

Definition 5.7. The function z(-) given by (5.4) is said to be the
mild solution of problem (5.2)—(5.3).

Next we will study several conditions under which the mild solution of
problem (5.2)—(5.3) is a classical solution. We begin with the following
lemma.

Lemma 5.8. Let V : [0,00) = L(X) be the operator-valued function
defined by V (t)x = f(fR(s)x ds. Then R(V(t)) C D(A) for allt > 0,
the map AV (+) : [0,00) — L(X) is strongly continuous, and

AV()z =R (D)7 — 2+ / "Nt - $)R (s) ds

(5.5) . 0

—/ Bt —s)V(s)xds, t>0, z€ X.
0

Proof. For x € D(A), the assertion is an easy consequence of
the properties of the resolvent operator. For z € X, we select a
sequence (zp), in D(A) such that x, — x as n — co. Consequently,
V(t)x, — V(t)zr as n — oo. It follows from our initial assertion
that (AV(¢)xn)n is a Cauchy sequence. Since A is closed, we obtain
that V(t)x € D(A). Moreover, B(t — s)V(s) is a bounded linear
operator and B(t — s)V(s)x, — B(t — s)V(s)z as n — oco. In view of
|1B(t — s)V(8)xn| < bt — 9)||V(s)xnl|1, from the Lebesgue dominated
convergence theorem, we can affirm that fOtB(t — s)V(s)xnds —
fot B(t —s)V(s)zds as n — .
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Using the resolvent equation (1.5) with x,, instead of x, we get
AV(t)z, — R(t )x—x—f—/ N(t —s)R(s)zds
/ B(t —s) Yrds, n — oo,

which implies that (5.5) holds. Since the function t — fg B(t —
s)V(s)x ds is continuous, from the above expression we conclude that
AV (-)xz € C(]0,00), X). This completes the proof. o

Theorem 5.9. Let 2 € D(A), and let f € WH1([0,a],X). Then
the mild solution x(-) of problem (5.2)—(5.3) is a classical solution on
(0,a). Further, if z € E, then x(-) is a classical solution on [0,a].

Proof. We may assume that z = 0. Let u be the function given by
(2.3). Applying [2, Proposition 1.3.6], we can assert that functions u(-)
and N = u(-) are of class C* on [0, a] and that

(1) = / R (t — 5)f'(s) ds + R (£)(0),

dt</Nt—s > /Nt—s s)ds + N(t)u(0),

for each ¢ € [0, a]. Using these expressions, we can establish that u(-) is
a classical solution of problem (5.2)—(5.3) on [0, a] with initial condition
u(0) = 0. o

Let f € C(]0,a], X). Approximating f by continuously differentiable
functions, and applying Theorem 5.9, we can establish the following
consequence.

Corollary 5.10. Let z € D(A) and f € C([0,a], X). Let z(-) be the
mild solution of problem (5.2)—(5.3). If x € C([0,a],[D(A)]), then z(-)
is a classical solution on (0, a).
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