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ABSTRACT. The aim of this paper is to propose a numeri-
cal method approximating the solutions of a system of CSIE.
The stability and the convergence of the method are proved
in weighted L2 spaces. An application to the numerical
resolution of CSIE on curves is also given. Finally, some
numerical tests confirming the error estimates are shown.

1. Introduction. Systems of singular integral equations with
Cauchy type kernels may be found in the formulation of many boundary
value problems. In many known physical problems of practical interest,
the coefficients of the equations are constant. The general theory of
such systems is given in [11, 14] (see also the references therein).

In this paper we are interested in the numerical solution of systems
of the following type

(1.1)  a; F(r) + %/11 % dt

noo1
+Z/ he (7, 0 Fi(t)dt = G4(7), || <1,
k=171
7=1...,n,
where hj;, and Gj, 5,k =1,... ,n, are known complex-valued functions

defined on [—1,1]? and [—1, 1], respectively, and Fj, j = 1,... ,n, are
the unknowns.
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Moreover, we assume that the constant coeflicients a; and b; are real
and such that

a?—l—b?:l, b; #0, for all j € {1,... ,n}.

Such kinds of systems arise, for instance, in the resolution of Cauchy
singular integral equations of the form

o) + 1 [ 2 ug)ay —g(a), wer,

where I' = U7_; T'; is the union of n smooth simple closed arcs I'; in the
complex plane having no common points and being of finite length, M
and g are given complex-valued functions on I' X I" and I', respectively,
aand b= M (x,z), for all x € T, are real numbers such that a?+b% = 1,
b # 0 (see Section 6).

In this paper we propose a numerical method in order to approxi-
mate the exact solution (Fy, Fs, ..., F,) of the system (1.1) by means
of polynomial interpolation. The polynomial approximation of the so-
lution is computed by solving a well-conditioned linear system. We
prove the convergence of the method in weighted L2 spaces.

The paper is organized as follows. In Section 2 we give some
preliminary definitions and notations, and in Section 3 we introduce
the spaces in which we are going to study our systems. Section 4 is
devoted to the description of the numerical method. In Section 5 we
state the results dealing with stability and convergence of the method,
and proofs are given in Section 7. In Section 6 we apply the proposed
method to the resolution of CSIE on curves. Finally, in Section 8 we
show some numerical tests.

2. Preliminaries. For any j € {1,...,n}, let us consider a Jacobi
weight
&P t)=(1—-t)*(1+ t)ﬁj

whose exponents —1 < o, 3; < 1 are related to the real coefficients a;
and b; by

1
2.1 = M- —1
21) A (aj —ib,
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and
1 aj + ib;
2.2 =N, +—1 27
(22) bi g m Og<aj—zbj>7
where i = —1 and M, Nj are integers chosen such that the index

Xj = —(a; + B;) = =(M; + Nj;) € {-1,0,1}.
We search the solutions Fj, j =1,...,n, of (1.1) in the following form
Fj(t) = (7 (1).

Then, defining the operators

(2:3) (Djf) (1) = a; f(1)v™ P (7) + b SO, ;.5 (t) dt

T ) 4 t—T

and

(Kw f) ( / hjk(7,t) f ak’ﬁk(t) dt,

we can rewrite (1.1) in operator form as
(24) D f] Z ]kfk '(7—)7 |T| <17 j:]-v“' T

In order to give a more compact matrix form of the previous system,
we introduce the following notations

f:(flana"'afn)Tv G:(leGQa"'aGn)T

and define the operator matrices

D1 O O K1 Kig ... Kln
D O Dy . , K — K21 Kzz K@ |
: 0] . . . .

where O denotes the zero operator.
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Then system (2.4) can also be represented as follows
(2.5) D+ K)I(r)=G(r), || <1
In this paper we shall consider the case in which
Xj=—(aj+B;)=0, forallje{l,... ,n}

Consequently (see [11, page 411], [14, page 42]), system (2.5) has index

The case when some of the indices X, j = 1,... ,n, are not equal to 0
will be the subject of a forthcoming paper. The idea developed there is
the following. If any of the indices X; (say j = ¢1,¢2, ... ,qn) is equal
to 1, in addition to satisfying system (2.4), the unknown functions f;,
ji=aq,q,...,q9n, must satisfy N additional conditions of the following
form (see [7])

1
/ fj(t)vaj’ﬂj(t)dtzcjﬂ j:(h,QQ,... y 4N,
-1

where C; is a constant. If any of the equations has negative index

X; =—1(say j =r1,72,...,ram), one can proceed for the jth equation,
j=r1,re...,ry, of (2.4) following the scheme recently proposed in
(5]

In any event, when the total index X = X1 + X2 + -+ + X, is not
equal to zero, for the solvability of equation (2.5), one also has to take
into account the well-known fundamental Noether theorems (see, for
instance, [11, pages 420, 421], [14, pages 63, 64]).

3. Function spaces. Let us introduce the function spaces in which
we want to study our problem.

Let {p}:°},, be the sequence of polynomials which are orthonormal
with respect to the Jacobi weight v7°() = (1 — )Y (1 +1)%,7,6 > —1.
We denote by Liw the Hilbert space of all complex-valued functions
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F which are square integrable with respect to v7?, equipped with the
inner product

(F,G) s = / 1 F(H)G(t)v"°(t) dt

-1

and the corresponding norm

1 1/2
1Flwca = [ IFOPT @)
-1

For more regular functions, we consider the following weighted Sobolev
type spaces

L2,s _ {F c sz,a : HFHLz,jB

vY8 T
o 2\ 1/2
= (Z(l +14)% |(F, p; 0 s ) < —|—oo}7

=0

where s € RT. Note that L2, = L2, .
a set of Jacobi weights v%:%, j = 1,...,n, let us define the vector
v = (7% 7202 ¥n9n) and consider the product spaces

Moreover, with respect to

L2 = {(F,Foy.o Fo) i Fy € L2 0, j =12, )
and

L2 = {(Fl,FQ,... Fo) i FeL™,  j=1,2,... n}

v v-yj,éja

equipped with the norms
n 1/2
|F|lpz = (Z ||Fj||fm,51,2> , F=(F,F,.. F,)ecL
j=1
and

n 1/2
B0 = (Z 1Ey2s. ) . F=(R,B,...,F) €L,
j=1

v 73°%5

respectively.
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In the sequel, unless otherwise specified, we shall use for brevity the
following notations. Using the exponents «; and f; defined by (2.1)
and (2.2), we set

@B s B .
vj = J”BJ, w; =v P ’BJ, j7=1,...,n,
and

v = (v1,02,... ,Un), w = (w1, Wa, ... ,Wy).

Furthermore, we shall denote by C a positive constant which may have
different values in different formulas. We shall write C # C(a,b,...) to
indicate that C is independent of the parameters a, b, ... .

4. A quadrature method. In this section we propose a numerical
method in order to solve (2.5). We are looking for an array of
polynomials which approximates the solution f (when it exists).

To this end, let us consider the Lagrange projection L;’,;‘s based on
the zeros tY"S < t;"s < --- <00 of p1d e,

L”"S(F't)=§:F(t%5)l%5(t) 09(t) = P’ (®) .
" = Z ) (Ot — )

Then, we approximate the original system (2.4) by the following finite-
dimensional one

n
(4.1) L0 (Djfm,j + 3 Kk fmk T) = L, P (Gys7),
k=1

with |7] < 1 and 7 = 1,...,n, whose unknowns are the polynomials
fmj € Pm—1, J = 1,...,m, (Pmn_1 denotes the set of all algebraic
polynomials of degree at most m — 1) and where the approximating
operators f(m,jk, j,k=1,... n, are defined as

(Rosnt) ()= [ 11 L (7, )i )£ (£0™ P (1) .

By the subscript m in the notation fy, ;, as usually done in the
literature (see, for instance, [7, 10, 12]), we want to emphasize the
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dimension of the subspace P,,—1 where the approximating solution is
searched.

Let us observe that, taking into account the well-known property of
preserving the polynomials of the dominant operators D; defined by
(2.3) (see [10, page 447, equations (33), (34)], [12, page 310, (2)]), i.e.,

Dy = (=1)Mp,

m—X;

bj  —a;-8; ( —ai—8
*_mpm—&j ! (p_ﬁ 7—0), m=0,1,...,

we have
L% (Djfm) = Djfmjs j=1...,n.
Then, setting

(Km,]kf) (T) = Lniqaj’iﬁj (Km,_]kf7 T) ’ ja k= 1) RN 2

we can introduce the matrix of operators

Knin Kpiz .. Knn

Km,21 Km,22 cee Km,2n
Km = . . . .

Km,nl Km,nQ s Km,nn

and rewrite (4.1) in a more compact form, as follows

(4.2) (D + K (1) = G(7),  |7] <1,
where

(4.3) fro = (Frts 2o s o) T
and

T
G,, = (L;@al,*&Gl,L;nazﬁﬂzGQ’ o ,L;@amfﬁnGn) )

Now we will show how to reduce the solution of equation (4.2) to the
solution of a system of linear equations. To this end, let us expand the
polynomials fy, ;,7 =1,...,n, with respect to the basis

{()\iajﬁj)f%l?jﬁj} ’

i=1,...,m
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where )\fj”@ 7 denotes the ith Christoffel number related to the weight
function v*-%. We have

m

(44) fm,j (t) = Z Cji(A?j’Bj)il/zliaj,Bj (t)v ] = 17 s 1y

i=1

Wlth cj’i — (AOtJnBJ)l/Qfm ( OLJ,IBJ).
It can be proved (see, for instance [10, page 448]) that

m
. . —Otw—ﬁ — _J aﬂﬁj 1/2 Cji
(Dj frmg) (4 7) = o z_: aJ,ﬁJ _ ey
forr=1,...,mand j=1,...,n.

Moreover, let us represent the polynomials appearing on both sides
of (4.1) with respect to the basis

{(A;O‘jv*ﬁj)fl/Ql;O‘jr*ﬂj }

r=1,...,m

with A, P the rth Christoffel number related to the Jacobi weight
v %65,
Then the vector of polynomials £, = (fim1, fm.2s--- » frmn)? with
fm,; as in (4.4) is a solution of (4.2) if and only if the array
Cc = ((311,... s ClmyC215 -+« yC2my oo v s Cplye - ,Cnm)T e R"™

is a solution of the following linear system

.,B.
(4.5) (Araj,ﬂj)l/z{zm: DN

3. — N G

n m
Y DO 1

k=1 1:1=1
=\ TG (T, =1, m, f =1,

of nm equations in nm unknowns. Note that the distance between the
ZEros t?j’ﬁj and £, %% for all i,r € {1,...,m}, is large enough in
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order to avoid numerical cancelation. In fact, letting tiaj i = cos Tm,i
and ¢, %% = cos Opmry i, =1,...,m, in [8] the authors proved that
. C
~ N |7—m,i - 0m7r| 2 )
,r=1,... m m

wherefrom it is easy to deduce that there exists a positive constant
C # C(m,1,r) such that

1

|t?j7ﬁj . t;a‘j’_ﬁﬂ >C.

Summing up, the proposed method consists of solving system (4.5)
and in computing the array of polynomials £,,, = (fin.1, fm.2,- -+ 5 frn)
using (4.4). In the next section we show that the linear system (4.5) is
well conditioned and that the array f,, converges to the exact solution
f of (2.5), when it exists.

5. Stability and convergence analysis. Now we want to
state stability and convergence results about the described quadrature
method. We first establish compactness of the operator K.

Let us assume that the kernels hjj satisfy the conditions

(51) sup ||hjk('7t)||Lﬁ;? < 400, ja k= ]-7 e, N,
[t|<1 7

for some s > 0. Then one can prove the following proposition.

Proposition 5.1. Under the assumptions (5.1) the operator K :
L2 — L2! is bounded for all t < s. Moreover, it is compact for all
t<s.

For the stability and convergence of the method, we need to make the
following additional assumptions on the known functions appearing in
(2.4). For some s > 1/2, we suppose that

(5.2) sup [|hjr (7, )| ;2.0 <400, G k=1,...,n,
Ir|<1 r
(5.3) GjelLy, j=1,...,n



250 M.C. DE BONIS AND C. LAURITA

Theorem 5.1. Let the conditions (5.1), (5.2) and (5.3) be fulfilled for
s >1/2, and let Ker(D + K) = {0} in L2. Then, for any sufficiently
large m (say m > myg), system (4.5) has a unique solution c and
the corresponding array f,,, defined by (4.3) and (4.4), is the unique
solution of (4.2).

Moreover, if A,, denotes the matriz of the coefficients of (4.5) and
cond (A,,) its condition number in the spectral norm, then we have

(5.4) lim cond (A,,) = cond (D + K).

m

Finally, f,, converges to the unique solution f of (2.5) in L2 with the
error

C
(5.5) If —fnllLz < poovs Gl 12,
where C # C(m, f).

We emphasize that, according to estimate (5.5), the smoother the
kernels and the known terms, the higher is the convergence order of
the error of the proposed method.

As announced in the introduction, in the next section we will show
an application of the method to the solution of some Cauchy singular
integral equations on curves.

6. An application. Let us consider the following Cauchy singular
integral equations with real constant coefficients

(6.1) au(z) + %/F %u(y) dy =g(x), =z €T,

where the integral is understood in the Cauchy principal value sense
and is taken over the curve I' = U7_,I'; that is the union of a finite
number n of smooth simple closed arcs I'; in the complex plane which
have no common points and are of finite length. Assume that M and
g are given complex-valued functions on I' x I and I, respectively,
and M(z,z) = b, for all z € T', with the coefficients a and b real and
satisfying a2 + b2 =1, b # 0.
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If we denote by u; := u|r; and g; := g|r, the restrictions of the
functions u and g to I'j, respectively, and by Mj, := M]|r,xr,, for
j,k =1,...,n, the restriction of the function M to I'; x I'y, we can

rewrite the equation (6.1) as the equivalent system

M (z,y)
au;(x / Mix(2,y) ug(y) dy = g;(x),
=1 /Te

zxely, j=1,...,n

(6.2)

In order to transform the curvilinear 2D integrals appearing in (6.2)
into 1D integrals on the same reference interval, for each arc I';,j =
1,...,n, we introduce a parametrization o; defined on [—1,1]:

oj:te[-1,1] —o;t)ely, j=1,...,n,
and, from (6.1), we get

(e Z/ Mﬂ”““’f(“ w(t) dt = 3,(7),

(6.3) 1 ok(t) —oj(7)
|7 <1, j=1,...,n,
where, for j,k € {1,...,n}, we set
w;(t) = u;(o;(t)) te(-11),
g;(t) = g;(o;(t)) te(-11),
Mjk(’r, t) = Mjk(dj(T),O'k(t)) T,t € (—1, 1)
Moreover if we define, for j, k € {1,...,n},
My (r ol B)(t=1)  ; _
_ o=ty J=F,
Mjk(’r,t) — N k(t) | J( )
Mk (r.t)oy (t) ]# ]f,

ok (t)—0o;(T)

we can rewrite (6.3) as follows

_ L[t My(rt)
(6.4) auj(T)—i—; B t]]—T u;(t) dt
n 1 o
+ - M (7, t)ug(t) dt = g,(7),
k=1 —1
P

where j =1,... n.
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Now, let us consider the following transformation:

Myj(rt) _ My;(rt) = My;(ry7) | Myj(mm) i—1.2,
t—T t—T t—T

and, moreover, note that

—~

ij(T, T) = M;;(1,7) = M;j(0;(1),0;(1)) =b, forallTe (-1,1).

Then, setting

hjk(T, t) t=7

- _{%w =k
+Mji(r, ) j#k,

(6.4) becomes

(6.5) aﬂj(r)+ﬁ/1 ﬂj—(t)dzf

™) t—T

System (6.5) represents a particular case of the more general system
of Cauchy singular integral equations of type (1.1). If the functions
M and g appearing in (6.1) and the parametrizations o;,j =1,... ,n,
are sufficiently smooth to assure that the functions Ejk and g;, 5,k =
1,...,n, satisfy the hypotheses of Theorem 5.1, then system (6.5) can
be solved using the method proposed in Section 4.

7. Proofs. We first give some preliminary definitions and results.

In the sequel we will denote by P,, the following set

(7.1) P, ={(p1,--.,pn) :pj €Pm, j=1,...,n}.

For a Jacobi weight v7% 4,6 > —1 and a real number s > 0, let us
denote by
Bn(F)pze, = inf 1= Pllgze,

the error of best approximation of a function F' € Li’f,a by means of
polynomials of degree at most m.
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Moreover, let us denote by S7° : Lf}w — Lf}w the Fourier projection

3

5
Sy'F = <F Dy Yo py
0

E
Il

The following two lemmas provide Fourier and Lagrange interpolation
error estimates for functions belonging to L s spaces (see [2, 3, 9]).

Lemma 7.1. Let v7%, 4,6 > —1, be a Jacobi weight. For s > 0 and
F e L**,, we have

)

C
0
(7.2) |F =S5 Pl < | Fllpas . 0<t<s,

where C # C(m, F).
Proof. The proof is given in [2]. O

Lemma 7 2. Let v"%, 4,8 > —1, be a Jacobi weight. For s > 1/2
and F € L%, the estimate

wa;

C
(13)  IF-LFlpae, <~ Fles, 0<t<s,

holds true, where C # C(m, F').

Proof. We first observe that, for F' = RF + iSF, one has

||F||L2< —||§RF||L2< +||\SF||L2<.

Consequently, since L):0F = LYORE +iL)03F,

| F — L“||L2b = |RF — L”"sﬂ‘%FHLzb +[SF = L) SF|2...

Y50

holds true. Then, by applying Theorem 3.4 in [9] to estimate both
norms on the right-hand side, the thesis follows. i
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Proof of Proposition 5.1. 1t is suflicient to prove that Ky, : L%k — quf
is bounded for ¢ < s and compact for t < s, for all j,k =1,... ,n. To
this end, we can apply Lemma 4.2 in [2]. Nevertheless, we want to give
here an alternative proof of the compactness of Kjy.

Let t < s; since K, f € L%! for any f € L? , we can use estimate
( ) J w; Vi
7.2) obtaining

Bm—(Kjf)pze < 1K f = Syl (Kl 2
< Cm' Ky fl
< Cm"*|| o2
with C # C(m, f). Then, setting S = {f € L2 : ||f|lv.2 < 1}, we have

limsup Ey, (K f) 20 =0
m feg Wi

wherefrom we deduce that Ky, : L%k — L?Uf is a compact operator (see
[13, page 44]) for allt <s. O

In order to prove Theorem 5.1, we need the following results.

Proposition 7.1. Under assumptions (5.1) and (5.2), we have

(7.4) K- Knlre—1z < —

ms’

where C is a positive constant that does not depend upon m but depends
linearly upon order n of matriz K.

Proof. In this proof, for brevity, we use the following notations
1k = Kom,gill = 1K = Km.grllzz 12 -
¢ J
For f = (f1, f2,... , fn) € L2, by applying at first Minkowski’s inequa-

lity and then Holder’s inequality, we have
2 1/2
’UJj,2>

n

1K — Ko, = (Z

Jj=1

n

ST (K — Kgi) fi

k=1
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<(Z<Z| Ky~ K ,]k>fk|w2>>1/2

Jj=1 =
n n 2\ 1/2
(Z (Z 1K g — Ko i |fk||vk,2) )
Jj=1 k=1

n n 1/2
2
< anmk,z(DKjk Kl )
k=1 '=1
12, n n 1/2
2
< (D 1a) (3 - Kol

k=1 j=1

1/2
=|f|L3(ZZ|Kjk—Km,jk|2) |

k=1 j=1

Then, in order to prove the thesis, it is sufficient to show that
C )
|Kjr — Kmjull < —, foralljkel,...,n
me

To this end, using Lemma 7.2, one can proceed as in [4, Proof of Lemma
3.1], and the proof is complete. a

Lemma 7.3. LetvY% andvPi% V5 05,p5,0; > —1,5=1,2,...,n
be Jacobi weights, and set

v = (U717517U’Y27527 o ,,U’Ymén) and W = (Uplﬂl , Up2792, o ,,Upnﬂn).

Assume that B : L2 — L2, and B, : L2 - P,,_1 C L2, m € N, are
bounded linear operators such that

Then
(7:6) A B, 1HL‘2,—>L%V = [IBllLz 12,

where B,,|p

denotes the restriction of By, to the subspace Pp,_1.

m—1
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Proof. We give the main idea of the proof following step-by-step the
proof of Theorem 2.3 in [6]. In order to simplify the notations, we set

Bl := [Bllz -1z -
Let € > 0 be arbitrarily chosen, but fixed. By the definition of the
operator norm, there exists a function F. € L2 such that

€
(7.7) IBF:lez, > 1Bl -5, [[Fellez = 1.
For j =1,2,... ,n, let T, ; be a projection of Liwj,éj onto P,,—1 such
that
(7.8) sup | T jllpe | p2 <o
m PRERY PREAN]

If we denote by T,, the matrix

Twa O ... O
Tm - 0 Tm/72 )
: .0
o) o O Ty

then, for any F = (Fy, Fy, ..., F,) € L2, we have
n 1/2
IT0F = Fll = (X 17585 = Bl )
j=1
Thus, since by (7.8), for any j € {1,2,...,n}, it follows that
”Tm:ij - Fj||y"’.7‘>5j 0 T 0, asm — oo,
we get
(7.9) [TF —FllLz — 0, asm — oo,

for any F € L2. By (7.9) applied to F., we deduce that there exists an
index mg € N such that

(7.10) [TmFe —Fellpz < 5777, for all m > my,
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and then, by (7.7) and (7.10), we obtain
IBTmFeL2, > [|BFc[lLz, — [[B(TmFe — Fe)llLs,
e €
> B~ &~ = BJ =
Consequently, we get
Bl — & < [Ble, . TPy < [Blo, .|l [ TwF]rs
and, taking into account (7.7) and (7.9), we obtain

|B|| — & < liminf |Blp,,_, || |F|lL2 = liminf | Blp,,_,||
m m

and then
IB|| — & < liminf ||B|pm_1H < lim sup ||B|pm_1H <|B|-
m m

Now, since ¢ is arbitrarily chosen, we can deduce that there exists
lim, |Ble,,_, || and

(7.11) lim[[Blp,,_, || = Bl

Finally, since

1Bl [ = IBI] < [[Bule,, . || = [Ble.,. |l
+[|[Ble,.. | - IBI|
<|Bule, . —Ble, .|
+|[IBle,._. || = IBII[

by (7.11) and taking into account that, by hypothesis (7.5),
HBm|pm_1 — B|pm_1H — 0, asm — oo,

holds true, then (7.6) follows. O

Now we can prove Theorem 5.1.
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Proof of Theorem 5.1. Since the operator D : L2 — L2 is invertible
(see for example [12, page 311]) with

Dyt o ... O

p-i_| © Dy : 7
: .0
0] O D;t

and, by Proposition 5.1, the operator K : L2 — L2, is compact, the
Fredholm alternative is true for equation (2.5) and, then, the operator
D+ K : L2 — L2, is invertible. By (7.4) and some well-known results
(see for example [1, page 55]), we deduce that, for a sufficiently large
m (say m > myg), the inverse operators (D + K,,)~! exist and are

uniformly bounded with respect to m. More precisely, one has

112 D+ Koy

- ||(D+K)71HL3V—>L3
T 1-[[(D+ K)_1|‘L‘2”~>L‘2, K - Kz ez,

which assures the stability of the method. Then (4.2) has a unique
solution f,,, which is a vector of polynomials since we have

f,, =D (G, — Kpnf,),

and, for all j, operator Dj_1 satisfies the following property (see [10,
page 447, (33), (34)], [12, page 310, (2)]),

b; .
-1 —a;,—B; _ _ J i, f; _
Dj p P = 7sin(7raj) nlJJr)éJ, m=20,1,2,....

Hence, in virtue of the equivalence between (4.2) and (4.5), we can
deduce also that the linear system (4.5) has a unique solution c related
to f,,, according to (4.3) and (4.4).

In order to prove (5.5), we use the identity

f—f,=D+K,) ' [(G-Gn)— (K-K,)D+K) 'G]
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and, by (7.12), for m > mg and C # C(m), we get
(7.13) |If = fullez <C[IG = Gullez, + 1K = Kunllr,. -1z |Gl ] -

Thus, taking into account (7.4), we have only to estimate |G — G, ||Lz -
But, applying hypothesis (5.3) and (7.3), we have

n 1/2
|G = Gnllre, = <Z IG; — LmajvﬁjGj”?Uj,Q)

j=1

C n 1/2
<< (e, )

j=1

%

= LIl

Finally, combining the last inequality with (7.4) and (7.13), since
1GllLz, < IGllLz,

then (5.5) follows.

It remains to prove (5.4). To this end, let us introduce some notation.
Let P,,_1 be defined as in (7.1), and let ||d||2 = (Zi\;l |d;|?)'/? denote
the Euclidean norm of an array d € RV,

Taking ¢ = (C11,- -+, Clms - -+ sCnly- -+ ,Cnm)’ € R™™ as an arbitrary
array, then the vector g = (g11,--+ s Gims- -+ sGnlys--- > Gnm). satisfies
A,.c =g if and only if (D + K,,,)f,,, = G,,, with

f’m = (fWL,lafWL,Qv e 7fm,n)T7

Frng(t) = D7 i) TR 1),

i=1

and
Gn = (Gm1,Gmz2,-.. 7Gm7n)T7

G j(t) = 3 gse(A\, @™ P)7V21 00 P gy,
=1
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Since
Hf HLz - Z ||fm,j| vj,2
j=1
& < aJ!ﬂJ a_[!ﬂj
= ZZ |fm,J( )|
J=11i=1
n m
=22 lesl”
j=11:i=1
= llell3
and, analogously, |G [|Lz, = [|g[|2, we can deduce
A,c
Al = sup 1omcle
cermm  [lcfl2
c#0
o Sup H(D + Km)fm”L‘z”
£ €P 1 (1€l
£, #0
= ||(D + Km) Py ||L\2/‘>L3v )

where the matrix norm is the spectral one. Now, since by (7.4), one
has

|‘(D+K)_(D+Km)”L‘2,~>LEV — 0, asm — oo,

by applying (7.6), we get
(7.14) ALl — |ID + KHL%HL%‘, , as m — oo.

In the same way, for the inverse matrix, we can write

A—l
A, = sup 1B Bl2
ger™m  |lgll2
g7#0
L DK G
G€Py 1 HGmHL?N
Gm#£0
=[O +Kn) lp,._, ||L%N—>L3 .
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Now, taking into account that

1D+ Kpn) ™ = (D + K) | e
<D +K) | pg 1K = Konllegong, [0+ Kn) ™ gy e

and also using (7.4) and (7.12), we obtain

[D+Kn) ' —D+K — 0, asm — oo.

-1
) ||L‘2,%L§v
Then, by applying (7.6) again, we get

(7.15) A — ||(D—|—K)_1||L2 as m — o0o.

2
—L2

Hence (5.4) follows from (7.14) and (7.15). O

8. Numerical examples. In the following examples we show that
our theoretical results are confirmed by numerical tests.

Where the exact solutions of the systems of integral equations are
unknown, one thinks of their approximate solutions as being exact for
m = 512.

Example 1. Consider the system
(8.1)

2
D)@+ [ halr 05O @ de = Gy, j=1,2
k=171

with 1 1 1 1
QIZZa ﬂ1:—17 a2:§a ﬂ2:_§7
a1 = cos(may), as = cos(maw),
b1 = —sin(maq), b = —sin(mas),

N Y o
(hj’“(T’t))j,kzl,z: \/5(1;—7')3_*_2'7_2t4 t2e7+z’(“::)4 ’

and
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where
768 — 11mv2 + 321 i
Glm( e ) + (3vE—2me7) £
2+3
L V24

V2

1211 - T

—l—z{(S ™2 87T>T2+ (8\/54—3776 )T
64+/2 2
+2(1+\/§)]
and
[ 1632 + 317v/2
Galr) = —art 4 77— (1832431TV2Y
128

N 39 N 85 + 96me™

8 64

1920 + 3127

) 4 3 2

—1—2[37 87° + <—256 >7’
27 N 153 + 64me™
1 32 '

The exact solution is
1+142
f(r) = N
(™) ( 3 +i4 )
Solving the above system using our method with m = 3 we get an
approximation of the exact solution with 14 exact decimal digits. In
Table 1 we show that the sequence of the condition numbers of matrices
of the solved linear systems is convergent and, by virtue of (5.4), they

can be considered to be approximations of the condition number of
operator D + K related to system (8.1).

TABLE 1.

cond (A,,)
11.91667299603004
11.92684144373887
16 11.92684144374379

oo |3
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Example 2. Now we consider the system of integral equations

3 1
(D) (1) + Y / (s ) F (0P (1) dt = Gy (r), j=1,2,3,
k=171

with
1 1 1 1 1 1
al_ga 61__57 062—5, /82__57 a3_ga /83__57
ay = cos(may), ag = cos(maa), as = cos(mag),
by = —sin(ray), be = —sin(rag), bs = —sin(ras),

(hjk (7, t))j,k:1,2,3

|7 —t|7/2 4+ det=T Ttcos(T +t) + e sin(t) Tt? sin(T — t) + ite” T
= <7’t9/2 + isin(7 + t) 73et +i(r2 +t2) (T4 t)cos(T —t) +ir3e”? ) ,
()2 + i cos(7) sin(t) 73t4 + it? cos? (1) | sin(r — £)|2/2 + i cos(t + t)
and
|7_|11/2
G(7r) = | Tcos(T) |,
T2e™

whose exact solution is unknown. In this case not all the kernels and
right-hand sides are very smooth so that, according to (5.5), we need
to increase m to take some exact digits in the approximation of the
solutions of the system. In Table 2 we show the condition numbers
of the matrices A,,, and in Tables 3-5 we show the values of the
approximate solutions computed in the point 0.5.

TABLE 2.

cond (Ap)

8  49.37306654177218
16 49.37280039226505
32 49.37280318970958
64 49.37280347482547
128 49.37280348988397
256 49.37280349059117
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TABLE 3.

m  fm,1(0.5)

8 0.3208187252362181 + 7 0.4447419102329236
16 0.3206134683482964 + ¢ 0.4447677809862061
32 0.3206154439095880 + ¢ 0.4447686331026605
64 0.3206154406932612 + ¢ 0.4447686676428222
128 0.3206154401649992 + ¢ 0.4447686691262363
256 0.3206154401583543 + ¢ 0.4447686691911085

TABLE 4.

m  fm,2(0.5)

8 -0.6030621160766333 4 ¢ 1.532017462701152
16 -0.6031162916284238 + 7 1.531993295914450
32 -0.6031170690580403 + ¢ 1.531993457171011
64 -0.6031171045004728 + ¢ 1.531993475674232
128 -0.6031171060711339 + ¢ 1.531993476779080
256 -0.6031171061405157 4 ¢ 1.531993476834780

TABLE 5.

m  fm,3(0.5)

8  0.6218708551225152 4+ ¢ 0.3715244490699837
16 0.6219006414075582 + ¢ 0.3714922734386401
32 0.6219006424168296 + ¢ 0.3714920984177940
64 0.6219006419218478 + i 0.3714920943196969
128 0.6219006418865786 + ¢ 0.3714920941846753
256 0.6219006418846876 + ¢ 0.3714920941793784

Now we apply the proposed method to some Cauchy singular integral
equations considered in Section 6.
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i i i i
-2 -15 -1 -0.5 0 0.5 1

FIGURE 1.

Example 3. Let the equation

(8.2) éu(@_%/rcos@(x;{); /3 ()

y=1ie”, zel,

be given with I' = I’y UT'y, I'y is an arc of the parabola having axes
coincident with the z-axis, vertex in the point —1 and passing through
point —2 + 4 and I's is the arc of the circle centered in 1 — ¢ and of
radius 1 (see Figure 1).

The exact solution of equation (8.2) is unknown.

Following the procedure shown in Section 6 with the following
parametrizations of arcs I'y and I's:

t?+2t+5 t+1
01:te[—1,1]—>01(t):—(%)+i<%>EI‘1

and
og:te[-1,1] —ox(t)=(1—1)+ eHmlt+1)/4+(7/2)} ¢ Iy,

respectively, we transform (8.2) into the system of integral equations

2 1
D)@+ [ halr 05 @ de = Gy, j=1,2
k=171
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with
1 1 1 1
a1_67 61__65 a2_67 62__65
ap = cos(may ), ag=cos(raz), bi=—sin(ray), ba=—sin(raz),

2= 24 74t—4(1—itt) sin((w/6)+(1/4)i(T—t) (2—2i+T+t))
hii(r,t) = == - 27r(i7-r)(272i+7'+t1) - )

i/ DT AHD gin (/9w OHD (7 /6)— (1/4)i(9—6i47(2—2i+7)))

hia(7,1) = 2e(/Dir(TD —4(9—6itr(2—2i+7)) ;
L £ — 2(1—i+t) sin(((3/2)+(9/4)3) —e /DO (7 /6)+(1/4)it(2—2i+t))
21(7,t) = m(9—6i+die(t/Din(1+7) 14(2—2i+t)) ’
o (1/D)im(1+7) _ (1/4)im(141)
hQQ(T, t) = ( )

(i) (A7) (/Dm0 )
e/ A+D) 1y Sin(e(l/4>i’"(1+7> _(1/4)im(141) +(7r/6))
dm(t—7)(e(/Din+n) —e(1/Dir(1+0) ’

e (T) _ iei((1/2)1(1+7—)—(1/4)(1+7-)2—1) 7

Ga(r) = s miet /DA Dm0
- )

and we apply to it the proposed quadrature method. In Table 6 we
show the values of the condition numbers of matrices A,,. Moreover,
denoting by u,, the approximations of the solution u of (8.2), in Tables 7
and 8 we show their values in the points 1 = —[(25)/(16)]+i(3/4) € Ty
and 29 = (1—[V2+v2/2])—i(1—-[V2 — v/2/2]) € T, respectively. As
one can see, solving a linear system of order 128, we get approximations
with 15 exact decimal digits.

TABLE 6.

m  cond (A,,)

8  3.048841913959566
16 3.048841940843055
32 3.048841940843052
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TABLE 7.

m U (1)

8 1.496922102477298 -7 0.032011031307591
16 1.496922100725485 -i: 0.032011042414615
32 1.496922100724677 -7 0.032011042414120
64 1.496922100724676 -: 0.032011042414120

TABLE 8.

U, (T2)
8 -0.4612132128020694 + 1 2.175802671268618
16 -0.4612132436793596 + 17 2.175802204035568
32 -0.4612132315721915 + ¢ 2.175802192213993
64 -0.4612132315721912 + ¢ 2.175802192213990

Example 4. As the last example we take the singular integral

equation
1 ei(x—y-i-ﬂ')
= / ———u(y)dy = iz’ cos*z, x €T,
r

7r y—x

where I' =T'; UI's UT'3 and I'; is an arc of the parabola having an axis
that is parallel to the y-axis, a vertex in the point 1 + ¢ and passing
through the point 2+ i3, I'y is the segment joining points 5/2+i(14/5)
and 7/2 and T's is the segment joining the points 4 + ¢ and 5 + 2 (see
Figure 2). Also, in this case, one does not know the exact solution.

Considering the following parametrizations

o1:te[-1,1] — o1(t) = (?) —H(W) eIy,
(1) (152) e

t+9 t+3
o3:1€ [—1,1] —)O’g(lf) = (%) +Z(%> el

o9 1t €[—1,1] — o2(t)

and
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of arcs I'y, 'y and I3, respectively, we solve the system
3 1

D) () + Y [ 00 1) e = G (1),
k=171

where

J=12,3,

2—i4THt+e 2TODCHTH (G 9 9p)

h t) =
n(r1) Tt -1 2 —it7+D) ’
(14 + 5i)e~(1/10)(1+156457(2—i7) +(14:+50)1)
th(Tv t) = - - — X ;
7(1+ 15 +57(2 —i+7) + (14 + 5i)t)
1 4 §)e—(1/2)(6i+r(2—itr)—(1-i)1)
has(ry ) = Ao T T
(=6 + (1 +2i+irm)7 — (1 +)t)
5e(1/10) (14 153+ (14450) 745t (2—i+)) (2 _ j 1 9¢)
hoi (1,1) = —
21(7?) 7L+ 15i+ (14 +5)7 + 562 —i+1)
. 1 — (lT/5)+G/2))(r—1)
t) =
22(7, 1) P r— ,
5(1 +i)e(l/lo)(1—15i+(14+5i)7—+5t(1—i))
has(7,t) = — — —,
w(15 41 — (5 — 144)7 + 5t(1 +3))
(1/2)(6i—(1—i)T+£(2—i48)) (j _ 9 _ o4
e 1
h31 (’7’, t) = ( )

76— (1 -7 +t(2—i+1t)
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(5 _ 142')6(11/10)(15+i+5(1+i)7——(5—14i)t)
7(15 43+ 5(1 +4)7 — (5 — 144)t) ’
—1 4 el~(/2+E/D)r—1)
(1T —t)

hgg(T, f,) =

has(T,t) = ;
Gi(r) = 2 (30— i) + 72 — i + 7))

x (1 + cos(3(1 +1) + (1 + 2i +i7)7)),
Ga(7) = — 35 (30 — 14+ (14 + 5i)7)? cos’ ((3 + gz> + (% - ;) T)

and

1
Gs(1) = —1(6 —3i+7)%(1 4+ cos(9 + 3i + (1 +14)7)).
In Table 9 we show the values of the condition numbers, and in Tables
10-12 we show the values of the approximate solutions u,, in the points
x1 = —[(25)/(16)] +i(3/4) € T'1, zo = (13/4) 4+ i(7/10) € I's and
x3 = (19/4) 4+ i(7/4) € T's, respectively.

TABLE 9.

m | cond (Apm)

8 | 26.425614167183726
16 | 26.425247809212281
32 | 26.42524786252493

TABLE 10.

m Uy (x1)

8  687.2469651366328 -1 649.744464069650
16 688.9514329720981 -1 648.566296428546
32 688.9164768918923 -1 648.515709396098
64 688.9164804888837 -i 648.515702927682
128 688.9164804888829 -i 648.515702927681
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TABLE 11.

m Uy (z2)

8  622.652653218937 + ¢ 106.4300154346315
16  622.700128323161 + ¢ 106.0381793811991
32 622.701111024852 4+ ¢ 106.0310498810687
64 622.701110838627 + ¢ 106.0310501442189
128 622.701110838629 + : 106.0310501442187

TABLE 12.

m  um(z3)

8 17.87034933914506 4+ ¢ 231.89957193126585
16 17.87083768977788 + ¢ 231.89920684791701
32 17.87083768966272 + i 231.89920684768012
64 17.87083768966258 + i 231.89920684768006
128 17.87083768966271 + i 231.89920684768012
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